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GENERALIZED GALOIS THEORY FOR RINGS WITH MINIMUM 
CONDITION, II.* 


By Tapası NAKAYAMA. 


In our first paper, “ Generalized Galois theory for rings with minimum 
condition, Amer. J. Math., vol. 73 (1951), pp. 1-12—referred to as I—we 
gave a certain Galois theory for primary rings with minimum condition. The 
theory contains the Cartan-Jacobson [1], [2] Galois theory for sfields, at 
least as far as the main Galois correspondence is concerned. But the “ inner ” 
portion of the Galois group, there considered, comes from a certain completely 
primary subring. Now that we are dealing with a general primary ring, 
satisfying the minimum condition, it is desirable to consider a wider class of 
Galois groups whose inner portions come from general primary subrings rather 
than from completely primary ones. In fact in another paper [5] we have 
developed a Galois theory for simple rings, with minimum condition, in which 
the Galois groups have rather satisfactory generality and have inner portions 
consisting of inner automorphisms effected by regular elements of simple 
. subalgebras. Combining the methods and results of this paper with those in I, 
we now give a Galois theory for primary rings which deals with Galois groups 
of the generality required above, though it fails to cover the theory of I 
completely. Our main Galois correspondence is given in 2, Theorem 1, our 
“ regular ” Galois group being defined both at the opening of 2 and in succes- 
sion to Theorem 1. 

Moreover, after a study of a certain special type of factor-groups of the 
Galois group (3, Theorem 2), we prove an extension theorem for isomorphisms 
(8, Theorem 3), to recover a second main aspect of Galois theory which was 
neglected in our first paper I. 


(Corrections: The condition i) in I, Theorem 2 was stated incorrectly. 
There we were to assume further that K has an independent Z-basis such that 
the corresponding left-multiplications on È constitute an independent F,-basis 
of RK, On the other hand, the condition iv) there was stated in a rather 
awkward form. We had to assume only that every inner automorphism of R 
effected by a regular element of K belongs to œ. (For the fact that this,’ 
supported by the other conditions, implies iv), cf. 1 below.) 


* Received June 30, 1954. 
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Further, I, Lemma 4 should, as G. Azumaya has kindly pointed out, 
refer only to a primary ring È; the primarity is needed to secure the existence 
of a system of elements i, &2,* © *, Qs in K, asserted on page 7, line 17 there, 
such that yı °°, yz ıp’ * *,@s,mod NV,K, together form an independent 
h,/N,-vight-basis of &,K(/N,K,. But, since we considered only primitive 
rings in Theorem 2 there, the validity of our main result of the paper I 
remains unaffected. — 

The same lemma was used also in an older paper [3]. The writer wishes 
to take this opportunity to make the correction that the final theorem (3. 2) 
in that paper should refer only either to a primary ring E or to the case 
where K modulo the radical N of R contains the center of the residue-ring 
B/N ; it is easy to see that also in the last case the existence of a,,- * >, as as 
above is secured. ) 


1. Preliminaries. We first cite some of our previous results which we 
need. in the sequel. - Let R be a ring satisfying the minimum condition (for 
left- and right-ideals) and possessing a unit element 1. With a subset X 
of R we denote by X, X, the sets of the left and the right multiplications in 
R by the elements of X. Let Y be the absolute endomorphism ring of R as a 
module. If % is any subset of Y, the commuter subring Vgl) of F in M 
is nothing but the -endomorphism ring of R. In particular, if 6 (CM) is 
a group of automorphisms of R and if § is the invariant system of & in R, 
then S,== Vy(#,®). First, we consider an automorphism group ® of R 
satistying the following conditions: 


io) ® is complete in the sense that the subgroup 4, of ® consisting 
of the inner automorphisms of R contained in ® is the set of all inner auto- 
morphisms effected by the regular elements of a certain subring K of R con- 
taining the center Z of R, 

.1,) K is generated by its.regular elements, 


i2) K has a (linearly) independent finite basis a; = 1, @p' - *, ap over 
Z such that tir der,* * +, agr are Independent over Ry. 

is) & is a regular module of R;K,, or, which amounts to the same, the 
direct sum R¥ of k copies of R is R,K,-right-isomorphic with RK, itself 
(For the notions of regular modules and their ranks ef. I, footnote 7), 

ii) The factor group G == ®/®, is finite, and if {p(1) = 1, p(c),---, p(x} 
is a representative system of 6 modulo 6, (G= {1,0,- --,7}), the R;-two- 
‘sided modules Ry, p(o) R; (o 541) have no isomorphic composition residue- 
modules (If this holds for any one representative system then the same is the 
case for any other representative system). 
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If ® satisfies these conditions, then R is regular also with respect to the , 
operator ring Ry and we have not only 5r = Vyx(#,®) but also 


(1) Vo (S,) = Bd = 2p (o) £,K,, 


where S is the invariant system of in Æ. Moreover, Æ possesses an inde- 
pendent right-basis of (@:1)% terms over 8 (I, Theorem 1; everything is 
stated here in the left-right symmetric form to I). The number (G:1)% 
== (@:))k is called the reduced order of ©. 


Lemma 0. Let R be primary and let its subring K satisfy the condition 
in). Let M be an R-two-sided submodule of RıK, such that RN: = W N NiK,, 
where N is the radical of R, and M/MN, is Ri/N-right-regular (These last 
two conditions are certainly satisfied when W is Rrright-regular, because of 
the primarity of R). Then Wis a direct summand of the R,-two-sided module 
RK, and has also an independent finite basis over R, consisting of elements 
of Ky. 


Our old proof, in I, Lemma 4, remains valid, since the existence of 
Qi, 2, ©, Qg as asserted there is now true; cf. the correction in the 
introduction. | 

Let R be primary and let @ be an automorphism of R leaving the 
invariant system S of ® elementwise fixed, © being as above. Then 
$£ Vy (S,) = X p(o) RK, and hj kip. So dR, (= hip) is an Artwo- 


sided submodule of X, p(o) AK, and is, as such, a direct sum of submodules 
of p(o)R,K,, o running over G; observe the condition ii). As R (whence Fi) 
is primary (and is thus two-sided directly indecomposable), we see that there 
exists a o such that (cf. I, Lemma 2) 


(2) ge p(c) RK,. 


Putting ġo = p(c)“*¢, we have œo ekK,. Also bo is an automorphism of R, 
leaving S elementwise fixed, and thus por == Ripo. It follows from Lemma 0 
that @.2; (= Ripo) has the form Ra, (ae K). Putting ¢) = ba, (be B) 
and observing 1% == 1 we see that (a is regular and) b==a@ 7. Thus ¢» is an 
inner automorphism of R effected by a regular element of K. So gd, ®, and 
$ = p(o)ġo£&; this point was left rather obscure in I. Hence, & exhausts 
the automorphisms of R leaving S elementwise fixed (provided that R is 
primary). 

Another use we want to make of Lemma 0 is, as in I, to study the 
structure of the endomorphism ring of R with respect to the right multiplica- 
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. tion of a certain subring of R. Let T be a subring of E which contains 
"the invariant system S of our automorphism group ® (satisfying the above 
conditions). Then the 7,-endomorphism ring of R is a subring of V(S,) 

== > p(o) RK, and contains Ri By virtue of ii) we have 


(8) Vu (Zr) = È p(o) Ue 


with certain #,-two-sided submodules Uc of &,K,. Suppose that & is Ty- 
regular, Then Vy(7,) is #,-right-regular. Hence each Uc is a direct sum 
of submodules #,-right-isomorphie to directly indecomposable right-ideal direct 
components of R E being assumed to be primary, this means that each Uo 
is #-right-regular. So our lemma. may be applied to yield 


Lemma 1. Let R be primary and T,-regular, T being a subring of R 
containing S. ‘Then each Uo in (3) has the form Uo == R,L,O, where LO 
is a subring of K containing Z and possessing an independent finite basis 
over Z such that the corresponding right multiplications on R constitute an 
independent basis of Uc over R, We have, therefore, 


(4) Va (Tr) = 2 p(o) RL. 


Now, the case of a simple ring R was studied in our paper [5]. We 
need the following main result there: 


Let È be a simple ring, satisfying minimum condition and possessing 
unit element 1, and let @ be an automorphism group of R which is regular 
in the sense that it satisfies ig) with a simple subring K finite over the center 
Z of R and ©/, is finite; then i), i), is) and ii) are all automatically 
fulfilled. The invariant system S of ® in R is a simple subring of R whose 
commuter Vz(S) in Ris K. The regular subgroups of ® are in 1-1 Galois 
correspondence with the simple subrings of R containing S and possessing 
simple commuters in R, and any isomorphism between two such simple sub- 


rings of & leaving § elementwise fixed is induced by an element of æ ([5], 
Theorems 5, 6). 


2. Galois theory for primary rings. Let R be a primary ring, with 
minimum condition and unit element 1. Let N be its radical, and Z its 
center. We call a group of automorphisms of R regular when it satisfies the 
conditions ip), iz) and ii) in 1 and when, moreover, the subring K is such 
that ((K + N)/N is simple and) the product in R/N of (K+ N)/N and 

` the center of R/N is simple. It is clear that this definition is in accord with 
the notion of a regular automorphism group for the case of a simple ring R, 
as defined in [5] (cf. the end of the preceding section). 


mr 
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For any subset A of A leaving N set-wise invariant we denote by A° | 
the set of endomorphisms of the residue-module R/N induced by the elements 
of A; we identify equal endomorphisms of R/N induced by distinct elements 
of A. So, in particular, R? and R,? are the left- and right-multiplication 
rings of the residue ring B/N. 

Now we observe that a regular automorphism group,’ as just defined, 
satisfies also the conditions i,) and is) (whence what we have stated for a 
group satisfying io), 11), le), ig) and ii) can certainly be applied to it). It 
is clear that i,) is fulfilled. In order to verify i), we prove first 


Lemma 2.. Let K be a subring of our primary ring R which satisfies 
the condition iz); thus let (a,==1,4,:--,@,) be an mdependent Z-basis 
of K such that (dir, Gor,’ * * Ger) 18 an independent Rrbasis of Ryu, Then 
the endomorphisms of R/N induced by Qir, Gor, + * `, Apr (t. € Air’, Ger, + * * 5 Okr?) 
are independent over the left-multiplication ring RY of R/N. In particular, 
a,mod N, aa mod N,: --,a,mod N are independent over the center of R/N, 
and the intersection of (K+ N)/N and the center of R/N 1s exactly 
(Z+ N)/N. If we have.is), besides ip), then R/N is an RPK,°-regular 
module. 


Proof. Suppose 
k 
> SiP lir’ = 0 
{xl 
for some elements s; in R. We have ©, szae N for all s in R. Hence 


(N p> Siz; == 0 for all v in k, where 1(N) denotes the left annihilator of 


N in R. Since Mir, Ger,* + +, Aer are independent over Ry we have 1(N)s; == 0, 
for every +==1,2,:--+,k. So each s; is contained in the right annibilator 
r(I(N)) of (N). But r(l(N)) =N; this is in fact the only point where 
the primarity is used in our proof. Thus se N (¢=1,2,---°,k), which 
proves the first assertion of our lemma. The second one follows easily from 
the first. 

Now suppose that i) holds. Then the #,X,-right-module R&K, is iso- 
morphic to R*, the direct sum of k copies of R, and the #,K,-right-module 
RK A/N K, == RyK,/ (RK) N is isomorphic to (R/RN,)* == (R/N)*. Here 

Ey, / NE. = (B/N 1) Gar B (B/N 1) Gey D- (P/N i) Grr 

= Ria, D Rba Do PD Erare’ 
by the first half of our lemma. It follows that the #,°K,°-right-module R? 


is isomorphic to (R/N)*. 
Next, 


6 TADASI NAKAYAMA, 


Lemma 8. Leta subring K of the primary ring R satisfy iz) and suppose 
that the product ((K + N)/N) (center of R/N) is simple. Then R îs 
RiK,-regular, i.e. ig) is satisfied. 


Proof. Since K/N is centrally simple over its center, the product R} K,’ 
(which is (homomorphic, whence) isomorphic to the direct (Kronecker) 
product (R/N) Q ((K + N)/N) (center of R/N)) over the center of R/N) 
is a simple ring. Thus its right-module R/N is R?(K,°-regulay and (B/N )* 
is RPK -isomorphic to &,°K,°, where k is the Z-rank of K (which is, according. 
to Lemma 2, equal to the #,°-rank of #/K,°). Now let u be an element 
of R* such that u mod N* corresponds to the unit element of RPK,’ by! our 
R,K,°-isomorphism of (&/N)* = R*/N* and RPK. We consider the sub- 
module u(#,K,) of R* On mapping the unit element of AK, onto u, we 
obtain an #,K,-homomorphism of RK, onto u(R,K,). If we pass to the 
residue-module £*/N* == (h/N)* the image u(f,K,) mod N” is all of B*/N*, 
since the mapping clearly induces our #,°K,°-isomorphism between RPK, and 
R*/N*. However, as N* is the intersection of all maximal #;-submodules of 
R*, it follows that u(#,K,) = R*, too. Considering #,-lengths, we conclude 
that our homomorphism mapping (which has thus been shown to be onto R*) 
is an isomorphism between RK, and &*. This proves our lemma. 


Remark. As our proof shows, our second assumption, in Lemma 3, may 
be replaced by the assumption that R/N be #,°K,°-regular. | 

We have thus seen that a regular automorphism group of # satisfies all 
the conditions in 1. 

Another remark we want to make is that if @ is a regular automorphism 
group of our #& then the automorphism group ©° of the simple residue-ring 
E/N, induced by ©, is a regular automorphism group of R/N, with the 
product ((K + N)/N) (center of R/N) as the associated simple subring of 
R/N generated by the elements of R/N effecting inner automorphisms of B/N 
contained in °. In fact, in order to see this we have only to observe that 
for o 41 the (minimal) #;-two-sided modules R/Nı p(c)Ri/p(o) N; are not 
isomorphic, or, which is the same, the #,°-two-sided modules RP, p(c)°R,° . 
are not isomorphic, which is in turn equivalent to saying that p(o)° is not 
an inner automorphism of the simple ring R/N, a consequence of ii). 

It follows, either from I, Theorem 1 or from [5] that R/N possesses 
an independent right-basis of (G:1)% terms over the invariant system, in 
„B/N, of $°. On the other hand, R has an invariant right-basis of (G:1)k 
terms over the invariant system 8, in R, of 6. Here (8 + N)/N is clearly 
contained in the invariant system of 6°. It follows then that the invariant 
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system of ° is exactly (9-+N)/N. Hence (8+ N)/N is a simple ring. | 
It follows further that an independent S-right-basis of R is independent over 
(S-+ N)/N when considered modulo N. Thus we have 


Lemma 4. Let 6 be a regular automorphism group of a primary ring R, 
possessing unit element and satisfying minimum condition, and let K be the 
invariant system of ® in R. Then (S+ N)/N, with N the radical of R, 
is the invariant system of the automorphism group ®° of R/N induced by ©. 
So (S+.N)/N is simple. (An independent S-right-basis of R exists and) 
an independent S-right-basis of R forms, when considered modulo N, an 
independent (S+ N)/N-right-basis of R/N. 


Let S be the invariant system of a regular automorphism group @ of 
our primary ring Æ. Consider a subring T of R which contains 8; 


(5) RDTDS. 


Suppose that T -+ N/N is simple. As (T+ N)/N D(S+N)/N and 
(S+ N)/N is the invariant system of ®° (as has been shown above) 
(T+ N)/N is a weakly normal simple subring of R/N, and hence E/N 
is RPT, fully reducible; see [5], §1. So, if we denote by R® the inter- 
section of all maximal #,7',-submodules of R, then 


(6) NDR, whence I(N)R =0. 


Now we assert that none of Re (ae K, ag N), o running over Q (cf. 1, ii)), 
is contained in R®. For, suppose h°@¢ CRO, Then, with the left anni- 
hilator (N) of N, we have 1(N) Re@4 — 0, or p(o)a,l(N); = 0, ad N) = 0, 
(N) Ra == 0, whence Ra C N and ae N contrary to the assumption. Naturally 
this applies to the case when a is any one of the basic elements a, G2’ * -, dy 
of K over Z. 

Suppose further that Æ has an independent jui over our intermediate 
ring T. Then the T,-endomorphism ring Vy(T,) of R has the form (4), 
Vo(T,) = D p(c)BL,, where each RL has an independent Rbasis 
consisting of elements of L, (Lemma 1). In particular, L,® (p(1) == 1) 
is Vg(T) N E, which is the A,T7,-endomorphism ring of R; 


(7) L@) == Vg(T). 
Put L==L® for the sake of simplicity. Then L,p(o)R,L,OL, C Vy(T;) 
whence C p(c) &,L,,, and it follows that each L© is L-two-sided allowable. . 


Now, decompose Æ into a direct sum of directly indecomposable RiT,- 
right-submodules mj; R = m, Om, Q- ®© ms Suppose that the m; are 
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„all mutually 2,T',-isomorphic, or, which is the same, that L = Vr(T) is 
primary; observe that L,—Vy(#,T',). ‘On fixing a coherent system of 
isomorphisms among the mi, we denote by {ez} the corresponding system of 
matric units in the R:T, -endomorphism ring L, of R. Let a be an element 
of K such that ag N. Then, as was shown above, 


(8) Rear C RO, 

where &® is the intersection of all maximal #,T,-submodules of R. Hence 
the image by p(o)a, of one, at least, of my, Na, - +, Ms is not contained in 
RO, and we may assume, without loss in generality, that 

(9) Tt, Par q RO, 


Then there exists an i such that the projection m,” ersi of m2 on ny is 
not contained in &®. We have, with such an 1, 


(10) m? are: E41 q RO). 


Consider now a o with LO 0. Then LO Œ N; in fact RL, has an 
independent basis over R; consisting of elements of L,“ (which is not void). 
So we may take an element a in L© not contained in N, and apply our 
consideration to this a so as to obtain (10), with this a. There p(c) ares 
== p(7)@re; is an (Ery p(o))-semilinear and T,-linear endomorphism of R; 
observe that a,, cn € Vo(2,) and p{o)a,, e,¢V(T,). It induces an endo- 
morphism on m, which is not nilpotent. For, if it were, then the image 
would be contained in any maximal #,T,-submodule of R, whence in RO, 
contrary to (10). By Fitting’s lemma (in a generalized formulation as in 
Jacobson’s book, Theory of Rings, Math. Surveys II, New York 1943, for 
example) p(o) dre, induces therefore an ( (Ry p(o) )-semilinear and 7’,-linear) 
automorphism on m, (Let R,U T, be the operator domain Q in Jacobson’s 
book). 

AS Mı, Me," ` °, Ms are by assumption all {Rọ T,}-isomorphic, it follows 
then that R = > muy has an (Ey, p(c) )-semilinear and T,-linear automorphism, 
say a Since ae Vy(T,) and af, (CW) is R,-two-sided isomorphic with 
p(o) fy, we have 

aR, C VlT) O p(o) BK, = p(o) Ril. 


So aRiLy C p(o) RL. On the other hand, every element of ap (o) RL, 0 
is {h,T,}-linear and it follows that a™p(o)RiL,® C p(1) RL, = Rie 
’ Combining these two relations we have 


(11) ` p(o) RLO = aR Ly. 
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Moreover, as «™p(o) is contained in both R,L, and Va (Ri) = Er, we have 


ato(o) e RL, N R, = L, and op(o) = b, with an element b in L. Here 6 is 
regular (since atp(o) is a (module-) automorphism) and brtap(o) = brb, 
is the inner ring-automorphism of R effected by b. Hence brta™ is a ring- 
automorphism of R. It is T,-linear, i. e. it is a ring-automorphism of R leaving 
T elementwise fixed. Putting p*(o) == ab), we have p*(c) = p(o)brtb: £ p(o) Bo 
and p*(o) is an element of @ which is a representative of the coset p(o)®y of 
p(o) modulo ®,. Moreover p(c) RL, = ofl, = p*(o)by* Ril, = p*(o) Rib. 
Now, these hold for each o with L@ 340. It is clear, from these considerations, 
that the totality of such o form a subgroup, say, H, of G. So we have proved 


Lemma 5. Let T be a subring of R containing the invariant system 8 
of a regular automorphism-group $ in R. Suppose that (T+ N)/N is 
simple, that R possesses an independent right-basis over T, and that the 
commuter L= Vp(T') of T in Ris primary. Then there exist a representatwe 
system {p*(1) = 1, p*(o),- +--+, p*(r)} of ® modulo ®, and a subgroup H 
of G such that | 


(12) Vo(Lr) = I p (0) Bib 


L has an independent finite basis over Z such that the corresponding right 
multiplications on R constitute an independent K,-basis of RyL,. 


It is also clear that the subgroup W of all elements of æ leaving our T 
element-wise fixed is 


(13) Y = |] p*(c) Yo 
oc 


where Yo is the totality of inner automorphisms of R effected by regular 
elements of L, and 


(14) Vo (T,) = By. 
Further, T, == Vy (RY) and T is the invariant system of ¥. Thus 


Lemma 6. Let T be as in Lemma 5, and let © be the totality of auto- 
morphisms of R (or, of elements of ©) leaving T element-wise fixed. Then 
T is the invariant system of © in R. 


Now, © clearly satisfies the conditions io), ig) and ii), with K replaced 
by L (and 6, & by Y, Yo, naturally). So Y is a regular automorphism-group 
if we assume that the product of (L -+- N)/N and the center of R/N is simple. 
We observe also that this last condition implies that ((2 + N ) /N is simple 
and) L is primary. Thus 


Lemma 7. Let T be a subring of R containing the invariant system 8 


` 
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of a regular automorphism group 6 m R. Suppose that (T+ N)/N is 
; ‘simple, that R has an independent right-basis over T, and that the product 
((L-+ N)/N) (center of R/N) in B/N is simple, where L = VrRr(T). Then 
the totality ¥ of automorphisms of R (or, elements of &) leaving T element- 
wise fixed is a regular automorphism group of R. 


Next we start, conversely, with a regular subgroup © of #, and let T 
be its invariant system. To Y and T we may naturally apply what we know 
about 6 and S. Thus ¥ exhausts the automorphisms of R leaving T element- 
wise fixed and (T is primary and) (7'+ N)/N is simple. Combining this 
with Lemmas 5 and 6, we have our main 


THEOREM 1. Let R be a primary ring possessing a unit element and 
satisfying the minimum condition. Let ® be a regular group of auto- 
morphisms of R and let S be the invariant system of & in R. Then (8 ts 
primary and) (S-+N)/N 1s simple, where N denotes the radical of R. 
R possesses an independent right-basis over S, the number of elements in 
the basis being equal to the reduced order of ©, and ® exhausts the auto- 
morphisms of E leaving S element-wise ficed. Further, the regular subgroups 
of R are in a 1-1 Galois correspondence with the intermediate rings T of R 
and S such that k possesses an independent right basis over T, (T + N)/N 
is simple and, if L == Vp(T) ts the commuter of T in R, (L is primary and) 
the product ( (L + N)/N) (center of R/N) is simple. 


For the sake of convenience, we repeat our definition of a regular auto- 
morphism group: a group ® of automorphisms of R is called regular if the 
following conditions i), ii) are satisfied: 


i) the totality , of inner automorphisms of R contained in © is the 
totality of inner automorphisms of Æ effected by the regular elements in a 
certain subring K containing the center Z of R, generated by its regular 
elements, and possessing an independent finite basis di, d2,°°*,@,; over Z 
(we may take a, == 1) such that air, Gor," °°, Qur are independent over R 
and the product ( (K + N)/N) (center of R/N) is simple, N being the 
radical of R, 

ii) the factor group @ = @/4, is finite, and, if {p(1), plo) ° -, p(r)} 
(G@=1,6,--+,7) (we may take p(1) —1) is a representative system of © 
modulo ®y, the R,-two-sided modules’ Ry, p(o)R: (o 341) have no isomorphic 
composition residue-modules. 


The number (G:1)(K:2Z) is called the reduced order of the regular 
automorphism group ®. 
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We note that our regular automorphism groups cross with the auto- l 
morphism-groups considered in I in their generality, though the present groups 
are perhaps better qualified to be called Galois groups for primary rings. 


3. Certain factor-groups of a regular automorphism group; extension 
of isomorphisms. Let $ be an automorphism group of a ring k, with unit 
element and minimum condition, which satisfies the conditions ip), 1,),1.), 4s), 
and ii). Consider a subgroup ¥ of ® which satisfies similar conditions, 
L with R N R, = L, replacing K and Fo = Ẹ@, N W replacing @). Let T 
be the invariant system in R of ¥. R possesses over T an independent right 
basis of (¥:%,)(Z:Z) terms, and ¥ is the totality of automorphisms of F 
leaving T element-wise fixed. Vy(7'-) has the form 


Rito (1) © Rep (a) O - - @ Bop*(y), 


where {p*(1), p*(@),° +--+, p*(y)} is a representative system, in W, of the 
group H == {1,a,---,y}=W/¥, (which may be considered as a subgroup 
of G = &/4,. 

Assume now that & is an invariant subgroup of . Then T is mapped 
on itself by every element of ®, and the factor-group ®/¥ is an automorphism 
group of T. We first prove 


Lemma 8. Let ọ be an element of ®. If the T-two-sided modules T, 
and T, have some isomorphic composition residue-modules, then pe BWV. 


Proof. For any T-double-module m we can construct an R-T-double- 
module RQ em. Further, if ¢ is an automorphism of T, we may construct 
from m a T-double-module (¢,m) by crossing the operation of T on the 
left-hand side of m with ¢; thus (¢, m) is identical with m as T-right-module, 
while the left-operation of an element a of T on (¢#,m) coincides with that 
of a? on m. Now, if œ is induced by an automorphism of R, denoted again 
by ¢, then we assert that the similarly defined R-T-double-module (4, & © rm) 
is (&-T-) isomorphic with R8 ¢(¢,m). In fact, this can easily be verified 
by taking an independent T-right-basis (£1, %,---,%,) of R and using the 
independent bases (2;%") and (2a;) respectively in constructing R @ 7(¢, m) 
and (¢, R8 pm); ef. [4], § 5. 

We consider the case where m is T itself and @ is an element of ©. 
Naturally we have then R@om=—=AO,T=—R. Put f= (¥:%)(L:Z). 
Then # has an independent right-basis of f terms over T, and the direct, 
sum Æ’ of f copies of R is Vy(T,)-isomorphice with Vy(T-). The Vo(7,)- 
endomorphism ring of Rf is the f-dimensional matric ring (T,)y over Tr 
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while that of Vą(T,) is of course the left-multiplication ring of Vy(T,) 
which we shall denote by 2%. Hence there exists a (ring-) isomorphism À 
between (T) and & which corresponds to a Vy (T,)-isomorphism between Bf 
and Vy(T,). Thus Rf and Vy(T,) are Vo(7'-)-(linear) and ((7-);— T, A)- 
semilinear isomorphic. They are in particular Ry-linear and ((7'-);—&, A)- 
semilinear isomorphic, for &,;C Vy(T;). We construct from Rf a second 
{Rọ (Z,+)7}-module (k’)™ by crossing the operator domain R; with its auto- 
morphism ¢. Similarly we construct Vy(T)@. These two bodies are also 
Rr- (linear) and ((7'-);— &, A)-semilinear isomorphic. ) 

Suppose now that the {Ry 7’-}-modules R and R@ have some (properly 
linear) isomorphic composition residue-modules. Then the same is the case 
with the {R, (T,),;}-modules Rf and R@f == (Rf)@, In view of the above 
Rrlinear and {(T;);— ©, A}-semilinear isomorphisms between Rf, Vo(T;) 
and between (Rf), Vy(T,), we see that the {Ryn Z}-modules Vy(T,) and 
Vy(T-)® have some (properly linear) isomorphic composition residue- 
modules. This means however that the Vy(T,)-R,-double-modules Vy(T,), 
Vy(T,)> (C N) have some isomorphic composition residue-modules. Naturally 
the same is the case if we consider Vy(7;), Vy(T,)ọ merely as &,-double- 
modules. But Vy(T,) = Rit = F Rivop* (a). Hence there are «, 8 in H 

ae 


such that &);Wop*(a), R:Yop*(8)p have isomorphic composition residue- 
modules. It follows that Yop” (x) = Yop” (B)p mod , whence œ € Bo. 
Now, the assumption in our lemma, that the 7'-double-modules T, $7; 
have some isomorphic composition residue-modules, is equivalent to assuming 
that the 7'-double-modules T and (¢, T) have some isomorphic composition 
residue-modules. This implies, because of our remark at the beginning of 
the present proof, that the &-T-double-modules R and (¢,#) have some 
isomorphic composition residue-modules. This is in turn equivalent to the 
existence of isomorphic composition residue-modules of the {Rn T}-modules 
R and R®, from which we have derived ¢6£4,¥. So our lemma is proved. 
We have now immediately . 


THEOREM 2. Let R bearing, with unit element and minimum condition, 
and let & be an automorphism group of R satisfying the conditions io), i1), 
le), 1g) and ii), with its subgroup ®, as in ip). (It is sufficient that R be 
primary and © a regular automorphism group of R). Let & be an invariant 
subgroup of ® which contains ®, and let T be the invariant system of & in R. 
hen ©/¥ is a regular automorphism-group of T containing no inner auto- 
morphism of T escept the unity. 


(Automorphism groups of the type of this factor-group have been studied 
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in [4], § 5 and the older paper in Jour. Math. Soc. Japan 1 (1949), pp. 203- | 
216 cited there.) 

Next we prove an extension theorem for isomorphisms of subrings 
(Theorem 3). To do so, we again consider an automorphism group ® of a 
primary ring F, with unit element and minimum condition, which fulfills the 
conditions ip), i), iz), i) and ii) of 1. Let © be its invariant system. 
We have Vy (S;) Ee phe) ee Ro —h,K,. Let T be a subring 


of R which contains 5 and over which # has an independent right-basis. 
By Lemma 1, Vg(T,) has the form (3), i.e. Vy (T) = X p(c) RL, ; each 


subring D© of K contains Z and possesses an independent basis over Z such 
that the corresponding right-multiplications on A constitute an independent 
basis of BL, over Ri 

Now, let æ be a (ring-) isomorphic mapping of T into & which leaves 8 
element-wise fixed. We assume that £ has also an independent right-basis 
over T% Let {2;}, {y;} be independent right-bases of R over T, T* respec- 
tively; they consist of equal numbers of elements, since the T,- and the T,*- 
ranks of & are equal as we readily see on considering S,-ranks. The mapping 


(15) È, Titi > D yiti" (te T) 


gives a (T, — T,*, &)-semilinear automorphism p of R. Let W be the totality 
of (T, — T,*, «)-semilinear endomorphisms of R; clearly pe Mt. Wt is an 
Rı-two-sided submodule of Vy(8,). So M is a direct sum of submodules 
of p(o) EıKr (co € G) 5 

M = ps (p(c) RK, N we). 


Further, Mu C Vy(T,) and Vo(T;) nC M, whence 
(16) M = Vy (Tr) u = È p (0) Ril Op. 


It follows that WM is Rrleft-regular. Its direct summands M N p(o) RK, 
are then also Rı-left-regular. Lemma 0 implies that for each o 


(17) p(o) M NA RK, = RM, 


where M© is, for each o, a certain submodule of K (Apply Lemma 0 in its 
modified form with right-operations replaced by left-operations (but retaining 
fy, K,), or in its completely (right-left) symmetric form with R replaced by 
a Ting inverse-isomorphic to R). Hence 


MN p(o) Rik, = p (o) RM, ®. 


Denote now by ® the intersection of all the maximal #,7,°-submodules 
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, of E. As Mt contains a (module-) automorphism a, we have RYt(= R and 
RM CRO. There exists, therefore, a re G such that 


(Rp(r) RM, =) R(MN p(7r)BK,) E RO. 


Fixing such a 7, we take an element m in M© such 


(18) Rp(r)m, E RO, 
Let 
(19) k =m Om Om 


be a direct decomposition of R into directly indecomposable A,7',-submodules. 
There exists an index i such that mip (rìm, d. RO. We may, without loss of 
generality, assume 


(20) thp(r)m, E RO. 
Further, let 
(21) R = m @ m: O: Oi 


be a direct decomposition of R into directly indecomposable RıT,*-submodules. 
There exists an index j such that the jit,-projection, with respect to (21), of 
ttip(r)m, is not contained in BO., 

Next, let M be the totality of (7,* — Tp a) -semilinear P ET 
of R, and let R© be the intersection of all the maximal RT, -submodules of 
R. Clearly pte M, M = D(MN p(o)RıK,) and each MN p(c) RK, has 
the form p(o)R,M, with a subring H# of K. Let u be an element of iit, 
which is not contained in R®; observe that iit; N R© is the intersection of 
all the maximal #,7',%-submodules of fy. Then we assert that 


(22) uu? £ RO, 


To see this, we observe that a, being an element of $, p(c)RM,, is a sum 
of elements of the form p(o)am,© (ae R,m™eM@). Since R is primary, 
we may choose the a’s so that they are regular elements of R. Such a product 
p(c)am,, with a regular in R, is an Ry-semilinear endomorphism of R; 
the associated automorphism of R is the product of p(o) and the inner 
automorphism of Æ effected by a. As it is in W, it is also (T, — T,%, «)- 
semilinear. Hence it maps R® into B®. For, if we denote by U the 
counter-image of RO by p(c)ayn,, then R/U is mapped R;-semilinear and 
.(@, — T;*, «)-semilinear isomorphically upon a certain R,7,*-submodule of 
B/RO, As R/R® is R,T,*-fully-reducible, it follows that R/U is R,T,-fully- 
reducible. Hence U 2 RO, or, which is the same, p(c) ayn, maps R into 
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RO, Therefore, u itself maps R® into R™. Now, if we had uw*te RO, then , 
uU=Uptpe RO» C R, which is a contradiction. So we have (22). 

We have seen that there exists an index j ‘such that the fitj-projection 
of mp(r)m, is not contained in ®©. Taking as our u (which has been 
assumed only to be an element of itt; not belonging to BO) an element in 
the iii;-projection of mup(r)m, not contained in R©, we see that 


(itt;-projection of muip(r)m,) a> CRO. 


As pte M—= DX (MN p(c)#.K,), there exist an element 7 in G and an 
element ñm in M such that | 


(23) (iitj-projection of mip(r)m,)p(r)m, GL RO. 


There exists then an index i such that the mj-projection of the left-hand side 
of (23) is not contained in RO. 

Now, we assume that Mi M2,’ '' Mẹ are all RT,- (linear) isomorphic 
and fit, iiz: ° <, fig are all #,7',°-isomorphic, or what is the same, both 
Ve(T,+) = LY and Ve(T,*) = £© are primary. Let {enx}, {Eq} be the 
systems of matric unit RT,- and #&,T,%-endomorphisms of A with respect to 
(19) and (21), respectively. Naturally erp € Lr® (== (Vr(T)), == Vy (RiT,) ) 
and epe 1°). Our above result shows that, with suitable 7, j, 7, 7, m (e M) 
and m (eM), 


tip (7) m,€;p (7) Me, C RO whence £m; N RO, and, therefore, 
(24) ' Mp (r) m,€ejp (F) Mren E m N RO. 


Here p(r)m,éjp(7) Mren is (Ry p(r)p(7))-semilinear. It is, on the other 
hand, T,-linear, for p(o)m, (eW) is (7'-—T,*, «)-semilinear and p(T) mr 
(€ M) is (T, — Tn a*)-semilinear while &; and en are respectively 7’,*- 
and T, linear. As in 2, we apply Fitting’s lemma, in its generalized formu- 
lation, to the directly indecomposable RT, -module m,. It asserts that 
p(r)m,<jp(7) ren induces on m, either an ((R, p(r)p(7))-semilinear and 
T,-linear) automorphism or a nilpotent endomorphism. If the latter were 
the case, then m, would be mapped, by p(r)m,€;;p (7) Tren, into each maximal 
k,T,-submodule of m, whence into m, N R®©®, contrary to (24). Hence 
p(T} m,€;7p (7) Me, Induces an automorphism on my. 

It follows that p(r)m,€; maps m, isomorphically into Ñy. As p(T) mre, 
is (7',— T,*, «)-semilinear, whence S,-linear, we see that the S,-rank of m, 
is at most equal to the S,-rank of jij, which is naturally equal to that of iti. 
Interchanging the roles of T, Te we see similarly that the S,-rank of jit, is 
at most equal to that of m,. Hence they are equal and p(r)m,é;; induces an 
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. (Ry p(r))-semilinear and (T, — T,*, %)-semilinear isomorphism of m, onto 
ity. As itt; is R,7.%-isomorphic to iit, we have thus established the existence 
of an (EB, p(r) )-semilinear and (T, — T,*, a)-semilinear isomorphism between 
m, and it, (or between any My and any Mp). We now find readily that the 
numbers s, © in (19), (21) are equal. For each k —1,2,- - -,s there exists 
an (f),p(7))-semilinear and (7',—7',*,a)-semilinear isomorphism between 
Me it, and there exists therefore a (module-) automorphism of & of the 
same kind, say ¢. As ¢“hid = k; and E, = Vy(fhi1) we have ¢4h,¢ = Rp 
and the inner automorphism of Y effected by its regular element ¢ induces a 
(ring)-automorphism of R, It induces on T, the isomorphism a with Te. 
This shows that the isomorphism a between T and T¢ is extended to a (ring-) 
automorphism of R. The extended automorphism belongs to ®, since it 
leaves S element-wise fixed. So we have 


THEOREM 3. Let @ be an automorphism group of a primary ring R, 
with unit element and mimmum condition, which satisfies the conditions 
io), i), is), is) and ii) (of 1), and let S be its invariant system (It is 
sufficient that ẹ be a regular automorphism group of R). Let T be a subring 
of R containng S and having a primary commuter Ve(T) in R, and let a 
be an isomorphic mapping of T into R leaving S element-wise fixed such that 
the commuter Vp(T*) of the image Te ts also primary. Then a can be 
extended to an element of ®. 
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PERIODIC MAPPINGS ON BANACH ALGEBRAS.* 


By BERTRAM Yooo. 


1. Introduction. Let B be a real Banach algebra. In investigations 
of such algebras, those with an involution (adjoint operation) have received 
special attention. By an involution is meant an anti-automorphism of period 
two. Here we study automorphisms and anti-automorphisms T of B periodic 
with finite period (the period of T' is the smallest positive integer n such that 

== J, where J is the identity). 

The norms |x|] and | vihi = || T(x)| are two Banach algebra norms 
for B which are equivalent if and only if T is continuous ([1], p. 41). The 
equivalence of two Banach algebra norms for B has been discussed by Rickart 
[10] where it is shown that a necessary and sufficient condition for the equi- 
valence is that S == (0) where 8 is the separating ideal of the two norms, the 
set of elements x where for some sequence {z,} in B, || %,—2|}—0 and 
| tn |ı->0. As shown in [10], § is a closed two-sided ideal of B consisting 
entirely of topological divisors of zero. A further property of 8 is (Theorem 
2.4) that either the two norms are equivalent or S is a radical algebra in’ 
the sense of the Brown-McCoy radical [2]. Our approach to the question 
of the continuity of T is made through the study of the corresponding ideal 8. 

It has been conjectured [10] that any two Banach algebra norms for a 
semi-simple algebra B are equivalent. This would imply the continuity of 
any periodic T defined on B. In this direction we show, in Theorem 4. 6, 
that if every automorphism and anti-automorphism T of period two defined 
on each closed semi-simple sub-algebra B, of B is continuous then any T of 
period 2” defined on B is continuous. Furthermore if B is semi-simple, the 
period n of T = 3 or 2” and if the set {z e B|(I+7+---+T**) (xz) = 0} 
is closed, then T is continuous. 


2. Definitions and preliminaries. Let T be a linear mapping defined 
on an algebra B over the real field whose range is B and which has period n. 
Suppose that, for each x, yin B either T (zy) == T(x)T(y) or Tey) = T(y)T(a). 
By a result of Hua [4] one of these two equations holds throughout B and T 
is either an antomo piia or an anti-automorphism. Let 


= (IT 4 4 Tet) yn 
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_ where J is the identity. Let 
H={eveB|T(c)—2} and K= {re B|P,(2) = 0}. 


If P,(v) =a then «= TP, (cx) =T(s), ve H and conversely e H implies 
that P,(x) == x. It is then clear that P, is a projection of B on H and that 
H and K are complementary linear manifolds, B = H @ K. 


2.1. Lemma. T(H) =H. T(K)=K. Ti(x)—aeXk for all ceB 
and all positwe integers i. 

The first statement is clear. If ce K then TP,(«) = PaT (£) =0 and 
T(K) CK. By iteration we obtain T"(K)=T"?(K) CK. Thus 
T(K)=K. If y=T*(x)—za then a simple computation shows that 
Pity) = 9. 

Now for each integer 1, 1—=1,---,2—1, T? is also periodic. We 
define H; and; as the sets H and K above corresponding to the mappings Të. 

2.2 Lemma. Let T have period n. Then for 1==1,2,°°-,u—1 the 
following hold. 

(a) H, CH, KCE. 

(b) H—=HL@A:NK, K= OOHNAK. 

(c) H, =H; f and only if Kı = Ky. 

(d) Ifi dwides n then H, N K, ts the null-space of I4- T +- 4 Ti. 

(e) If i dwides n then H, = H; tf and only f I1+-T+.---+T ts 


one-to-one. 


(a). Let ye Ki, œ be the greatest common divisor of 7 and n and set 
c= n/a. By the definition of K; we obtain 


(1) y -+ Te(y) +- + TOD (y) = 0. 


If we operate on (1) by T, T>,- --, T% and add we obtain Pa(y) = 0 or 
ye Ky. 


(b). Itis clear that H; D H, O H,N Ky Let ze Hy v =u + v, ue Ay, 
veK, Then = Tt (z) =u + Ti (v) ==u +v. Thus ve Hin Ky. For 
the second formula of (b) note that 


B = H; Ọ K = H Q [K 0 KNK] =H, QK 
where, by (a), K; a Hin Kı 3 K: Thus Kı = K; pD H; A AK a 
(c). Hı= H, (or K,;=E,) if and only if Hi n K, = 0. 
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(d). Let n== ci. Set V=I4+7+4-°:-4TandW=J4+7T4 7" . 
4: TC, When WY = VW =I 4T +4: Ta Eeen K 
then W(s) = cr, VW (s) = 0 so that V(x) —0. Conversely if V(x) =0 
then WY(z) =0 so that veK,. Also (TV — V) (z) = 0 where TY — Y 
= Ti — I. Thus ve H, 


(e). This follows from (b) and (d). 


2.3. Lemma. Let ve K,, yeH, Then vy + yve Ki. 


Note that T#(vy + yv) = Ti (v)y + yTt(v). Thus P,a(vy + yv) =—0. 

Let B be a real Banach algebra which is a Banach algebra under two 
norms || a || and || z ||,, An element s in B is said ([10], p. 619) to separate 
the norms if there exists a sequence v, in B such that | s— £a || —> 0 and 
| £n |1->0. The set S of all elements which separate the two norms has 
been shown by Rickart ([10], p. 621) to be a two-sided ideal in B, closed 
with respect to both norms and each of whose elements is a topological divisor 
of zero with respect to both norms. © will be called the separating ideal for 
these two norms. The same separating ideal is obtained if the roles of | x | 
and || x ||, are interchanged. The two norms are equivalent if and only if 8 
is the zero element. 

Consider next an automorphism or anti-automorphism U of period n. 
Define || z |, = || U (x)|. Following ideas of Rickart ([9], p. 1068) we show 
that | # |, is a Banach algebra norm for B. 

It is clear that the norm makes B, into a normed linear space. Moreover 
oy l= | Oey) FSU U(@)N NOY) He da by fa. Also if | 2n—ae fh 
— 0 as m,n->oo then there exists ye B such that || y — U (za) || — 0. Then 
| U-*(y) — tr lı -> 0 so that B is Banach algebra under the norm | æ |. 
The separating ideal S for the two norms ||| and | 2], is called the 
separating ideal for U. 

If © is the separating ideal corresponding to two Banach algebra norms 
| «|| and || a], for B then || z || and || x |, are two Banach algebra norms on 
S and thus there is a separating ideal S, C § corresponding to the two norms. 


2.4, THEOREM. Let || x || and || x |, be two Banach algebra norms for 
B with separating ideal S and with separating ideal S, with respect to Ñ. 
Then S and 8, have the following properties. 


(1) a, eS, if ue 8, i—=1,?. S, is a two-sided ideal of B. 


(2) Sı is contained in no proper regular (one-sided or two-sided) ideal 
of &. 
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(3) Either the two norms are equivalent on B or S is a radical algebra 
in the Brown-MeCoy sense. 
(4) If the two norms are equivalent on S, then 8 is a zero algebra. 


(1). Let yne B, | Yn — z: | > 0, | Yn 1-0. Then | Yazı — 2,22 || — 0 
and || Ynze |ı —> 0 where ynt and sıza 8. Thus 2,%,¢8;. The second state- 
ment is shown in a similar way. 


(2). Let J be, say, a proper regular right ideal in S with e as a left 
identity of S modulo J. If 8, C J then, since exs —aeJ for all sveg and 
exte Ñ, by (1), we have S C J which is impossible. 


(3). Suppose that the two norms are not equivalent. Then S54 (0). 
From the results of Brown and McCoy ([2], p. 51) we see that S is a radical 
algebra in the sense of their radical if and only if § contains no maximal 
regular two-sided ideal. However if M is such an ideal in JS, results of 
Rickart ([10], p. 621) show that S, C M. By (2) the latter is impossible. 


(4). If the two norms are equivalent on S then 8, = (0) and (4) then 
follows from (1). | 


As applied to a commutative Banach algebra B, Theorem 2.4 shows 
that § is then a radical algebra contained in the radical of B. This follows 
since, in the commutative case, the Brown-McCoy radical and the Jacobson 
radical ([8], [5]) agree. i 


2.5 LEMMA. Let A be an algebra over the complex field with (Jacobson) 
radical R. Let R, be its radical when A is considered as an algebra over the 
real field. Then R = R. 


It is clear from the definitions ([3], p. 476) that R C R,. Let we R 
c real, £0. Then cz? has an adverse in A. This shows that cis has an 
adverse in A, for otherwise — i/c is in the spectrum of œ ([8], p. 458) and 
—c™ is in the spectrum of z? which is impossible. Let « = a -}- bi, a, b real, 
be any complex number. Let r be the adverse of biz. Using the notation 
b 0 tp = bi +- ta — tita, we have, by [3], p. 477, for any se A, 
[bis +- (ax +- yx)] o (rosy = [as + yr — (az + yr)r] os. 
Now aa + yx — (ax -+ yx)re R, and thus has a right adverse s. This shows 
that av -+ yx has a right adverse. Similar arguments ([3], p. 477) show 
` that «z + yx has a left adverse. Thus ve R. 


This shows that the results of Section 4 concerning semi-simple real 
Banach algebras hold for semi-simple complex Banach algebras. 
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3. Examples. We indicate one way in which our mappings of period 
nm > 2 can behave differently from those of period 2. First consider the — 
following easy result where 7' is an automorphism or anti-automorphism of 
finite period on a real Banach algebra B. 


3.1. Lemma. T ts continuous on B if and only if H, and K, are closed 
and T is continuous on K.. 


Define for v = u -+ v, we Hy, ve K, a new norm | ¢|i1— {ull + iol. 
If H, and K, are closed this is readily seen to be a complete Banach space 
norm for B. Since || a ||, = || ||, the two norms give the same topology for 
B by [1], p. 41. Next assume that T is continuous’on K,. There is a 
constant c > 0 such that | T(v)| & clol, ve Xi. Then, for z= u +5, 
as above, 


| Tæ) h= hult T OS Aa oe lh 
which gives the continuity of T. 


Note that the continuity of T on K, is automatic if the period of T is 
two, for then T(z) == — zs, xe K,. However if the period exceeds two it is 
possible, as the following example shows, to have Hı, K, closed while T is 
not continuous on Kk. 

Let B be the complex Lp space on the unit interval where p > 1 and 
p&2. We consider B as a zero algebra. As is well-known [8] there exists 
a closed complex linear manifold M in B on which there exists no continuous 
complex-linear projection of B. Let N be a complex linear manifold which 
is a complementary manifold to M. For t—u-+v, ue M, veN define T 
by the rule T(z) = wu + ov where w and » are the non-real cube roots of 
unity. It is easy to check that T is linear on B and that I + T + T? = 0. 
Then T° == J and T is periodic. Here K, == B and H, = (0). 

Now WN is not closed for otherwise, [8], Lemma 1.1.1, there exists 
a continuous complex-linear projection of B on M. Let aeN, tof N, 
To = Uo + Vo, Uo EM, voe N. Then uo £0, uoe M nn. Leture N, Vn ty- 
We have T (Va) = o Un — wto while T (uo) = wuto Thus T is discontinuous. 

Next we show that H, can be closed with K, not closed. In this example 
we do not use a zero algebra. Let B be the Lp space considered above with, 
however, a different rule for multiplication. Let f be a linear functional on B, 
| f | 1 such that f vanishes on M. Select We M, || w| —1. Define the 
product in B by the rule 2,2. = f(2,)f(t2)w. It is easy to verify that this 
definition makes B into a commutative Banach algebra. Consider the mapping — 
z —> x* defined by the rule that if s == u 4+- v, we M, ve N then c* = u — 7v. 
This mapping is an automorphism of B of period two. We have H == M, 


wt 3 
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_ K =N and thus H is closed whereas K is not. Using these ideas an example 
can also be given where K is closed and H is not. , As shown in Section 4 
this type of behavior cannot take place if B is semi-simple. 


4. The separating ideal and continuity for T. Henceforth T will 
represent a periodic automorphism or anti-automorphism with finite period 
on a real Banach algebra B with separating ideal S. 

4,1. Lemma. (1) SC KK, (2) T(S)=S8. (8) If utveS where 
ue, ve k, thenueS and veg. (4)S=SOHOSNK. 

(1). Let ye 8, my, T(£)— 0. Set a, =u, +o, where we H, 
and vye Kı. Then uy + T(vr)—>0. This shows that vy — T (v) >y. But 
ve — T (v) e Kı by Lemma 2. 1. 

(2). Since 7-7 — T+, where n is the period of T, it is enough to show 
that T7(S) C S. Let y=u+tveS where ue Hy, ve K,. Adopt the nota- 
tion of the proof of (1). Since ur -+ vr —>u -+v and ut T(z) 0, we 
have (u — ur) 4+- (v— vs) 20 and Tl (u—uz) + (v—vs)] eu t+ T(r) 
= T (y). Thus T(y) es. 

(3). By (2), Pa(&) C 8. Thus, in the above notation, Pa(y) = ue 8. 
Then also v = y — ue s. 


(4). This follows from (8). 

Below the notation Q’ is used for the derived set of Q. 

4.2. Lemma. Let T have period n on B. Then 

(a) Hy’ OK, CS. 

(b) n even, T° continuous on K, imply that Ky’ N H, C 8. 

(c) n==2 wolves that S= HO Kı Q KN Ay 

(a). Let ure Hi, uv, vek, Then u,—v—>0 and T(u,—v) 


—>v—Tw). Thus v—T(v)e8. Then, by Lemma 4. 1, Ti(v) — Ti (v) e 8, 
4==0,1,2,--:-. Also 


5 > [Ti (v) Za T (v)] =$ [v — T™(v)] — ny. 


m=O ¿sý 
Therefore ve 8. 


(b). Let vpe Ki, vr —> u, ueH, Set W =I -4 774+ 7*+---+ T, 
Then TW (vp) == — W (v,). Also W (vr) —> (n/2)u. Then (n/2)u-+- W (vx) 
` > nu, T| (n/2)u + W(v:)]—>0. Thus ues. 


(c). The conclusions (a) and (b) show that here 
AYO Kh @KY/AH, CS. 
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Let ye S. Then there exist sequences {ux} and {vy} in H, and K, respectively _ 
such that us- Vr—>Y, Ur—vr—>0. Thus y/2 = lim ur, = lim vp Via 
Lemma 4.1, 8S=SOAH,@SOK,CK/NH,@ AYN K,. 

4,3. THEOREM. 

(a) If 8 C H, then H, is closed and K is a zero algebra. 

(b) If H, ts closed and T is continuous on K, then 5 C Ay. 

(a). Letve H’ N K,. By Lemma 4.2, veg CH, Thus ve A, n K, 

= (0). Apply Theorem 2. 4. 


(b). Let n be the period of T. In view of Lemma 4.1 it is 
enough to show that SM Kı = (0). Let ye SO Ki, we Ai, ve K, where 
Ux -+ vs y and ur -+ T (vz) > 0. Then v — T (v) > y. By Lemma 2.1, 
T*(v,) — T (v4) e Kı Ti(y) e Kı. By the-continuity of T on K, we obtain 
(1) Ti (vr) — T (vp) > Tt (y), PE ee 
But, as in the proof of Lemma 4. 2, 


(2) S S [T (v) — TH (0) ] = noe 
From (1) and (2) it follows that 
(3) mS È Ty) = ny + = (n— m)T™(y) 


= w, say. Then nu,—>ny—wekK;,. Since H, is closed, w == ny. This gives 


(4) S (n—m) T” (y) = 0. 


M=1 


Operating on this by 7 we obtain 


(5) > PE E = 0, 
Subtracting (4) from (5) we have 
(6) 0 = (n—1)y— X Pm (y) = ny. 


This completes the proof. 


4,4. Lemma. Let T have even period n with ge aa ideal S. Let 
S, be the separating ideal for T on S. Then 


(a) SC E, and T? continuous on S(K,) imply that 8, C K, (Ky 
closed). 


(b) If, in addition, n= 2 (4) then S(S;) is a zero algebra. 


24. l BERTRAM YOOD. 


(a). Let n be the period of T. Suppose ye S;. Then there exists a 
` sequence {vr} C S, vy —-> y, T(vr)—0. By the continuity of T? on S we 
obtain 7*(v;,) > T(y) or zero according as 7 is even or odd. Then, since 
pe Ky, TT +: +--+ T) (y) =0 or ye Ro. 


Now suppose that T? is continuous on K, By Lemma 4.2, Ki’ N Hı 
C S C Ki: Thus K’ N H, ames (0). 


(b). IEn = 2, then since here K, == (0), S is a zero algebra by Theorem 
2.4. If n= 4, then T? is an automorphism of period two and, for v, ye 84, 
— sy = T? (ay) = T” (x) T? (y) = ay. 


The following algebraic result may have some independent interest. 


4.5. Lemma. Let B be a semi-simple algebra where T is an auto- 
morphism of period 2", n = 0, 1,2,- -. Then H, is a semi-simple algebra. 


Since T is an automorphism, H, is a sub-algebra of B. The proof is 
by induction. If n==0 then H, = B and the conclusion trivial. Suppose 
that the conclusion holds for n. Let T have period 2"**, Then T°? has 
period 2”. By induction hypothesis, H, is semi-simple. If H, == H, we are 
through. Otherwise consider the decomposition H., = H, @ H, N K, pro- 
vided by Lemma 2.2 where H, N K, = {s e B| T(x) =— z}. T has period 
two as an automorphism defined on H, Let s be in the radical # of A. 
Then gx + ys has an adverse’ (reverse) in H, for all scalars g and all ye A, 
(see [3], Chapter 22). Consider ze Ha Ky. It is easy to see that (zr)? 
and eve Hı. Thus (2z)?eR. Using the notation to t, == t, + ta — tt, 
we have, for every se B the identities 


(ex) o [(—s2) os]—=(ze)?08, [so (—2n)] o (z2) = s o (27)? 


If s is taken as the adverse of (zx)? in H, it follows from [8], p. 456, that 
(— zx) o s is the adverse of zz. Moreover since —zre Ha Ky, this adverse 
lies in H. 

Let w=u-+v, we Hı, ve Ha N K, be any element of H, and let « be 
any scalar. az -+ ua has an adverse p in H, since ve R. Since æ — zp e R 
then v(x — sp) has an adverse g in Hz by the above. But then (see [3], 
p. 477) we have, where aw +- we = (av + ua) + va, the relation 


(aa -+ wa) o (poq) = (vz — vep) oqg=0. 


‘Also v— peH nk; so that (v— pv)s has an adverse q, in H, and 
(q0 p) © (ax 4- wr) = 0. Thus s lies in the radical of H, Hence H, is 
semi-simple and the induction is complete. 
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As applied to an anti-automorphism T of Penod 2” on B this result — 
gives the semi-simplicity of Ha. 


4,6. THEOREM. Let B be a EA Banach algebra. Then any 
T with period 2” defined on B such that its separating ideal S C K, (as 
when K, is closed) 18 continuous. 


If n==1 then T?=-J and § is a zero algebra by Lemma 4.4 so 
the result holds for n = 1 by the semi-simplicity of B. For n > 1 we argue 
_as follows. We show, by induction, that S C K, fori=—0,1,---,n. This 
is true for 10 by assumption. Suppose it is true for i, 0&4 <n. Now 
Hn is semi-simple (Lemma 4.5). Also Ham Kot = {z e B| T” (£) = — 2} 
by Lemma 2.2. Let J=SM Hou. J is a two-sided ideal in Hots. Let 
up Ed, b—=1,2. Then uu,cJ. Ifi-—0, T” == T may be either an auto- 
morphism or anti-automorphism. If i> 0, T” is an automorphism. We 
have then either — wy, == T” (Urto) == Urg OF — Uzt == Ust;. In any case 
z?=0, seJ. Thus J is contained in the radical of H and therefore 
J = (0). Set V = T>". By Lemma 4.1, V(S) = 8. The period of V 
is 37-i- — r, Arguing as in Lemma 4.1 (3) and (4) and using P, we have 
that 

S=SN Han O 8 N Kom = FN Kota, 


Thus § C Kz. However K = (0) whence T is continuous. 


4.7. THEOREM. Let B be a semi-simple Banach algebra. Suppose that 
every automorphism and anti-automorphism with period two on each closed 
semi-simple Banach sub-algebra B, of B is continuous, at least for B, where 
there is a continuous projection of B on B,. Then every T of period 2” on 
B is continuous, n == 1, 2, > 


The proof is by induction. The case n= 1 is clear. Suppose that the 
result holds for n and that T has period 2”*7. Now by assumption, T? is 
continuous. Thus H, and K, are closed. Since B = H, @ K it follows 
from [8], Lemma 1.1.1, that there is a continuous projection of B on Ho. 
H, is semi-simple by Lemma 4.5. Thus T is continuous on H, since T 
has period one or two on Hy. Since H; =H: @OA2N K, and HLN Kı 
== {ce B| T(x) =— s} by Lemma 2.2, then H, N K, is closed. Also from 
Lemma 2.2, Kı =K: © HaN K.. By [7], p. 220, K, and H, N K, are 
disjoint closed linear manifolds and K, is closed. Then S C K, in view of . 
Lemma 4.1. The continuity of T now follows from Theorem 4. 6. 


4.8. COROLLARY. Let B satisfy the conditions of Theorem 4.7%. Suppose 
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that every automorphism of period k defined on B is continuous where k is an 
odd number. Then every T defined on B with period 2k is continuous, 
n=0,1,2,°°°. 

For n = 0 we consider T an anti-automorphism of period k. Since k is 
odd it follows readily that such T can exist only if B is commutative. Then 
the continuity of T follows from [10], Corollary 6. 3. 

Let T have period 2k. Then T? is a continuous automorphism with 
period & Let k==2r-+1. T* is continuous by Theorem 4.7. Then so is 
T = TT”. 

Suppose that every T of period 2%™tk is continuous where n > 1. Let 
T have period 2"%. Then T? is continuous. Arguing as above, we obtain 
the continuity of 7. The result now follows by induction. | 


4.9. Lemma. Let T have period three where H, and K, are closed and 
K, is a sub-algebra of B. Then K is a zero algebra. 


Since B= H, @ K, and H,, K, are closed then ([7], p. 220) there exist 
constants cı, C2 > 0 such that, for c—u-+-v, us Hı ve Ky, |u | S ale | 
and |v l| & c| ell. Let med, nE >a, EnD =u, F m, Un” eH, 
vn) € K, and Unh + T (0, ) — 0, i= 1,2. By Lemma 4.1, qe K, Also 
| Vp D — ay | E col] Un + (Vr — r) | 0. Then un — 0, vn — z; and 
T (mm) —>0. Since I -+T -+ T?=—0 on K, and T? is an automorphism. 


T? (04H 042)) = — v D0 — T (0V0), 
T (0p D0) = [o, + Tv.) | [o + Tv.) ]. 
This gives : 
— wp yy) — T (V 0,0) — T (ap?) T (vp?) 
= VP T (VP) -4 T (a, 0p”. 


Whether T is an automorphism or an anti-automorphism we obtain in the 
limit that Tito == 0. 


4.10. Tsrorem. Let B be semi-simple. Then any T defined on B 
with period three where S C K, is continuous. 


It is sufficient to show in view of Theorem 2. 4 that T is continuous on 8. 
By Lemmas 4.1 and 4. 9, the separating ideal S, of T on S is a zero algebra 
and is, furthermore, by Theorem 2. 4, a two sided ideal of B. Thus 8S, = (0) 
and T is continuous. 

For the notion of spectrum in a real Banach algebra see [6] and [10]. 
Here p(s) denotes the spectral radius of «==sup | æ |, for æ in the spectrum 
of z. 
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4.11. Lemma. Let T have period two. Then for each ye H? N Kı 
(K O Hy) there exists a sequence {2,} in H,(K) such that 2, — Y, p(zx) > 0. 


Let ye Hy’ N K,(Ky N H,) and let {zp} be a sequence in H,(K,) such 
that Ty —> y. Set w,== (%+y)/2. Then w,->y and wre (E). By a 
theorem of Hille, [8], Theorem 22.9.1, for each integer k there exists an 
element z, in H,(K,) such that simultaneously | wr — zr || < E7, 0S p(z) 
< p(w,) +k*. Note that 


p(w) = pl T (wx) ] S || T (wx) | = | £e — y I/23 > 0. 
Then we have z,—> y and p(z) — 0. 


4,12. Lemma. Let T have period two on B. Suppose that yeH, 
k = 1,2, > +, 2px, ve H and p(z) —0 imply that v==0. Then K is 
closed. The condition on H is fulfilled if there exists a sub-additive function 
| x | defined on H vanishing only for x = 0 such that 0 S | z| S p(2), ze H. 


To show K closed it is sufficient to show that K’ N H = (0). Let 
yeK' NH. By Lemma 4.11 there exists a sequence {zy} in K such that 
ze —>y and p(zr)->0. Then zeH, z? >y eH and p(z?) —0. By- 
hypothesis this gives y° == 0 = p(y). Applying the hypothesis to the sequence 
{y,y,° © °} we obtain y = 0. 

For the second statement note that if ty e H, £n —> z, ve H and p(x,) > 0 
then 


|a| S|e—a,|+ | rr] S |e er | + pler) > 0. 


This gives z = 0. 

If T is the involution in an A*-algebra [10] or in a p*-algebra [11], 
then such a sub-additive function exists on H. 

The next result gives conditions under which all repeated square roots 
of a continuous automorphism are continuous. 


4.13. THEOREM. Let B be semi-simple and let T have period two 
satisfying the condition of Lemma 4.12. Then any automorphism or anti- 
automorphism U of B such that U*" = T is continuous, n==0,1,2,° °°. 


The case n = 0 is disposed of by Lemma 4. 12 and Theorem 4.6. Suppose 
that the result holds for n— 1. Let U” — T. Then UY? is continuous. This 
gives the closure of H, and K, computed for U. Moreover H, is semi-simple 
by Lemma 4.5. We show that U is continuous on H.. This is clear if. 
H, = H.; otherwise U has period two on H, (see arguments above, e. g. in 
Lemma 4.5). Since H, C H (of T) the requirements of Lemma 4.12 are 
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fulfilled by Ọ on the Banach algebra H.. By the above U is continuous on Hz. 
` Then H, N K; is closed. Arguing as in Theorem 4. 7, we see that K, is closed. 
Therefore U is continuous by Theorem 4. 6. 
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DE RHAM’S THEOREM FOR ARBITRARY SPACES.* 


By J. SCHWARTZ. 


Introduction. The abstract axiomatic approach to homology of Hilenberg 
and Steenrod (see Hilenberg-Steenrod [2]) yields such powerful uniqueness 
theorems that most of the principal isomorphism theorems of homology and 
cohomology theory can be derived from the EKilenberg-Steenrod theorems as 
corollaries. One notable exception has been the isomorphism between top- 
ological cohomology (say of Cech type) and the special cohomology for 
differentiable manifolds which can be defined in terms of forms. The difficulty 
has been simply this: the Hilenberg-Steenrod method requires that cohomology 
groups be defined for all triangulable spaces, and not every triangulable space 
is a differentiable manifold. How to define forms on more general spaces 
than manifolds? Taking our clue from a fundamental property of differ- 
entiable manifolds, we make use of imbeddings in Euclidean spaces. 

The definition of the appropriate groups of forms is given in Section 1, 
together with the quite simple proofs of the seven cohomology axioms of 
Hilenberg-Steenrod. The groups can be defined for arbitrary compact sub- 
sets of Euclidean space; i.e., we get a cohomology theory for arbitrary 
compact finite dimensional spaces. In Section 2, we obtain the relationship 
between our “ extrinsic ” groups of forms and the ordinary “ intrinsic ” groups 
of forms in the case that our space is a differentiable manifold. In Section 3 
we obtain a generalization of de Rham’s classical theorem in its original form 
as a theorem of duality. In Section 4 we discuss the case of non-triangulable 
spaces, showing that our groups are simply the Cech cohomology groups with 
real coefficients. In Section 5 we discuss the theory of open manifolds. 


$1. Definition and Basic Properties of the de Rham Cohomology 
Groups. 1. Pairs of spaces imbedded in a Manifold. Let M be a 0” 
manifold (open or closed). Let S be a compact subset of M, and T a 
compact subset of 8; so that (9, T) is a compact pair. We define spaces of 
forms as follows: 


(a) (Jf) is the space of all O” k-forms defined on M; 
(b) T,(M; 8) is the space of all C° k-forms in F;,(M) which vanish’ 
in a neighborhood of S; . 
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(c) Z(M; S, T) = {fe T(M;T)| df eTra(M;8S)}; 
(da) F,(M;8,T) = {df 4 t] feTra(M;T), te T(M, 8)}. 


We then put 
Hy, (M;8,T) = Z(M; 8, T)/F(M; 8,7). 


The vector-space H( M; S, T) may be called the k-th de Rham cohomology 
group of the pair S, T relative to the manifold M. We adopt the usual 
convention of taking all spaces to be zero-spaces for subscript k < 0. In this 
way, Fr, Zr Tw, and Hy are defined for all integer indices. 

We shall show below that H;,(42;8,7) is actually independent of M. 
For this reason, we begin our investigation by choosing some very large 
integer N, and supposing that all our spaces S, T are compact subsets of 
Euclidean space ÆN. Wherever this is the case we will omit any specific 
notation for W in our notation. Thus we write #;,(#%) as Fy, H;,(#N;8,T) 
as H;,(S8,T), ete. 


2. Mappings. Let A: (8,7) > (Sı, Tı) be a continuous mapping. 
Extend A to a continuous map W: EN —> EN. Let h; be a sequence of 0O” 
maps EN — EN which converge uniformly to h’ on any compact subset of EN. 
Then 


Lemma 1. Let feZ,(81,71). Then, for sufficiently high 1, (a) 
he*feZ,(8,7); (b) the coset mod F( S, T) of hi*f is independent of i. 
We call this coset the limiting coset of h,*f. 


COROLLARY. The limiting coset of hi*f is independent of the approsi- 
mating sequence hi. 


Lemma 2. The limiting coset of hi*f is independent of the particular 
extension h of h chosen. 


The proofs of these lemmas are to be found in the appendix to this 
section. 


Lemma 3. If feF,(Sı Tı), then the limiting coset of h*f is zero. 


Proof. f = dg + t, geTraı(Tı) and te T;,(S8,). It is clear from the 
definition that h;*g € Tra (T) and h,*teT,(8) for all sufficiently large i. 
This shows, however, that h;*f = dh,*g + h;t is in F}(8, T) for sufficiently 
.large 1, so that the limiting coset of h,*f is zero. 


Definition 1. If ge H,(8ı, Tı), and z is an element of the coset g, 
we put h*g = limiting coset of h,*z. Lemmas 1, 2, and 3 ensure that this 
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is a single-valued definition. It is clear that A*: Hr(Su Ta) > Hi(8, T) is — 
a linear map. 


Lemma 4, If h: (9,1) — (Su Ti), and hy: (Su Ta) > (Bz Ta), then 
(hah) * = h* hy. 


Proof. Let h’ and h,’ be extensions of h.and h, to all of HN. Let hi 
and fh; be sequences of C” maps which converge uniformly on any compact 
set to h’ and h,’, respectively. Then hh; is a sequence of C° maps which 
converge uniformly on any compact.set to hsh’, which is an extension of hh. 
If ge H;(82, T.), and z is an element of the coset g, (hih)*g == limiting coset 
of (Ohi) *z = limiting coset of h” (hz). From the fact that the limiting 
coset of Az is h,*z, and from Lemma 3, the equation (A,h)*g = h*hig 

follows readily. 


LEMMA 5. If 11s the identity map i: (8, T) — (S, T), then t": H,(8, T) 
— H, (8, T} ws the identity map. 


Proof. As an extension of i we take 7’, the identity map of EN. Then 
we can approximate v’ by h;== 7; it follows that each h,* is an identity map, 
so 4" is also an identity map. 


Lemma 6. Suppose that U is a relatively open subset of S, and 
that the closure of U and the closure of S-—-T are disjoint, i.e. 
(YU) ncdl(S—T)=—@. Let i be the natural identity map of 
(5 —U,T—U)-> (8,7). Then 


: Ha (S, T) — Ha (8 —U,T—U) 
ws an isomorphism onto. 


Proof. (A) «* is onto. Let zeZą(8—U,T—U}). Since cl(U) 
N el(S — T) = Ø, we can find a O” function f defined on all of E”, such 
that f==1 on a neighborhood of cl(S—Z'); fæ=0 on cl(U). Then 
(1) fAz=0 near cl(U) and near T—U, ie, fAzeTz(T). (2) 
d(fAz)=dfANz2z+fAdz. We have dz==0 near S-—-U, f==0 near 
cl(U), so the second term of this expression is in Tw (8). We have df == 0 
near cl(U) Ncl(S—T), and z=0 near T— U, so that the first term 
df Nz is in Ty(8). Taking all together, we see that fAzeZ,(S, T). 
(3) Write 2=—fAz Then z—2/=(1—f)Az. Since 1—fe=0 near 
el(S—T), and z==0 near T—U, we have z—2’eT,(S—UT), so. 
z—z' e F(§ —U,T— U). Thus, 2 and z belong to the same class v in 
Hy, (S—U,T—U). If y is the class in H;(9, T) which contains 2’, it is 
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clear that ty == y. Since z was an arbitrary element of Z,(8S—U,T—U), 
we have proved îi“ is onto. 


(B) +2* is one-to-one. For, let ve H;,(S, T), and suppose that ty = 0. 
` Then, if ze Z,(S, T) belongs to the class v, it follows that 


z = dg + t, g € Tka (T — U), te T(8 — U). 


Since z = 0 near T, it follows that dg = — t near T. We then choose a C® 
function f as in part (A) of the proof of this lemma, and write 


z=d(f Ag) + 1—f)Adg—dfANg+fAt+ U—f) At; 


since f = 0 near cl(U), and g = 0 near T—U, f AgeTra(T), and we 
have only to show that 


m= (1—f)^ dg—df ^g +f A t+ (1—f)A te Tr(8) 


to prove that ze F,(8, T), so that v==0. Now, near T, m is f At—df Ag. 
- We have df == 0 near cl(U), g= 0 near T— U ; f= 0 near U, t= 0 near 
N -— U; hence m = 0 near T. Near cl(S—T) we have (1— f) ==0, so 
that m = f A t— df A g once more. Since t and df are zero near cl(S — T), 
m= 0 near el(S—T). Altogether m = 0 near S, so that m £ T,(8). 


3. The boundary operator. From the definitions of the various spaces 
it is clear that (a) d: F(T) > Ku(S, T), (b) d: ZT) > Zra(8, T). Thus, 
d defines a natural map d*: H,(T) —> Hra(S, T) by passage to factor groups. 

Once d* is defined, we can follow Hilenberg-Steenrod by letting f: T -8 
and t:S— (S, T) be the natural identity maps, and considering the 
“homology ” sequence of groups and homomorphisms - 


4 a® 7" 4% a* 
- + <——~ Ay (8, T) 4 A, (1) +— A;(8) —— H,(S8, T) <—: - 
Lemma 7. The homology sequence is exact. 
Proof. (a,) If v is an element of F(T), and z £ Z,(T)} is in the class v, 
then i*d*vy is evidently the class in Hy,.(S) of dz. Since dze Fpn(S), 
a*d*y = Q. 


(b:) Ify is an element of H,(7'), and ze Z;(S) is in the class v, then 
d*4*y is evidently the class in Hy,:(09, T) of dz. Since dz e T;.,(8), d*7*v = 0. 


(cı) TÉ v is an element of H;(8, T), and ze Z,(S, T) is in the class v, 
then j*t*y is evidently the class in H;,(T) of z. Since ze 7,(T) G F(T), 
it follows that 7*i*v = 0. , 
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(a.) Let ve H,(T), d*v—0. If zeZ,(T) is in the class v, it follows 
that dzeFy.1(8,T), so that dz = da + %, 21€ Ty(T), 22€ Tri (8). I. e., 
d(2 — 21) € Tma (S); 2—21 € Zr(8). Thus the class y e Ha(T) of z — z, is 
in j*H,(8). Since z, £ Ta(T) G F(T), v =v. 


(ba) Let ve H,(S), jv =0. Ifz eZ,,(S) is in the class v, it follows 
that ze F(T); i. e., Z = dt, + a, Z1 € Fr, 2eT A(T). Thus z — dz: € TAL) ; 
so that z—dz,2Z,(S8,T). If vy is the class in H,(8) of z — da, it follows 
that v e 1*H,(5, T). But, since dz,ef,(S8), vo = v. 


(co) Let ve H,(S, T), vy =0. If zeZ,(8,7) is an element of the 
class v, it follows that ze F,(S); i.e, z= dzi + Zo, Zı€Fra, 22€ T(S). 
Then z — z: = dz,; since z — 2€ T(T), 21€ Zra (T). It follows that the 
class v’ of z — 2, in H;,(S,T) is in d*Hy4(T); since 22€ Ta(T) G F(T), 


v= p, 


Lemma 8. Let h:(8,T)— (8 Tı) be a continuous map, and let 
hy: T — T, be its restriction to T. If ve Hral Tı), then d*hi*y = h*d*y. 


Proof. Let h’ be an extension of h to all of EY, and let h; be a sequence 
of C° maps of EN > EN which converge uniformly to h’.on every compact 
set. Then, if ze2,,(T), h*d*v == limiting coset in H;,(S,7) of hdz 
= limiting coset in H,(8,T) of dh,*z. Since the limiting coset of /,*z is 
h,*v, our lemma is now evident. 


Lemma 9. Let ho hy: (S,T) —> (Sa Tı) be continuons maps which are 
homotopic. Then hoë = h,*. 


Lemma 10. Let 2z be a k-form such that dz = 0 near a point p, k > 1. 
Then we can find a form z, such that z = dz, near p. 


These lemmas are proved in the appendix to this section. Lemma 10 
evidently implies: If P is a one point space, H;,(P)=0 for k>0. In 
dimension 0, Z){P) is the space of all scalar functions constant near P, and 
Fo (P) = T(P) is the space of all scalar functions zero near P. Thus H,(P) 
is isomorphic with the field of real numbers. 

We have now verified all properties of Hilenberg-Steenrod, and can 
conclude that we have 


THEOREM 1. For every pair (K,T) of triangulable spaces, H,,(8,T) > 
ws naturally isomorphic to the relative k-th cohomology group of (8,T), 
no matter how these cohomology groups are defined. 


3 
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4, Appendix. Homotopy properties of forms. 


Lemma 11. Let M and N be O” manifolds, and let f be a k-form on N. 
Suppose that M D 8 D T, where S and T are compact, and that we can define 
a map hy: ->N for all —1<t <2 such that hi(m) is a C° function 
both of the real variable t and of me M. If, forO St 1, 


(a) hl) N car(df) = Ø, (b) lT) A car(f) = ©, 
then ho*f and h,*f are in the same coset of Z(M; E, T) modulo Fy( M; 5, T). 


Before giving the proof, we show how Lemma 11 implies Lemmas 1, 2, 
9, and 10. 


Proof of Lemma 1i. Put hy) (s) = tihi(x) -+ (1— t)h;(£), and apply 
Lemma 11. . 


Proof of Lemma 2. Let h’ and g’ be two extensions of h, and let h; 
approach h, g; approach g, both uniformly on every compact set, where hi 
and g; are O” maps. Put ®© (£) —thi(x) + (1—t)gi(x), and apply 
Lemma, 11. 


Proof of Lemma 9. Let hi: (9, T) — (Sı, £1) be a continuous homotopy 
between hy and h Extend he to a map ht: EN — EN which is defined and 
continuous for —œo < t <+, ve BN. Let hi: EY- EN be a sequence 
of C” maps depending in a C° manner on the real parameter t, and such 
that hy approaches h;’ uniformly on every compact subset of En, uniformly 
for every bounded set of parameter values ¢. Let ze2Z;,(8:,71,). Then 
ho*z = limiting coset of ho )*z, hy*z == limiting coset of h,*z. Since, by 
Lemma 11, coset of h,*z = coset of ho*z for all sufficiently large i, Lemma 
9 is proved. 


Proof of Lemma 10. Put h(x) = t(a@—p) +p. Then hy*z == 2 and 
ho*z = 0 for every k-form z, k >0. If zeZą(p), it follows by Lemma 11 
that ze F(p); so from this, Lemma 10 is evident. 


Proof of Lemma 11. We let Z be the open interval — 1< t < 2, and 
let W be the divect-product manifold M X I. Define H: W ->N by 
Hm, t] =hy(m). Define p: M'—> M by p[m, t] ==m. Then inspection of 
the definitions reveals 


(H*F) Lm, t] = p*{ (hf) (m)} + (p* Bi) A dt, 


where #; is a C” &—1 form on M which depends in a C” fashion on 
the real parameter ¢ From (T) N car(f) = @ it follows readily that 
car(6:(m)) OT = A. We have then 
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(H*af)[m, t) — + 0/dtp*{(he*)(m)} A dt © p*{(hitdf)(m)} + p*dp; A dt. | 


Since h(S) N car (df) = 0, H*df = 0 near 8 X [0,1]. Likewise, h,“df = 0 
near S X [0,1]. It follows that dp*(h;*f) /dt = +: p*(d@;) or integrating 
from 0 to 1, 


p*(ho®f —ha*f d J Bäi) =0; hence hy*f—In*f—= + d f Bidt. 
0 a 
Put - f ‘edt —g. Then g eTre:(T), so that ho*f — h:*f e Fa (S, 7). 


§2. Intrinsic Forms on a Manifold. 


Definition 2. Let M be a C” manifold. A O” map h: M— EN which 
determines a one-to-one map of the tangent vector space at every point on M 
is called a regular imbedding of M in LY. 


Definition 3. If, in Definition 2, M is a subset of EY and the natural 
identity map i: M —> EN is a regular imbedding, we say that M is regularly 
imbedded in EY. 


Lemma 12. If M is a C” manifold regularly imbedded in EN, then 
there exists a neighborhood U and a map n:U ->M such that the map 
n: U — M is a C” retraction of U on M. 

Proof. We consider the C” N-dimensional manifold = of segments 
o = |a, b] such that ae M, and o is orthogonal to M at its foot a. It is 
clear that the map £: 3 — # determined by t/a, b] =b is a C” map whose 
Jacobian determinant is non-zero at every point o in the set of points X, of 
zero length. It follows by the implicit function theorem that there exists a 
neighborhood of Z, such that the map t:®-—> EN is O”, one-to-one, and 
maps onto an open set in HN; tt is also C” by the implicit function theorem. 
We can now put s[a, b] =a and n= st. Q.E.D. 


Suppose that & is a regular imbedding of M in ÆN. Put §==A(8), 
T—h(T). Then 


h*:Z,(8, T) > Z(M; 8, T), h*: F,(8, 7) -> Fy( M; 8, T). 
By passage to cosets we define, in the natural way, a map 
h*: H,(8, T) > H( M; 8, T). 
THEOREM 2. If h rs 
(a) A regular imbedding of the manifold M, 
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(b) A non-singular linear map of the Huchdean space M, then h*- 
is an isomorphism onto. 


Proof. Without loss of generality, we can assume that M is regularly 
imbedded in ÆN, and that h is the identity map of M —> EN. Let n be the 
map whose existence is established in Lemma 12; n:U—>M, where U is a 
neighborhood of M. Suppose that zeZ,(M@;8,T). Then n*z is defined 
- and C” in U. Let z, be a C” form defined in all EN such that z, = n*z in a 
neighborhood of S. Then z,¢2;,(8, T), and h*2, == h*n*z = (nh)*z = t*z 
=z in a neighborhood of 8S. Thus, if ve H;,(M;8S,T) is the coset of z, and 
v e H,(S, T) that of 2, v = h*v’; so that h* is a mapping onto. 


Conversely, suppose that v’ e H,(S, T), and that h*/ == 0. If 2 e¢Z,(8, T) 
is an element of the class vy’, it follows that h*2’ == dg. + go, 91€ Tra(M;T), 
g2eT;,(M;8). Let gi’ and go’, 2’ be C” forms defined on all of EN such 
that g,’=n*g, near S, go’ ==n*g, near S, z” ==n*h*2’ near S. Then 
z” = gy! + ge’ + gs, where gveDs(T), gz €T(8), gseTr(8); so 
z” e F(8, T). It only remains to show that z” — z eF,(8, T}, and this we 
do as follows: 

Let Se = {ze BN | |a—s|<e« for some se S}. The set U contains 
some set Se Let n= 4e,, and put H,(m) == tm + (1—7)n(m), so that 
Hi: En —> Sea for —1 <t <2. The open sets Se and Sy can be regarded as 
manifolds. By Lemma 11, H*g? —H,*2’e F,(8,;8,T). Now, it is easily 
seen that H,*2’ = n*h*z’ = z” near S, and that H,*z’=-2 near S. Thus 
gz” — 2’ — dz, = 0 near 8, where z, is a suitably chosen form in 7;,(S8y; 8, T). 
If z” is defined in all of #N in such a way as to ensure z, == 2,’ near S, we 
have z” — 2’ —dz,’=0 near S, so that 2” —- g" e F,(S, T). 


§3. De Rham’s theorem. 


Lemma 13. Let H and fi be a cohomology and homology theory with 
coefficient-field equal to the field R of real numbers, both defined on an 
admissible category containing all triangulable pairs and their maps. Suppose 
that a bilinear multiplication (x, y) exists between elements of H,(A,B) and 
f(A, B) such that 


(1) (z, dyy) = (d*x, y) for ce Hyr1(B), y ef”(4, B). 
(2) (z, jay) = (J*z, y) for xe Hy,(Ar, By), yeh" (A, B), and ĵj:(4, B) 
— (A, Bi) an admissible map. 


(3) The multiplication (x,y) between Ho(P) and H° (P) is a dual 
pairing. 


$ 
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Then the multiplication between H,(A,B) and f"(A,B) is a dual 
pairing for every triangulable pair. 


Proof. We make use of Theorem III. 10.1 of Hilenberg-Steenrod [2]. 
We introduce the space H"(A,B) of all linear functionals on H,,(A, B), 
and let dą and j, be the linear maps of the spaces H*(A,B) dual to the 
corresponding maps d*, j* of H,(A,B). Then it is clear that the groups 
H(A,B), and the maps dą and fẹ determine a homology theory. Now 
there exists a unique linear mapping h: H"(A,B)—->f"(A,B) such that 
(x, hy) = y(x) for ye H(A, B}. In virtue of (1) and (2), this map has 
properties (2) and (3) of the EHilenberg-Steenrod Theorem II. 10.1. In 
virtue of (8), the map k: H°(P) — &°(P) is an isomorphism onto. It then 
follows by the Hilenberg-Steenrod Theorem III. 10.1 that 2: H"(A, B) 
—> H"(A,B) is an isomorphism onto for every triangulable pair. But this 
clearly means: the multiplication between H,(A, B) and f"(A,B) is a dual 
pairing for every triangulable pair. Q. E.D. 


Let R”(A, B) denote the singular homology groups of the pair (A, B). 
In the particular case where (A, B) is a pair of open sets in Euclidean space, 
let fa” (4, B) denote the relative singular groups based on (’® chains. Then 
there is a natural homomorphism 7:f."(4,B) > f"(A,B). The map r is 
an isomorphism onto. The absolute case of this result is well known; cf. 
Eilenberg [1]. The relative case results easily from the absolute by the use 
of the “ five ” lemma, Hilenberg-Steenrod [2], Lemma I. 4.3. We can make 
use of these facts as follows. Let æ be a relative singular cycle of a compact 
pair (A,B), where AC EN. Let zeZ,(A,B). Then we take a C°” cycle o 
of (EN — car(dz), EY — car(z)) == (U,V) which is in the same class of 
h"(U,V) asa We put (a,z) = f z. This multiplication is single-valued, 


Oy 
since if a is also a Č” cycle in the same class of A"(U, V) as æ, then o, and 


G2 are in the same class of £,."(U, V), so that $ Z = f z by Stoke’s theorem. 
ay Ae 


If æ is in the. zero class of A"(A,B), we may take &, == 0, so that it follows 
that in this case, (a,2) = 0. Ifzel’,(A, B), then we can write z = dz, -+ 2a, 
2eT,1(B),2eTr+1(A). We let U, = HN — car (22); Vi = (EN — car(z,)) 
N U,. Then we may suppose that a, is in the same class of A"(U1, Va) as a; 
in this ease it follows by Stoke’s theorem that 


f (dtm) — f da= È pai, 
G1 Oy 5 day 


Thus the multiplication («, z) leads by passage to cosets to a multiplication 
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(hi, h) between f"(A,B) and H,(A,B). Once we verify that this multi- 
plication has the properties demanded in Lemma 13, we will have proved 


THEOREM 3. If (A,B) is a triangulable pair, then the multiplication 
between f"(A,B) and H,(A,B) introduced above is a dual pairing between 
these groups. 


If we now recall Theorem 2, and make use of the triangulation theorem 
for compact C° manifolds and the isomorphism between the singular homology 
groups of such a manifold and the corresponding groups based on C” chains 
(as given, say, in Hilenberg [1]), we can conclude 


THrorem 4. (De Kham). Let K be a compact C° manifold. Then 
(a) A closed form on § exists which has arbitrarily prescribed periods on 
independent cycles of 8. 


(b) If a closed form on § has period zero on every cycle of 8, it is the 
exterior derwatwe of a form on 8. 


To prove Theorems 3 and 4, we have, by Lemma 13, only to verify certain 
properties of the multiplication (%1, A): 


(1) Let ze2Z,.,(B), and let a be a singular cycle of A modulo B. 
‘Let (U, V) == (EN, EN — car(dz)). Then if «, is a C” cycle in the same 
class in 4"(U, V) as a, da, is in the same class of R”(V) asda. Thus we have 


(a, da) = f ds,  (da,s) = f ài 
ay day 


By Stoke’s theorem, these two expressions are equal. 


(2) Let 7: (A,B) — (Ai, Bi). Let ze Z,(A,, B,), and let 7: BN — HN 
be an extension of 7. Let j; be a sequence of C* maps which converge uni- 
formly to j’ on every compact set. Then for ¢ sufficiently large, 7;*z is in the 
same class of H,(A,B) as j*z. Choose some such + Let « be a singular 
eycle of A modulo B. We put 


(Us, Vi) = (BN — car (dz), BY — car (2)), (U, V) = (h) + (Us V1). 


We let (U2, V2) be a pair of neighborhoods of (A,B) such that (U2, V2) 
C (U,V), and such that if ce U (or, V) then the whole segment between 
g(x) and 7,(#) is in U, (or, Vi). Let a, be a O” cycle in the same class 
-of R"(U2, V2) as a; then it follows by homotopy that jæ» is in the same class 
of f"(U,, Vi) as ju. Hence 


(ja, 2) = (Jito, 2) = (Orn, fi) = (ce, 72). 
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(3) That H,(P) and &"(P) are dually paired is clear from the 
definitions. 


84. The de Rham groups of general pairs. All question as to the 
nature of the de Rham groups for non-triangulable pairs (S, T) is settled 
by the following 


THEOREM 5. The groups H,(S,T) are naturally isomorphic to the Cech 
cohomology groups (with real coefficients) of the compact pair S, T. 


Proof. Let (S, Tw) be a sequence of triangulable pairs such that 
(Sup Te) D (Seats Tear) and fÀ) (Sy Tx) = (8, T). Then the identity map 
k=1 ` 


in: (Sras Trn) > (Sr Tr) determines a map is” Hi( Sr, Tr) > Hi( Srs Tr), 
so that we have a direct sequence of homology groups. In the same way, the 
identity map j;,:(S, T) —> (Sy, Tr) determines a map j;,* : H,(S;, Tr) > HS, T). 
It is clear from the definitions of the groups that each «e H:(S, T) is in 
jx H (Sr Ty) for all sufficiently large k. Moreover, 7,8 = 0 for Be Hi(Sr, Tr) 
if and only if imp trpi" ° ` wB =0 for some sufficiently large p. It 
follows that H,(S, T) = direct limit H,(S;, Tr), and once this is established, 
our result follows readily from Theorem X.3.1 (Cf. also Theorem X. 12.1) 
of Hilenberg-Steenrod [2]. 


§5. Open manifolds. Suppos that M is a manifold which is not 
compact but only the union of a countable infinity of compact subsets, and 
that we consider subsets S, T which are not compact but only closed. Then 
there are two principal types of de Rham cohomology groups which can be 
introduced on M: 


(a) If we let all forms be forms with compact carriers, we get spaces 
which can be denoted F;°, Zi,- © +, H,¢(M;8,T). 


(b) If we let all forms be forms with unrestricted carriers, we get 
spaces of forms which can be denoted Fr”, Zx% - +, Ht (M; 8, T). 


Of course, if O is compact, or if the closure of the complement of T is 
compact, the groups H” (M ; 9, T) and H,6(M;S8,T) are naturally iso- 
morphic. In either of these two cases we can drop the superscript and write 
simply H,,(1;8,7T) as in 81-4. 

The groups H° (M; 8,7) seem to be the more interesting of the two ` 
types of de Rham groups. Part of this interest stems from the following 
obvious but important 
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Turorem 6. If M isa C” manifold, and (S,T) is @ pair of closed 
subsets of M, then H,°(M;8,T) and H,°(M—T;S—T) are naturally 
isomorphic. i 


To prove this theorem, we have only to examine the definitions of the 
two groups. As is well known, Theorem 6 is essentially involved in the proof 
of separation theorems by means of homology theory. 

The groups H,° and H,” are related to the two types of cohomology 
groups which we can obtain by taking direct and inverse limits over the 
directed family of compact subsets of Jf. Indeed, let Ca be a sequence of 
compact subsets of M such that interior (Cna) D C, and such that M = UJ Ce 


Let D, be the complement of interior (Ca). Let Sn” = 0,8, Th” CT. 
Let S,° = SD,, Tae == TD,. Then we have identity maps 
[*] tnt (Dn, Tnt) > (Snr, Pras"), 
el fn: (Dars Tna) > (Ea, Tnt). 
These maps determine homomorphisms 
dn + Ay (M ; Bnat, Ta”) > Hy (MW; Dnt, Tr), 
Ini Hy (MH; 8n°, T°) > Ay (M; Biat Tran): 
Thus, the groups Hy(M ; Sn“, Ta”) form an inverse sequence, and the groups 


H;,(M;8,°, Tae) form a direct sequence. We have 


THEOREM Ye. H¢°(M;8,T) = direct limit H(M; S, Ta); such a 
general result is not true for the groups H,", but we have the following weaker 


THEOREM Yu. Let M be triangulated, and let S and T be subsomplezes 
of M. Then 


HH," (i; 8,7) = inverse limit H,(M; 8,", Tat). 
Sketch of Proof of Theorem Ye. Let H,(M; 8,7) = direct limit 
Hy (M;8n°,Tn°). The elements of HA, (M; 8,T) are certain equivalence 
classes of elements of |] Hy(M ; Sa, Tae). (For the exact definition of the 


zzi 
direct limit group, see Eilenberg-Steenrod [2], pp. 220-222.) Let fe H,, 
and let ve H;(M;8,°, Ta) be in the equivalence class ¿é Let z be a closed 
- form of the class v. Then z is a closed form with compact carrier, and hence z 
determines an element y of the group Hye (M; 8,7) such that zey. We put 
hf==y. It follows readily from the exact definition of the equivalence 
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relation determining the class £ that the map h is a single-valued linear 
isomorphism of H;,(M;8,T) onto H,°(M;8,T). 

A simple example suffices to show that Theorem 7u cannot be stated in 
as simple a form as Theorem Yc. Indeed, let M be the Buclidean plane. 
Let Ae be the union of the three segments connecting the four points (c, 1), 
(0,1), (0, —1), and (%,— 1) in the order indicated. Let A, be the union 


ae 1 1 1 
of the three segments connecting the four points Giog) ; (n,1——) , 


(n,—1 + *), and (= »—1-+ =) in the order indicated. Let § == A, U U An. 
4x2 


Then S is a closed subset of the place. Let C, be the closed square surface 
with horizontal sides, center at the origin, and side-length 2n -+ 1. It is 
clear that Hı (8 N Ca) = 0, so that 


inverse limit H, (8 N Cn) = 0. 


On the other hand, we shall show that H,” (M; 8) is not zero. Let @(P) be 
the angle that the arc from (1,0) to p makes with the horizontal, and let 
r(p) be the length of this are. Let v(p) be a C” vector field in M which 
has the value (7> sin 6,—77'cos#) in the neighborhood of 8. Then v is 
closed in the neighborhood of S$. Now, if v = df in the neighborhood U of 


S, then f v == 0 for every closed arc in U. On the other hand, it is clear 
c 
that every neighborhood of § contains a closed are C surrounding the origin 


once in the positive sense, and we have f v = 2r along any such are. 
c 


Let us now proceed to the 


Proof of Theorem Yu. Let H,(M; 8, T) = inverse limit HM ; Sa”, Tn"). 
We define a homomorphism h of H,” = H,“(M; 8, T) into Ëy = H,(M; 8, T) 
as follows: let «s H”, and let z be a form in the class a Then 
z= 0 in a neighborhood of T, and dz=0 in a neighborhood of &. 
Hence ze Z (M; Ka”, Tn"), so that z belongs to a well-determined class 
Oy € Hy (MM; En”, Tn”). It is easily seen that in” an, == %, so that the sequence 
G1, X2, Ms," + determines an element a* of the inverse limit group H,(M; 8, T). 
We define the linear map A by putting ha—a*. To prove Theorem Yu we 
have only to show that h is an isomorphism of H,” onto Fp. It may be 
remarked that the fact that h is a mapping onto H, is independent of the 
triangulability of §. We shall prove that h% is a mapping onto first, and . 
then shall prove that ha = 0 implies a = 0. 


Proof that h is onto: Let B1, B2, Bst + > be a sequence determining an 
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element 8* in the limit group Ën, so that in" Bn == Bn. Let 21, Z2, 23` © + be 
a sequence of closed forms such that z, belongs to the class 8p We shall 
show that it is possible to choose zę in the same class 8p as zy in such a way 
that Zm = Zx near C. Once this is done, we have only to put z == lim 2, 


ho 
and take 6 « H;” to be the class of z This done, we have AB — @*, so that 
h maps H,” onto Fy. 


We make our central construction inductively. Put z =z, Suppose 
that zx is defined for k < n in such a way as to ensure (a) Zx € Bm k<n 
and (b) Zk = 2x; in a neighborhood of Cra, e <n. Then since t.*Z, is 
also in the class 8,1, there exists forms a and b such that Zn = Zn + da + b, 
where @==0 in a neighborhood of Ta~” and b==0 in a neighborhood of 
Sn”. Define a and b’ in such a way that a’ and 0’ are C” forms on M and 
so that (1) a’ = 0 in a neighborhood of Cn; (ii) a’ = a@ in a neighborhood 
of Ta”; (j) V = 0 in a neighborhood of Cn; (jj) V ==b in a neighborhood 
of Sa”. This is possible since a==0 in a neighborhood of Cr- O Tn”, and 

= 0 in a neighborhood of Cy. N Sn = Sna”. Now put 


a E Bae + da’ a b’. 
Then z; = E in a neighborhood of Cn, and also 


ln = Zn +- d(a’ — a) -+ (b — b). 


Since a’ — a = 0 in a neighborhood of T,” and by’ — b == 0 in a neighborhood 
of Sn”, Zn and 2, both belong to the class Ba. Thus we have completed the 
inductive step in the construction of the sequence 2’, 2’, 23’, +. Conse- 
quently, we have shown that h maps H,” onto Hp. 


Proof that ha==0 implies a=0. At this point, we must introduce 
the hypothesis that § is a subcomplex of a triangulation of M. Since the 
particular sequence C, of compact sets that we use to exhaust M does not 
affect the limit-group (ef. Hilenberg-Steenrod [2], pp. 219-220) we can 
assume, without loss of generality, that C, is-a finite subcomplex of M. Let 
z be an element of the class æ. To say that ha = 0 is to say that z belongs 
to the class zero in each of the groups H;,(M; Sn", T,"). Thus, for each n, 
there exists a form @, which vanishes in a neighborhood of T,” such that 
z = dd, In a neighborhood of 8,%. Now, d(an1— än) = 0 in a neighborhood 
of S,*, so that aa.1—— an belongs to a certain cohomology class; i. e., Ons — Gn 
‘determines an element of H;,(Al;8,",7T,%). Our first aim is to show that 
we can choose the sequence a, in such a way that an.,— an determines the 
zero element of Hy1(M; 8r, Tn”). 
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Let A,™, n == 1,2,: >- be the set of all a such that a = 0 in a neighbor- 
hood of T,“ and z== da in a neighborhood of §,”. Choose 6,¢4,%. Let 
G,© C Hy (M; 84", Ts") be the set of all cohomology classes determined 
by the elements of bı -—A,@. Then GG, D Gau™, and each Ga is a 
non-null linear variety. Since S,“ and T,” are finite subcomplexes of M, 
Hya (M; 8”, T1”) is finite dimensional. Hence N Ga = G® is non-null. 
Let ae G®, and let d, be an element of the cohomology class a, Put 
ay = b, + dy. 

Let A,@, n= 2,3, °°, be the set of all elements ae A, such that 
a,—a belongs to the zero class of H,(J;8."%,7,%). It follows from the 
construction of a, that each A,@ is non-null. Let b¢A., and let . 
Ga C Hra (M ; S2”, Ta”) be the set of all cohomology classes determined 


by the elements of ba — Á,®. Then A Gr = GO) A CY. Let a£ GC), and 
n=3 


let da be an element of the class æa Put a,—0.+-d,. Then, continuing 
inductively, define a3, a@.,: © > In such a way that anı — a, always belongs to 
the zero class of Hy- (Af; Sn”, Tn”). 

Next we will construct a sequence of elements a’ eA,“ such that 
dy == Any in a neighborhood of Ca. Once this is done, we have only to take 
a = lim a,’ in order to have a==0 in a neighborhood of T and z==da in a 


NR? x 


neighborhood of S. However, the existence of such an a means precisely 
that z belongs to the zero class of H,*(4;8S,T), i.e. that a0. Thus, 
all that remains is the construction of the sequence «@,’. 

We make the construction inductively. Put a,’ a. Suppose that a,’ 
has been defined for m < n in such a way as to ensure that (a) am € Ay,™; 
(b) am — Gm belongs to the zero class of Hra( M; Sm”, Tmt); (C) Gn’ — üm- 
== 0 in some neighborhood of Cm- for m < n. Then a, can be written in 
the form an == dy.’ -+ db + c, where b =0 in a neighborhood of T,_,", and 
c==0 in a neighborhood of Sa”. Let b’ and c’ be C” forms on M such that 
(i) V = 0 in a neighborhood of C,_,; (ji) V =b in a neighborhood of 7,,"; 
(j) č = 0 in a neighborhood of Caa; (jj) c’ =c in a neighborhood of S,". 
This is possible since b == 0 in a neighborhood of Cn- O Ty" = Tht and 
c= 0 in a neighborhood of Cr- N Sn? = Sna. Put ay! = ays’ + db’ +c. 
Then ax = ün +- d(b — b) + (ec—c’). It follows readily that a,’ € A,%, 
that a,’ — an is in the zero class of Hy. (M ; Sn”, Tn”), and that an’ — dn == 0 
in a neighborhood of Ca- This concludes our inductive step, and with it, 
our proof of Theorem Yu. 

Now if M is triangulated, and S and T are subcomplexes of M, then it 
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is known that the singular homology group f,"(S, T) of finite cycles arises as 
the limit group of the direct sequence of homology groups obtained from the 
sequence of identity maps 1, of [*]. Moreover, it is known that the singular 
homology group fu”( S, T) of locally finite cycles arises as the limit group 
of the inverse sequence of homology groups obtained from the sequence of 
identity maps j, of [**]. Now, in the case in which all terms are finite 
dimensional vector spaces, the inverse limit of an inverse sequence is dually 
paired to the direct limit of the direct sequence of dual groups. (Cf. Lefschetz 
[8], 120. 81, p. 6%, and also 6, pp. 74-83, especially 33, p. 83). We have 
therefore 


THEOREM 8c. Let M be a triangulable C” manifold, and let (8, T) be 
a pair of subcomplexes of M. Then H,“(M;8,T) and A(S, T) are dually 
paired under the natural pairing defined by the integral of a k-form over a 
finite k-chaim. 


THEOREM ĝu. Let M be a triangulable C® mantfold, and let (S,T) be 
a pair of subcomplexes of M. Then H,°(M;8,T) and khë( S, T) are dually 
paired under the natural pairing defined by the integral of a k-form with 
compact carrier over a locally finite k-chain. 
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ASYMPTOTIC INTEGRATIONS OF LINEAR DIFFERENTIAL 
EQUATIONS.* 


By PHILIP HARTMAN and AUREL WINTNER. 


Introduction. 


In the linear system of differential equations 


(1) y = (J + G(t))y, 


where y’ denotes dy/dt and y is a (column) vector with d components, let 
J be a d by d matrix of complex numbers, and G(¢) a d by d matrix of 
continuous (possibly complex-valued) functions g(t) on the half-line 
OS to. Let àp’ -àg denote the characteristic numbers of J and 
pj == Re A; the real part of à; Finally, put 


é & 
(ii) | G| =3 32| gzl. 
j=1 ķ=1 


Part I of this paper deals with the asymptotic integration of (i) on a 
logarithmic scale. If 


(iii) | G(t)| 30 as t>o, 


then (i) has d linearly independent solutions y(t) = y,(¢).° © +, Yalt) with 
the property that, if | y | denotes the length of the vector y, 


(iv) lim £ log | y(t)| = p 
f> o 


where u = um, Y(t) == Ym(t) and m==1,---+,d. This was proved by Perron 
(cf. [8], pp. 158-159) with the lim replaced by lim sup, but his method can 
be used to supply (iv) as it stands, cf. [7]. 

In view of known results ([2], [8]) for the case when (i) is equivalent 
to a second order differential equation, it is natural to ask under what con- 
ditions, weaker than (iii), will the assertion concerning (iv) remain true. 
In this direction, it will be shown that (iii) can be relaxed to 


U+y 


(v) f | G(t)| di/(1 + V) 30 as U >o. 
U 


l. u. b. 
oyo 
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It is clear that (iii) implies (v) and also that (v) holds if | G(¢)| is of class 
I?(0,00) for some p21. (When m =`; - -= pa condition (v) can be 
relaxed to 


T 
pa f | G(t)| dt 0, 
9 


as T >.) 


The fact that (v) implies the statement concerning (iv) is a corollary’ 
of (*) in Section 2 below. In contrast to Perron’s proof, the proof of (*) 
will not depend on successive approximations. This leads, among other things, 
to an extension of (*) to non-linear systems under conditions less severe than 
those used by Perron in [8] (this extension will be carried out in a forth- 
coming paper). It also leads to theorems on the asymptotic integration of 
(i) under conditions different from those in standard theorems; cf. Part III. 

Parts II and ITI will deal with asymptotic formulae for solutions of (1), 
rather than for the logarithms of their magnitudes. In Part II, there will 
be deduced (Theorem (**)) a refinement of a theorem obtained by Dunkel 


‘in his dissertation [1], written under the direction of Bécher. Particular 


cases of this theorem have been rediscovered repeatedly (possibly because the 
result was published in a periodical which is not readily accessible). On the 
other hand, as far as we know, the only proof of Dunkel’s complete theorem 
in the literature is that of Dunkel himself. His proof is based on simple 
ideas but is rather diffcult to read because of complicated computations 
involved in his successive approximations. It seems to be worthwhile to give 
a proof which avoids successive approximations. After a suitable change of 
variables, the main theorem (**) of Part II will be obtained as a corollary 
of the results of Part I. 

If the independent variable « in Dunkel’s theorem is replaced by 
t=--—~log a, his assertion implies that if y,(¢) = c exp At, where c40 is a 
constant vector, is a solution of the system 


(vi) y’ E JY, 

if the elementary divisors of J belonging to the characteristic numbers A, 
satisfying u; ==» (== Red) are simple, and if 

(vii) | f G(t)| dt <o, 


then (i) has a solution y = y(t) satisfying, as £ —> o, 


(viii) y(t) — yo(t) = o (e). 
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More generally, if yo = (tt + coh? +> + ++ Cr) EXp Amb, Where Cr’ * +, Cry 
are constant vectors and c40, is a solution of (vi), if h, denotes the 
maximum multiplicity of the elementary divisors of J belonging to the eigen- 
values A; satisfying pj== pm, and if 


(ix) f E L T 
then (i) has a solution y == y(t) satisfying, as 1-0, 
(x) y(t) — Yo (t) = o(t tet), 


It will be shown below that if h, = ha and if condition (ix) is 
strengthened to 


(xi) f poa] G di <a, (ho Z ha), 
then assertion (x) can be improved to 

(xii) y(t) — Yo (t) = o (tro-tatk-1gmt) , 

In particular, if to Æ 2h, — 1, then (viii) holds. For example, if 


E f 200-9) | G(4)| dt <0, 


then to every solution y == y(t) of (vi) satisfying (iv), there exists a solution 
y= y(t) of (i) satisfying (viii). ` 

The assertion (**) in Section 11 refining Dunkel’s theorem is stated for 
the case when J is in its Jordan normal form. This permits a refinement 
of the assumption (xi) and the assertion (xii). For example, if the d-th order, 
linear differential equation for the scalar z, 


(xiv) ol +f, (tae) +--+ fara + falt)e 0, 
is written as a system of first order linear differential equations for the 
vector y = (a, g’, + +,2@), then the following fact will follow from (**) : 


It the (possibly complex-valued) coefficients f,(¢),---,fa(¢) of (xiv) are 
continuous for large ¢ and satisfy 


(x) EO dt <e Gas a) 


and if 0S k < d—1, then (xiv) has a solution «= a(t) = z(t) satisfying, ` 
as f—>o, 


(xvi) em ta! ~~ ett o + + ao mh! 
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and. 
(xvii) a (e+1) = 0 (i), eaa , a(d-1) == 0 (7a). 


On the other hand, by the statement of Dunkel’s, theorem (cf. [1], pp. 368- 
370), the condition (xv) must be replaced by the stronger requirement that 
é@-1 | f;(¢)| is of class L for j7=1,- -'-,d and the assertion in (xvii) by the 
weaker statement that 


(xviii) 2) = 9(1),+ + +, 2) = 0(1) 


as t->oo. (Of course, when the coefficients f;(¢) are not “close to 0” in 
the sense of (xv), but are “ near” to other constants, then (**) still furnishes 
an asymptotic integration of (xiv).) 

In Section 17 at the end of Part II, Theorem (**) will be used to obtain 
the following theorem dealing with a system of the form 


(xix) y = (P(t) + G (t) )y, 

in which the constant matrix J in (i) is replaced by a continuous periodic 
matrix P(t), say of period 1, so that P(¢+1) = P(t): If y= y(t) Is a | 
solution of 

(xx) y =P (t)y 

satisfying (iv) and if G (t) is continuous for large ¢ and satisfies (xiii), then 
(xix) has a solution y == y(t) satisfying (viii) as too. (In particular, if 
Yo == e'n(t) is a solution of (xx), where p(t) s£0 is a vector of period 1, 


‘then (xiii) implies that (xix) has a solution y= y(t) satisfying (viii), 


where u = Re À.) 7 
Part IIT will deal with analogues of the result of Part II, when the 
conditions (vii), (ix) or (x) are replaced, respectively, by 


f 1O07 dt <o, f mjaa | di <eo or f mr] a| dt <o, 


where y is some number on the range l= y< 2. The proof of the main 
results of Part III depend on a modification of the proof of (*) in Part I. 

The results obtained generalize the theorem . (VII) in [2], p. 575, 
dealing with a second order linear differential equation 


(xxi) ' gr” — f (t)z = 0, 


- where f(ż) is real-valued and “nearly” 1 for large t. The theorems to be 


obtained for the system (i) allow an extension of theorem (VII) of [2] to 
cases in which f(t) is complex-valued and “near” a complex number A, 
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which is not 0 or a negative real number, and to cases in which | f(¢)| —>œ 
as ¢—>o. For example, it is shown that if A is a complex number which is 
neither negative nor zero (so that Re A8s£0) and if f(t) is a complex-valued 
continuous function for large ¢ satisfying 


J | f(t) —A |v di << for some y, l=yS2, 


then (xxi) has a pair of solutions satisfying, as t —> o, 


~ 


t | 
T~ exp + f ZOZ + òf (u) )du, T ~ + Mr. 


It is also shown that if f(t) is a complex-valued continuously differentiable 
function such that 


(xxii) Refi(t) 40, f | Re fi(é)|dt—oo, ff’ —o(|f|| Ref |) 
_ then (xxi) has a pair of solutions satisfying, as t —>o%, 
(xxiii) v ~ t fhe, 


If the last condition in (xxii) is replaced by 


(xxiv) f | P/f |7 | Re f |Y dt <% for some y, where 1 Sy S 2, 


then (xxi) has solutions satisfying (xxiii) and 


(xxv) g~ f-4(t)exp +f f3(w) du, 


where f-4== (P). Somewhat different asymptotic formulae follow if the 
three conditions of (xxii) are retained and (xxiv) is replaced by 


(xxvi) S aE <ee. 


In this case, (xxi) has a pair of solutions satisfying (xxiii) and 


(xxvii) eee f fA(1 -+ #72/16f9)4 du. 


While the assertion concerning (xxiv) has no analogue in the elliptic 
case (say, when f(t} is negative), the assertion concerning (xxvi) does: Let 
f(t) be a continuously differentiable function for large t satisfying 


4 
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. | 
(xeviit) fajo and exp 44 f PO + F?/16f)? du = 0 (1), 


(xxvi) and 
(xxix) lim (1 + f*/16f%) =4 0. 


Then the differential equation 
(xxi bis) L” -+ f (i)e =0 


has a pair of solutions satisfying, as t >, 


t 
e~ f2(t)exp +i f fa(1 + f/16f*)4du, 2’ ~ const. fta, 


where the const. depends on the value of the limit (xxix). 
For corresponding results under different conditions on f, ef. [10]. 


Part I. The logarithmic scale. 


1. Notation. Without loss of generality, it can be supposed that the 
constant matrix J is in its Jordan normal form; so that J consists of a 
number of “blocks,” say g “blocks,” J(1),- -+,/(g), on its diagonal, where 
J(j) isanh(7) by h(j) matrix with a certain number à = A(7) on its diagonal 
and, if h(7) > 1, the number 1 on its subdiagonal, where h(1) +: - -+ h(g) 
== d; the numbers A(1),- --,A(g) need not be distinct. 

The system (vi) reduces to 


(1;:) yi” TE Ay”, 
(In) yi = ay gi, b— 2, > +, Wi), 


where AAC); FL g; A) + +R(g)— ds =y i 
m = h(1) +---+h(j—1) +k for k=—1,--+-+,h(j). The equations 
(lj), k > 1, are missing if A(7) = 1. 

Similarly, (i) can be written as 


(2a) yY == Ay + gj apy, 
(23x) yi” = ày?” + yi ai -+ Gik apy, . k = 2, t ta h, 


where X¥==A(j), kh=h(j); j=1,:--,g; the element gmy(t) of the 
matrix GŒ (t) is written as gmy = gjs ag if m =h (1) +---+h(j—1) + k, 
y=h(1) +--+ h(a —1) -+8 fork =—1,---,h(j) and 8= 1, , h(a); 


a 
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finally, the summation convention is used for the indices a, 8; so that the 


last term of (2,,) means 


g Ma) 
Jin apy’? =X > Jir apy. 
a@=1 f=1 


It can be supposed that the enumeration has been chosen so that 
(J) = Re à (j) satisfies 
(3) w(1) S-- S plg). 
Let the distinct numbers in the set (3) be denoted by p < pP? L'e. 
For a given integer m, where 1 = m Sf, an integer j on the range 1575S g 
will be denoted by p, q or r according as n(j) < p”, p(j) = p” or p(}) > p”: 
(4) a(i) = u” according as j = p, q or r. 

In terms of these notations, put 

| h(g) 
(5) Lm = 3 3|% |?; 
q kzl t 


so that L,, is the sum of the squares of the absolute values of the components 
yi of y corresponding to which Re à = p”. Thus |y |? = L, +: + Ly. 


2. The main theorem. The main result of Part I can be stated as 
follows: 


(*) Let G(t) be continuous on 0S t <œ and let 


U+V 
(6) a f | G(¢)| dt/(1 + V) —>0 as U >o, 
U 
that is, for every set of indices (jk aß), let 
U+¥ | l 
a f | 9m ap | dt/ (1+ Y) —0 as U0. 
U 


_ Let 1S mS f. Then there exists a positive number T with the property 
that to any number t, = T and to any set of 3h(q) numbers 4%, not all 0, 
there belongs a unique set of Sh(r) numbers yo™* such that the solution 
y = y(t) of (2), determined by the initial conditions 


(71) yP*(to) == 0; (Y2) yM (to) = Yt; (73) y™* (to) = Yo, 


satisfies, as t—>oo, 


(8) _ Bilt) = 0(Lim(#)) if fem 
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and 
(9) log | y (t) | = (uw + 0(1))é. 

It will follow from the proof of (*) that if O04 < 1 and if T == Ty is 
sufficiently large, then (71) can be replaced by y?*(t.) = yo?*, where y,” 
are arbitrary numbers satisfying 3 | yo | 43 | yo? |. 

It is understood that the subset of initial conditions (7%) or (73) is 
vacuous if m ==1 or m =f. Both of these sets of initial conditions are 
vacuous in the case 
(10) m = t = pa, 
where f = 1. 


(1) In the case (10), condition (6) in (*) can be relased to 


g | 
(11) rf | G(#)| di +0 as T->0, 
that 1s, to 


P 
rf | Ji ag | dt —> 0 as T—>00 


(for every set of indices (jk aß) ). 


Since (*) shows that there are 3 h(q) linearly independent solutions of 
(i) satisfying (9), it is seen that (*) implies the theorem of Perron men- 
tioned in the Introduction. 


Assertion (*) contains as a corollary the following theorem of Perron 
[8], p. 765: 

(II) Let J be a diagonal matrix with diagonal elements M, °°, Aa 
satisfying pı <` ` + < pa, where p; = Re dj. Let G(t) be a continuous matris 
on 0S t <æ satisfying 
(12) G(t) > 0 as t>o, 

Then for any m, where 1S md, the system (i) has a solution y = y(t) 
= (y'(t),: > >, y%(t)), the components yi(t) of which satisfy, as t 0, 
(13) yi (t) = o(y™(t)) if jm, 

(14) y(t) /y™ (t) —> Am. 


In order to deduce this from (*), note that (12) implies (6); so that, 
under the conditions of (II), assertion (*) is applicable to (i). Hence (i) 
has a solution satisfying (8), (9). Since J is a diagonal matrix and 
H <* * + < pa, the sum in (5) reduces to a single term. Hence, the relations 
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(8) and (18) are equivalent. The fact that J is a diagonal matrix means 
that the differential equation for y™ in (i) is 


d 
(15) y= Any” oe my? 


Hence (14) follows from (12) and (13). 


In (II), in order to assure the existence of a solution satisfying (13), 
(14) for a given m, the condition that J is a diagonal matrix can be relaxed 
to the assumption that yu; pm for all 754m (so that there is only one 
elementary divisor belonging to A; with Re àx== um and this elementary 
divisor is simple). 

An easy example shows that (II) has no simple analogue if y, =: +: == py. 
In fact, if d = 2, Ay = Az = 0 and gis = Goo = 0, then (2) becomes 


Fd af 
Y? == Jury’; yY” == Jory’. 


The solutions of this system are 


t t $ 
1j? == Cı EXP f guds, yY? = Cy f Jar (exp f girdu)ds + ca. 


It is clear that gi, and ga can be chosen so as to satisfy g —>0 as t—> œ 
hut to leave quite arbitrary the asymptotic behavior of the ratio y?/y* (for a 
solution in which cı £0). 


3. Riccati equations. The proof of (*) will be similar to the proof of 
a particular case of it given in [2]. It will depend on the use of Riccati 
differential equations as “ majorants.” (For applications of Riccati equations 
as ““majorants” for certain non-linear differential equations, cf. [5], pp. 
353-355. ) 


LEMMA 1. Lel f(t) be a continuous real-valued function on 0 & t < œ 
satisfying 
T+S 
(16) Lub. | f F(#)dt/(1-£ 8)| EE E EA 
ols ao a 


and let c 340 be a real number. Then, if r= r(t) is a real-valued solution of 
(17) r = or(1— r) -+ F(t) 


for large t, 





(18) r(œ) == limr(i}) exists and is 0 or 1. 
t—> w 
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Furthermore, (17) has, for large t, solutions r(t) satisfying r(o) = 0 and 
solutions r(t) satisfying r(%) =1. 
This theorem is contained in Theorems (I), p. 560 and (II), p. 564 and 


in their applications on pp. 570-571 in [2]. The proofs given there imply 
the following fact: Es 


Lemma 2. Let c> 0 and let f(t) satisfy the assumption of Lemma 1. 
Then there belongs to every e 0 <€< 1, a Te=T (e, f) with the properties 
that if r= r(t) is solution of (17) on some t-interval [to ©], to = Te, and 
satisfies l 
(19) r(t) = 2e 
for t = to, then r(t) can be continued over ta St <œ and satisfies 
(20) r(t) >e 
for all t È ty (in particular, r( œ) = 1). 

These lemmas have the following analogues in which the differential 
equation (17) is replaced by a differential inequality : 


Lemma ibis. Let cand f(t) satisfy the conditions of Lemma. 2 and, for 
large t, let v= v(t) be a continuously differentiable function satisfying 


(21) v = ew(1—v) + f(t). 

Then evther 

(22) o = lim inf v(t) 21 

or 7 ; 

(23) —oss im sup v(t) S0. 
>w 


The analogue of Lemma 2 is 


Lemma 2bis. Let c, f(t) and v(t) satisfy the assumptions of Lemma 
1 bis and let'e, Te be the same as in Lemma 2. If, in addition, 


(24) v(t) = 2 
for some t = to Z To then 
(25) v(t) >e 


. for all t È ty (and, therefore, (22) holds). 


Lemmas ibis and 2bis follow from Lemma 2 and the fact that if 
r(t) is a solution of (17) on some f-interval [to £] and if v(t) = r(t) at 
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t == to then v(t) 2r(t) for to Stia tE. Thus, if (23) fails to hold, then 
v(t) = 2e > 0 for arbitrarily large t == to Hence, if r(¢) is determined by 
the initial condition r(t)) = 2e, then r(t) can be defined for to S t <œ, 
(20) is satisfied and r( œ) —1, while v(t) = r(t), and so (22) holds. 

` 4. Proof of (*). Preliminaries. In the proof of (*), it can be sup- 
posed that f > 1. For the proof in this case will show that the case f = 1 
(that is, the case (10) in (I)) is quite simple; cf. the deduction of (41) 
from (40) below. 

Let a be a fixed number on the range 0 <a < 1, so small that 
(26) C= Cm = 2 (p — u — 2a) > 0 for m=—2,-- -,f. 
Let | G(t)| denote the scalar function defined by 
g oe S h(a) 

(27) | G (t)| -3 3 gs (t) = 3 3yr ap (t) | ; 
so that (6) holds as a scalar relation p | G(t)| is interpreted to be the 
function (27). 


According as k = 1 or k > 1, (2) shows that, for any solution y = y(t) 
of (2), the absolute value of 


(28) (|y |?)’ — a(i) | y” |? 

is majorized by | @(t)|-| y(t) |? or by 2 | y#yi**|+ | G(4)|-|y|% Since 
2| be | Sab? + ac? for any pair of numbers b and c, it follows that 
2 | yiyim | Sa | yi |? + a+ | yi> |? Hence, if the resulting inequality for 
the modulus of (28) is multiplied by a% and added for 7 = q, k =1,---, h(q), 
it is seen that 


(29) | Eme —2p"Lmna | S202 na + da? | G(t)| (Lra + + + Lye), 
where 
(a) 

(30) Lina = % S az | yes T 

| q ket 
Thus (5) and 0 <a < 1 imply that 
(31) Ling S Lm E e” Dime. 

For 1m <f, put 


| (32) M = My, =F Ly and N = Ni, = 3 Lie: 
Then (29) shows that ™ 
(33m) MoS (ut a) M + dad | Gt) (M +N), 
(3km) N = 2(p™— a) N — dat | (4) | (M +N). 
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If the solution y = y(t) under consideration is not identically 0, so that 
M+ N Z a |y |? > 0 for all t, define v = vm (t) by 


(35) v = N/(N + M). 
Clearly, 
(36) . Svs. 


The relations v’ = (MN’ — M’N)/(M + NF and v(1 — v) = MN/(M + NY 
and the inequalities (33), (34) give 


(37) V = Cmt (1 — v) — dae 





G(t)|, 


where Cm is defined as in (26). 

In view of (12) and (26), the function f(t) == — d?a? | G(t)| and the 
constant c = Cm in the differential inequality (37) satisfy the conditions of 
Lemmas 1 bis and 2 bis in Section 3. 


5. The case m= f. The proof for the case m = f can be completed 
at once. For, in this case, the set of conditions (7;) belonging to y™ is 
vacuous, Let y = y(t) be the solution of (2) determined by (71)-(72). 
Then y(t) 5£0, since not all of the numbers yo% are 0. Hence v(t) is defined 
and is a continuously differentiable function on 0 S ¢<œ satisfying the 
differential inequality (87). Since (7) implies M (to) —0 and N (to) > 0, 
it follows that v(t) = 1, by (85). Thus Lemma 1 bis shows that if % is 
sufficiently large, then lim inf v(t) =1. From (36), 

t> 0 


(38) u(t) — lastoo. 
The definitions (32), (85) and m == f show, therefore, that, as t—>o, 


(39) Dijg(t) = 0(Lma(t)) if 7 Am. 
In view of (81), this proves assertion (8). By (29) and (39), > 
(40) | Lina’ — 2p” Lma | S {2a + da-*4(1 + 0(1))| E(t) |} Ling, 


since m = f. Thus (11) implies that, as to, 


| i log Ling — 2p™ | S 2a + da-*40(1) 
or, by (31), 


| i log Lm — 2u” | S 2a + da-*40(1) — t log a4. 


Consequently, : 
(41) lim sup | ¢-* log Ly, — 2u” | < 2a. - 
i t-> œ 
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Since a > 0 can be chosen arbitrarily small, (9) follows from (8) and (41). 
This proves the case m = f of (*). 


6. The casem < f. If m <f, introduce, in addition to (35), the 
auxiliary function w = Vma (t) defined by 


(42) wW e N ma/ (N ma + Amst) . 
Then (42) satisfies 
(43) 0OSvsl 


and the case of (37) in which m is replaced by m + 1, that is, 
G(t)|. 


In view of (12) and (26), the function f(t) = — d'at | G(¢)| and the 
constants c == Cm, Cm In (87) and (44) satisfy the conditions of Lemmas 
1 bis and 2 bis in Section 8. Choose e to be 4 and 1 in those assertions and 
let T be chosen so as to be applicable in the sense of Lemma 2 bis to the 
differential inequalities (87) and (44). Put T = max(T, Tı). It will be 
shown that 7 has the properties asserted in (*). 

The case e = 1 of Lemma 2 bis shows that if ¢, = T and if 


(44) W = Cema (1 — w) — da *4 





(45) v (to) HRE L 
then 
(46) v(t) 2&4 


holds for te = t <%. Also, the case «== 4 of Lemma 2 bis shows that if 


(47) w(t) = 0 for some ¢, > to, 
then 
(48) w(t) <4 


for fg S (St, since w(t) > $ for some 7, where to St < t, would imply 
that (47) cannot hold (in fact, that w(t,) 24> 0). 


7. The solution y,(¢). The existence of the initial conditions (7a) 
(belonging to a given ts = T and to (%2)) with the property that (7,)-(%3) 
assure (8) and (9) will be proved by a limit process. If te (= T) and if 
not all of the constants in (72) are 0, it will be shown that, corresponding 
to any n > to there exists a (unique) set of 3 h(r) numbers yọ” (depending 
on a) such that the solution y = y,(t) of (2) determined by (7) satisfies 


(49) y(n) = 0 for all r and for k==1,---,h(r). 
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In order to see this, note that, if y = y(t) is a en of (2) deter- 


` mined by initial conditions of the type 


(50) y (ta) =0 for j= p,q 

(and not all y"*(t,) are 0), then the corresponding function w(t) satisfies 
w(to) =1. Consequently, w(t) = 4 > 0 for to St <œ, in particular for 

=n. But w(n) > 0, that is, Nma (n) > 0, implies that (49) cannot hold. © 
In other words, the X A(1r)-dimensional manifold of solutions of (2) deter- 
mined by (50) contains 3 (7) solution vectors such that the corresponding 
= h(r)-dimensional vectors with components y(t) are linearly independent 
for t =n(> to). Thus, if y(n) are any 3A(r) numbers, there exists a 
unique set of 3 A(r) numbers yọ with the property that the initial conditions 
(50) and (7) determine a solution such that the values of its components 
yrk at t= n are the preassigned numbers y"*(n). 

Consequently, if y = y* (t) is the solution of (2) determined by 


yik (to) = 0 for j = p, r and y% (to) = yo, 


then there is a unique set of initial conditions (7) such that if y = Y(t) 
is the solution determined by (73) and (50), then the components y’* of 
y(t) at t = n assume the same values as the components — y" of — y*(t) 
at t==n. Hence, y = y(t) + y* (t) satisfies (7) and (49). This is the 
solution y = y,(¢), the existence of which was to be proved. 


8. Completion of the proof of (*): Existence. Let v—v"(¢) and 
w = w” (t), when the latter is defined, denote the auxiliary functions (36), 
(42) belonging to the solution y = y,(t). Since y = y,(¢) is determined by 
initial conditions of the type (7), (7,) shows that v = ~v” satisfies (45), 
hence (46) for f= t <œ. Since y—y,(t) satisfies (49), it follows that 
w == w” satisfies (47) for tı =n (> to), hence (48) for Stn. 

The inequality w” (t) S 4 and the fact that D"(t)) == 3a” |y |? 

q Kk 


is independent of n show, by (39), that the numbers N” m+ı a(to) are bounded 
for n > tọ. In view of (7), this means that the numbers | Ya (to)| are bounded 


© for n >t). Consequently, there exists a subsequence of the integers n (> to) 


such that, if n tends to œ through this subsequence, then lim yn(to) = Ya (to) 
exists. In view of the locally continuous dependence of solutions of (2) on 
initial conditions, this implies that 


(51) lim yn (t) = Ya (t) 


exists uniformly on every finite t-interval, as n tends to œ through this 
subsequence of the integers n, and is a solution of (2). 
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In what follows, n will denote an integer in a subsequence of the integers 
(> to) of the type just described. 

Clearly, y == Ye (t) belongs to initial conditions of the type (7). Hence 
the corresponding function v == v” (t) satisfies (45) and, therefore, (46) for 
to St<o. It follows from (37), (46) and from Lemma 1 bis that (88) 
holds for v== v(t). It is clear from (51) that w"(t) > w” (t), as n> 0; 
holds uniformly on every finite t-interval. Since w = w” (t) satisfies (48) for 
to StSt if n> t, the function w == w” (t) satisfies (48) for St <o. 
Consequently (48), (44) and Lemma 1 bis show that 


(52) w(t) — 0 astro 


holds for w = w°” (t). 

The definitions of Line, Um, Nm, v and w and the relations (38) and (52) 
imply (89). The assertions (8), (9) of (*) can be deduced from (39), as in 
the case m =f treated in Section 5 above. 

This completes the proof of the existence of a number T and of the 


numbers yo" having the properties stated. 


9. Completion of the proof of (*): Uniqueness. In order to prove 
the uniqueness of the set of numbers yo", suppose that there are two distinct 
sets. The difference of the two corresponding solutions determined by (7) 
is.a solution y == y(t) 540 satisfying (50). The corresponding function 
w = w(t) satisfies w(t) = 1, hence w(t) > 1. Thus Mans/Nimni > as too. 
From (Béma), 

lim inf t log Nma (t) Z 2 (p * — a). 
-> 00 


The argument leading to (41) and then to (9) shows that 
lim inf t+ log | y(t) P Z 2u™". 
t-> 00 
Since this contradicts the fact that y == y(t) is the difference of two solutions 


satisfying (9), where u” < yp”, the proof of (*) is complete. 


10. Variants of (*) and (II). In the proof of (*), just completed, 
the fact that the eignevalues À; of J are constants (independent of ¢) was 
used only in order to pass from (39) (or, equivalently, from (8)) to (9). 
Hence the assertion (8) of (*) remains true if the A; are functions of ¢ with 
the property that there exists a constant a > 0 such that 


(53) 2 (a — p> — 2a) = const. > 0 for m=—2,-- -,f. 


In this case, the number c == Cm of (26) can be replaced by the const. of (53) 
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in the proof of (89) (and/or (8)). In particular, there results the following 
analogue of (II): 


(II*) Let J=—J(t) be a diagonal matrix with diagonal elements 
Ai(t),: © © ,Aa(t) satisfying 
(54) pilt) — uj (t) = const. > 0 for j= 2,:--,d, 


where m(t) = Re à;(t). Under the assumption (6) on G(t), the assertion 
of (II) concerning (18) holds. If, in addition, (12) is satisfied, then (14) 
as valid in the form 

(55) y(t) /y™ (t) ~ An (t) as too. 


Under the condition (12), rather than (6), this result is contained i in a 
theorem of Perron [8], p. 7638. 

For a given m, in order to assure the existence of a solution y = y(t) 
satisfying (12), the condition that J = J (t) is a diagonal matrix satisfying 
(54) can be relaxed to the assumption that J = J (t) is in its Jordan normal 
form for every ¢ and that the eigenvalue A,,(¢) satisfies 


(56) | | pm (t) — u(t) | Z const. > 0 for jm 


for large t Thus, the (single) elementary divisor belonging to A,,(¢) is 
simple but those belonging to A;(t), where 7 4 m, need not be. 

For applications in Part II, it will be convenient to have a generalization 
of (II*) dealing with the case when both the diagonal elements A; and the 
1’s on the subdiagonal of J are replaced by functions of t. 

Let the system 
(57) y = K (t)y 


be equivalent to 
(58;) y” = dy? 
(585) yi” = Ay?” T by! ae k= R, a h(j), 


gel, + -,g; A(1) +--+ ++ h(g) =d; A= AÀ(j; t) and 8—8(7;¢). Thus 
the diagonal elements of K(¢) are A(7;¢); its subdiagonal elements are 
(j; t) or 0; and all other elements of K (t) are 0. 

Let »(73;¢) = Re à (j;t). Let m be an integer on the range l=m<g 
and let c denote a positive constant. Relative to m and c, divide the set of 
integers 7 —1,---,g into three sets, members of which will be denoted by 
P: q, T, respectively, by the requirements that the integer m is a q; that, for 
some sufficiently small number a, 0 <<a <1, 


(59) u(p;t) +a | 8p, t)| Sulg; t) —a| (gq, t)|—e 
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for all p, q and large ¢; and that 
(60) a(r;t) —a| alrt) Z alg t) +4] 8(g,t)| +e 


for all +, q and large t. Finally, let Lm(t) == Lm(t; a,c) be defined by (5). 
In terms of this new notation, (*) has the following analogue: 


(III) Let G(t) be continuous on OSS t <œ and satisfy (6). Let the 
sels of integers {p}, {q}, {r} and L(t) be defined as in the preceding 
paragraph. Then there exists a positive number T with the property that to 
any number to Z T and to any set of Xh(q) numbers yo, not all 0, there 
belongs a unique set of Z h(r) numbers yo™ such that the solution of 


(61) y = (K(t) + G (i) )y 
determined by the initial conditions (7) satisfies, as t—>%, 
(62) yit (t) = o (Lè (t)) if j= p or jr. 


It is clear that (IIL) can be extended to the case where K (t) is, for 
example, a more general triangular matrix. (III) will however suffice for 
the applications in Part II. 

The proof of (III) is very similar to that of (*) and only the beginning 
of the proof will be indicated. Put 





Lina — > A gr | yt yrë E 
a 





233 M=3 3a” 
p k 








y pk 


ga N =J 3 g 
r k 


(Here M, N are analogous to Mm, N mas in Section 4 above). The derivation 
of (29) shows that 


Lm S 2 maxi (eC t) + @|8(g,t)!) ]Lma + 4] GE) | y(t)? 
(63) 
Lind 2 2 a t) — 4 | 8(q; t) 1) | Lana — d | G(t) | | y(t) ie 


Similarly, 
MW S2max[(n(p, t) +4| 9(p, DIM | | yG) 
W = 2 min[ (u(r; t) — ala D DIN— a] (6)| yO 


In view of (59)-(60), the number 2c (> 0) can play the part of both cm 
and Cm, in the proof of (*). The proof can now be completed along the 
lines of the proof of (*). 
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Part II. Dunkel’s theorem. 


11. The main theorem. Part II is concerned with a theorem of Dunkel 
[1] and refinements of it. In the notation of Section 2, let 


(64) hy, = max h(q) ; 
q 


so that ha is the maximum of the multiplicities of the elementary divisors 
of J belonging to eigenvalues A, satisfying Re A, = p”. 


The main theorem to be proved is as follows: 
(**) Let u denote the number p™; ha a number satisfying 
(65) hig, SS ho; 


qo @ particular value of q; ko an nteger satisfying 1S ky & h(qo); and b 
the number 


(66) bp ae Vig WG) ao A (so that bo <b Shy). 


‘Let G(t) be continuous on OS t<% and suppose that every element 


to-go, ag of G (E) is of class L(1,0) or, more generally, that 


w 
(67) f | Jin aß | fe (aB)-e (5%) + (elj) +6(a)-1) (ho-h(go)) JF < 00, 


where «(jk) is k or 1 according as 7 = q or 7 = q and «(7) s 1 or 0 according 


as j = qo Or jo. Then the system (2) has a solution y == y(t) with the 


following asymptotic properties, as t ->œ : When q = qo, 

(681) y(t) = of ett?) if 15S k< ko 

(682) yh (t) = eD t-ko / (k — ko) ! + o (ertt) if ko Sk S hq); 
when ¢ F qo 

(685) y(t) = o (ett) if lSkSh(q); 

finally, when 7 = p or j =r, 

(68,) y(t) = o (etit) if 1S kZ h(j). 


The number he is not required to be an integer. Since e(jk)=1 if 
jAqg and 1Se(jk) Sh) Sh, if j =q, it is readily verified that (67) 
holds if 


[as] 


(67 bis) f | Jik aß | pho~1 dt <0, 
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or if the following pair of conditions on the “rows” of G@(#) is satisfied: 


o9 


f | gm ap(t) | Mo*dt Coo if j =q, f | Jin ap (t) | Pdt <o if jg 


or if the following pair of conditions on the “columns” of G (t) holds: 


f | Jm ap | P+- oo if a = q, f | Jir ap | Pdt <o if a q. 


After a change of variables, the case hp =/,,: of (**) is essentially 
Dunkel’s theorem, with certain refinements. In Dunkel’s theorem, assumption 
(67) is strengthened to (67 bis); the estimates (68,), (68,) and the cases 
k <b (==hy—h(qo) + ko) of (683) are replaced by the weaker appraisal 
ysk(t) = 0(e#*), as t->00, for the values of j, k indicated; finally, (682) is 
replaced by y% (t) ~~ eM tik-ko/ (le — ko) !, as t— œ, when q = qo and k = ko 

It will follow from the proof of (**) that, if ¢, is sufficiently large, a 
solution y = y(t) satisfying (18) can be chosen so as to satisfy the partial 
set of initial conditions 


(69) yi (to) = 0 
for 
(70) i = p; j = qo and k < ko; } =q Æ qo and k < b. 


In addition to (69)-(70), one can require that y2 (to) == yotřotk-ko/ (k — ko) ! 
for ko Sk < b, in which case (y% and) y(t) is unique. 

For the proof of (**) and for other applications, some transformations 
of (2) under certain changes of variables will be calculated. Before carrying 
out the computations involved, the change of variables to be employed will be 
motivated by the following remarks: 

Suppose that the matrix J, which, in general, has g (21) “blocks” 
J(1),--+,J(g) on its principal diagonal, consists of only one block /(1). 
Without loss of generality, it can be supposed that the corresponding eigen- 
value A(1) is 0. An obvious approach to theorems of type (**) is to attempt 
to use the variation of constants y == ez, which transforms (2) into 
z == et G(t)e"z. But an element of the matrix e“@(t)e% is a linear 
combination of elements of GŒ (t) with coefficients which are polynomials in ¢, 
polynomials of degree n satisfying 0 =n 2(h(1)—1). The fact that a 
factor as large as ¢?()-1) occurs is inconvenient. (Of course, when J 
consists of more than one block, even factors of the type e%, c > 0, might 
occur. ) 

If J = J (1), then e” has the factorization e = De’ D-, where D is the 
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diagonal matrix with diagonal elements 1, ¢,- - -,¢*@)-" and e” is a constant 
matrix. It turns out that a more convenient variation of constants is y —= De/z. 
This variation of constants, when applied to the case J=—J(1) of (1), 
transforms (1) into | 


? D a a — s 
gY = 0, te” = gl, l , ta” — (1 — h) 2"; 


ef. Section 13 below. If the independent variable £ is replaced by a new 
variable defined by ds = dt/t, the last system becomes a system belonging to 
a constant diagonal matrix with distinct diagonal elements 0, — 1,- , 1 — h. 
Furthermore, (De’)~*G(De’) only involves factors as large as ¢#)-1 (instead . 
of the EO- occurring in eY Ge”). 

A variation of constants of the type y = Delz was used in [5], p. 724, 
for a similar purpose. 


12, The transformation y = Dv. The changes of variables to be used 
below will now be considered in detail. After the change of dependent 
variables y —>e#t, where p == p”, it can be supposed that p”—0. Thus 


(71) u(y) = 0 according as f = p, q or T; 
cf. (4). It can then be supposed that 


for otherwise the variable y% could be replaced by y%e~A{##. Under this 
change of (some of the) dependent variables, gj, ap acquires factors of absolute 
value 1 (in fact, the factor e(t or 1 according as j is or is not a q, and 
the factor e* )# or 1 according as a is or is not a q). Thus any assumption 
on the “smallness” of | gm ag | is not affected by this change of variables. | 

After these preliminaries, both the independent and dependent variables 
will be changed. The change of independent variables is given by 


(73) s==logt, that is, t= e (ds = dt/t). 


It is assumed that the half-line 0: t <œ has been replaced by l= t<, 
which then becomes 0s <œ. The change of dependent variables will be 
of the form y = D,CD.2, where D, and D, are diagonal matrices in which 
each diagonal element is a power of ¢ to be prescribed and C is a constant 
matrix. In order to facilitate the computations, it will be convenient to make 
the changes of variables in sucecssive steps: y = Dw, v == Ow and w = Daz. | 

Let b denote a fixed number and, for each integer q, let there be given 
a number b(qg). In terms of the numbers b and 6(q), define y == D,v by 


(74) | yÈ — PUD yak and yF == -buik if jq. 
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Tf a dot denotes differentiation with respect to s, then (72), (78) and ie 
show that the differential system (2) becomes, when j = qg, 


== (b(q) —1)0™ + gar apy?/t?™, 
(75) 
ov — (b(q) — ke) oF 4+ vt + gar apy h/t, k >i, 


and, when 7q, 


== (AL— 1+ B) 0? + gi apy?/t”, 


hik — (Ad — | + b) vs —+- bys k=! -T Dik apy te/t-", k>l. 
n (76), A=A(j) and ReA 0. 


In the non-principal terms of (75)-(76), the variables y? are considered 
as expressed in terms of 7 and v% by virtue of (74) and, in addition, t =e’, 
Let the non-principal terms of (75)-(%6) be denoted by ej, agv. Then, by 
(74) and (75)-(76), when j == q, 


Cqt af = Jar aptP +0042 If a is a g, 


(77) 


eqr af = Jar apt" YD if a is not a q, 
and, when 7 Æ q, 
(78) ik aß =e dik ggir naea if Q 1S a q; Cii aß = 9 jis apt if a is not a q. 


The matrix || ex ag || will be denoted by # = £ (s). 


13. The transformation v = Cw. The constant matrix C in the varia- 
tion of constants v == Ow consists of g blocks C(1),---,C@(g) on its 
principal diagonal and has O for all its other elements. C(7) is an h(7) by 
h(4) matrix which is e” or the unit A(j}-matrix according as } =g or 
77q, where J(1),---,/(g) are the blocks of J. Thus v == Cw can be 
represented as 


k 
(79) vik = Z wi/ (k — n)! or v = wit 

n=i 
according as J} = q or jq. The inverse C™ consists of the g blocks O- (3) 
on its principal diagonal, where C*(7) is e7® or the unit A(j)-matrix 


according as 7==q or 7>4 4. 
It is readily verified that, for any scalar c, 


5 


© 
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c— 1 , 
1 c — 3? 
1 í 

C (i) 


=0G) | a ; 


c—h 


where h == h(j) and the matrix elements not indicated are 0. Thus the 
transformation (79) has the effect of diagonalizing the principal terms of 
(75). The system (75)-(%6) therefore becomes 


(80) iia! = (b(q) —h) wt +- han apo" 
and, if j >q, 


wH = (At — ] — b) wi +. hj apwF, 
(81) ; 
wi == (At— 1 — b) wi + twi 4- hir gw, k > 1, 


where H = || hpn ag || is given by H = CEC. 
It is readily verified from (79) and the description of C™* that 


hik ap == je ap if neither 7 nor a is a g, 
hla) S ; 
hin ap = È €m ay/ (y — B) ! if 7 is not, but a is, a g, 
: =B 
(82) 


r 
hin ap = 3 (— 1)” "ej, ag/ (k — n)! if 7 is, but a is not, a q, 
n=1 


b hla) 
hiap ==% Z (— 1) "ejn ap/(k-—n)!(y— 8)! if both 7 and a are q’s. 
n=1 y=8 
It can be noted that hj, ag is a linear combination, with constant coefficients, 
of the elements Eeim ay, where 7 and a are fixed and n (=k), y (È 8) vary. 


14, The transformation w = D,z. The last change of variables w == Daz 
is given by 


(83) Wit == tegik if j = qa and k ko, wik == zik otherwise, 


where ¢ is a constant and t == e8. This is the identity transformation if c = 0. 
The system (80)-(81) is transformed by (83) into 
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gaok == (b (qo) c g= ke) gao + boak ap” if k zE ko; 
(84) 
20 = (b(q) — ke) 2% + bar ape if gA go or if (gk) = (oka), 
and, if 7 q, 
gi) == (At — 1 — b)zit + bj age, 
(85) 
ZI wren (Ai — 1 — b)aik -+ tgi k-1 +- Dix age"? if k > I, 
where B == || bisag || is the matrix Dy HD. 
Since (83) is w = Dz, it is easily verified that, if k 6 ko, 


i 


baok ap == haok aß if a = dos B ko, 
(86,) 
book ap == Naor apt? if a 3£ qo or if (aß) = (oko) ; 


and, if a Go OF if (jk) a (Golo), 


Dix aß == hix apt? if a= q p £ kos 
(862) | 
b ix ap == hir aß if a == 4 or if (aß) mom (Golo). 


15. Estimates for B. The proof of (**) now proceeds as follows: 
Assume the normalizations (71) and (72). Introduce the change of variables 
(83) and the successive variations of constants (74), (79) and (83). In 
(84), the numbers b(qg) and b will be chosen as follows: 


(87)  b(go) == hos (gq) =b if q% qo; b=ho—h(Go) — ko 

(this number b is the same as in (66)). In (83), let 

(88) c = h (qo) — ho (so that ¢ £ 0). 
It will be verifed that 


(89) f | Be ap | ds <0 for arbitrary (jk af) 


and, in addition, that 


(90) f e | biz ag | ds <œ if (jk) = (Golo), rene). 


To this end, the matrices #, H and B will be examined in turn. In view 
of (87) and the relations (77)-(78), it is seen that egue ap 18 aok ag times 
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EB-H+1, {h-k-btkott op fi-k-biKotl according as a == Qa a=GAqQ O aq. In 
view of the definitions of b in (66) and of e(jk), e(7) following (67), it is 
seen that 

(91) | ejn ap | = | gi ap | tECP-UH+ lela) -1) (to~ lgo) +4 


if j = ge If gq, then egrap iS Jaxag times ¿Ê-i-kotb+l {p-k+l op {1-k+1 
according as a = Qo, a = q Æ qo Or aq. Thus (91) holds if } = q £ qo. 
Finally, if 7 34 q, then Ejn ap 18 Ji ag times tP-*s+?, t8 or ¢ according as a = qo, 
= gq Æ Qo OT aq. In this case, 7 Æq, the relation (91) also holds. 
Since ds == di/t, it follows from (67) and e(7) (ho — hħh(qo)) Z0 that 


(92) f | 2r ag | as <, 
and, from «(j) (ho —h(qo)) = ko —h (qo) where j= qo that 


w 


(93) f g(te-W(90))8 | eax ap | ds < (t= e). 


By (82), the relations corresponding to (92), (93) hold if ej, ag is replaced 
by hiag- Finally, (89) and (90) follow from these relations, (86) and (88), 
since t= gs. 


16. Completion of the proof of (**). Note that b(qo) — c= b, by 
(87) and (88), so that the set of differential equations (84) can be rewritten 
as 


(94) BU m bak ape? 
if (gk) == (doko), and as 
(95) ga = (b — k) 20 + bar apr 


if (gk) A (goko). 

Let (q*k*) denote either (goko) or any pair of indices (qé) such that 
g Æ qo and (h(q) S )k = b. (For example, if ho (and, therefore, b) is not 
an integer, then the only pair (q*k™) is (qo%.).) From the definition of 
(q*k*), the differential equation for zi: has the form (94) if and only if 
(jk) = (q*k*). Put 


(96) L=L(s) =3%| 2" |? 


Note that |(ReA(j) + a)t—1-+56| = const. > 0 for large t if a (> 0) is 
sufficiently small. Thus (III) in Section 10 implies that, for a sufficiently 
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large S and a given set of numbers z,2*", not all 0, there exists a unique 

solution z == 2(s) of (84)-(85) satisfying the partial set of initial conditions 
zik(S)=0 if j =p; } =q and k<b but (fk) £ (Qk), 

(97) gk" (9) 2 Zot i 


and, as s->oo, the relation 


(98) | zit == o(LA(s)) if (jk) z£ (q*h*). 
It follows from (94), (96) and (98) that 
(99) | L | S const. | B(s)| L. 


Consequently (89) implies that, as s —> œ, 
(100) L(s) =O(1) and 1/0(s) = 0O(1). 


In particular, z (s) == O(1) as s—>oo. 
Thus, by (89) and (94), 


(101) lim z% (s) == 20°!"( co) exists. 
g-> 00 


In particular, L(«) exists and L(o) 40, by the second part of (100). 
It follows from the superposition principle that if S is fixed and sufficiently 
large, then to any preassigned set of numbers 2%*"(co), not all 0, there 
belongs a unique set of numbers 2,2", not all zero, with the property that 
the solution satisfying (97) and (98) also satisfies (101). 

Let 20°*"( co) be 1 or 0 according as (g*k*) == (qoto) or (g*k*) A (qoto). 
Thus, by (97) and (101), the corresponding solution satisfies, as s—>oo, 
(102) zit —> 1 or 2i*==0(1) 


according as (jk) = (goko) or (jk) © (qoko). In view of (90), (94) and 
(101), the relation 


(103) es: Í Din ap () 2° (uw) du, 
8 


where (jk) = (qoto), gives the estimate 
(104) zi: — 1 -4 o(thlao)-ho) if (jk) == (Gok) and t =e’, 
By (83) and (88), the corresponding solution w = w(s) of (80)-(81) 
satisfies, as S— 0, 
WIK == o (¢"la)-70) if j == go k SE ko 
wik = 1 4 g(t ldo)-Mo) if j = qu k = ko 
wik == o(1) if 7 5% Go. 


ke] 
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Thus, by (79), the corresponding vector v ==v(s) is 
pik = g(thldo)-ho) if j = qo k < ko 
VIR === 1/ (k — ko) ! + o(t*l0)-t0) if 7 = go, k & ko 
vik == o(1) if 754 qo 


Finally, (74) and (87) imply that the corresponding solution y == y(t) of 
(2) satisfies (68), when the normalization (72) is assumed. This proves (**). 


ats af 


17. An application of (**). This application concerns the asymptotic 
integration of a linear system of differential equations, in which the coefficient 
matrix is the sum of a periodic matrix P(t) and of a matrix F(t) which is 
“small” for large ż. 


(F) Let P(t) be a continuous d by d periodic matrix of period 1, 
(105) P(é¢+1) = P(t). 


Let F(t) be continuous on 0S t <œ and satisfy 


(106) i f D| F(t) | dt <. 
Let t = z(t) z£ 0 be a solution of 

(107) | a! = P(t)a 

and let u = lim t> log | zo (t) |, as t—>œ. Then 

(108) o = (P(t) + F(t))e 

has a solution s == x(t) satisfying 

(109) s(t) —2(t) = o (e) as to. 


Standard theorems state that the system (107) has a fundamental matrix 
X == X(t) of the form 


(110) X(t) = Z(t)e, where Z(¢-+1) = Z(t) 


and J is a constant matrix. This makes it clear that the limit » exists for 
any solution z == Z(t) s£0 of (107) and » = Red holds for some charac- 
teristic number À of J. 

It will be clear from the proof of (+) that condition (106) can be 
relaxed and assertion (109) strengthened if the solutions of (107), say the 
matrix (110), are known. Condition (106), for example, can be weakened by 
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replacing the d— 1 in (106) by hẹ— 1, where h,, is the maximum of the 
multiplicities of the elementary divisors of J belonging to characteristic 
numbers à satisfying Re A = u. 

The proof of (+) will depend on the fact that the variation of constants 


(111) v= 4 (t)y 
transforms (107) into y = Jy and (108) into y == (J + G(t))y, where 
(112) G(t) = Z7° (HDF (HZ2 (t). 


It is sufficient to verify this transformation of (108), since (107) is the 
case H(t) ==0 of (108). If (111) is substituted into (108), then the 
resulting differential equation for y is 


yf = (29 (P + F)Z — ZZ’). 


Differentiation of (110) gives Ze? +-ZJe¥ = PZe, since (e) == Je and 
A(t) is a fundamental matrix of (108). Hence Z’ == PZ—ZJ. If this is sub- 
stituted into the last formula line, there results the equation y’ == (J + G(t))y, 
where G (t) is given by (112). 

Since Z (é) is periodic and non-singular, the matrices Z(t) and Z(t) 
are O(1) ast->co. Hence (106) holds if F(t) is replaced by G(¢t). Thus, 
according to (**), to any solution y = yo (t) s£0 of y’ = Jy, there corresponds 
at least one solution y = y (t) of y = (J + G@)y satisfying y — yo = 0(e#*), 
as t—>0o, where u = lim i` log | y(t). 

The assertion of (F) now follows by choosing y,(t) to be Z-*(¢)z,(t) and 
x(t) to be Z(t)y(%). 


Part III. Variants and applications. 


18. Statement of results. The first portion of Part III concerns asymp- 
totic integrations of (2) under conditions different from those occurring in 
(**), The first theorem to be proved is as follows: 


(i) Let ^,’ > +, Aa be the eigenvalues of the coefficient matrix J in (1) 
and let one of these, say X= Àm, satisfy 


(113) Um F By for j Æ m, (ux == Re Àg) : 


Let G(t) be of class LY for some y on the range 1 Sy S 2, that is, let 


(114) f | G(t)|7 dt <% for some y, where 1 Sy S 2. 
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Then (2) possesses a solution y = y(t) = (y1 (t), - -, yt(t)) the components 
of which satisfy, as t—> œ, 


(118,) y(t) exp | (aw + dn) du 
(115) y(t) = 0(| y(é)|) it jm 


In (1151), Jmm = Jmm (t) is the m-th diagonal element of G(t). Assump- 
tion .(113) implies that the (single) elementary divisor of J for which 
Re (7) = pm is simple. Accordingly, the proof of (i) does not depend on 
the changes of variables discussed in Sections 12-14 above. The proof of (i) 
will be given in Section 21 below. 

(i) is a generalization of Theorem (VII) in [2], p. 575, dealing with 
a second order equation z” + fsz = 0, where f = f(t) is.continuous, real- 
valued, and f(t) + 1 is of class LY on OSt<om. 

Assertion (i) remains valid if the eigenvalues A; of J are not constants 
but are continuous functions A; = à; (t) of t, subject to 


(116) | i(t) — m(t) | Z const. > 0 if jm (m; = Re dj) 
for large #. 


In particular, if J =J (t) is a diagonal matrix with diagonal elements 
Aj = à;(t) satisfying (116) for every pair of indices j, m (+47), then (i) 
furnishes the asymptotic behavior of a fundamental set of solutions of (2). 

There exists an analogue of (i) which involves no assumption on the 
elementary divisors of J, but imposes more severe conditions on G(t). This 
analogue does not contain (1). 


(ii) Let hy be defined by (64); qo a particular value of q; k, an 
integer satisfying 1S k S h(qo). Let ho be a number satisfing (65) and 
let . 

(117) b-—kAN if ISkSh(q) and q1 Æ qo ` 


where b is gwen by (66). For some y, where 1 S y = 2, let 


(118) f tvtot | O(t) |Y dt <œ 


or, more generally, for every set of indices (jk aß), let 


ao 
(119) f | Jin ap | YEYE CB)-eljk)+ (elj) +ela)-1) (ha-h (go) 9-1 dE <L on, . 
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where e(jk) and e(j) are defined as after (67). Then (2) has a solution 
y = y(t) with the following asymptotic properties, as t->% : When q = qo, 


(120,) yt = o (ertik | exp |) if k < ko, 
(1202) yt — g(a) ttk-ko exp / (Ie — ko) ! + o (euttt-d | exp |) if k Z ko; 


when q Æ qo, 
(1205) yt == o (erti-b | exp |) ; 


finally, when j = p or } =f, 


(120,) yit = o (erti? | exp |), 
where 


t 
ko h{qo) 
(121) exp=exp{ J 3 3 (— 1)! uft gg k gop (u) du/ (ko — k) I(B — ko) !}. 
k=1 B=kho ` 
The condition (117) is vacuous if, for example, there is no g distinct 
from go that is, if ReA(j)  ReA(q) when j=*q. The condition (117) 
holds when h, (hence, b) is not an integer. 


19. The differential inequalities (87), (44). The proof of (i) will 
depend on a sharpened form of the differential inequalities (387), (44), 
occurring in the proof of (*), and on a theorem on Riccati differential 
inequalities. Assertion (11) will be reduced essentially to (i) by the changes 
of variables used for similar purposes in Part II. 

In order to obtain the desired differential inequalities, note that the 
expression | G(t)}-| y(t) |? occurring (twice) in the line following (28) can 
be replaced by | @|-| y]-| y]. Thus the derivation of (29) gives 





| Lime’ — 2" Lima | S 2aLme + 2 ly [| E| 33 a | ye |. 
4 k 


Since a** | y | = at | y% | S Lmao, the last double sum does not exceed dLmat, 
and so 


(122m) | Lina’ — 2p" Lina |S BaLma + 2d | y |e | G | Lat 
can replace (29). This leads to the analogues 
(123,,) Ma S R(t + a) My, + 20 
(124mn.1) N mar Z R (pe — a) Nines — 2d? 
of (33m) and (Bém). 





y| | G| Mnk, 
y|*| G | Nmn? 





© 
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If Lma(t) 0 for some t-value (hence for all nearby ¢-values), then 
(122m) can be divided by 2Lme# to give 


(125m) | (Lm yY — p” Lmao | S aL + d | y |-| EI. 


Corresponding to the assumptions Mm(t) 540 or Nmi(t) ~0, (123m), 
(124,41) become, respectively, 


(126) (Mè) S (wa) Mad + | y || @ 
(12% mit) (Nimt) = (wi — a) Ninn? —@ Ly |-| @ I. 


These differential inequalities make it possible to replace the auxiliary 
functions (35) and (42) of Sections 4 and 6, respectively, by 


(128) v(t) = Um (i) = Nin?/ (N m + 1%), 
(129) w(t) = Umi (t) a Nina®/ (Nina? +- Mmnè). 


If the solution y == y(t) of (2) determining Lng, Mm, Nm is not identically 
0, then (128) and (129) are defined, continuous, and satisfy 


(130,) (svs l; (1302) sws 


If |y] is replaced by its majorant a-¢(M,,2 + Nm) in (125)-(127), then 
the derivation of (87) in Section 4 shows that (128) satisfies 


(181) V = de, v(1— v) — @at| G), Cm > 0, 
provided that Nm 540 and Mm 50. Similarly, 

(132) w = dema w (1 — w) — dat] G |, aes > 0, 
provided that Nm 540 and Minus >£ 0. | 


The considerations below will deal with solutions y = y(t) (s€0) satis- 
fying, as t— o, 


(133,) v(t) 1, (133) w(t) +0; 
so that 
(134) Mm = 0 (Lm) and Ning = 0(Ling) as t—>00. 


Thus, for large t, Ime 540, and so Nm 40. For large t, Mm == 0 if and only 
if v = 1, while Nma = 0 if and only if w==0, Consequently, for large t, 
(131) and (132) hold except possibly at those t-values at which v == 1 and 
w == 0, respectively. 
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20. A lemma on Riccati inequalities. Assertion (i) will be obtained 
from (131), (182) and the following theorem on a Riccati differential 
inequality : 

Lemma 8. Let f==f(t) be a real-valued, continuous function on 


O= t <w and let f(t) be of class LY for some y, where LS yr. Let 
z == z(t) be a real-valued continuous function for large t satisfying 


(135) 0&2 1 
and either 
(136; ) z— 1 or (1362) z—>0 


ast—>o. In addition, let z(t) have, on the respective open t-sets {z (t) #1}, 
{z(t) £0}, a continuous derwatwe satisfying a differential inequality of 
the form 

(137) z = ez(1—z) +f, where c = const. > 0. 


Then, corresponding to the alternatives in (186), 





(138, ) f jei Pdt <e or (1382) fiz 2 dt <o. 


This lemma is an analogue of (III) in [2], pp. 568-569. As in [2], the 
assertions “z—1 is of class L? or z is of class L?” can be improved to 
“z-—1 is of class LY or z is of class LY.” 

In order to prove Lemma 3, consider the case (1362) (the other case 
can be treated similarly). If [U,V] is an interval on which z > 0, then 
(187) is valid on this interval. Multiplication by z > 0 does not affect the 
inequality, and so a quadrature leads to 


y V 
(139) of (1 —2)dt S gelT —42°(U) + f |fel ae 
U U 
By continuity, (139) holds if z( V) —=2(U) = 0; that is, 
V y 
e f eazis f | fel ae 
U U 


This inequality remains valid if the domain of integration (U, V) is replaced 
by a sum of open intervals bounded by zeros of z(t) and on which z > 0. 
Since the integral of z?(1— z) on a t-set where z == 0 is 0, it follows that 
the last inequality is valid whenever z{V)==2(U)=0 and z(t) 20 on 
(U,V). Hence (139) is valid for arbitrary intervals [U, V]. 
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If U is so large that O<22(t) =4 for ¢=U, then (139) and Hölder’s 

inequality give 
V Y V 
def easg S [flr ae f 1e oade, 
U U G 

If y = 1, then the last integral does not occur and (138,) follows from the fact 
that f is of class L” = L. Ify > 1, then (1362) implies that | 2 |W”) = 2? 
for large ¢, and so (138.) follows from the fact that 1 — 1/y < 1. This 
proves Lemma 3. l 


21. Proof of (i). In order to prove (i), let y == y(t) be a solution of 
(2) satisfying (115), as supplied by (*); cf. (II*) and the remarks 
following it. To this solution, there belong auxiliary functions v(t) and 
w(t), given by (128) and (129), which are defined and continuous for large t, 
satisfy the limit relations (133), and possess continuous derivatives satisfying 
the differential inequalities (181), (182) on the respective t-sets {v (t) 1}, 
{w(t) 0}. 

Condition (114) of (i) and assertion (138) in Lemma 3 imply that 


o9 


f wat<a and f a— oyat <o. 


From the definitions of v and w, the functions (Ain/Lme)? and (Nmi/Lma)’ 
are of class L?; cf. (134). Since, by condition (113) in (i), there is only 
one elementary divisor belonging to a A; for which Re A; = um and this one 
is simple, it follows that Ing=—=a?|y"|*. Hence, yi/y" is of class I? if 
gm. Ti y>1, so that y/(y—1) > 2, then (1152) implies that yi/y™ 
is of class LY/0-) if 7 Am. 

The differential equation for y” in (2) is of the form (15), where 
G = || gm; ||. Since, for large t, y” does not vanish, l 


y” Ay" = (An + Jmm) Bas Img (yi/y™) - 


Thus a quadrature gives 





t É 
y” (t) /exp f (Àm + Imm) du == exp f s Imi (yt/y™) du. 
jám ` 


If y = 1, then, by (114) and (1152), gmj(yi/y™) is of class L; the same holds 
if y > 1, since y//y™ is of class LY, Thus the expression on the right 
side of the last formula line tends, as {->0o, to a non-vanishing constant. If 


j 
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y(t) is replaced by const. y(t), with a suitable choice of const. 40, then 
(115,) holds. This proves (i). 


22. Proof of (ii). In order to prove (ii), assume the normalizations 
(72). Introduce the change of independent variables (73) and the succes- 
sive variations of constants (74), (79) and (83), in which (87) and (88) 
hold. This transforms (2) into the system (84)-(85), where a differential 
equation in (84) can be written as (94) or (95) according as (gk) = (qolto) 
or (gk) £ (q.k,). The assumption (117) of (ii) means that, in the notation 
of Section 16 above, there is only one pair of indices (q*k*), namely, (qoo). 

The identities (91) along with the relations (82) and (87) show that 
the matrix B == B(s) in (84)-(85) is of class LY (as a function of s), by 
virtue of (119). If (IIT) is used instead of (*) or (II*), then the proof 
of (i) shows that (84)-(85) has a solution z==2(s) satisfying, as so, 


& 
(140,) gtoko m exp f Dacko goko@8; 


(1402) ik — o(| ze |) if (jk) z (goko). 


The assumption (119), the identities (91) and the relations (82), (86) 
show that troA) Doska ag, Where (aß)  (goko), is of class LY (as a function 
of s). Since the case (jk) = (qoto) of (94) can be written as 


(log gqoko )? = Dace, Pe +- > x Datta T. (zab /gdoke ) : 
(aß) (doko) 


the derivation of (140,) shows that (140,) can be improved to 


3 
(140, bis) giko == (1 -+ o (t010) ) exp f Daoko qokođS; 


as s>. 
In view of (77)-(78), (82) and (86), 


ko h(qo) 
Daoky goko = a Fi (— 1) Forget gaon aop/ (ko — n) !(B — ko) |. 
n= =i 


Thus, the formulae (120) follow from (73) and (74), (79), (88). This 
proves (ii). 


23. Applications to a second order equation. Let z be a scalar vari- 
able. It was shown in [2], pp. 570-5738, that if, in the differential equation 


(141) a” — (A+ $(t))a=0, 


78 PHILIP HARTMAN AND AUREL WINTNER. 


à is a positive constant and ¢(¢) is real-valued and continuous for large t, 
then necessary and sufficient for (141) to be non-oscillatory and to possess a 
pair of solutions satisfying 


(142) g/s tA as too 
is that 
U+V 


(143) f soaa ers as Ue. 
U 


Fibs 
oy <o 


The main theorem (*) of Part II gives an immediate extension of one half 
of this theorem to the case when A is a complex number, but is not negative 
or 0, and (t) is allowed to be complex-valued. (For an analogous theorem 
when A is a negative number and #(¢) is real-valued, cf. [4].) 


(a) Let à be a complex number such that 
(144) Re 3 5£ 0 
and let ġ (t) be a continuous compler-valued function satisfying 


U+V 
(145) Lub. f i p(é)[ dé/(1+ 7) 30 as Uo. 
057a v 


Then (141) has a pair of solutions which do not vanish for large t and 


satisfy (142). 


In order to prove (a), write (141) as a first order system y’ = (J + G(t))y 
for the vector y = (4*, y”), where 


(146) yp =r H ie, P = — dri, 
for some fixed choice of the square root \3, It is readily verified that (146) 
satisfies y’ == (J + G(t))y, where 
rE 0 1 — i1 
== f meee -2 
(147) J (7 a) and G (t) == $À oi a) 


Conditions (144), (145) imply conditions (54), (6) of (II*), respectively. 
Hence (II*) implies the existence of a solution y == (y1(t), y°(t)) satisfying 


(148) y(t) =o(| Pl) as too. 
The corresponding solution xv = s(t) of (141) satisfies, by (146), 
(1+ o0(1))¢2’=—(Q!+o0(1))¢ as too; 


that is, 2’/e—> A. Since the choice of A? is arbitrary, assertion (a) follows. 
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Theorem (VIL) in [2], p. 575, which deals with the case à= 1 and a 
real-valued ġ = (t), can be. extended as follows: 


(B) If (144) holds and (145) is strengthened to 


oO 


(149) f | p(t) |Y dt <œ for some y, where 1 S y =2, 


then (141) has a pair of solutions satisfying (142) and 


t 
(150) o~exp | (2+ $A? ¢(u))du as too. 


If, in addition, (t) is (improperly) integrable at t =œ, that is, if 


o T 
f f(t) dt = lim f ġ(t)dt exists, 
T—> 0 
then (150) can be replaced by z~ exp(= Mt). 


The assertions of (8) follow from (i), since (i) supplies the existence 
of a vector (146) satisfying (148) and 


t 


y? ~ const. exp f (A3 + 42-44 (u) ) du, 


where const. 4 0 can be chosen to be 2,3. 

Cf. (vi) and (vii) in [6], p. 722, for the analogues of (a) and (f) 
when A= 0. It is clear from (a) and (8) that the theorems (vi), (vii) in 
[6] have analogues when the coefficient function f(t) there is complex-valued. 


24, Applications to a second order equation (continued). There will 
now be considered theorems of the type (a), (8) in which (141) is replaced by 
(151) £” — f (t)r = 0, 


and it is not assumed that f(t) is “nearly constant” for large t. The 
analogue of (a) is as follows: 


(y) Let f(t) be a continuous (possibly complex-valued) function for 
large t satisfying | 


(152,)  Ref(t) 40; (152) f | Re fa(t)| dt =o. 
In addition, suppose that f(t) has a continuous derwative satisfying 


(153) f(t) =o(| FŒ) || Re A)|) as to. 
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Then (151) has a pair of solution satisfying 
(154) a(t) ~ + fa(t)e(t) as too. 

If condition (152,) is replaced by | arg f(t)| < const. < m for large t, 
then (153) is equivalent to f == o(| f [#) as ¿—>œ. When f(t) is real-valued 
(hence positive), the condition that f(¢) is continuously aoe can be 
omitted and (153) can be relaxed to 

U+V 

(155) L = n | log f(U + V)/f(U)|/(1 + J fi(t)dt) -0 as Uo. 
In fact, dies (152) holds with f == Re f, then (155) is necessary and suff- 
cient for (151) to be non-oscillatory and to possess a pair of solutions ` 
satisfying (154). These assertions will be clear from the proof of (y) and 
the proof of (IV) in [2], pp. 570-573. 

In the proof of (y), the condition 

U+V U+V 


(186) Lub. ( S | af (#) /#(t) |) (A+ J | Re fi(1)| dt) >0 as Veo 


will be used, rather than the more stringent condition (153). 
The analogue of (8) is the following: 
(8) If condition (158) in (y) is replaced by 


(157) f | P/F |Y | Re fë |v dt <œ for some y, where 15y £ ?, 


then (151) has a pair of solutions satisfying (154) and 


À . É 
(158) a(t) ~fAa(texp + f filu)du as t-o. 


In (157)-(158), as well as (154) above, f4(¢) denotes a fixed continuous 
determination of the square root of f. Similarly, f-#(¢4) in (158) is a con- 
tinuous square root of 1/f%. 

The asymptotic formulae (158) were obtained in [10] under conditions 
quite different from (157). The conditions of [10] require that f(t) be 
real-valued and either positive or negative (the latter case is eliminated from 
(8) by condition (152,) and that f(t) should have a continuous second 
derivative satisfying (166) below. | 

In order to prove (y), let y == (4*,y°) denote the vector with the 
components 


159 1 me g t fag, 2 oe gy’ fay, 
y y 


LINEAR DIFFERENTIAL EQUATIONS. 81 


where fè denotes a fixed continuous determination of the square root of f. 
By (159), 
(160) t= gfi(y—y), g =la H g). 


Thus (151) is equivalent to the linear system 
g PREE ECU P S= E ENA 


of first order for y (where f’/f = 2(f*)’/f#). Introduce the new independent 
variable defined by 


t 
(161) S =f g(t)dt, where g =| Ref |, (ds == gdt). 


Then ¿—>œ is equivalent to s—>œ, by virtue of (152). If a dot 
denotes differentiation with respect to s, then the system for y becomes 
y= (J (L) + G(t))y, where t = t(s) and 
iNi a Fsg 0 t — Ps, ( dee eee. 
rt) = (49% _& and ae) = ao (_ i) 


Since | Re (f8/g + f1/g)| == 2540, condition (54) of (II*) is satisfied. 
In terms of s, condition (6) of (JI*) is implied by (154) or (156). Thus 
there exist solutions t == s(t) of (151) satisfying, as tx, 


(162) y>== aly?) or y® oly’). 
In view of (160), this proves assertion (154) of (y). 


[Added in the proofs, 12.1.1954. After the transformation of the 
differential equation (151) of second order into the binary system of first 
order in the formula line following (160), the assertion (y) could also be 
deduced from a theorem of Z. Szmydtéwna, Ann. de la Soc. Polonaise de 
Math., vol. 24 (1951), pp. 17-34.] 


In order to prove (8), note that (157) and (161) imply that | G(t) |’, 
as a function of s, is of class Z. Hence Theorem (i) in Section 18 states that 
(151) has solutions «== æ(t) satisfying (154) and 


y(t) ~2exp | (Pw) +P (u)/4f lu) de, 


t 
y(t) ~ep (Pu) +7 (u)/Af(u) du 
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Since the latter two formulae can be written as 
t 


y(t) ~2A(t) exp | Pudu PO ~A) exp f —A(u)au, 


assertion (8) follows from (159) and (161). 


Another theorem leading to asymptotic formulae for the solutions of 
(151) is the following: 


(e) Let f(t) satisfy the conditions of (y). In addition, let f’/f be of 
bounded variation for large t, that is, let 


(168) S aIo. 
Then (151) has a pair of solutions satisfying (154) and 


t 
(164) x(t) ~ f(t) exp + f P(1 +- f?/16f*)3dt as too. 


In view of (153), f/f? — 0 ast—>0o. The square root in (1 + f”/16f*) 
can be chosen so that (1 + /’?/16f*)%-—> 1 as t->0o ; the determinations of f? 
and f# are chosen as in (158). 

If f(t) has a continuous second derivative, condition (163) means that 


(165) flrs —spt/epi | dt <o. 
The condition in [10] for the validity of (158) (rather than (164)) is 


(166) fl Pr — 5p | dt <o 


(when f(t) 20 is real-valued). 
In order to prove (e), note that (y) is applicable, hence (151) has 
solutions satisfying (154). Let 7 ==«a(t) be a solution of (151) which satisfies 


(167) | v(t)—>1 as t>o, 
where 
(168) | v = a / fhe, 


It is readily verified that (168) satisfies the Riccati equation 
of Lvpt ype — fi —0, 
by virtue of (151). This can be written as 
o + Plo + P748) — (1 + f2/16f*)} = 0, 
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or as 
(169) faf(u +P) — (1 + f?/16f*)3} = — v’/(v + a(t)), 
where 


(170) a(t) = F/A + (1 + 77/167?) 4. 


Note that a(t) > 1 as t->00, by the above normalizations of the square roots ; 
so that v(t) + a(t) 2 as t->0, by (167). 

Let v on the left of (169) be written as 2’/ftr (cf. (168)). Then a 
quadrature shows that 


w(t) f(t) /exp | P) A + f2(u)/16F*(u) Jadu 


is equal to 


(a(t) + 0(t))exp | (ou) + a(u))*da(u). 


This is clear if v’dt is written as d(v + a) — da. The expression in the last 
formula line tends to a limit, as t—>œ, since (a(t) +- u(t) )~* does and since 
a(u) is of bounded variation. Thus if const. s(t), for a suitable choice of 
const., is renamed s(t), it is clear that (164) holds when + is written in 
place of +. Since the choice of the square root fè in (168) was arbitrary, 
(e) is proved. | 


25. An elliptic analogue. Assertions (8) or (8) have no analogues 
when A is a negative constant or f(t) is negative for large ¢, respectively. 
As to (8), cf. the example in [11], p. 269. On the other hand, (e) does 
have an analogue in the “elliptic” case. 


(n) Let f(t) be a non-vanishing (possibly complex-valued) function 
for large t having a continuous derivative satisfying (163) and 


(171) lim f’?/16f? 4 — 1. 
tw 
Suppose further that 


t 

Wr apai f (1+ f2/16f)idu=0(1) as t>o. 
Then the diferential equation 

(173) z” + fe = 0 

has a pair of solutions satisfying, as t 00, 


t 


(174) v~ f(t) exp +i f f(1 + f72/16f5)8du 
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and 
(175) a ~ (— è + 1(1 + a)i) fae, 
where a is the limit in (171). 


Conditions (171)-(172) are trivially satisfied if f(t) is (real and) 
positive for large t: As in the above theorems, all powers of f(t) which 
occur can be assumed to be integral (positive or negative) powers of a fixed 
fourth root f#(t) ; in such a normalization, a4 in (175) is the limit, as 00, 
of (P/P 

The proof of -(y) will depend on the simplest case, J = 0, of Theorem 
(**) in Part II and will be like the procedure used in [11], pp. 262-263, 
for similar purposes. 


In the proof of (y), there is no actual loss of generality in the, (local) 
assumption that f(t) has a continuous second derivative; so that (163) is 
equivalent to (165). The variation of constants 


(176) 2 = gf? 
transforms (173) into 


(177) (Fy + (PE) + a(t) )2—=0, 


where 

(178) a(t) = F /4fÈ — 5f?/16f2. 
If y = (y’,y’), where 

(179) ee pm fhe, 


then (177) is equivalent to the system 


, 0 P 
(180) y’ =A(t)y, where A(t) -(_ ft—o j ; 
If z denotes either of the functions on the left of (172) and if 
(181) Co) A+ P/16p), 
then 2’ = = ifa(- - -)§z, and. so (Fry =— (-- -)fle Ha{(- yz Of 


+ iz in the last term is replaced by 2’f-4(- - -)-#, it is seen that the functions 
on the left of (172) are solutions of the differential equation 


(182) (Fe) HAG O a LAG fle =. 
Let w = (wt, w°), where 


(183) w! = Z, w? = fz; 
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so that (182) is equivalent to the system 
C20 ge) 20%) 


In view of the derivation of the differential equation (182), a funda- 
mental matrix for (182) is 


(184) w’—B(t)w, where B(t) = (_ : PO) , 


E TT wt (t) Wa! 
W (t) -e i -)3qy,1 a(- i ‘Yay? ? 
where 
(186)  wp=exp(—1)ii | PUL 72/16f%)8du, ae: 


are the functions in (172). 


The variation of constants 


(187) y = W(t)v 
transforms (180) into 
(188) v = W (A — B) Wo. 


In view of (178), (180), (181) and (184), 


0 0 
A—B= (apa page 30-920) 

The assumption (163) implies that the elements of A — B are of class L 
(cf. (165) ), while the condition (172) implies that W(t) = O(1) as to. 
Since det W(t) =21(-- -), it follows that (det W(¢))~*, and therefore 
W-'(4), is O(1), as t—>œ. Thus the coefficients of the system (188) are 
of class L for large t. Hence, the simplest case, J = 0, of (*“) states that 
(188) has a solution satisfying, as t— 0, 


(189) v(t) 1 and v?(t) +0, 
and another solution satisfying, as t 300, 
(190) vi(t) >0 and v(t) > 1. 


The solution y= y(t) of (180) corresponding to (189), by virtue of 
(187), satisfies 


y(t) ~wt(t), — 92(B) ~— iC + “ot 


as ¿—>œ. In view of (176) and (179), the corresponding solution x = æ (t) 
of (173) satisfies 


Pe~ wt, f3(aft)’ ~— if + -wt 


e 
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as t—>«. The second of these relations reduces, by virtue of the first, to 
a= (1+ 0(1)){—f/4f8—i(- » fe. 


The last two formula lines prove the case — of + im (174), (175). The 
other case results from (190). This proves (7). 


THE JoHNS HOPKINS UNIVERSITY. 
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QUADRATIC FORMS OVER LOCAL FIELDS.* 


By O. T. O’Mmara. 


Introduction. Even after Minkowski had solved the problem of equi- 
valence of quadratic forms the matter was by no means settled, for the 
invariants found in [17] are intricate both in their derivation and application. 
The difficulties presented (even in the theory of rational equivalence) were 
largely due to the use of integral forms and the problem was simplified by 
Hasse [5] who rid it of its integral considerations, solved the problem of 
fractional equivalence in the p-adic numbers and tied them together to form 
a complete system of invariants under rational equivalence in the large; he 
related these invariants to those of Minkowski. In the subsequent paper [6], 
Hasse extended his results to quadratic forms over algebraic number fields 
and their local completions. These results were in turn extended by Witt’s 
using the theory of algebras in [20]. Kaplansky showed in [13] that Witt’s 
invariants apply to fields # which are not formally real and for which 
F*/(F*)? has order 4. 

The problem of tackling the original theory of integral equivalence 
remained, but use could now be made of the results on fractional equivalence 
proved independently of it. Siegel [18] proved a conjecture of Minkowski 
that two rational integral forms are in the same genus if and only if they 
are semi-equivalent; Jones [7] proved that the Witt cancellation law [20] 
holds under integral equivalence over the p-adic numbers (p odd) and stated 
that the result also held for arbitrary local fields in which |2 | = 1; Durfee 
[8,4] gave a complete set of invariants and a simple proof of the Witt 
cancellation law for integral forms in these fields; Jones [8] showed how to 
determine when two forms over the 2-adic integers are equivalent and this 
was expressed by Pall [15] in the form of invariants; most of these results 
can be found in coordinated form (but over the rational p-adic numbers only) 
in [9]. 

Kichler employed the more geometrical notion of lattices to discuss the 
local theory in [11, Chapter IT]: of particular interest to us will be his results 
on the equivalence of maximal forms. Eichler [12] and Kneser [14] proved 
the Witt cancellation law for positive definite forms over the rational integers. 


* Received August 26, 1953; revised June 8, 1954 and September 15, 1954. 
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In the present paper we are concerned with integral equivalence over 
local fields and the previous remarks show that the only local cases requiring 
real investigation are those in:which |2|<1. We prove a weak form of 
. cancellation law for these fields: that this cannot be fully generalized is clear 
from the counter-example in [8]. Certain useful type invariants are given 
in the general case, but these do not form a complete set under integral 
equivalence. However a characterization is given over local fields in which 
2 is a prime; this is facilitated by the use of lattices but the real key seems to 
lie in the perfectness of the residue class field. The ramified case is much more 
complicated than this and simple examples show that we cannot expect the 
same answers as in the unramified theory; the numbers represented by the 
form seem to play an important role; the perfectness of the residue class field 
pulls us through again and we can characterize forms of unit determinant, 
but the problem remains of finding a complete set of invariants for forms of 
arbitrary determinant over a general local field. 


1. Preliminary definitions. In the present paper we consider quadratic 
forms over local fields, that is to say over fields which are complete under a 
discrete non-Archimedean valuation and have a perfect residue class field [1]. 
F will denote the local field, o the ring of integers in F and ~r will be a fixed 
prime element in F. We define e = ord (2) as the ramification index of F. 
We assume in addition that F does not have characteristic 2. To avoid the 
use of an excessive number of multipliers we introduce the following notation: 


a specific element az’ will sometimes be written as [rt] if |a@|—1 or as 
{rt} ifaeo. Thus, if a = [x], 8 = [7t] and y = {7t}, « need not be equal 
to 8 but we must have |y|S|a|—| |. 


If R is an n-dimensional vector space over F, we call an o-module L 
in R a lattice if there is a basis for R in which L can be expressed as 
L= oé +: -+ 08 [see 11, p. 47]. We call (£) a minimal basis for L 
and note that L may very well have many minimal bases. 

Now let 7 be a quadratic form and A = (l;) its corresponding matrix. 
By fixing a basis (£) for R we can make R into a metric space V by defining 
é- é = ly = la = ý é, [20, p. 32]. The form k is fractionally equivalent 
to 1 if and only if there is another basis (y) for V in which ky = ni'n. 
We then write Z~ k. Conversely we can associate a quadratic form with a 
given metric space V by fixing a basis (é) for V and defining ly = &- é. 

Now let Z~ k have respective bases (€) and (7) in V and consider the. 
lattices L= oé; +: + 08 and K = oy +: Hon. Then LZ and K 
are integrally equivalent (written L = K) if and only if there are minimal 
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bases (£) and (y) for L and K respectively such that é: éf = y+ nj, and 
this in turn is equivalent to saying that there is an isometry V —> V which 
carries L onto K. If L and K are isometric we write L = K, l= k and 
A =K. We denote the fact that ¿is associated with L by writing | = L =A. 
We call det(ly) the determinant of L and write it as d(L); this is unique 
but for a factor which is the square of a unit. We assume that all forms are 
non-degenerate: det(Zj) unequal to zero. 

L is the orthogonal sum of sublattices L, and La, written L = L, @ Ln, 
if L, N Ly == 0, L is orthogonal to L, and L, and L; together span L. It is 
easy to see that if L = Li @ Ka then K; == La. 

The ideal generated by X? as X runs through L will be called the norm 
of L and written N(L). L is said to be integral if N(L) Co: if L is 
integral, then X: Y e (4) -o for all X and Y in L. If in addition X: Y £0 
for all X and Y in L, we say that L is totally integral. 


I. Lattices Over Local Fields. 


In this chapter we discuss type invariants, lattices of unit determinant 
and the cancellation law. In general the fields considered will be local fields 


but it will be necessary to indicate certain modifications for different values 
of e. 


& Canonical representation of a lattice. Our aim is to show that 


every lattice L = 0, +--+ - +--+ of, can be expressed in an almost orthogonal 
canonical basis. 


Definition 2.1. &,: + +,& is a canonical basis for L if 


(1) when ¢=0:&-&—=0 for all i547; and |é? 





= | & 


2 
+l . 


(2) when e21: (a) &' 40 and i547 happens in at most one of 
the cases J == t— 1 or j==1+1; and &-& is then an exact power of r; 
(b) max | &: Z | = max | én: Z |, Ze L,1SixSn—1; (c) if max | é: Z | 
= | é?|—max|é-Z|, ZeL, holds for a particular value of i and a 
particular value of j (which may be equal to +), then that & is orthogonal to all 
x, k 44, and so |é? | == max] é&-Z |=| ¿7 ]. Observe that (a), (b) and 
(c) imply that if &- ia. 40 then | &?| < | é& és | and | fu? | < | éit é |. 


We now prove some results for the lattice L expressed in any basis (é). 











Lemma 2.1. If | &?|—=max |é- é |, then there is a sublattice L, of L 
such that L == oé @ L. 
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Proof. Replace & by =;—= (&—(&° &)/é& é) for alll <i& n. Since 
£,-°&/é? is an integer it follows that L = oé, -++ oža +: - --+ oEn. The 
remark é - =; = 0 completes the proof. 


Lemma 2.2. If the equations & -é + č” + Bilé: é) =0 and 
Eo é + a(i: é) + Bié? = 0 have a simultaneous integral solution (%, Bi) 
for all 2<t= n, then there is a sublattice L, of L such that 
L = (0&, + of) @ Ly. 

Proof. Replace each & 2<tn, by B= & + af + bifo and write 
L = (oé, + oé) p (oR, +: i --+ oE). Q. E. D. 

Lemma 2.3. Let e>0. If L is a totally integral lattice of unit 
determinant and if N(L) =v, then L has an orthogonal basis. 


Proof. Induction to n. Since N(L) —o there must be a é (call it é) 
such that é? is a unit. Use Lemma 2.1 and write L = oé @L, If 
N (L) =o, we are through. If N(£,) C (r):o, let é, é be two basis 
elements of L, such that é, is a unit (two such vectors must exist since 
d(£,) is a unit); L, must necessarily be of the form (oé: + 0&3) @ La since 
|éo-ég|==1, é? e ()-0, ée (r):o allows integral solutions for the 
equations of Lemma 2.2. Then 


oå, + of, + of; == 0 (É + &) +- 063 + 06 = (0 (& +é) + 0&3 ) P on, 


again in virtue of Lemma 2.2. Hence L= oy @ L,* with (é -+ &) e L"; 
that is, N (L:*) =o. Induction completes the proof. 


THEOREM 2.4. L has a canonical basis. 


Proof. Induction to n. There is no loss of generality if we assume that 
L is totally integral and contains an X and a F for which X- Y is a unit. 
If e = 0 this implies that there is a basis in which é? (say) is a unit. 


Case 1. N(L) =o. By the previous remark this includes the case e = 0 
and there is a é such that | é? | =1. Ife 21 there must still be a é (say) 
such that | é&?|—1 else N(Z) would not be o. Then Lemma 2.1 entitles. 
us to write L = oé, @ Lı. The inductive assumption allows us to express L 
in a canonical basis in such a way that L = UL," @ L,** where £," is of 
unit determinant and | X-¥ | < 1 for all Y and F in L,**. By the induction 
when e==0, and by Lemma 2.3 when e = 1, oé @ £,* must have an 
orthogonal basis m, + +, with the property |n} |=1 for all 1SjS1; 
and L,** has a canonical basis muu’ °°, 7. Then 


L = (0m +: : -+ oni) @ (oni +` : "+ Ona) 


is the basis required for L. 
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Case 2. N(L) C (r)-0. Let |é 'é |=1 (say). Then éře (7) -0 
and we can therefore apply Lemma 2.2 to express L = (oé, + 0€2) @ Lh, 
replacing é by &/(é-é) if necessary in order to ensure that é é= 7°. 
Induction yields the result and the proof is therefore complete. 

Of course L will have many canonical bases, but we aim to show that 
it can be characterized in terms of invariants attached to an arbitrary 
canonical basis provided that e 5 1. Lemmas 2.1 and 2.2 are of practical 
importance; they are proved in [11, Satz 9.2] but the canonical form estab- 
lished there is not the same as ours and need not satisfy definition 2.1, (b) 
and (c). 

Having expressed L in a canonical basis we can write 


(2.1) L= L (r®) @ Lala) O- - -@L, (1) with s(4) <s(i+1) 





where L;i(rs) is the sublattice spanned by these é for which max | &-Z | 
== | 7691; then L; = rs -1; where 1; is totally integral, of unit determinant 
and either of the form X [1] or a ea and s(1) < s(2):--<s(r). 
T 
Definition 2.2. Lmh) is a proper lattice if N (Em) == (78) -0; 
otherwise improper. 


A glance at the determinant of Lm together with Theorem 2. 4 shows that 
Lm has an orthogonal basis if and only if it is proper; if improper, Lm is 
the orthogonal sum of indecomposable lattices of dimension precisely 2. 
Improper lattices do not occur when e =Q. 


3. Invariance of type. In order to be able to attach certain well-defined 
quantities to L we first prove the following theorem which we have already 
shown to hold for lattices of unit determinant. Compare the weaker result 
[3, Lemma 2] and the p-adic result of Jones [9, Theorem 35]; observe that 
Theorem 3.1 strengthens [3, Lemma 4]. 


THEOREM 3.1. Let 
Lis) B+ + + O Lr) and KG?) O: a Kyat) 


be two canonical representations of L. Then s(t) = t(i), dim L; = dim K; 
and N (Li) ==N(K;) (mod rs) for all i. 


Proof. By considering N(L) we see that s(1) must be equal to 7(1). 
We suffer no loss in generality in assuming that s(1) —0—#(1) and con- 
sequently that N(L) Co. Let (é) and (y) be respective canonical bases 
for L. First we show that dim L; = dim K; and s(t) (+) all i: by defini- 
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tion of L; and K; this is tantamount to proving max | &' Z | = max | n: Z | 

all j, ZeL. If not, let & be the first point of discrepancy: max | é: Z | 

< max | ya’ Z | = | 7° |, say. Then expressing (n;) in terms of the (é) w 

see that | 
m == Oks fe tb leaba + N 


Na == Garg: t+ larada- + Na 
where max | N,-Z| < | 7° | and hence by adding vertically we see that there 


must exist integers Ay with at least one A, a unit such that Say gym SA, Ny 
Now max|N,-Z| < || and max | qy: Z| = |x| provided that y S d. 
Since one of the A, is a unit this establishes a contradiction and the first 
contention is proved. 

Suppose now that 7 is an integer for which L,(7') and K:(rt) are of 
different type: let K;==0n,-+-:- + be proper. Then there is an Ne L with 
the property that | V?|==|a*| and | N-Z |S |7t| for all Ze L. We aim. 
to exhibit an M orthogonal to &,---,& 1. such that | M? | = |«'|. Put 
M = (N — M ' ét > e —— AwrEu-1) where A; are integers defined for 7 < p in 
the following way: (1) if &-& == 0 all k s44 write A; = (N -é)/é?. Then 
| a; | << | a |/] £2 | and à is therefore an integer since j <p. In addition 
AEN] S| a |/| EP] < |a | since j <p; and similarly | 2a;- (N &)| 
S| wtl/| EF? | < |rt |. (2) if on the other hand é; is not orthogonal to éj- 
(say), choose A; and Aj, as the integral solutions of the equations 

N -é Ag EP + Apa’ (85° Eja) 
N+ fja = Ay (Ey t Sea) Aja Gp? 
Then | 7 a Eja — (£; : j)? = | (é; ` E;1)?| since | é? | < | gj“ j- | and 
| éa? | < | &' é |, (£) being a canonical basis; direct computation then 
shows that | A; | SS | a |/| & é | and | Ay. | S | a |/| &- éj |, so that A; and 
Aja are certainly integers. Multiplication shows that | (Aj: é + Apa: 4)?! 
< |at| and | 23N: (Mé + Aya: é) | <j ze. 

The properties proved in (1) and (2) show that M° == N? (mod rtt!) 
and hence | M? | = | xt |. In addition the A; in both (1) and (2) were chosen 
in such a way that M-£;—0 all j} <p. Hence Li(rt) must represent a 
number of ordinal ¢. Consequently £;(2*) must be proper. This contradiction 
completes the proof. 


Definition 3.1. Let L and K be two lattices having canonical repre- 
sentations 


Ty?) @- o @ Lr) and Ki?) ©: - - @ Kez) 
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respectively, with s(1) <---<s(r) and #(1) <---+<i(r). We say that 
L and K are of the same type if s(t) = t(i), dim L; = dim K, and L: and 
Ki; are proper or improper together, where 1 Si & r. “We call | 797] = | xt] 
the least divisor of the type and write s(7) == m(Z); we call | 7®@| == | rt@| 
the greatest divisor of the type and write s(1) = M(E). 


4. Lattices of unit determinant. We are now in a position to charac- 
terize lattices of unit determinant over fields in which 2 is not ramified. But 
first let us state some well-known lemmas in a form more suited to our 
purposes. 


LEMMA 4.1. Lete>0. If eis a unit in F and if X is a vector m L, 
then the equation (a` X) == «X° (mod rX’) always has a solution a. 


Proof. The required g is any solution of g? == «e (mod r); this always 
exists in virtue of the fact that the residue class field is perfect, [19]. 


LEMMA 4.2. If X? = X’ (mod 4r: °), then there is an aef such 
that (a: X)? == e: X. 


Proof. e= 1 (mod 4r) implies that «== e has a solution a in F by 
Hensel’s lemma [1]. 


Lemma 4.3. Let L= o$, -+--+ 0é, and let (y) be another basis 
for V. Then there is minimal basis (&:) for L with the property 


fie lon, t: s H H+ 9, 


Proof. By induction to n. Write & = n'm +e + aint gn, and 
permute the (é) until | da, | == max | an|. Then L can be written as 
oF, +---+ 02,1-+ Oén where =; = (€;— @in/tnn' Ex) E Fem + + Poe. 
Induction completes the proof. [See [2], Theorems 1 and 2.] 


Now we give the characterization mentioned above. 


TrreoreM 4.4. Let L and K be totally integral lattices of unit deter- 
minant m the same metric space V. If N(L) = (2)-0—N(K) then 
L&K. If e=1 and N(L) =N(K) then L= K. 


Proof. If N(L) and N(K) are both equal to (2)-o0 then L and K are 
maximal lattices [11] of norm (2)-o and hence L= K by [11, Sätz 9. 6]. 
This proves the first part of the theorem and from now on we can take e = 1. 
There are two possibilities: (1) if Z is proper then N(Z) =o =N (K) and 
K is therefore proper too; (2) if L is improper then L contains a vector of 
norm (2)-9: for if &,&,- + - denotes a canonical basis for L then | é,°| or 
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| £2? | or |(& + é)?| must be equal to |2 |; hence N(L) = (2) -o = N (K) 
and this possibility has already been proved. The problem therefore reduces 
‘to the case (1) where L and K are both proper: let L = og, -+---+ Ofn 
and K = oč, +: - -+ of, and proceed by induction to n. 

If we assume that either L or K does not represent {x°} non-trivially 
(let us say L) then we can show that L is precisely K as follows: since L 
and K are in the same space we have ¢; = ty’ é& +> - +-+ dny’ & and suppose 
that | ay | = max | a; | is greater than 1; then |(ay7-&;)?] S| a? | since 
(ag> |S |r| and 2? is integral. But aj*-¢; is an element of L since its 
é coefficient is a unit; its norm is therefore a non-trivial representation of 
{x°} which is impossible. Hence ay must be integral for all i, 7}. Hence KC L 
and. since | d(Z)| =| d()|, L must be equal to K. 

We may now assume that both L and K represent {x*} non-trivially. 
First we complete the induction when n is even. Our assumptions guarantee 
a vector X in L such that X° = {x°} and X: é (say) equals 1. By Lemma 
4.3 we may write D=oé&,-+o(¢-X + 8-é&) +--+: ; then if | a| >l or 
if |B|>1, |«a|=]8| since wt-X¢D and w1-&¢L; now «a g? 
o (X-é&)eo and so |8| S1; hence aso also; it follows that 

== pé, + oX +--+ and hence L= (oé, + t © L, = L @ L, in virtue 
i Lemma 2.2. Then L = 02%, + 02, with 2: = 1 -+ 28, Beo, $? = {r°} 
and =$ E = 1 in virtue of Lemma 4.1. Then =,— f°, £ Le and its norm 
is equal to 1 + {7°}. We now repeat this step and obtain (Z — (8 -+ ry) - =)? 
= ] + {7°}. Hence by Lemma 4.2 L, must represent 1. Therefore there 
is a YeL and (by symmetry) a ZeK.such that YP =1= Z°”. Then 
L=oY @ L, and K = o2 @ K, in virtue of Lemmas 4.3 and 2.1. Now 
L, and K, are in isometric spaces by the Witt cancellation law; they. are both 
proper being of unit determinant and of odd dimension; hence L; = Ky; 
hence L = K. 

Now let n be a n= 3. Once again it is possible to write L == D, @ L, 
with Lı = 02 Q <- @ oEn and Lo = 0%, -+ 0%. where 2: = {m}, Bi: Be 
= ], Z2 = 1 + A IE 2? = [r?°], replace =, by B+ yr':Z in such a 
way that (2, + yr: E)? = {r°} (Lemma 4.1) and write 


L == (o (21 + yr: Bs) -+ 022) @ Ls 


by Lemma 2.2. In any case we have L = L; @ L; and similarly K == K, @ K; 
where L, and K, are proper lattices in 2-dimensional spaces of determinant 
— 1 -+ {z*}, that is to say of determinant — 1. These two spaces are 
isometric [20] and so L, = K} since the theorem has already been shown to 
hold for n= 2. It follows that L, and K, are in isometric spaces of odd 
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dimension, are therefore both proper and hence by the inductive hypothesis 
are both isometric. Hence L = K. Q. E. D. 


Note 4.1. This is the first point at which the ramified theory differs 
essentially from the case where 2 is a prime, for in general it is not true 
that two totally integral lattices of unit determinant in the same metric 
space are isometric, even if their norms are the same. However, an answer 
can be given for this case and we will carry this out after finishing the 
unramified theory. 


Note 4.2. The restriction that the residue class field be perfect is also 
an important one and Lemma 4.1 is fundamental in these discussions. Even 
if e = 1, Theorem 4. 4 need not hold with an imperfect residue class field as 
the following example will show: let Q be the rational numbers with the 2-adic 
valuation and extend the valuation to Q[t] by defining | a + at +° - -a,t” | 
== max | a | as in [1, p. 26] and then to Q(t) by taking quotients. Let 
Q(t)* denote the completion of Q(t). Then (2¢—1)-2?-4- (2¢+-1)-¥ 
and ¢-2?-- (447—1)/t-y? are fractionally equivalent but not integrally 
equivalent over Q(¢)*. If e= 0, the perfectness of the residue class field 
is no longer essential: see [8,4] and Section 6 of this paper. The rational 
p-adic form of Theorem 4. 4 can be found in [9, Theorem 36]. 


5. The cancellation law. Examples [3] show that very little indeed 
can be expected in the way of a cancellation law over a general local field 
and this is especially true if 2 splits in F. However, the following form will 
be found useful in the ramified theory: 


THEOREM 5.1. Let L be a lattice having the two decompositions 
L=o& OL, and L=on ® K, with EÈ = e=? and |e|=1. Suppose 
further that |U-W|S|2| for all U and W in Lı. Then L, = Ky. 


Proof. Write n= ee'é+ rY- X with X a vector in L, having the 
properties X-£—0 and r: XL. It | X?|—max|X-Z)|, Ze Ly, then 


L = pé ® (oX + Sol) = oé O oX O MoT V = on OB oX’ © MoT 


using lemmas 4. 3, 2.1 and 2.1 in that order. A determinantal consideration 
shows that (XY = (X’)*% But Lı = 04 © DoT)’ and Kı = 0X’ @ MoT 
and so L = Ky. 

So assume that | X? | < max | ¥ -Z |, ZeL,, from now on. We will be 
interested in the number 77’: X? = e(1— «,)(1 + 4). Hither (1 +-«.) £ (27) o 
or (1—«,) # (27) +0: for instance, 1+ e £ (27) -o implies 1 — a == 1 + & 
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— 2e, = [2]. By replacing é by — é if necessary we can assume that 
(1+ «,) f# (27) +0, that is |1 +a] =| 2). 

Let N e L, be such that | X-N|—max|X-Z|, ZeL,. Then | X?| 
<| N- X | and so X and N are linearly independent. Applying Lemma 4.3 
to L, permits the expansion L = o @ (oX 4+ 0(a-X + 8-N) + DoT). 
Suppose if possible that | 8 | > 1 or |a| > 1 or both; then «`t: X # L, and 
m- N £ L, and hence | a | = | 8 |; but |(¢-X +B-N)-X|—[Bl|-|N-X| 
< |N- X | by choice of N; hence | 8| S1 and so |a| S1. Therefore we 
can write L= oé @ (oX + oN + MoT). Since | X-N| S| X-Ty|, it is 
possible to replace the 7 by (Ta — (X-7,)/(N-X)-N) and if we continue 
to call these new vectors Th, it follows that 


(5.1) A*?T,=0 and €-7),—0. 


Then L == pé -+ oX + oN + MoT, = on + 0 (1 X) + oN + DoT, since 
n = eaé +H rY: £ and since oY —o(e':X). If we now use Lemma 2.1 to 
orthogonalize with respect to on we obtain 


(5. 2) | L = o) ® (oF + oM + Soy) 
where Yo=e*(X—(X-y)-e*-y) and M=(N—(N-y)+e*-y) and 
direct computation yields the following equalities: 

Y-T = O=X-T,; Y2 = X*>;M-Y=a-(N-X);M-T),=N-T); 
(5. 3) 

M == N? — r (N -AXP e. 
Now write. L == on @ (oY +o(M +y- Y) + oT) where y is defined by 
T(N- X) 

y= e(1 +e) ‘ 
Then y is an integer since |V-X|S[2| and [1 +ea|2 |2|. Also 
(M+ 4Y; == N?, (M+uVY)-Y=N-X and (M+YyY)-:Ty,=N-T) is 
easily shown by using equations (5.3) and (5.4). Also £X? = Y°, X-T) ==0 
= FY: Tand 7,-T,—T):T,. Hence L, and K, are isometric. Q. E.D. 


(5.4) 


Remark. Jet us examine the previous proof under the following set of 
circumstances: e 1, L, and K, are totally integral and of the same type, 
so that N(L,) == N(K,). If | X?|—=max|X-Z|, ZeL,, the proof goes 
through. If | V-2X |< |2], the proof goes through. So let us consider the 
remaining possibility which fails since y in equation (5.4) need not be 
integral: | X? | < max|X-Z| and |N-X|>|2|. Then | X?| <1 and 
| N- X | = 1 since L, is totally integral and F is unramified. The equations 
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of Lemma 2.2 are therefore seen to have integral solutions when applied 
to oX +oN -+ MoT). Hence L =o © (oX +0N) OL. Now write 
La = L; (x°) @ Ly as in equation (2.1). We have therefore expressed 
L = oé @ L; ® Ly where X e Ls and |U-W |S] 2| all U, Win Ly. Then 
of @ L; = 07 + L; = 0) © K, in virtue of Lemma 2.1. An application of 
the cancellation law for fractional equivalence shows that L; and K, are in 
isometric spaces. But they are also totally integral lattices of unit deter- 
minant and of the same type since V(L,) ==A (K). Theorem 4.4 says 
they are isometric. We can therefore prove the following result which has 
already been established over the rational p-adic integers by Jones and Durfee 
(3, 7,9, 10]: 


THEOREM 5.2. Dete1. If L isa totally integral lattice having the 
two decompositions L= L, @ Lı = Ky K, în which Ly and Ky are tso- 
metric and of unit delerminant, then L, and K, are isometric provided that 
N (i) = N CK). 


Proof. The case where Lo and Keo are proper follows immediately by 
induction on dim Lo from the previous remark. So now assume that Ly and 
K, are both improper. Construct a new metric space V @ F: ¢ with  —1. 
Then L* == (of @ La) @ L, = (of O Ka) © K, has proper first components 
and so L æK.. Q. E. D. 


w 


COROLLARY 5.2. If L, and Ky are isometric lattices, but not necessarily 
of unit determinant, and tf the least divisor of L, is greater than or equal to 
the greatest divisor of L,, and if N (Li) =N (K), then L, = Ky. 


6. The odd case. The theory of equivalence over fields for which e = 0 
ean be made to follow very rapidly at this stage. This has been completely 
worked out [3] so we merely state the results here. We use the notation of 
equation (2.1). 


THrorem 6.1. L and K are isometric if and only if they are of the 
same type and L; = K; for alli, 1 Sir. The latter condition is equivalent 
to det (Ja) = det (K;) over a local field whose residue class field is finite. 


THEOREM 6.2. Jf L= Li Q Li = Ko © K, then L, = Kı, provided 
that Lp = Ko. 


7. The space invariants. We are now closer to our goal of obtaining a 
complete set of invariants under integral equivalence and soon we will appeal 
for assistance to the known theory of fractional equivalence. In particular 


Y 
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we will assume (using the language of metric spaces) that V and V’ are 

isometric if and only if n(V) ==n(V’), d(V) =d(V’) and S(V) = S8(V’). 

The notation is as in [20]: n is the dimension of V, d the determinant of V 

(but for a square factor) and § the algebra i (E°, &:2) where (&) is any 
ai 


orthogonal basis for V. We will show that these invariants apply to local 
fields with perfect residue class fields of characteristic 2: the proof is not 
relevant to these discussions on integral equivalence so it is relegated to the 
appendix. 


8. Two cases have to be discussed: (1) 2 is a prime in F; (2) 2 is 
ramified in F. The second requires a more delicate argument than the first, 
so we will treat the unramified theory separately; in any case we can say 
much more about it. But first we make the following remark in order to 
facilitate working with the S-symbols. 


Remark. If F is a local field for which e = 1, then (1 + 4a, e) == 1 if e 
is a unit and aeo. Also (1+ 4a,er) —1 if and only if 1+ 4 is a 
square in F. 


Proof. The first part follows immediately if we note that (1 + 4a)2?-+ ey? 
always represents 1. The second follows if we observe that (1 + 4a)2? ++ ey? 
does not represent 1 unless (1 -+ 4a) is a square. 


II. The Unramified Theory. 


Throughout this chapter we will assume that | a | = | 2 |. 


9. Continuous lattices. Let us consider the canonical form 
L = L (r) @---@ L,(rs) obtained in equation (2.1). We saw in 
Section 6 that over certain local fields the L; are independent in the following 
sense: if K, (r°) @- - - @ K,(78™) is another canonical form for L, then 
Li(a®) = Kj (re). This is not the case when | 2 | < 1 unless the differences 
s(i-+ 1) —s(i) are large enough; otherwise the L; become interwoven and 
we shall then have to study larger blocks than the mere L, To this end we 
make the following definition: 


Definition 9.1. L is said to be a continuous lattice if: (a) s(4-+1) 
= s(t) + 1, for all ¢ satisfying 1 =1=r—1; (b) the L; are proper for all 
217; (e) Li is either proper or improper. If L, is proper we say that 
L is entirely proper. 

This notion is well-defined by Theorem 3. 1. 
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THEOREM 9.1. If L and K are entirely proper continuous lattices m V 
and if they are both of the same type, then L = K. 


Proof. We can take 2°@ == q? and we can assume that r > 1 by Theorem 
4.4. First let 7==2. Then there is an X in L such that X? —1-++ Aw, rAE9, 
in virtue of Lemma 4.1. We want an X with Ae (r):o. To that end 
assume that the à found above is a unit and let Y be orthogonal to X 
and such that Y?=-Ar+ {r°}; by Lemma 4.1 such a Y must exist. 
Then (X + Y)?=-1-4 {7°}. We can repeat the argument for K. Then 
L = v02, @ oZ, and K = oU @ oU, with 2,2 = 1 -+ ar? and U,? == 1 -+ Br’, 
both a and 8 being in o. Apply the S-symbols to L: 


S (L) ~ (1 + an’, —a(L)): (4 (L), d(L)). 


Then 1 ~ S(L)-S(K) ~ ((1 + ar’) (14 Br’), —d(L)). Now |—4a(L)| 
== | r |, hence (1 + an”)3- (1+ Gr’) e F by the remark of Section 8. Hence 
(1 +- ar?) = (1-+ Bx’) and therefore L = K. 

For n > 2 it is convenient to separate the following two cases: 


Case 1. r==2, dim L, = 1: Then dim L, > 1. Write L =o @ (oé 
@®--- @ oé,) with é&° = r (1 + {r}) and then replace é by Bs == é + ar: é 
in such a way that =° = 2(1-+ {7*}): that this is possible follows from 
Lemma 4.1. Now replace é by 2, = (&— (é: Be) + (B2): Be); then 
L= 02, © 02: @ of O- -oén since (c2): (H.”)*e0. Applying 
Lemma 4.1 again, we see that =, can be replaced by -+ Bré, so that 
(Z + Bré)? == (1 — {7°}). Then in virtue of Lemmas 4.2 and 2.1 we 
see that L = oX @ L, with X? = y and similarly K = oY @ K, with Y* =r. 
Then L, and K, are still entirely proper and so L, = K, by induction and 
hence L = K. 


Case 2. r=23 or dim L > 1: As in the case n= 2 we can write 
L = 02, Q- - oln with 2? = 1 + {7°}. Simce r= 3 or dim L, > 1, 
there is a Z; (122) such that (Z, + @Z;)? = 1 -+ {r°} with | «| =1 or 
la|=]|r]. We can therefore write L—o0(Z,-+ «Z;) @ L, in virtue of 
Lemma 2.1, where L, is still entirely proper; and using Lemma 4. 2, 
L==o04 @ L, with Z7—1. And similarly K == oW @ K, with W? = 1 = 7? 
and K, entirely proper. Then L, and K, are in isometric spaces of dimension 
n— 1l; by induction L, = K,; hence L= K. Having considered all possible 
cases, the proof is now through. 


THEOREM 9.2. Any two continuous lattices of the same type and in 
the same metric space V are isometric. 


~ 
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Proof. Again take 7°“ == 7° and use induction to n. We may take r > 1 
by Theorem 4.4. Express D in a canonical ‘basis: L = (o6, + oé) @ L. 
If Fé- F-.é, represents 0 non-trivially, do not proceed further. If not, 
then é? = am, a being a unit. Since r > 1, we can choose an X orthogonal 
to é in such a way that Æ? == ar +- {r°} in virtue of Lemma 4.1. Then 
write L = (o(é, + X) + 0&) @ L: = Ly @ La, which can be done by Lemma 
2.2. Moreover L, represents zero non-trivially since d (Lo) =— 1. Similarly 
for K == Ko @ Kə Then Lo == K, by Theorem 4.4. So L, and K, are in 


isometric spaces and hence L, == Ka. Therefore L = K. 


10. Congruence of lattices. Let us prove some fundamental lemmas 
which we will need in the next section. By an 1-dimensional lattice in V 
we mean a subset of V that is a lattice in some 1-dimensional subspace of V. 


Definition 10.1. If L and K are two 1-dimensional lattices of V, we 
say that L = K (mod 7°) if there is a transformation A such that AV =F, 
AL =K and AX-AYs=X-Y (mod) for all X and F in L. 

We will not need this definition until much later. We mention it here 
because of the analogy between it and the sharper conditions (2) of the 
next two lemmas. 


Now let L have the matrix = ? a Then by simple changes of 


basis and using Lemma 4.1 we have L =à Er i T p eS with 
1 es ae ar 


geo. Put J =(7 > ). Contention: L = J. For if ae(7)-o then E and 
T 


J are in spaces of determinant (— 1), hence in isometric spaces and hence 
L = J by Theorem 4.4. So now assume that « is a unit. Then d(L) = d(X). 
Also S(L) ~ (ar, wr) + (ar: d(L),d(L))~S8(J). Hence L and K are in 
isometric spaces and so once again L c= J. | 


Lemma 10.1. If L and K are two i-dimensional lattices of V, both 
having the same least divisor | x™|, and if there is a transformation A of 
V onto itself with the properties: (1) AL = K; (2) if X and Y e L, then 
AX -AY =X -Y (mod r) and (AX)? = X? (apd 1”*?); (8) d(L) = da(K}; 
then L is tsometric to K. 


Proof. By induction to i. We use the notation of equation (2.1). 
There is no loss in generality if we assume that s(1) —0 for L and that 
both L and K are totally integral. If 1— 1 there is nothing to prove. If 


=? and L is improper, then L =(7 z) by the contention proved 
= 
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T T’ 1+ {r {rT -- {r°} 1 
above and so K = (; H " oe my) 1 eae A If 
ae (r):o, then d(L) =—1=d(K) and Theorem 4.4 carries us through. 
If | a | = 1, the result follows from the contention proved above. 
We can now start the induction for general 2, but distinguishing the three 


cases: 

Case 1. r= 1 and L£,(78) is proper: Write L = 0£,@-- -@o0& = 06, O Lo 
and then K = o(Aé,) +--+ -+- 0(A&) = on. O (One +- ++ + oy) = on, O Ko, 
where », = Aé and y = Ag; — (Ad: AG) > ((4é.)?) *- Ag, for 257852. 
Then it is easy to see that n? = £7 (mod r°) and that &;- én = j'n (mod r). 
Now write K = o0(y, + ar-ye) + one +: e H oy with g chosen so that 
(qı -+ G+ ye)? = é”: this can be done in virtue of Lemmas 4.1 and 4. 2, 
observing that y? = (Aé)? = (é7) (mod r?°). Now use Lemma 2.1 to write 
K == 0(y, + ar- 72) Q K”. Then K” and L; have the properties enunciated 
in the statement of the lemma, hence L, = K.* and so L =K. 


Case 2, #221, D,(78) improper: Express L canonically: 
= (oé + 0&2) B ( 0s Ss o&;) = L @ lh. 


Then it is possible to write 


K= (0(Ag,) + 0(Age)) D (Xo (4 + (AE) + Bx(Abs))) = Ho @ E, 
where a, and 8, are determined by Lemma 2.2 and are therefore in 


(m+): 9. Then Lo = K, and we can apply induction to L, and K, to 
obtain L = K. 


Case 8. r > 1, L1(7™) proper: This is almost the same as Case 1, except 
that m > 0. We get K = on, ® Ko as before. Then q? = &é° (mod rë), hence 
m = é”, hence L= K. Q. E. D. 


Definition 10.2. If Li(me®) @--- @ L,(7s®) is a canonical form 
for L, we say that L is a proper lattice if L,(a*) is proper; we say that L is 
improper if L,(a8@)) is improper. 

The reason for this strange definition will become apparent in the next 
two sections. 


LumMA 10.2. Jf L and K are two i-dimensional lattices in V, both 
having the same least divisor |a™ |, and if there is a transformation A of V 
onto uself with the properties: (1) AL =K; (2) AX- AY = X -Y (mod x”) 
and (AX)? = X° (mod r*+) for all X and Y in L, whereo=m+1 ef L 
is improper and w= m+ 2 if L is proper, then L and K are isometric. 


Proof. An inductive argument yields d(L) =d(K). Now apply Lemma 
10. 1. Q. E. D. 
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11. Discontinuous decompositions. In Section 9 we pointed out that 
the L;(78) would be too small for our purposes and we accordingly intro- 
duced larger blocks which we called continuous lattices. It is clear how to 
subdivide a lattice L = Lı (rs) -< @ L,(«") into continuous lattices 
of maximal dimension. Let us write the subdivision L = M(1) ®--- ® M(q). 
Jf L==M’(1) -> -@ M’(q) is another such decomposition, it is clear that 
M(t) will have the same type as M’(t), but it is still not true that M (i) 
must be isometric to W’ (1). However, it will not be difficult to show how 
the A{(1) change when we pass to the A/’(1). To that end we make the 
following definition : . 


Definition 11.1. Consider the decomposition L= K @J. We say that 
this decomposition is discontinuous if either (1) K is improper and 
(r2) -0 D N(J) or (2) K is proper and (m3) -9 DN(J). We call 
the decomposition semicontinuous if (8) K is proper and (#™+)) - o = N(J). 
The notation is an in Definitions 3. 1 and 10. 2. 


Lemma 11.1. Let L and K be two lattices with discontinuous decom- 
positions L= L(1) @L(2) and K =K(1) @ K(2) such that L(1) and 
K(1) have the same type. Then L = K if and only if L(1) = K(1) and 
L(2) =K(2). 


Proof. The sufficiency is clearly true. To prove the necessity we can 
assume that L = K and then 


L= L(1) B L(2) = (06. t-<- + oé) @ (of +--+ e+ oén) 
L= K(1) @K(2) = (om +: -+ 0m) D (omama +: °F oa) 
in the canonical bases (£) and (7). Then 
my == h: se +- an& +N = 2,4+ N: 
(11. 1) * 6 8 see oe * bs fare 
i = Qué F f “+ augi + N = 2 4+ N: 


where ajeo since yeb. Also | N}? |S |7| by Definition 11.1 and 
similarly | N; Z | 5S | 7° | all Z e L, o being m(L(1)) +1 or m(L(1)) +2, 
depending on whether £(1) is improper or proper. 

Now it is clear from equation (11.1) that | det(o#, +-.- -+ 0%,)| 
— | det(K(1))| = | det(Z(1))|. Hence o2, +- -+ o% = L(1). Define 
AZ; ==; for all j & i and extend it to a transformation of V onto V. Then 
ne == E; (mod r) and y'= E Er (mod 7”); hence (AX)* == X? 
(mod r) and AX: AY =X- Y (mod) for all X and Y in L(1). The 
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conditions of Lemma 10.2 are satisfied and so L(1) =K(1). Applying 
Corollary 5.2 yields L(2) =K (2) and the lemma is proved. 

Lemma 11.2. Let the lattice L have two semi-continuous decompositions 
L= L(1) @L(2) and L=K(1) @K(2). Then d(L(1))/d(K(1)) = 1 
(mod r°) and 
(d(L(1)), oa #LG))4m(Z))) « §(L(1)) 

~ (d(K(1)), rri aK) - S(E(1)) 
provided that L(1) and K(1) are both of the same type. 

Proof. We obtain the system of equations (11.1) in the same way as 
before. Then ayeo and | N} | S |7] and similarly | N; Z| S |a | 
all Z in L. Once again L(1) = 9%, +: :-+o0o2: In addition it is easy 
to see that d(L(1))/d(K(1)) =1 (mod 7?) by considering the determinant 
of (=) . Zu) where AN at uae Nj. 

Now suppose for the moment that d(£(1)) =d(kK(1)). Define 
AE; = n; for 7% and extend it to V. The conditions of Lemma 10.1 are 
satisfied and so L(1) = K(1), hence | 


(11. 2) S(L(1)) ~ §(K(1)) 
and hence the lemma is true. 


If on the other hand d(£(1))/d(K(1)) —a? + ex*, e being a unit, it is 
possible to write 


(11.83) L= (0 4: > ++ ok + 0(& + tém) O L(2)* = LA)* © L(2)*, 


æ e0, where £i has norm | ém? | == | "| in virtue of Lemma 2.1. Now & 
and therefore (é -+ @&1) is orthogonal to all the remaining &,--°-:,&, 
since the original decomposition was semi-continuous. Hence, with the aid of 
Lemma 4.1, an geo can be chosen in such a way that d(£(1)*)/d(K(1)) 
== @ + {x°} and therefore d(Z(1)*) =d(K(1)). 

Referring to equation (11.2) we see that 


S(L(1))-8(K(1)) ~ 8(£(1)) -8(L(1)*). 
Direct computation shows that 
S(L(1)) -S(L(1)*) ~ (— dlog +: + ++ 0&4), d(L(1)*) - d(Z(1))) 
and this is the same as 


(ra ULD LD, g(L(1)) -d(K(1))) 
since 


d(L(1))d(L(1)*) = d(L(1))d(K(1)) =1 + {r°}, 
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in virtue of the remark of Section 8. Hence the'second part of the lemma is 
generally true. 


12. Complete set of invariants. We now have enough available to be 
able to tell whether two lattices are isometric or not and we tie these results 
together in the form of a complete set of invariants. We will work with the 
decomposition L = M(1) ®---@ M(q) given in Section 11. Let K be 
another lattice in V having the same type as L and with the decomposition 
K =P(1) @-- + @ P(q). 

If we consider the decomposition L == L(1) @ L(2) where 


L(1)=M(1) O---@ Mz) and L(2) =M(} +1) ®:: -® M(4), 


then it is easy to see that this decomposition is either discontinuous or else 
semi-continuous. Hence, if L= K it follows from Lemmas 11.1 and 11.2 
that | 
d(M(1) +: + -+M(j)) 
12.1 A, cee J (mod rY) 

ra aP a me) 

holds for any j, 1 & J & q, y(j) being 2 or 3 depending on whether the break 
from j to j -+ 1 is semi-continuous or discontinuous. In addition 


(12. 2) (AM) +--+ + MG), rt MG ere) m) - SCT) +--+ + AC) 


is the same for both lattices, if m(7) denotes the ordinal of the least divisor 
of M (j). 
We now show that the converse is true by using induction to g. Let 


| M—=M(1) ®- + -@M(q—1) E E 
and let ats 
P=P(1) ®°::-@®P(q—1) =m +: + 4+ om, 


the bases being canonical. If the break from g— 1 to g is discontinuous, 
then d(P) se: d(M) and S(P) ~ S(M) and hence, by the induction, P = M. 
Then P(g) and M(q) are continuous lattices in isometric spaces and hence 
isometric by Theorem 9.2. Hence L = K. 

If, however, the break from g—1 to q is semi-continuous, we must 
proceed with a little more caution. Exactly as in equation (11.3) we can 
change é into & + «&,, so that E now appears as 


L=M(1) ®---@M(q—2) D M(q—1)* D M(q)* = M* D M(q)* 
in such a way that d(M*)=d(P). Then direct computation yields 
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S(M) S(W*) ~ 8(M) + S(P) and hence M* = P, by the induction. Then 
M(q)* = P(q), being continuous lattices in isometric spaces. Hence L= K. 
We can therefore formulate the invariants in 


THEOREM 12.1. A complete set of invariants for L 1s gwen by 


(1) the type of L 
(oy (SEEM) 


ord ELME LJAL (7) 49 (4) 
(3) Gaaraa, AUC) + ++ + AEG))) + SCL) H + EG) 


for allj,1= 74, y(j) being 2 at a semi-continuity and 3 at a discontinuity. 


II. The Ramified Theory. 


13. We now discuss the ramified case and we aim to show that two 
totally integral lattices L and K of unit determinant and in-the same metric 
space V are isometric, provided that they represent the same numbers. The 
main difficulty will be in the case of improper lattices and our plan is to 
settle (1) the 2-dimensional case (2) the 4-dimensional improper case (3) 
the general improper case (4) the general case. 

We observe that the problem is already solved in Theorem 4. 4 whenever 
N(L) = (2)-0 and we accordingly introduce this notation: v will denote the 
integer defined by N(Z) == (r”)-o and we will assume that v < e; unless 
otherwise stated we will make the further assumption that 0 <v < e. 


14. Two-dimensional lattices. Throughout this section £ and K will 
stand for improper 2-dimensional lattices of unit determinant with norm v” 
where 0 << »v< e. We shall show how to reduce such lattices to a certain 
standard form. 


Lemma 14.1. Let L == oé + of, be an improper lattice of unit deter- 
minani such that | &° | ==| z” | and &,-é==1. Then there is an X in L 
such that L = oÅ, -+ 0X, & +X = 1 and X? = [r#] where p (>v) is such 
that eilher p Z 2e — v or else p +y is odd. 





Proof. Express D= o, + o¥ with é: Y ==1 and such that | F? | is 
least for all such Y. If ord Y? = 2e — vy or ord Y? + v is odd, we are through. 
So assume that ord F° < 2e —— vy and that ord F? -+ y is even. In virtue of 
Lemma 4.1 there is a unit o such that 


(14. 1) (aré)? = Y° (mod rY?) 
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where r = (ord Y°— v) and- an” is of course integral. Put X = Y -+ ar"é,. 
and then L = o, + 0X. Then | X? | == | F? -+ a?n?é,? + 2ar"é Y| <|F?] 
. by equation (14.1) and since |2er"é&: Y] < |Y?|. Also é: X =ô is 
a unit. Hence D == oé, + o(8-1X) has the properties &- (87X) ==1 and 
| (84X)? | < | Y? |. This denies the minimality of | Y? | and therefore proves 
the theorem. ' Q. E. D. 


Remark 14.1. If the p of Lemma 14.1 which corresponds to the lattice 
L is such that p < 2e—vy and if K is another lattice with d(K) =d(L) 
(mod 4) and N(L) == N(K), then the »(X) corresponding to K is equal to p. . 


Proof. Let us assume that w(K) > yp if possible. Then d(L)/d(K) 
== 1 -+ [7#] is a square (mod 4) and so 1 + [re] = (1 + ea + er? +---)? 
(mod 4) ; direct expansion shows that this is impossible if yv -+ u is odd and 
less than 2e. Q. B. D. 


Notation. Let e’s denote fixed representatives in o of the residue class 
field o/(7)-o with the convention that 0 shall be the representative of the 
zero residue class: thus c’==c” (mod r) if and only if c’ = c”. 


Lemma 14.2. If L= o% + oé, with | &? |= |7 |, then there ane 
in L such that L == o + oX, &,-X = 1 and 
X? = (0o + con® H> > + Corn ”™E) at $ fx?) 
where 2k + p -+ 1 == 2e — r. 
| Proof. There is nothing to prove if p Æ 2e—vyv; so assume that 


p< 2e—y. Suppose that we have achieved ¢, = C3 = C; ==" * + == Cri = 0 
when L is written in the form 


of; + oY: Y? == (Co + Com? t> + > + am” F dart) rhs Ey Y == 1. 
We aim to find a U such that L = of, + oU, U Y = 1 and 
(14. 2) U? = (Co + cor? F> > +b Car”? F Cassa? 4 {art} a 
provided that 23i + u + 1 < 2e—». 

If de (r):o we are through. If not, there is a unit æ such that 


(ané)? = dx?!) (mod rite) where r= 4 (2i -+ u + 1— r) in virtue of 
Lemma 4.1. Put L == oé + oZ where Z == Y + «m'é. We contend that 
(14. 3) Zz? = (Co + Conr” + YS + Cogn? ae {m2 ) apt, 
We have F? + o2nré,?' equal to the right hand side of equation (14.3) by 
choice of ær”; in addition 21+ u + 1 < 2e —vy implies that 


(14. 4) ept D> w+ u+1 
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by definition of r; and so Zante, ` Ye (mraz -o. Hence equation (14. 3) 
holds. 

Now write U = Z/(é,-Z) and L = oé +- 0U. Then é,-U =-1. In addi- 
tion, equation (14.2) is satisfied: for 


U7? =x 2° (1 +. {mr}? ees Ase a {a7 tr } -}- {metr te] ) 


and 2v + 3r = i + p+? andr -r tezi- a2, by equation (14. 4). 
We have therefore shown how to pass from Y to U. If we repeat this 

process sufficiently often we arrive at the X mentioned in the statement of 

the lemma. Q. E. D. 


THEOREM 14.3. Let L and K be two 2-dimensional lattices such that 
N(L) == (n”) -9 =N(K)}). If there is an X in L and a Y in K such that 
A? = en” = Y* and if in addition d(L) = d(K), then L ws isometric to K. 
The result also holds when e =v. 


Proof. Applying the invariants of Section 7 we see that L and K can 
be taken in the same metric space V. If y==e an easy computation shows 
that L and K are maximal [11, p. 50], and the theorem follows from [1], . 
Satz 9.6]. So we can assume that y <e. In virtue of Lemmas 4.3, 14.1 
and 14.2 we can write L = oå, -+ oé, where é? == er”, &:&—1 and 
2 == (Co + er? > > + + Copw™) at + a(r), In virtue of Lemmas 4. 3, 
14. 1, 14. 2 and the Remark 14. 1 we can write K = on, + Oy where y? = ex’, 
M'N == 1 and Na =s (do -+ dar? +- dogr™ ynt -- B(T’) . Contention: 
doi = Co; all 7. If not, let 7 be the smallest integer for which də; > ¢s;: 
then | da; — cz; | = 1. Since the determinants differ by a square factor we 
have 


(— 1 + dart! + €dogr?#*°S) 

= (— I + ba? te + Cogn? E25) ; (1 + Az)? (mod r”tet?j+) | 
Hence 
(14. 5) | mtn] | mn | (doy — Coj)nttt?i | = | Am? + BAr |. 


The ordinal of the left hand side of equation (14.5) is odd and less than 
2e; that is, | Ae? + Ar | > | 7¢ and therefore | Ar? + BAr | == | Arn la 
Hence the right hand side of equation (14.5) has an even ordinal. This 
contradiction establishes the contention. 

Now we must deal with ar’? and Bx". The « and 8 are integers; if 
g = ß, then L= K and we are through. So assume that «348. Define 
an f such that (8 — a)? has ordinal either — e or — ¢ — 1, the choice being 
made in such a way that f+» is even. Clearly f==e>vy. Define a new 
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metric space V* = F- ¢ @ V with ¢ = (8 — a)r* and put L* = of @ L and 
K* =o% ® K. According to Theorem 5. 1 it suffices to prove that L* = K*. 
Write L* == of 4 oé + oF) with E= é + art and r—}3(2e+f—rv). 
Then r2=e-+1. Also (o0& -+ 082) = (om + 072) by the contention proved 
above and by choice of and r. If we apply Lemma 2.2 we can write 
L* == o(¢ + af, + bE.) O (06, -+ oF) since it can easily be checked that a and 
b are integers. A determinantal argument shows that ¿° =: (€ + aé, + bE)? 
Hence L! == K*. Hence L = K. Q. E. D. 


COROLLARY 14.38. If L= o +08 with &?== tr”, é é =l, 
É == {r7}, y being Z e+ 1, and if K = oq + on, with p? = ar” + {r°}, 
m'n = 1, no? = {r7}, then L= K provided that d(L) = d(k). 


Proof. Since y Æ e+ 1 there is an integer § such that (41 + 82)? = tm”. 
The result then follows from Theorem 14. 3. 


Lemma 14.4. If Loe K (mod r°”), then L=K. This result also 
holds when v = e. 


Proof. Case 1. vs4e: We can write L = o + oé, with á? = er’, 
é: é == 1, & = en” where e and e, are units. Since K = L(mod a’), 
it is easy to see that K can be written as oy, -+ On, with p? = em” + {mmt}, 
m'ye = 1, y = eor” + {re}. Successive application of Theorem 14. 3 
and Hensel’s lemma yields 


re cola lc Te ode aa 


1 ET” 


1 Ean” + {mter o 


Case 2. v=e: The same argument applies if d(L) %—1. If 
d(L) =— 1, then d(K) s=—1, and the result follows from the result on 
maximal lattices [11]. 


15. Congruence of lattices. Although we will not have occasion to 
refer to it in this paper (in view of the sharper results at our disposal for 
lattices of unit determinant) we mention here a useful application ‘of | 
Section 14 to lattices of arbitrary determinant. It follows from Lemma 14. 4 
that if L =K (mod +"), then L = K; this is also true for 1-dimensional 
lattices. Hence we obtain by induction the following result of Durfee 
[3, Theorem 2]: > 


THEOREM 15.1. If L and K are lattices in the same space and of least 
divisor | a” |, then L = K if Ls K (mod xem), 
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16. Four-dimensional lattices. Having completed the two-dimensional 
case, we now concentrate on the four-dimensional improper case. We con- 
tinue to use the same notation for v. First some lemmas: 


LEMMA 16.1. If X and Y are orthogonal vectors in the integral lattice 
L and if X? == [a], Y? = [2%], q+ p being odd and q < p, then there is a 
unit a and a Be (ri?) -p such that (aX + BY)* = a? + {at}, 


Proof. By Lemma 4.1 there is an @ such that (aX)? = m? -+ {7}. 
Suppose that we have found g and £ such that (aX + BY)? =a? -+ ex” with the 
greatest possible +: to prove that r = 2e + q. Let us assume that r < 2e + q; 
we will establish a contradiction by producing a new « and 8 with a bigger +. 
Case 1: r-+- is even: By Lemma 4.1 there is a unit A such that 
A? n" PX? x er" (moda). Then ((a + Ail?) -X + BY)? = a? + {r}, 
by choice of A and since | 2aAai-7)- X? | < | at |, r being less than p + 2e. 
This denies the maximality of r. Case 2: r-+q is even. This follows in 
the same way as Case 1. Q. E. D. 


LEMMA 16.2. Under the same assumptions as Lemma 16.1, there exists 
aunt Band an integer a such that (aX + BY)? == trt + {r01}, provided 
that Y° == Gyr? +- {xP} where a, is a unit. 


Proof. Similar to proof of Lemma 16. 1. 


A. special change of basis. Let L = (0X, + 0X2) @ (0X; -+ 0X4) be 
an improper totally integral lattice of unit determinant. Consider the 
following changes of basis in which | e| =1 and ago: 


L = OX, -+ 0X2 -+ 0 (eX; + a£) + 0X, = (0Y, + oY.) O (0Y; 0Y.) 


where F, == X, -- AY; + BY; Yo = Xo + A'Y, + B'Y i; Fo = e + gA; 
F, = X,, the (integers) A, A’, B, B’, being determined by Lemma 2.2. We 
denote this change of basis from (1;) to (1’;) by the symbol op( X; > eX; + aX.) 
and write Y,;==op(24;,); this symbol is defined for any unit e and for any 
integer œ; in fact we can make preliminary estimates on the magnitudes of 
the A’s and B’s by solving the equations of Lemma 2.2 to obtain 


| Aj|=|a XX] 3 | Bila Z?! 





(16. 1) 
ejeje |; [Bl =fal. 


Observe that op(X,) -op(X.) is a unit. 


Definition 16.1. A two-dimensional lattice is a null lattice if it has a 
basis L == oé, + DÉ» for which 7 = 0 = Ea? and & è Eo == J, 
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Notation. If L is any totally integral lattice of unit determinant, 
dim L È 3, N(L) = (m) -0, OSS v Se, we define p == min ord X2, the mini- 
mum being over all XY in L having the property ord X? + v is odd, provided 
that the » obtained exists and is less than e; otherwise take u = e. When 
there is any risk of misunderstanding we will write »(Z) for m. Note that 
if u + v is even, then u must be e. 


Lemma 16.3. There is a decomposition L = LI, @ L, for L such that 


(16.2) ie oe ] as and L, = G Em 


im which (1) Lı is null and y Èe 4- 1 when p+ v is even; (2) y Z p when 
p+ y ws odd. 


Proof. There is a basis L= (oé, + of). Ð (og + 0&4) in which (by 
Lemmas 4.3, 2.2) 


(16. 3) &* means [7”] ; é i E kannan l; and É € {x}. 


The second component can then be made to take the form &? == [a]; 
é & == 1; & e (w*)-o in virtue of Lemma 14.1. Of all minimal bases (é) 
satisfying the equations (16.38) and having ée (r#)-0o,: choose one for 
which Aà is greatest (possibly œ). Then A= yw. For if not, A+ v would 
be even by definition of a; then there would be an gago such that 
(és + a: É) © (r^t): 0; apply op(X; —> X; + aX) on this basis with « == a; 
then (op(X,))? = [’] by equations (16.1). This is a contradiction and 
SO À == p. ye 


Case 1. p=e and y+ e is even: Then A > e and (oś; -+- 0€,) is there- 
fore null. Applying Lemma 14.1 to (of, + o2) completes the proof of this 


case. 


Case 2. mw-+ vis odd: We first show how to achieve A== u by suitable 
changes of basis. If (o€ + o&,) represents [r] (e.g. when u == e), we are 
through. If not, then (oé, + of) must represent [r] and we can therefore 
write og, +4 of == 041 + One With y? = [x]; 41° 72 = 13 42? = [x£] In virtue 
of Lemma 14.1. If we apply op(X: —> X; + X2) to the basis (a, m2, s; £4) 
we obtain 


ia t= aor pg) let 


in the basis (£1, £2, Čs, Ča). Of all minimal bases (£) having the form of (16. 4), 
choose one having a maximal 8. Then 8 = 2e—z, for if B < 2e— u then 
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B + » would be odd by Lemma 14. 1, and an application of op(X,— X4 + aX.) 
with a suitable « would lead to a contradiction. 

To show that 8 can be taken equal to 1: by Lemma 16.1 we can find 
a unit e and an integer œ such that (ef; + af,)? = qt + {ae}. Apply 
op(X,—> eX, -+ aX) and call the first component Lo, the second Lı. Then 
Lo has the required form by Lemma 14.1; and L, has the required form by 
Lemma 14, 4. Q. E. D. 


LeEMxMA 16.4. If L and K are lattices in the same metric space and 
have the forms 


ey (gen) OCT canny) 


(16. 5b) eg end o(7 E) 


respectively, and if p+ v is odd, then D= K. 


Proof. Let L have the form (16. 5a) when written in the basis 
L == (0& + o£) ® (of; + 0&). By Lemma 16.1 there is a unit e and an 
æ e (tl#-¥*)) - o guch that (aé, + cés)? =r” + {r}; apply op(Xs—> X; + aX) 
to this basis with these values of « and e. Then (op(X3))? = rt + {et} 
and (op(X1))* = am” + {r°} by equations (16.1). Then applying Lemma 
14. 4 to both of these new components for L shows that L can be written in 
the form (16. 5b). Call this decomposition L == La @ Lı. Let K =K, @ K, 
be a decomposition of K corresponding to the form (16. 5b). In virtue of 
Theorem 14.3 it suffices to prove that d(L,) = d (Ko) and d(L,) = d(K,) 
and this amounts to proving that d(L,) = d(K,) since d(L) =d=d(XK). 

To prove d(L,) s= d(K,) we take S-symbols. Direct calculation shows 
that 1~ 8(L)-S(K) ~ (d(L,) -d(Ki),—aidr). Utilizing the remark 
of Section 8 we see that this can only occur if d(Z,) =d(K,) since 

d(L,)-d(K,) =1-+ {4}. Q. E. D. 


THEOREM 16.5. If L and K are improper 4-dimensional lattices in the 4- 
dimensional metric space V and have the properties: (1) N(L) = (r’)-0 
=N (K); (2) u(L) =u =p(K); (8) corresponding to each Y in K with 
Y? == [7”], there is an X in L such that X? == Y? (mod r”). Then L= K. 


Proof. We can assume that e >v. If p- vis even, then » = e and the 
. result follows from Lemma 16.3 and Corollary 14. 3; we can therefore assume 
that a -+- vis odd. By Lemma 16.3 we can write K = K, @ Ke with 


_ fx Í fan? 1 
(16. 6) K, = ( 1 EN and Ko =( 1 et 
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where a, and @, are units and àZ p. Now apply Lemma 16.3 to L to 
obtain L == Li @ Le Then Lo must represent am” + {r#} since L repre- 
sents this quantity and since N (L) == (7#)-o. Hence we can find bases 
L, == 0& + oé, and Ly = oé, + 0& in which L has the form 


aen a 2d aay) an en) = 


where p= T Sœ. By Lemma 16.2 there is a unit e and an integer œ such 
that (eé; + aé)? = ayn” + {r°}. Apply op(X; — X; + «X1) to the basis 
(£): then (op(X,))? = [r] and (op(X3))? = ar” + {7} by the equations 
(16.1). Now apply Lemma 14. 4 to the resulting second component after 
the application of the above operation and we see that L has a basis (£) in 
which L has the form of equation (16.7) with 8=0. Of all bases (£) having 
this form, choose one in which T is maximal. Then T must be = 2e—y: 
for if T < 2e—», then F + y must be odd, using the argument of equation 
(14.3); in that event, T+ œ would be even and an application of 
op(X,—> X, -+ «X,) would lead to a contradiction. Hence r = 2e — r. 

Hence we have L = L,* @ L," with d(Ly*) = d(K) (mod 4) and hence 
d(L,*) sd(K,) (mod4) and hence d(£,") =—1 (mod4). Now L,” 
represents [a] and a determinantal consideration (compare Remark 14. 1) 
` then shows that L,” = es T a) The proof of the theorem follows 
by applying Lemma 16. 4 to Z,* @ L,” and Ky @ Ky. 


17. The general improper case. We now consider general improper 
lattices L of unit determinant. Most of the labour has already been done 
and we need only show that the general case reduces to the case of dimension 4. 
By Theorem 2.4 we can write L = X, La where the Ly are improper and of 
dimension 2. Then it is possible to write L == L, @ L- Q > M, where L, 
and J. are of dimension 2 and the M, are null lattices: this can be achieved 
by successively applying op(X;—> eX; 4+- «X,;) but we have manipulated with 
this operation often enough to be able to omit the details of the proof. 

Now let Z and K be lattices of arbitrary dimension but otherwise 
satisfying the conditions of Theorem 16.5. Reduce L and K to the forms 
L,@ Le ® SN and K,@® K.@ SN. Then L, @ L, and K, Q K. are in 
isometric spaces [20] and also satisfy the remaining conditions of Theorem 
16.5. Hence they are isometric. Hence Theorem 16.5 holds for lattices of 
arbitrary dimension. 
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18. The proper case. We carry over the notation for u and v: in this 
ease v will always be zero and m can be even only when »==e. The proper 
case will be made to depend on the improper case. We state without proof 
the fact that a proper lattice L = oé, ®- - - P of, with | &?| = 1 can be 
written ) 


(18. 1) Lal O16 Si, 


where L, is proper and of dimension < 2, the M, are all null and L, is of 
att 1 

I {r°} 
the proof is similar to the argument of Lemma 16. 3. 


the form ( ) when p is odd, and is the null lattice when p is even: 


Lemma 18.1. Jf L and K are proper lattices of unit determinant and 
of odd dimension in the same metric space V and if p(L) = p(K), then 
De XK. 


Proof. If p is even the proof is immediate from equation (18.1). 
So assume that » is odd. Again referring to equation (18.1), we can write 
L == 08 © (06 + 08) D D Ny and K == oy ® (om + 073) + 3 Ny. In fact 
we will prove that oé, ® (og. + oé) and on, ® (0y: + 03) are isometric, so 
let us denote these by L and K and assume that dim V — 83. 

Define an integer f equal to e or e + 1, the choice being such that f is 
odd. Construct the new metric space V* = F- ¢ O V with &# = rf and put 
L* =o @ L and K*=of @K. By Theorem 5.1 it suffices to prove 
L* sz K*, 

By Lemma 4. 1 there is an integer æ such that (£s + anr")? e (metet) -o 
where 27 == Re — u -+ f. Write L* = oé, @ (o¢ + of, + 083) where 2; = é 
+ aré. Then the equations of Lemma 2.2 have integral solutions when 
applied to oé; + 02, and we can write L* = oé @ oZ @ (of, + o5) where 
d(og-+ 02) =— 1. Similarly K* = o ® oY @ (oy -+ 0H). Then 
0€ + 02; = On. + 0H; by Theorem 14.3. Let Z? == er and é? == e; then 
a determinantal consideration shows that F? == ebr and m? == «8 where 
è == 1 + {4}. Now the S-symbols of of, @ oZ and on, ® oF must be equal 
and direct computation yields 1 ~ (8,7) and 8 must therefore be a square 
by Section 8. Q. E. D. 


Lemma 18.2. If L and K are of even dimension, then L = K provided 
that (1) u(L) =p(K}); (2) L and K represent the same units. 


Proof. Since L and K are in the same metric space, there is nothing 
to prove when n==2. So assume that n = 4. By a slight modification to 


8 
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equation (18.1) we can write L in the form of equation (18.1) with L, of 
rY 1 . ; ; 
the form ( 1 {x ay where y = a when » is odd and y =e 4+- 1 (and is 


therefore odd) when pu is even. Then 
= mY 1 0O i 
(18. 2) Ls (a) @ (b) ( i a) ey o 5) 


in the basis (€). Then of all bases (y) for K having the form of equation 
(18.3), choose one in which A is maximal: 


a83) Kee (a+[r)@()@(7 penel 5): 


Contention: A==oo. For A must be = yp since oy: + One representa (mod r”) ; 
and A cannot be even, for we could then write om @ ons = 0(m + &2) @ oH, 
with œ so chosen (by Lemma 4.1) that (m + oy)? ==a@ (mod rôt); it te- 
mains to corisider A odd and = y; we could then write om, @ (073 + on) 
== 0(y + a3)  Kı* so that (m + an) =a (mod r^t) by Lemmas 4.1 
and 2.1 and it is easy to verify that p (on; + oy.) —=»(K,*) and hence 
(equation 18.1) that on. @ K,* could be written in a basis having the form 
Y 
[1] e(7 í ae Hence A must be œ in the basis (y). Then we can 
T 
apply Lemma 18.1 to of +- © -+ oén and on, +--+ +-+ on Hence L= K. 
Q. E. D. 


19. Piecing together Section 17, Lemma 18.1 and Lemma 18. 2 proves 


THEOREM. 19.1. If L and K are totally integral lattices of unit deter- 
minant in the same metric space V, then L is isometric to K provided that 
L and K represent the same numbers. 


20. Appendix. We have constantly used the invariants of [20, Satz 17]; 
these were shown by Witt to hold over any field in which every form of five 
or more variables is a zero form; e.g. over a local field with finite residue 
class field; compare also the result of Kaplansky. We now prove that the 
latter property is also true for a local field having a perfect residue class field 
of characteristic 2. 


5 
Proof. Let I= X am? be given in diagonal form. By considering 
1 


q'i if necessary, we can assume that at least three of the a; are units and 
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that the remaining two (a, and as say) are either units or primes. Construct 
a metric space V and a lattice L in V corresponding to L: D 08, ®° +: @ 06s. 
If |a;| = 1 all i, the result follows from equation (18.1). If | a,|—|-7|, 
by applying equation (18.1) to oé, ® of @ és, we can write 


(20. 1) L = 0m. B (On + Ons ) P ons, D Oys 


with |m? |= 1; m'g = l; qe", ye (r)'0; and |y? |=] r|. Of all 
bases (n) having the form of equation (20.1), choose one in which | 7° | is 
minimal. Then it follows from the fact that ord y,?==0 and ord n? = 1 
and from Lemma 2. 2, that y: = 0. Q. E. D. 

Note that the proof just given (which rests on equation 18.1) depends 
solely on the operation op(X;— X; + aX;) and the fact that the residue 
class field is perfect and of characteristic 2. 
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AUTOMORPHISMS OF FINITE FACTORS.* 


By I. M. SINGER. 


1. Introduction and notation. Let © be a countable group of point 
measure preserving transformations on a-non-atomic separable measure space 
(X,F,), where X is the underlying space, F the o-Boolean algebra of 
measurable sets and u the measure. If ee X and ge, zg will denote the 
action of © on X; and if # is any subset of X, Hg=[2g;ceH]. Assume 
that (1.1) p(X) =1. (1.2) if He F, „(E) 0, and g is not the identity 
of Œ, then there exists a subset Fe F3 F C E, p(F) Æ 0, and u(F A Fg) <0. 
(1.3) © acts ergodically on (X, F, u); ie, if He F and (EAEg) =0 
for all ge Œ, then a(E) =0 or p(#) 1. (A denotes the symmeric dif- 
ference; this second condition means that an element of ©, not the identity, 
is not the identity on any piece of X of positive measure.) 

Associated with this action of G on (X,F,»), F. J. Murray and J. von 
Neumann ([7] pp. 192-209) constructed a finite factor as follows: Let 
2l = [set of all complex valued functions é on G@ X X3 for each ge G, 
éo(2) = (9,2) e Le(X, F, p) and I | éo(2) l? <o, where ||la is the La 


norm on (X, F, p).] Itis not hard to see that & is a separable Hilbert space, 


the inner product (£, y) of two functions é and y being $, f E(g, Yal g, v)dp. 
ge% X 


In fact, Y == L.(X X G) where the measure on X X G is the product of u 

aud Haar measure on ©. Let B = [Ee Y; &(g, x)= 0 except for a finite 

number of ge Œ, and for each g, €(g,2) is a bounded measurable function 

on X]. The following convolution-like product can be defined for ne # 

and eB: vé(g,2) = 29 (h, eyé(gh4,cvh*), and ée H. If y has the 
€ 


property that | né] < & | é]| for all £B, then y can be extended to be a 
bounded operator Ly on &. The set £ of such Zy is a finite factor; more- 
over, Laprasa == AiL, + Qaba; Ln = Lg Lin, and (Lin)* == Lot where 7*(g, £) 
== 7(g*, sg). Similarly, one can define the algebra of bounded right 
multiplications R where Rye R if | Ryé | —|& | SK | él,éeB. R and 
¥ are the commutants of one another; also the set B, of all bounded elements 
on the left equals the set of all bounded elements on the right, and the map 
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I~e— Re of Æ into R is an anti-isomorphism of these two *-algebras. All 
these facts are proved in ([1] pp. 192-209). 

From a different point of view [1], the algebraic system consisting of 
together with multiplication of its elements (wherever the product makes 
sense and lies in &#) forms a simple H-system with identity. For the con- 
nections between these two viewpoints and other descriptions of this algebra 
see [2], [3], and [10]. Since both points of view have advantages, we will 
pass from one to the other freely. For us, then, 9f will denote the Hilbert 
space together with the above defined multiplication and adjoint. 

Let G@ = [te #;é(9, 2) ==0, ge]. @ is a maximal abelian sub- 
algebra of the H-system 9 identifiable with the H-system L.(X, F, p) under 
pointwise multiplication; @ N 8, can be identified with the set of essentially 
bounded measurable functions on (X,F,y). These identifications are made 
via the mapping: é— é(e,z). Conversely, if a(7) is a bounded measurable 
function, let é be that element of Q 3 &(e, x) = a(x); let Lq = {Le} and 
let Rq = {Re}. To make the notation less cumbersome when there is little 
chance for confusion, we will identify é and the function a(z). The 
restriction of the anti-isomorphism of ¥ onto R is an isomorphism of Yq 
onto Raq since they are abelian. 

In this paper, we analyze the group © of those automorphisms of the 
H-system # sending Q into @. Since the entire H-system Y was constructed 
out of the action of © on X, i.e, © on Cl (= L2(X)), one would expect 
that a description of © can be given entirely in terms of this action; in fact, 
we do succeed in describing © in terms of the subgroup © of the entire 
group of measure preserving transformations of (X,F,y). Questions about | 
© can be reduced to questions directly concerned with measure preserving 
transformations. We can answer some of these questions, but not others. 


2. Preliminary lemmas. We devote this section to a series of compu- 
tational lemmas showing what various operators on 9 look like. 

Since & is, as a Hilbert space, isomorphic to a countable direct sum 
(indexed by elements of ©) of L.(X, F, p), any bounded operator T on & 
can be decomposed into an infinite matrix {Tyn}, g, he ©, where Tyn is 
a bounded operator on Jy (X,F,y), and (Tẹ)(g, £) = 2 (Zonën) (x). 

he 


(Remember that & is that element of L.(X, F, p) 3 é&n(£) = &(h,v).) One can 
easily check that if S ~ {8,,} and T ~ {Tra} then 


a8 + BT ~ {08an + PTa) and 8T~{¥SoxT na} 


this last sum converging in the strong operator topology. We now compute 
the matrices corresponding to several bounded operators. 
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2.1 Lemma. If &eG@ Bi, then &n(g, £) = Leoly)(g, s) = a(z)y(g, £) 
and Le~ {Tx} where Ty,—=0 if gh and Ty, for any ge & is multi- 
plication by the function a(x) on La(X, F, p). Also n&(g,%) == Reon) (9, £) 
= a(tg*)y(g,2) and Re~ {Tn} where Tyn =0 tf gh and Ty, 1s 
multiplication by the function a(ag*) on La(X, F, p). 

Proof. The lemma follows directly from the definition of multiplication 
and the definition of &. 

If re% is a unitary element (r*r—7r*==J), then it leads to the 
inner automorphism J, where J;(y) = tyr”. We are interested in those J; 
leaving Ĝ invariant. 


2.2 Lumma. Let Ep = |zeX;rt(g, £) 0]. A necessary and sufi- 
cient condition that r be a unitary element 37+Ar* = Q is that the E; satisfy 
the following conditions: 


@) a UBT) = 
(ii) if gh, p(B N By") =0 
(iii) if gh, p(E,’g? n Erh) —0 
(iv) >| t(h, z)|? =1 a.e. on X; and |7r(g,2)| =1, ve Ey. 


Proof. Suppose r is unitary. Then rr“ == I so that 
D7 (h, x)r* (gh, th) = Sr(h, x)r (hg, g=) = 0 
he® he® 
a.e. if ge and 2 r(h, x) |?==1 a.e., proving the first part of (iv). 
he® | 


Since r@ — Qr, no matter what bounded measurable function a(x) we 
choose, there exists a similar function b(2) 37& == ér. This means 


TŠ (9, T) iii a(xg*)r(g, x) = b(s)r(g, v) = ér 


(from 2. 1); that is a(ag"t) = b (v) a. e. for ve H,”. Hence a(ag*) = a(sh™) 
for almost all ze E; N Er, and all bounded measurable functions a(z).. 
We now show that p(B N Enr) =0 if gsh. For otherwise, by (1.2), 
there exists a set F C E, O Er 3p(F A Fgh") 40, so that p(F N (Fg7h)’) 
0. Let a(x) be the characteristic function of the set Fg. weF if and 
only if age Fg if and only if a(ag*) 0. On the other hand a(#h+) = 1 
if and only if æ e Fgh; this means a (£g) = 154 a (sh) if æ e F A (Fg th)’. 
But FN (F¢gth)’ C F C Ep £,7, a contradiction. 

Since 2 t(h, x)|? =1 a.e. and (ii) holds, (i) and the second part 


of (iv) follow immediately. 
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For almost all we X, (i) and (ii) imply v lies in exactly one £#,7. 
Then, if g ~ e, the first equation in this proof says 0 = € r(h, «)7(hg™, zg) 
h 


a.e. Thus for almost all we H,7, 0O—7(k,2)7T(kg ,7g") ae, ie, 
p(Er N Begatg) =0 if ge. Let h kg? and let p( #7 O Er hk) = 0. 
Since & is measure preserving, u(EpTkt N Eph) =0 bh. . 
Suppose now that r satisfies the conditions (i)-(iv). Condition (iv) says 
essentially that arn (x) defines a bounded measurable function a(x) of 
€ 


absolute value 1 a.e. We can write + = érı, where tı (g, £) = e(£) and eg 
is the characteristic function of the set E7. 

Since @ is of absolute value 1, & is unitary. é leaves @ invariant, so 
we need deal only with rı. It is not hard to show that 7, is unitary. We 
show that if b(x) is bounded measurable, 7,é°7,* £ Q. 


(mé) (g, 2) = E r: E (h, 7 (hg, 2g) 
= 2b (sh) TI (ha)7 (hg, vgt) = 25 (zh) Cp (x) Chg (£g) f 


But if g Że, En” N Eryx" is empty from (iii). Since e,(x)eng+(xg-) is 
just the characteristic function of the set £37 N LngaTg, we obtain ré'r*(g, h) 
= 0 a.e. if g Æe and rr” (e, 7) = X, b ( ah") en (2). 

h | 


2.8 COROLLARY. If r is a unitary element of 94.37Ar* =Q then 
7 = Ér, where a(x) is a measurable function of absolute value 1 on X, and 
where 7,(g,v) =e,(x) the characteristic functions of sets E; satisfying 
(i)-(iii) above. This decomposition is unique. Moreover, the automorphism 
J, on the H-system Ĝ is the same as that induced by the following point 
measure preserving transformation J,’ defined a.e. If ve E,tg, then 
xd 7! = xg. 

Proof. All but the last statement follows from the previous proof. 
Suppose now b(xz) is the characteristic function of a set F. Then by a 
previous formula, ré°7* — é where d(x) = > b(ah*)en(a), i.e., d(x) is the 

h 


characteristic function of the set J) Ph N #,7. This is exactly what J,’ does 
k 
to F', i.e., decomposes F into |] F N £,7h and sends each F AO Eh into 
h 


(FO Erh>)h = Fh N Er. 
The next lemma and corollary are contained in Lemma 2, p. 315 of 
Dixmier’s paper [2]. We include the proofs for the sake of completeness. 


2.4 Lemma. Let T be an operator on the Hilbert space Y which 
commutes with both Lq and Rq. Then T ~ {Tg} where Ton = 0 if g Ah 
and each Tag ts multiplication by a bounded measurable function ty(x). 
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Proof. If a(x) is bounded measurable, T(y) (g, £) = ET (n) (9, 2) ; 
> Tonla) -n(h, v)) = a(e) BT onn(h, x). I£ we choose y so that (h, x) 
h h 


= 0 except when =W, and y(h’,x) = 0(«), we have Tow (a(x)b(s)) 
== 0(2) Tn (b(x)), i.e, Toy commutes with all multiplications by bounded 
measurable functions and hence is multiplication by one, tg,» (Œ), itself. 


Also T'(né*) (g, £) = T (n) (9, 2) ; 
F tyn(2)a(ah*)n(hy 2) =a (ag) F ton (2)n(0, 2). 
If we chose 7 as above, 
taw (x)a(xh'™)b(&) = (2g) ton (£)b (2), 


for all a(x), b(£); 9,h’c®. Hence tga(x)(a(rh) —a(ag")) =0. If 
h z£ g, and F = [z; tg a£) 40] then for all functions afs), a(ah-*) = a(g), 
ve F. As before (in the proof of (2.1)), condition (1.2) implies (F) = 0. 


2.5 COROLLARY. Lq U Ra, the weakly closed algebra generated by 
Lq and Rq is a maximal abelian sub-algebra of all bounded operators.* 


Proof. Lemma 2.4 shows that the commutant (Lq U Ray is abelian 
and hence (Lq U Ray S (£a U ka)” = La U Ra. On the other hand 
La U Raq is abelian, so La U Ra (LaU Ray. 


2.6 Lemma. Let up ge@ be the element 3u,(h, £) =0 if hg, 
ug(g, £) = 1, ce X. Then ugun = Ung, Ug” = ug A is generated by Q 
and {ug}, ge ®. For any function, a(x), Ugélug* = £, where b (x) — a(g). 


3. The group of automorphisms leaving each element @ fixed. If 
S eG, then 8 restricted to @ is an automorphism of the abelian H-system @ 
and is induced by a measure preserving transformation 8’ on (X, F, p). 
If f is the characteristic function of the set F, and fS’ of FS’ then 
SI (E) == éS. The mapping ¢: 8 —> 8’ is a homomorphism of © into the 
group ‘Yt of all measure preserving transformations on (X,F,p) for: 
(TE) (E) = S(T) — éT S, We denote the image of ¢ by © and the 
kernel of by ®. Se if and only if §’ is the identity transformation, if 
and only if S(é) = & for all functions a(x). In this section we analyze &. 


1 More general H-systems with maximal abelian algebras Q 3 £ au R q are maxi- 
mal abelian in the set of all operators have been considered by Ambrose ([2], pp. 45-46), 
and will be the topic of investigation with the author in a forthcoming joint paper. 
The procedure in Section 5 of this paper was suggested by some general results in our 
joint paper. 
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3.1 THEOREM. Se if and only if S~ {Sgr}, where Kgn =0 if 
g Æ h and Kgg = multiplication by functions s(x) satisfying 


(i) |s(z)|=1 a.e. (ii) Sng(w) = Sn(£g 1) Sp (2) a. e. 


Proof. If Se, S(éé) = SENS) = £25(n). Also S(né*) = SIE) 
= 9(»)&* for any bounded measurable function a(x). Hence Se (qU Ray. 
By 2.4, {Sgn} is diagonal and Sy, is multiplication by a function s,(z). 
Since § is unitary, S* = S' and therefore Sy g“ == Sg g> implying 5,(z2) 
== $,(@)-1. This proves (i). As for (11), S (ugn) = S (Unrtg) = S (un) S (tg) 
MEADS Sgptlgyn = SpUpSgtlg == SgUnSgUn ugn Since wUpSgttn™ ==§, where S(s) 
== S (ht) we get So,(2) == 8,(v)8,(ah). 

Conversely, if S is a diagonal matrix of the given type satisfying (i), 
it is a unitary operator in ®, leaving each element of @ fixed. (ii) implies 
(ugun) = S (ug) S (ur) and moreover S(éu,) = &S (ug) = 5 (£) S (uy). 
Hence S is an automorphism on @ and on all of Y because it is unitary. 


8.2 THEOREM.? Let X be the set of all inner automorphisms of H. 
Then XN R= [SeR;s (x) = a(z)a(cg*) for some a(x) a measurable 
function of absolute value 1]. 


Proof. If Se%S, S(y) == ryr* for some unitary re NX. If Se also, 
r commutes with @ and hence lies in @. Thus r= & and so | a(z)| = 1, 
weX, Also S(tg) = Stty == EU? = a(x) a(xg*) uy. 


3.3 THEOREM. © is a semidirect product of R and a subgroup ©, 
consisting of all S, e © satisfying the condition P: 8, send ug into tg 3 T,(h, £) 
always consist of characteristic functions of sets. 


Proof. Tf SeG, 
Q = S (Q) = S (uggs) = 8 (tg) S (A) S (tg) * = 8 (w) AS (tg). 


Also § (ug) is unitary since § preserves adjoints. Hence S(u,) is a unitary 
element whose corresponding inner automorphism leaves @ invariant. By 
2. 8, S (ug) = &*7,, Ag and ry satisfying the conditions of 2.38. Next note that 


BngThg = S (Ung) = 8 (Ugttn ) == gT gAhnTh == lg (Toantg") Torr == brgtn 


2The theorems above can most neatly be described in terms of the cohomology 
theory of groups. For details, see [4]. Let © denote the group of all measurable 
functions of absolute value 1 on 4. The group & acts on © by virtue of its action on X, 
i.e, if o(s) e€, ce {æ} = ec(ag"). In terms of this action Z, = H,=circle group 
because © acts ergodically on X and the constants are the only invariant elements 
Z, = 8, By = JAR and H, = K/JOR are the statements (3.1) and (3.2). 
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where b(z) == a,(x)G,(#) and G(x) is the image of an(s) under the auto- 
morphism of @ due to ry. The uniqueness of the decomposition in 2.3 will 
show that Trg == rgra if we can show that ry7,(k, x) is the characteristic func- 
tion of some set F. Suppose r,(k, x) == ep(£) and 7,(k, £) —f,(v), where 
é,(z) and f(x) are characteristic functions of the sets #,7" and H,7, the 
notation being that of 2.3. Then 


tytn (k, £) = 2 roll, t) tn (kl, g) = 2 €1(2) fia (ar) 


which equals the characteristic function of the set Us 7901) Byyatl = F 
because Æ” are disjoint. 

Let S, be the following operator on X : (Sin) (g, £) == > S(&") ry where 
no(@) =7(g, £). In other words n = > &u, and 8, has thie same effect on 
Q as § does, but sends ug into ry. We daim that 8, is an automorphism of 2. 
For, if g Æ h, 

0 = (Cug, Cun) = (S (Cug), S(Aun)) = (S(A)S (uy), SCA) 8 (un) ) 

== (Ler, Afr) = (Arg, Arn). 
Thus the elements in the sum for S, (y) are orthogonal and 


(Sin, Siv) =à (E (E1) To 8 (679) => (S (E0), S(é"") ) 
= 2 (é™, 677) = (x, v) 


i.e, , is unitary. 

8, preserves multiplication: 

Dı (E UEUn) = Da (EPugh Ug-rting) == K (EU yb Ug2) Trg 

= 8 (E) E (199 (Erg) Eron = S (€) 795 (E) ry = Ba (Eug) 81 (Eu). 

Since elements of the form éug generate X, and since S, is a unitary operator, 
N, preserves multiplication. To show §, preserves adjoints, it suffices to show 
it does so on a set of generators. It does for @, since S does. It does on 
ug, g e Œ for it preserves inverses, 

We complete the proof by showing that ©, is Indeed a group. Suppose 
Sı and T,e6, and Syu,—-7, where ro(h, £) == e,%(x) the characteristic 
function of the set £,9. Similarly, Tu, = vg where vy(h,x) = fas (£), the 
characteristic function of the set #19. Then 


TS: (ug) mos Tı (ro) E T(> Enun ) noe > T's (22) vn 
h h 


= 2 T (e9) fiur = = (2 En? fx") Ux, 


7 h 
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where Tife) = 6,9; and 6,7 are characteristic functions of sets #9 which 

are disjoint over the index % for each ge @ because T, is an automorphism 

and the Æ,’ enjoy this property also. We must show that € é,°f;," is a charac- 
: h t 


teristic function for each g, ke ©. In fact it is the characteristic function 
of the set U (E9 N F,") since the F? are disjoint for fixed ge ©. 
F3 5 


3.4 COROLLARY. Let ga =N I and 36e, =X NGS, Then S/S is 
the semidirect product of two groups & and ©, isomorphic respectively to 
R/ SR and ©./ Ser 


Proof. 2.83 shows that % is the semidirect product of Xa and Xe.. 
Let & be the image of R in G/S and G, the image of G,. Then @ is 
normal and & N ©, is the identity element of 6/S. For if KX == 8,9, then 
‘there exists a J e 83 J —dyJo", J1 £ Sq and J.e Se, and KJ, = Sida But 
KJ, £ ©, and SJ: £ ©, so that KJ, =L; Ke; KX = 3. We have shown 
that S/S is the semidirect product of Ñ and G,. But & = QR- S/S = P/Se 
by the first isomorphism theorem; similarly GS, = 6 -8/§ = ©,/Ne,. 


4, Some examples. 


4.1 LEMMA. Suppose © is a cyclic group with generator g. Let 
B= [the group of all measurable functions on X with absolute value 1 
with pointwise multiplication] and let Y == [all alx) eB; als) = b(ag")b(2) 
for some b(x) e 8]. Then R = and Sa = Y. 


Proof. Since Œ is ergodic, © is infinite cyclic. By 3.1, ® is isomorphic 
with the set of all mappings of Œ into 8 3 Sre (£) = s,(vk")s,(2), h, ke G, - 
the mapping given by g—s,(xv). Let s (z) = sgp(Tz), n=0,+1,°°-°. 
The map is then completely determined by s(x) for Snu (£) = 8,(@g*) 5, (2) 
which means snu (£) = Il s,(ag-™). Conversely, if s e 8, let Snu (2) == Il s(ag™) 

=0 m=0 
and we must show that g” —> s,(#) will satisfy s,,(cg-")S,(@) = Snim(@). By 
m n min 
substitution Sm(gg*)sa (£) = II s (gg) IJ s(ag4) =I] s(eg-*) = Snim(). 
. 4=0 g=0 4=0 
This is a typical cohomology argument. By 3.2 and the above, Ye = 9. 

Let (X, F, u) be the measure space of a compact separable abelian group 
with » Haar measure. Let g be a group element of Y3{g"}, n=0,+1, 
+2,--- is dense in X. Then right multiplication by g”? is an ergodic 
transformation. ([6], p. 348; this paper also shows that we could use any 
(X,F,») and g, providing g is an ergodic transformation with pure point 
‘spectrum. ) 
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4.2 THEOREM. Let yeX*, the character group of X. If xo ts of 
infinite order, then xo £ Y, and therefore gives rise to an outer automorphism 
of H. In particular, if X is connected, R/S contains a subgroup isomorphic 
to X™. 


Proof. Suppose there exists b(@) © Z236(@)xo(w) = b(ag"). Let b 


have the Fourier series L, expansion Sj «xx. The previous equality shows 
Xex 


D, axxyo = D axx (g) x = Dd &xxXXo(g)xxo By the uniqueness of the expansion, 

x x 

Me = Aaxexxo(g) amd | ox | = | axx | = | axx | = > + < = | axe |. Tf xo is infi- 

nite cyclic, this last shows that $; | ax |? ==œ unless all x= 0. Since b is 
x 


bounded measurable and not the 0 function, we have a contradiction. Hence 


xo £ D. 


If X is connected, no yo € X*, but the identity has finite order for the 
range would then be disconnected. Since multiplication of characters is the 
same as pointwise multiplication, XY* S 8 and X* N 9 == identity. Hence 
X is naturally isomorphic to a subgroup of 8/9 = R/S_g. The example just 
given exhibits lots of outer automorphisms. 


4.3 THEOREM. Let X = circle group, p == Haar measure, g an irra- 
tional rotation. Then a(x) == (e#*—p)/(1— ep) is in B but not in 9, 
for all |p| <1. 


Proof. Since | e7 — p/1— etr | = | eë || 1— erp |/| 1 — etep | = 1, 
a(sz)e 8. Suppose there exists a function b(2) 3 alx)b(s) == b(z — g). Then 
b (x) (6 — p) = (1 — ep) b(xa@—g). If d(x) ~ $ aeie we get 


> (a,ete +. Pa,e-inggine ) nem >, CA ginz a panet”) 
be n 
or 


> Xna (1 -}- pe tn-1)9) etna pane >> An (E79 mb- p) ging. 
7 n 
By the uniqueness of the expansion, 


| tn | = | ana | | 1 petra |/| p et | m= | ana) | wt p |] w p | 


where w = e". An easy computation shows this recursion formula gives 
| anis | = | ana | | w + p |/| wrk p|. Since the factor 


|w + p |/| w + p| > (1 ] p |)/2 > 0, 


> | Unik | Z (1 — | p |3772" ` | Cnt |? == 00 
k=~1 k=~l 
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so that, as before D(z) = 0, a contradiction. (By analogous means, one can 
exhibit many functions in 8 not in 9). However, the author has not succeeded 
in describing 8/9) or those functions in 8 but not in 9) in any reasonable 
fashion.) 

Our next example will be used for another purpose. It is well known 
[9] that, for the factor of all bounded operators, the double commutator of 
any weakly closed self-adjoint subalgebra is the algebra itself. In [5], it is 
shown that for any finite factor, there always exists a subfactor whose double 
relative commutator (relative to the factor) is larger than the subfactor. 
R. V. Kadison conjectured that perhaps a Galois-like theorem was true. 
Namely, if 2, is a subfactor of Y, and Gx, the group of all automorphisms 
leaving each element of N, fixed, then the set of all elements left fixed by 
SK, is exactly ¥,. (The failure of the double commutator theorem amounts 
to saying that using inner automorphisms would not suffice.) The author 
conjectured that perhaps some “reasonable” topology exists, rather than the 
weak one, for which the theorem would hold. Neither is the case as we 
now show. 


4.5 Lemma. Let ©, be a subgroup of ©, and let Hı = [ye X; n(g, 2) 
== 0 if g#G,]. X, is a weakly closed subalgebra of & containing Q and is a 
factor if and only if © is ergodic on X. Let Ry = [Se 8; 8(yn) =q for all 
n€ Mi]. Then 8 ~ {sy(x)} e Q, if and only if s(£) = 1 a.e. for all ge Gi. 


Proof. The map y—> (9,2) =7,(£) is a continuous mapping from 
H to £2(X, F, x) and hence X, is strongly and weakly closed. The other 
statements are easily verified. 


4.6 THEOREM. If ©, ts a normal subgroup of © such that G©/G, ts not 
abelian, and if Œ, acts ergodically on X, then the set of all elements in H 
left fixed by Q, is strictly larger than B,. In particular, if G/G, equals tts 
commutator, R, consists of the identity alone. 


Proof. We first show that Q:, as a group, is isomorphic to (@/@,)*, the 
homomorphisms of @/@®, into the circle group. If S~ {s,(@)}e,, then 
it gives rise to the following mapping xg of G/@, into 3. For any coset G.g, 
we let ys(Gig) = s(x). This is independent of the representative of the 
coset since Sgpg(T) = S%,(ag"*)8,(v) = Sy (£) because sp (£) = 1 a. e, gi eG. 
Since ©, is normal, so (£) = Spg (2) == Sgg, (L) == Sg (291r!) 8p, (L) = 8, (#9177) 
i.e, Sy(£) is invariant under all g, € ®©. But @Œ@, is ergodic so that s(x) 
is a scalar of absolute value 1. Hence ys maps G/@, into the circle group. 
Finally it is a homomorphism; for xg(@.g°@.h) = yg(Gigh) = Sgn (T) 
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= 84(th-*)s,(2) = s4(x)s,(2) = xs(G1g)xs(Gih). Hence xs lies in (G/G,)*. 
If ys is the identity element, then s(x) ==1 a.e. and S=J. The map 
x: S—>xg is a homomorphism because ST ~ {sy(x)ty(w)}. x is onto for, 
given any character yo, define Sy = sp° (x) where s,°(%) = xo(Gig) and then 
x(S.) will equal xo (This is a relative cohomology argument. ) 

Since the circle group is abelian, (G/G,)* = (©/G,/[ ])* where 
[ ] denotes the commutator subgroup of G/G:. If [ ]=G/G,, then 
(G/G,)* == (e) and & consists of the identity alone. More generally, if 
@/@G, is not abelian, it has a commutator. Suppose ge @ is an element 
3 Gig is a commutator and Gg 4 ©. Ifseg,, then ys(Gig)== 1 —s,(z). 
Therefore S (uy) = €%ug = Ug, i. €. Uy is left fixed by 8S. But this g £ ©, and 
hence uy ¢ X. 

We add that if by a “ reasonable topology ” we mean one such that the 
projection map y —> n(x) is continuous from & to L:(X, F, u), then 9, is 
closed in this topology and still does not satisfy the Galois theorem. 

For a specific example of the situation in 4.6, consider the measure 
space (X, F, n) where X is the circle again and » Haar measure. © is the 
group generated by two irrational rotations g and 8 not rationally connected, 
together with the reflection t —> — w. @ is isomorphic to the set of triples 
{(na, mB, = 1)}, n, m = 0, + 1, + 2,- > - in which multiplication is given by 


(na, mB, = 1) (11a, mB, = 1) z ( (n — n)a, (m — Mz) B, =F 1) p 
(na, mB, + 1) (ma, mB, +1) = ((n + n)a, (m +m), Æ 1). 
The isomorphism can be set up by the condition that the triple (na, mB, — 1) 


acts on œ by q(na, mB, — 1) ==—xz—na—mf. One can now check the 
conditions 1.2 and 1.3, to be assured that we do get a finite factor. 
Let ©, = {(na,0,-+1)}, n=0,+1,---. @, is normal and moreover, 


@/G, = {(0, mB, +1)}, m=0,+1,+2,-° +, which is not abelian. 

Finally, is Section 5, the normalizer N of G, as a subgroup of all 
measure preserving transformations takes on importance and we want to 
compute 9t in the special case where © = {g"} n=0,+1,+2,'°-, andg 
is an irrational rotation on the circle. If Ne and NgN-+==g then by 
([6], Cor. 2, p. 847), N is a rotation. If NgN-?=—g" then NRg = gNR 
where KF is the reflection s>-—2. Thus șR is the semidirect product of the 
group of all rotations with the group of order two with generator S. 


5. The subgroup ©,. Since © is a semidirect product of @ and Gy, 
and since ©/R = ©,’ a subgroup of all measure preserving transformations, 
©, = ©,’ and we can view ©, as a group of measure preserving transformations 
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(m.p.t.). In this section we analyze this group, in particular we study its 
relation to the original group ©. 


5.1 THEOREM. A necessary and sufficient condition that a m.p.t. Y 
stem from an automorphism S e ©, is that there exist sets HyYe F, g, he ® 
such that 


(i) p(y N Eis) can 0 for h >i k. 
(i) (UB?) =1. 
(iii) On Ey8’, (S) hY = g. 


Proof. This theorem says that the m.p.t. 8’ will lead to an automorphism 
if and only if for each ge ©, X can be decomposed into disjoint sets #98’ 
on which (8’)*h-1S’ looks like g^. 

Now if Se©,, S induces a measure preserving transformation S’ on 
X 3 8-1(é¢) == E where e and f are the characteristic functions of the sets Æ 
and iS’ respectively. As briefly described at the beginning of Section 3, 
S’ induces an automorphism on the H system D.(X, F, ») which sends a— aw, 
and which agrees with the restriction of 8 to @. So if a(x) e @, S(a) = ap. 
(If 8’ were a point transformation, ag (x) == a(28’).) 

As before let S(u,) = rg so that 7,(h, £) = 6,9, the characteristic func- 
tions of the sets E9. By 2.2, the #9 satisfy (i). We now show they satisfy 
(ii). Let v be a unitary in HsvQvt—Cd. Let J(v) be the inner auto- 
morphism on # due tov. Then J(v)e©. It is easy to check that J(u,)e © 
and (J(u, ))’=g". Since 


(SJ (ttg)) (A) = S(u,hu,*) = 1,8 (A)r = (J (7,7) 8) (0), 


we see that Sg) = (J (tY. By 2. 3, (J (r¢))’ looks like this: If æ e#,9h- 
then @(J(7,))’ = zh, i. e, Ehi gi (8’) 7 == Eh (Jrg) = Er, pointwise 
which was to be proved. 

Conversely, suppose 8’ satisfies the conditions of the theorem, relative to 
the sets F7. 8’, by virtue of being m.p.t., is already an automorphism of @ 
by S(é&) = £. We extend S as follows: S(u,) = rg, where 7,(h, ©) = e° (T); 
S (Eug) = S (E)r and now extend S to be linear on finite linear combinations 
of elements of the form ug. We show S is an automorphism. First, tyr; = Thg. 
For rgrz(k, 2) = È roll, L)ra (kI, at) = 2 rol LM, 2) rn (li, ekl) == fele) 


where Fy = U Frag N Etk since Bias e disjoint for distinct 7. If 


se Fr, then for some l, te Erg and ekUe Er so that skO = 28’g? and 
eh tt 8 = sklh. Therefore sk = a8’g 7h and s eF. So far we 
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have shown that Fy € E. On the other hand, by changing variables back 
again Fy = U(E N Best) and U Pp = UY (U Bar") =X. Hence 
z k l k 


0 == w(X— a Bel — U Fr) 
= pf U (Bi? — F;y)) = 2 (Er — Py) 
and fy = e" a.e. This proves 
TgTh == Thy ADA S (Ugn) == Thg == tytn == K (Uy) S (Un). 


By 2.2, the rg are unitary and (J(7,))(@) © Q since B,2hy* N Ergha™ is 
empty if hi Ah.; that is, by (iii), on Enshi’, hiS’g(S’)* acts like the 
identity, (t= 1,2) so that on the intersection h, acts like he. 

We now show that S (uw, &u,) == S(éu,)S (Eur). Since 


S (EUÉ ety) = D (E° (Ugé Ug" ) Ung) 
= § (é) S (gb ttg*® ) roth == § (é*) ToTg I (tgf tig) TgTh 


it suffices to show that S (u,é°u,*) = 7,8 (E )rg*. But S (ué°u,*) = & where 
c(t) =b (zg (8’)-*), while 7,S(é)r,* = £ where d(x) = b (zg (S) (J (roy). 
We must show that the m.p.t. S'g equals (J(7,))’S’. But we have already 
seen in 2.3, that if ve #,9h", then 2(J(7,))’ = ah. Condition (iii) says 
that if ve Esh, then w&’ = vhS’g* = 2x(J(7,))’S’g*. Hence on Esht, 
Sg == (J (rz) 8". Since |] (Esh) = X, 8’ g = (J (ry) YS’ a. e, which was 
to be proved. i 

By linearity, then, we have shown that S preserves addition and multi- 
plication on a dense subset of S. It also preserves adjoints since S(u,**) 
== (ugi) = Trgi = (ry)* — (S(u,))* and it preserves complex conjugate 
on L.(X, F, x) == Gd. The extension to all of 3 can be made as soon as we 
show that § preserves inner products on linear combinations of ugy. A direct 
computation shows that it suffices to prove that (Cry, ta) = 0 if gh. But 


(rq, Tr) = 2 (a(x) er, 6r") = 2 a(xv) dp = 0 


Ex? N Exh 
if (E O E) 0 when gh. By (ii), on EaD’, (8’) 7h °S = g> and 
on aS, (STRIS == ht so that gt = h> on 


BEIS A Ets = (Eye N By) 8’. 
Hence (E8 N Ert) = 0. 


The theorem just proved has an interesting geometric interpretation, 


9 
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which we are about to describe. No proofs will be given, since the proofs 
would amount to a reshuffling of the statements in the proof of 5.1. We 
introduce a measure m on the product space (X X X, F X F) which will be 
concentrated on the graphs of g, g e ©, i.e., concentrated on the sets of the 
form X9 = | (z, gg), se X]. For any FeF let bo = [| (2,297), cel]. 
Then the measure m will be completely determined by the conditions that m 
be concentrated on X9 and m(E9) = p(E), i.e., the map s — (x, g) is 
measure preserving into, for all g e ©. 

There is a natural isometry of the Hilbert space & onto 
L(X K X,F X F,m) which is given by sending any ye & into the func- 
tion 7 on X X X where y (<, y) =0 if y¥xg" for some ge G; and 
y (x, g>) =n(g,2). (This is well defined, for by (1. 2), (a, sg) = (#,zh*) 
only on an m-set of m-measure 0.) This isometry says little more than the 
fact that X equals 2 D L(X, F, p) as does Lo(X XX, F XF, m). How- 


ever, the important thing in this mapping is that multiplication in ® goes 
over to ordinary matrix multiplication in [.(X X X, F X F,m). By ordinary 
matrix multiplication, we mean y'r (x, y) =$ y (x, z)7’(z,y). We use the 


ordinary sum because, since © is countable, there is at most a countable 
number of values z on which y (x,z) 0. (If © were the group of order n 
generated by the cycle (12: --n) acting on the space X of n elements, the 
above description would lead to the algebra of all n X n matrices.) 

To each m.p.t., 8’ on (X, F, u), we associate a transformation S’ X 8’ on 
(X X X,F XF) which amounts to (a, y)S’ X 8’ = («#8’, yS’) if 8 were a 
point transformation. Then Theorem 5. 1 can be rephrased to say: A necessary 
and sufficient condition a m.p.t. S’ stem from an automorphism S e ©, ts that 
S XS preserve the m-null sets of (X XX,FXF,m). This is to be 
expected since the carrier of m carries all the algebraic structure of the H- 
system. We leave the proof to the reader, but wish to point out that in 
this context, 


(X) X SN AY = [ (y, yh) sy (S) 797’ = yh] 
= [ (y, yh) 5 y e By"). l 
5.2 THEOREM. Let N denote the normalizer of Œ in the group of 
all m.p.t. Then NEG, and if N’eMN, then the associated E9 =X if 
hN’ = N’g* and E, is empty otherwise. If r is a unitary 3J(r)eXzg, 
then t(g, £) =f,(x) and the corresponding 


E = U (Fax N Pegg?) kt = U (Fi N Frigg) t+ 
1 


where f(x) ts the characteristic function of Fg. 
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Proof. The first part of the theorem follows from the definition of 
normalizer. For the second statement, (2.3) says that if re Fag, then 
a(J(r))’=«ag*. Suppose that z e Fresk N Pyagg*k. Then th? e Pyahk* 
and h(I (r) == ch hk == sk>; we Fyag(k*g) 7 and «(J (r))’ = gkg. 
Hence th-*(J,)’ == 2(J(r))’g™ so that æ e E, i. e., 


Bg = J (Piz fÀ Fpagg™’)ke = E. 
k 
However, 


J EF == U (U Pyy-t N Fy-gg™) k = U Fyigg th = A; 


so that (E, — Ff) = 0. The second form for #,% can be obtained by 
making the change of variables from k to l = gk. 

For a complete description of 6,/%6,, it would be nice to know a great 
deal about N N Se, and IU Be, We collect this information below. 


5.38 LEMMA. GOMNA Be, Suppose T = (J(r))eMN Be, and 
r(g,%) =f,(t) as above. If u(Fı) > 0, the subgroup 


Gr! = [ge ©; lgi = Tg] 
is of finite index r, where r & 1/p(Fi). 


Proof. (J (ug) Y = g> shows GEN~NN Be, H T = (J(r))’ then by 
5. 2, the corresponding £19 == [J (Fr O Frmgag)i™. If in addition, T” e% then 
i 


E is empty unless h = (7’)-*gT’ =g. This means F, O Fmgag is empty 
unless 4 = g’ and for each 1, Fı = Fyigsg and therefore m(#,) = m(F'y197). 
If gıt © >, Qs lie in distinct left cosets of Gr’, then gi/lg; A g/lg;, 1547 and 
1,7=1,:-+,8. Therefore the sets ’,,1,, are disjoint. They have the same 
measure and yet p(X) = 1. Hence s & 1/u(F'). 

The lemma shows that for any ge @, g* e Gr! for some n&r. In 
particular if Œ has unique n-th roots, when they exist, (for example if @ is 
free abelian) then lg" == (T’)-1g"T” implies lgbt = (T’)-*gT’ for all ge Œ, 
ie. NN Je, = ©. This is surely the case in the example discussed in 4. 1. 
In this ease, then, G,/Ye, = 61/6, contains N U Ye/Be, as a subgroup. 
By the first isomorphism theorem for groups, this last group is isomorphic 
to N/N N Ye, which becomes N/C. At the end of Section 4, N is computed 
for a special case, and we see that 9t/@ has many elements, i. e., that there 
are many outer automorphisms in ©. 

The author has been unable to decide the quesion: Is RU Ye, = G’,? 
However the following lemma is relevant to this question. 


f 
132 I. M. SINGER. 


5.4 Lemma. If Yee, S~ {Hy} and TeS, T~ {F} then 
YT = (STY ~ {U BEN (Fa (8). 
k 


Proof. The notation in the lemma means that on J/,98’ the transformation 
(S) hS —g* and on FT" the transformation (TO h T == g*. If 
ve E and ve F,9(8’)*, then shig == ggk. Also 2S’ eF,! so that 
eF kT = «8’T’g*. A combination of these two equation gives shg’ T’ 
= vó Tg, so that se G where SY'T == (STY ~ {G8}. We have shown 
that U (E O (F19(8")*)) & Gi. These two sets are in fact equal; for 


U U Ek N (P87) = U (( s Eit) O FeS) = s X N Fp = X. 


If = (Jr) es, and (eM, then Fe =X if k=—(T’) 97’ and 
empty otherwise so that G,9 = Ert, and by 5.2, Erë = (U) (Fi O Fruk). To 
i 


prove that N U Ye, = ©’, then, one must show that given a collection of 

sets {G39} satisfying the conditions in (5.1), one can find a collection of sets 

{Fy} satisfying (2.2)3 Gë =U (Fi N Frak) for some ke G where k 
i 


would equal (7”)-*g7”. We have been unable to prove this or find a counter- 
example, even in the simplest case discussed at the end of Section 4. 


6. Concluding remarks. If the assumption of the ergodicity of Œ is 
relaxed, the H-system obtained will no longer be simple. Nevertheless, it 
should be fairly clear to the expert that, with enough techniques, the construc- 
tions in this paper can still be carried through in that more general context. 
We have not done this; firstly, because it would obscure the basic ideas in 
the paper, and secondly, because the author is primarily interested in simple 
systems. The direct integral decomposition theory has been sufficiently well 
worked out so that almost all questions about general systems reduce to 
questions about simple ones. 


However, there is a generalization of the Murray-von Neumann con- 
struction which we find more interesting. We can view the simple H-system 
X% under discussion as having been obtained by taking a maximal abelian 
self adjoint algebra of all bounded operators on a Hilbert space (in our case 
L.(X, F, u) = Q) together with a countable group of unitaries leaving @ 
invariant (in our case, the unitaries induced by the m-p.t’s geG), and 
performing the original tensor product construction. Clearly @ need not be 
so special. @ could be any algebra, or equivalently, any H-system, and © 
any countable group of automorphisms of @. If enough conditions are put 
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on the action of Œ on Q, the tensor product construction will give simple 
systems, conceivably some new ones. We hope to give a full discussion of 
this situation, particularly as regards automorphisms, in another paper. 


UNIVERSITY OF CALIFORNIA, Los ANGELES. 
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REDUCTION OF ALGEBRAIC VARIETIES WITH RESPECT - 
TO A DISCRETE VALUATION OF THE BASIC FIELD.* 


By Goro SHIMURA. 


In the arithmetic theory of algebraic varieties it is useful to have a 
general theory on “reduction modulo p” of varieties. Here “reduction ” 
means, roughly spoken, the following process: let V be an algebraic variety 
defined over a field k with a discrete valuation, and denote by p the maximal 
ideal of that valuation; then we have an algebraic variety V over the residue 
field x of p defined by the equations for V modulo p; such a variety V may 
be called the variety obtained from the variety V by the reduction modulo p. 
When one tries to construct the general theory of reduction in this sense, 
the first thing to do will be to investigate how the algebraico-geometric prop- 
erties of V behave in the reduction process. The object of this paper is 
concerned with that problem. | 

We shall give a precise definition of the reduction of varieties and the 
reduction of cycles on a variety. In the case when the ambient varieties V 
and V are both absolutely irreducible, we shall show that the reduction of 
cycles on V defines a linear mapping from the group of rational V-cycles 
over k into the group of rational V-cycles over x of the same dimension; and 
shall show that the operations on cycles (the intersection-product, the direct 
product and the algebraic projection) are all preserved by that mapping 
(Section 4). If we consider reduction as specialization, this result may be 
regarded as a specialization-theory of cycles on algebraic varieties, in a certain 
sense. In fact, from this reduction-theory of cycles we can easily obtain a 
more general specialization-theory of cycles (Section 5). The latter will be 
a generalization of the specialization-theory of cycles which has been given by 
T. Matsusaka [4] and P. Samuel [6]. Our theory may be also called a 
“local ” theory of varieties at a divisor p, whereas p is not a usual divisor 
on varieties. We shall also show the following fact: let K be a field with a 
set of infinitely many valuations which satisfies a certain condition (condition 
(I) in Section 6); if V is an absolutely irreducible variety defined over K, 
then for almost all those valuations, it remains absolutely irreducible by the 
reduction process. 


* Received February 15, 1954. 
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M. Deuring has given a reduction-theory of an algebraic function-field 
of one variable (Deuring [1]) and applied it to his theory of complex 
multiplication (Deuring [2]). Our results will supply an algebraico-geo- 
metric method for these theories. 

We proceed in following the method of A. Weil in his book “ Founda- 
tions of algebraic geometry.” t We consider specializations over local domains,’ 
and by extending Weil’s theory to our case, we obtain our results without 
difficulty. As in Weil’s book we shall first deal with affine varieties, and then 
proceed to abstract and projective varieties. 


1. Specialization over an S-domain. We shall call a commutative ring 
with the identity element an S-ring if the set of all non-units forms an ideal. 
An -ring which has no zero-divisor will be called an S-domain. We shall 
call a Noetherian S-ring (or S-domain) a local ring (or local domain). I£ R 
is a local ring and m is the maximal ideal of R, then we have a topology on ft 
by the powers of m. With respect to this topology, R has a completion Rt", 
which is a local ring containing }t as subring and subspace, and in which Rt 
is dense. A valuation ring is an S-domain; and it is a local domain if it is 
discrete or is a field. 


Let N be an S-domain with the quotient field K and the maximal ideal 
m, and K = Ñ/m its residue field. For convenience we consider two “ uni- 
versal domains” K and & which are algebraically closed fields of infinite 
degree of transcendency over K and K, respectively. We call an element of 
K (or R) a quantity of K (or R). Let (x) = (Tı, ++, 2n) be a set of n 
quantities in K and (£) = (&,:- ', én) a set of n quantities in R. We say 
that (£) is a specialization of (x) over R and denote (x) > (£) if the 
natural homomorphism of ft to N/m can be extended to a homomorphism 
of Rs] onto K[é] which maps (x) on (é). It is easy to see that (é) is a 
specialization of (x) over Ñ if and only if for every polynomial F(X) im 
N[X] such that F(x) =-0 we have F(E) — 0 where F(X) is the class of 
F(X) modulo m. As in [WF] we add an infinite element œ both to K and 
& with operations œ~ —0 and 0-1 =œ, and by a generalized quantity of K 
(or &) we understand either a quantity of K (or ®) or œ. So we say that 
a set of generalized quantities (x) in K (or (é) in Q) is finite or infinite 


* Hereafter we shall use the same notations and terminologies as in this book. We 
shall quote this book as [WF]. 

* Such a specialization has been defined in D. G. Northcott [5] and applied to prove 
O. Zariski’s main theorem on birational correspondences. ` 

? The elements of K will be denoted by Latin, those of & by Greek letters. 
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according as none of the z; (or é) is œ or otherwise. Let (s) be a set of n 
generalized quantities in K and (é) a set of n generalized quantities in &; 
we call (é) a specialization of (x) over Q, if there exists a set of n integers 
g = + 1, such that (x) = (a%,-- -,2,) and (&) = (é, > -, én") are 
both finite and (é’) is a specialization of (<) over R; and also denote 
by (z) —> (é). We can easily show that if we have (a) => (2’) and 
(x) (£) then we have (x) (£) and that if we have (z) > (é) 
and (é) => (#) then we have (x) > (#). 

The following theorem is well-known. A proof is given in Weil [7] 
(Theorem 1.) for a more general case. 


THEOREM 1. Let (x) and (y) be two sets of generalized quantities in K. 
Then every specialization (2) ees (£) can be extended to a specialization 
(x,y) = (67). 

This theorem asserts that, for every S-domain $f contained in a field Kı, 
there exists a valuation ring Ñ, with the quotient field K, such that R, D R, 
nı N N — m where m and m, are respectively the maximal ideals of R and K. 

We say that (y) is a specialization of (y) over (£) > (£) if (é x) is 
a specialization of (x,y) over {t. 

Let (€) be a finite specialization of (7) over N. We call the set 
{F (x) /G(x) | G(é) A0} the specialization ring of (£) in K(x), where F(X) 
and G(X) are polynomials in N| X], and G(X) is the class of G(X) modulo 
m.” This set is also an S-domain and will be denoted by [(«) > (é)]. 
If 9 is a local domain, the specialization ring [ (x) “> (€)] is also a local 
domain. 

Let (2) be a set of quantities in K; we say that (x) is finite over R 
if every specialization (€) of (x) over %Ș is finite. The following proposition 
is also well-known (Weil [7], Theorem 2.). 


PROPOSITION 1. A set of quantities (x) = (£1, ``, 8n) is finite over 
N if and only if every one of the x; is integral over R. 


The following two propositions are easily proved. 


PROPOSITION 2. Let (é) be a specialization of (x) over R. If R is 
a valuation ring, then dimx (£) SS dim, (2). 


Proposition 8. Let (x) be a set of n independent variables over K and 
(£) a set of n independent variables over K. If St is a (discrete) valuation 
ring, then [ (x) = (€)] is also a (discrete) valuation ring. 


8’ Hereafter we use the same notation for the class of a polynomial modulo the 
maximal ideal. Also we shall use the notation k for the algebraic closure of a field k. 
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Lemma 1. Let A be an integral domain and (t,,: + -,tn) a set ofn 
independent variables over A. If A is integrally closed, then the polynomial 
demain A[t| is also integrally closed. 


Proof. It is sufficient to prove our lemma in the case n=1. It is 
well-known that an integral domain is integrally closed if and only if it is 
an intersection of valuation rings. (This follows from Theorem 1 and 
Proposition 1.) By this fact, we have a representation of A as an inter- 
section N Ru of valuation rings Re. Denote by K the quotient field of A and 
by Wa the specialization ring [t Meg ty| where ro is an independent variable 
over the residue field of Re. Then, by Proposition 3, Ra is also a valuation 
ring for every œ. It can be easily verified that 


As is well-known K[t] is integrally closed; so that A[t] is integrally closed. 


Proposition 4. Let (t,,---,¢n,) be a set of n independent variables 
over K and (71,'* +57) a set of n quantities in R. If R is an wmtegrally 
closed S-domain, then the specialization ring [(t) 2 (r)] is also integrally 
closed. 


This follows immediately from Lemma 1. 


Proposrrion 5. Let (é) be a finite specialization of (x) over R such 
that the specialization ring © = [ (<) È> (£) ] is integrally closed. If N 
is a (discrete) valuation ring, and if dimg (x) == dimg (£), then © is also 
a (discrete) valuation ring. 


Proof. Let y be a quantity in K (a) which is not in ©. Then, by Pro- 
position 1 and by our assumption, we have y—2->00. If 7 is any finite speciali- 
zation of y over G, then, by Proposition 2, we have 


dim (é, n) < dimz (x, y) = dimy (x) = dimy (é). 


This shows that y is algebraic over K(é). Let ¢ be an independent variable 
over K(x) and r an independent variable over K(é). Put T= [¢—S>7] 
and z == (¢-+-y)". By Proposition 4, © is integrally closed; and it is easy 
to see that z is finite over ©; so that z is contained in ©, and has a uniquely 
determined specialization over t—2+7. This specialization of z must be 0, 
since y —2->o ; this shows that y has the only specialization o over ©. Hence 
y is finite over ©, so that y+ is contained in ©, by Proposition 1. Thus we 
have proved that © is a valuation ring. If ® is discrete, then, by the 
assumption dimz (x) = dimx (é), © is also discrete. 
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Let K’ be any extension of K and let R’ be an S-domain with the quotient 
field K’ and the maximal ideal m’, such that m’N R == m, W DR. When 
we fix a homomorphism of W into & which is an extension of the natural 
mapping of N onto K, we shall say that W is a prolongation of R in K’, 
and call the image of W by that homomorphism the residue field of W. 
Thus, when we speak of a prolongation of an S-domain or a valuation ring, 
it should be remembered that “ prolongation” is a combined conception of 
ring and homomorphism. Also we regard the specialization ring [(2) => (6)] 
with its natural mapping (s) ——> (é) as a prolongation of R. 


Provosirion 6. Let R be a discrete valuation ring and R a prolongation — 
of R in an extension K’ of K. If (£) is a specialization of (x) over R, then 
there exists a generic specialization (x) of (x) over K, such that ($) isa 
specialization of (£) over W. 


Proof. We may assume that (x) and (é) are both finite. Let Y be 
the ideal determined by (x) over the field K. We have a representation of 
the ideal K’2 of K’[X] as an intersection of primary ideals Oj, belonging 
respectively to prime ideals W, For every 1, we have a set of quantities (xf) 
such that R; is the ideal determined by (2) over K’. Then we have 
(x) —2> (2). It is easy to prove that there exists, for every i, a generic 
specialization (2’) of (x) over K such that (x) is a specialization of 
(z) over K’. Hence our proposition is proved if we show that for at 
least one value of 1, (7) has (é) as a specialization over ft’. Assume that 
this is Impossible. Then there exists, for every 1, a polynomial F(X) in 
R’ [|X] such that Fy(2) =0 and that #,(€) 340. Then F;(X) eB; for 
every t; so we can find an integer p such that the polynomial F'(X) = JI F(X)? 

i 


is contained in K’M. As F(X) is contained in 9’[X], we obtain an expression 
F(X) = > b,G,(X) where bpe and G,(X)eRLX]. Since R is a dis- 
po 


crete valuation ring, the finite R-module Nb, +- - -+ Rb, has an Jt-basis 

(c1,* © +, Cr) such that ¢c,,- - >, Cr are linearly independent over K. Expressing 

by in a form b, =È une with u,eM, we have F(X) = > b,G,(X) 
A v 


== D aM (X), where M(X) = SunG,(X) ERX]. Then it follows from 
A A 
F(X) £ K'A that H(X) ¢ YW for every à` Then we have F(é) = 3} &Ay(E) 
A 
= 1); this is a contradiction. 


PROPOSITION 7%. Let 9 be a discrete valuation ring and W a prolonga- 
tion of R in an extension K’ of K. Let (x) be a set of quantities such that 
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K(x) and K’ are linearly disjoint over K, and (£) a finite specialization of 
(x) over R. Then (E) is a specialization of (x) over W; and we have 
[(#) = (€)] = K(2) A [ (2) > (1. 
Proof. Let F(X) be a polynomial in W[X] such that F(s) =0. We 
have an expression F(X) == 3 oH, (X ) where aew, Hy(X) e RX] for 
A= 


every A. By the same procedure as in the proof of Proposition 6, we may 
assume that Cı, '<',Cr are linearly independent over K. Then, by our 
assumption that K’ and K(z) are linearly disjoint over K, the relation 
2 ¢-,H)(v) == F(x) = 0 implies that H(z) = 0 for every 4. Since (£) is 


a specialization of (s) over N, we have F(é) = &Ha (é) = 0; this proves 
A 


the first assertion. Now let y be a quantity in K (æ) N [(x) > (é) ]; then 
we have an expression y == P(x)/Q (x) with P(X) and Q(X) in W[X] and 
(é) 40. Let (b,,- + -,bs) be the set of all coefficients of P and Q; as in 
the proof of Proposition 6, we have an §t-basis di,:--,d, of Rb, +---+ Rb, 
which are linearly independent over K. Then we have expressions P(X) 
== > dF (£), Q(X) = È d,G,(X) where the F,(X) and the G,(X) are in 


R[X]. By our assumption, from the relation X, d (F (£) —yG,(#)) = 0 


follows that F, (£) = yG,(x) for every v. Since Ẹ (E) ~ 0, we have G,(é) 40 
for some v; for that v we have y = F,(z)/G,(x); this proves the second 
assertion. 


Proposition 8. Let K(x) and K(y) be two extensions of K which are 
linearly disjomt over K. If R is a discrete valuation ring, then (£, q) i8 a 
specialization of (x,y) over R, if and only if (£) is a specialization of (x) 
over Jt and (y) is a specialization of (y) over R. 


Proof. We shall prove only the direct part since the converse is obvious. 
We may assume that (é) and (y) are both finite. Put K’ = K(y) and 
W — [(y) > (y)]. We may consider R is a prolongation of R in K’. 
Then our proposition is an immediate consequence of Proposition 7. 


Proposrrion 9. Let R be a discrete valuation ring. For any finitely 
generated extension K’ of K, there esist a finitely generated extension K’ 
of K and a prolongation W of R in K’ which is a discrete valuation ring, 
such that K’ is the residue field of W. 


Proof. Our proposition follows from Proposition 3 if K’ is purely trans- 
cendental over K; so that we have only to prove our proposition in case 
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ij 


where K’ is a simple algebraic extension K(¢) of K. Let F(X) =0 be an 
irreducible equation for é over K; where we may assume that F is the class 
of a polynomial F in R[X] of the same degree as F, modulo m. Let s be a 
root of the equation F(X) =—0 in K, and put K’—K(z). We have a 
discrete valuation ring JV” in K’ with the maximal ideal m’, such that W D R, 
m M %==m. Since the class of z modulo ny satisfies the equation F(X) == 0, 
we have [K’:K] = [W/w :R/m]. It is well-known that [9’/m’: N/m] 
< [K’: K]; so, by our definition of K’, we have [K’:K] = [8%’/m': N/m] 
= [K’:K]. This shows that 8t’/m’ is isomorphic to K’ over K; so our 
proposition is proved. 


2. Multiplicity of a proper specialization. As before, let be an S- 
domain with the quotient field K and the residue field K. We say that (n) 
is an isolated specialization of (y) over R, if whenever we have (y) —2—> (x) 
and (7/)—*> (q), we also have (4) —*> (7’). A finite specialization of (y) 
over R is called a proper specialization of (y) over R if it is isolated and 
algebraic over K. 

Let (y) be a set of algebraic quantities over K and let (y™,-- +, y™) 
be a complete set of conjugates of (y) over K. Let (7) be a specialization of 
(y) over R. If there exists a number yp, such that for every specialization 
(®© +59) of (yM,- - -,y™) over R, the set (y) occurs exactly p times 
among (7), then we call the number p the multiplicity of (n) as a speciali- 
zation of (y) over R. The main object of this section is to show that a 
proper specialization over a certain local domain has a well-defined multiplicity. 


Proposition 10. Let R be an integrally closed S-domain with the 
quotient field K, and (y) a set of algebraic quantities over K. If (y) is 
finite over St, then every specialization of (y) over R is proper and has a 
multiplicity defined above. 


Proof. By Proposition 1 of Section 1, (y) is integral over Q; so that 
every specialization of (y) over R is finite algebraic over K. From this 
follows that every specialization of (y) over St is proper. As for the assertion 
concerned with the multiplicity, first we shall prove it in case where the set 
(y) consists of a single quantity y. Let F(Y) —0 be the irreducible equation 
for y over K with the leading coefficient 1. Then F(Y) is a polynomial con- 
tained in RY] since R is integrally closed. It can be easily verified that 
every specialization of the complete set of conjugates of y coincides with the 
set of all roots of the equation F(Y) —0. This proves our proposition in 
the case when (y) consists of one quantity. To prove the general case we 
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put z = > ty; where (t) is-a set of independent variables over K. Let (r) be 
4 


a set of independent variables over K, and denote by © the specialization 
ring [(t) > (r)]. Then, by Proposition 4, © is also an integrally closed 
S-domain; and it is easy to see that z is finite over ©. If we denote by 
(y,--+,y™) the complete set of conjugates of (y) over K and put 
Zy = > ty, then the set (2:,- - `,Z4) consists of a repetition in a certain 


number of times of the complete set of conjugates of z over K(t). So the 
general case is reduced to the case of one quantity. 

Let R be a local domain such that the completion 9t* of 9t has no 
zero-divisor. We identify the quotient field K of N with a subfield of the 
quotient field Q of N* in the usual manner. The following two propositions | 
are generalizations of Theorem 1 and Theorem 3 of [WF] Chapter ITI, Section 
3. Proofs by the same method as in [WF] have been stated in Northcott [5] 
in a general form. 


Proposition 11. Let R* be a complete local domain with the quotient 
field Q and (y) a set of elements in some field containing Q. If (y) has a 
proper specialization over R*, then (y) is integral over R*; and any two 
specializations of (y) over R* are conjugates of each other over the residue 


field of R*. 


Proposition 12. Let R be a local domain such that the completion R* 
of R has no zero-divisor, (y) a set of generalized quantities which is algebraic 
over K, and (q) a specialization of (y) over R. Let Q be the quotient field 
of R” and Q the algebraic closure of Q. Then there exists an isomorphism 
of K(y) over K into © such that if (y) is the image of (y) we have 


(y) > (a). 


Now we consider specializations over a special type of local domains. 
Let o be a discrete valuation ring with the quotient field k and the maximal 
ideal p, and let x= 0/p be its residue field. Let (a,---,2,) be a set of 
independent variables over k, and denote by R the specialization ring 
[(21 + +, 2n) — (0,---,0)] and by R* its completion. Then * is 
the ring of the formal power-series Ð, au“: + +a, with ag)" in the 
completion o* of o. The complete local domain R* is a regular local ring 
in Krull’s sense * and is integrally closed. 


PROPOSITION 13. Let R* be the completion of the specialization ring 
[(t1,° + +, 2n) ~—> (0,- + +,0)] in the above notations; let Q be the quotient 


‘Krull [3]. 
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field of R* and (y) a set of algebraic elements over Q. If (y) is a proper 
specialization of (y) over R*, then (q) has a multiplicity which is a multiple 


of [x (7) skli 


Proof. By Proposition 11, (y) is integral over R*; hence, by Propo- 
sition 10, every specialization (y) of (y) over R* has a multiplicity. 
Let (y™,:--,y) be a complete set of conjugates of (y) over Q and 
(y®, + +,7®) a specialization of (y,---,y) over R*. By Proposition 
11, the set (7™,- + -,7) consists of conjugates of (7) over x. Everyone 
of conjugates of (y) over « is a specialization of (y) over 9t*; so that it has 
a positive multiplicity as a specialization of (y) over R*. Thus (y,---,7) 
contains all the conjugates of (y) over x; and it is easy to see that all the 
conjugates of (4) occur in (7) in the same multiplicity. Hence our 
proposition is proved when we show that d= [Q(y):Q] is a multiple of 
[x(m):«]. Let (t) be a set of n independent variables over k and (r) a set 
of n independent variables over x. We denote by R, the specialization ring 
[ (t) —— (7) ] and by R,” its completion. By Proposition 3 of Section 1, 
Mt, is a discrete valuation ring. We may regard the completion o* of o as 
a subring of 9t,*. Now we shall define an isomorphic mapping f of R” 
over o* into 3,*. For an element 


A = Day *ayh + + agin RE, 
we define 
f(A) m > ai) Epit ting, ta gu 4 Ent" 


where + is a prime element in o. It is easy to see that this mapping f is 
actually an isomorphic mapping into R,”. Then f is extended to an iso- 
morphism of © into the quotient, field Q, of #,*, and is also extended to an 
isomorphism g of © into G,. We denote by (y’) the image of (y) by g and 
by (y’™,- - -,y’) the image of (y™,---,y). If (£) is a specialization 
of (y’'™) over 91.*, then (£) is a specialization of (y) over R*; hence, by 
Proposition 11, (€) is a conjugate of (q) over x. Now it is well-known that 
[Q:(¢7) :0Q,] is a multiple of [x(r, £):«(7)] since Ri” is a complete dis- 
crete valuation ring; the latter number is clearly equal to [«(y):«], while 
[Q(y):Q] is a sum of several [0,(y’):9,]; this completes our proof. 

The following theorem is an extension of Theorem 4 of [WF] Chapter 
III, Section 4, and is basic for our whole theory. 


THEOREM 2. Let (x) be a set of n independent variables over k and 
(y) a set of algebraic quantities over k(x). Let (£) be a finite specialization 
of (x) over o and denote by R the specialization ring [ (£) -—— (€)]. Tf (y) 
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is a proper specialization of (y) over R, then it has a mulliplicily which is a 
mulliple of [k(é 7): «(€) Ji? 


Proof. We first assume that (€) is contained in x. Then we have a 
set of quantities (a) in o such that (a) ——> (&). Replacing the set (2;) by 
(z;—— a), we may assume that (é) = (0). In that special case, we can 
obtain our theorem by Proposition 12 and Proposition 18, in the same pro- 
cedure as in the proof of Proposition 7 of [WF] Chapter ITI, Section 3. Now 
we shall prove the general case. Let s be the dimension of (é) over «x; if s 
is not 0, we may assume that &,--+,& are independent variables over «x, 
and that (é) is algebraic over «(&,°--,é& ). By Proposition 3 of Section 1, 
the specialization ring [(,---,%) —— (&,---+,&)] is a discrete valuation 
ring; if we denote it by 0,, we have S == [ (Zs; - +, 2n) a (east Gy) 
Hence, it is sufficient to prove our theorem in case where (é) is algebraic 
over x. Suppose that (£) is algebraic over x. By Proposition 9 of Section 1, 
we can find an algebraic extension k’ of k and a valuation ring o° which 
is a prolongation of o im A. such that the residue field x’ of o’ is «(€). 
Let (y. --,y) be the complete set of conjugates of (y) over k(x) and 
(nh, > + +59) a specialization of (y™,---,y) over R. Then by Propo- 
sition 6 of Section 1, there exists a generic specialization (27, 9/%,- + +, y’@) 
of (#7, y%,- > -,y@) such that (e, y ™®, -y 2s (E nO, +5), 
Since k’ is algebraic over k, (s) is a generic specialization of (æ) 








over k’, and is extended to a generic specialization (v, y”%,- - -,7’) of 
(g, y, + -,y) over W. Then (a, y’,- +--+, y’®) is a generic speciali- 
zation of (x, y™,- - +, y) over k and has the specialization (é, 7™,-- +, 7) 
over o’. The set (y”™®,- > +, y’@) is a permutation of (y™,- - -,y) since 
(y™,- + +,y) is the complete set of conjugates of (y) over k(x). There- 
fore, it is sufficient to re that for every specialization (y,- > -, 7) of 
(y,- + -,y@) over (z) —— (£) the set (y) occurs in (n,- < -,y@) in 
the same times u, and that » is a multiple of [x(&m):«(f)]; Now the set 
(y,- > +,y) consists of several complete sets of conjugates of sets (y™) 


over k’ (æ). Since «’ = «(&), we have [«(& n): (£) h = [«’(y): «J; Thus 
what we have to prove is reduced to the case in which our theorem is already 
proved. 

The following three theorems are generalizations of Proposition 10, Propo- 
sition 11 and Theorem 5 in [WF] Chapter ITI, Section 4, and can be proved 
by the same arguments as there. 


* This theorem holds ot any regular local ring R. It can be easily verified that the 
specialization ring [ (2) —2>(£)] in our theorem is a regular local ring. 
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THEOREM 8. Let (x) be a set of independent variables over k, (y) and 
(z) two sets of algebraic quantities over k(x), and (&,7) a finite specialization 
of (a,y) over o. Assume that (y) is a proper specialization, of multiplicity 
p, of (y) over (x) —— (£), and that (z) is finite over (x,y) -—> (é 7). 
Then the specializations (€©) of (z) over (x, y) =— (é, q) are wm a finite 
number; for every o, (y,f°) is a proper specialization of (y,%) over 
(x) —— (é); and if po is the multiplicity of that specialization, we have the 
relation 


È po = plk (z, y,2):k(2,y) I. 


Tuuorem 4. Let (x) and (z) be two sets of independent variables 
over k; let (y) be a set of algebraic quantities over k(x) and (w) a set of 
algebraic quantities over k(z). Assume that k(x, y) and k(z, w) are linearly 
disjoint over k. Let (é,f) be a finite specialization of (x, 2) over o; let (x) 
be a proper specialization of (y), of multiplicity n, over (x) > (£), and let 
(w) be a proper specialization of (w), of multiplicity v, over (z) —— (£). 
Then (y,w) is a proper specialization of (y,w) over (z, z) ——> (£ ¢); and 
the multiplicity of this specialization is equal to py. 


THEOREM 5. Let (x) be a set of independent variables over k and (y) 
a set of m algebraic quantities over k(x). Let (£, q) be a finite specialization 
of (x,y) over o, and assume that there are m polynomials F;(X, Y) in 
o[X, Y], such that Fj(z,y) =0 for 1=j=m and that the determinant 
| OF, /0Y .(é,4)| is not 0. Then (yn) is a proper specialization of (y) over 
(x) —> (£); and its multiplicity is 1. 


PROPOSITION 14. Let (x) be a set of independent variables over k and 
(y) a set of algebraic quantities over k(x). Let (£) be a finite specialization 
of (w) over o and (q) a proper specialization of (y) over (x) —— (£). Then 
the following two conclusions hold. 

(I) Let (x) be a finite specialization of (x) over k such that (£) is a- 
specialization of (x) over o. Then there exists a specialization (2’, y’) of 
(x,y) over k, which has (€,7) as a specialization over o. 


(II) Let (E) be a finite specialization of (x) over o such that (£) is a 
specialization of (E) over x. Then there exists a specialization (€, 7’) of (x,y) 
over o, which has (£, 4) as a specialization over x. 


This is also proved as in Proposition 12 of [WF] Chapter III, Section 4. 


PROPOSITION 15. Let (x) be a set of n quantities of dimension r over k. 
Let the ty (1St+Sr,1sjsn) be rn independent variables over k(x) 
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and the ry (1Sissr,1SjsSn) rn independent variables over «. Put 
d= [ (t) =— (7)], and y= 2a tut; for 1Sixr. If (én) ws a finite 


ae of (2,4) over o’, ne (£) is a proper specialization of (2) 
over (y) — (n). 


Proof. Tt is enough to prove that if (é, 4) is a finite specialization of 
(z, y) over o’ then (é) is algebraic over x(r,7). Let (é,ņ) be a finite 
specialization of (x,y) over o’ and s the dimension of (é) over x. Then by 
Proposition 2 of Section 1, we have s & r. Let (é) be a generic specialization 
of (£) over « such that (£) and (7) are independent over x. Put nj = > tijë 


for 1 Sir. Since (E, r) — (é 7), we have (2,7, 7’) — (é r, n). Now 
by Proposition 24 of [WF] Chapter II, Section 5, (é) is finite over every 
finite specialization of (m's: © *,s) with reference to x(t11,° * *,Tsn). Hence 
(é) is algebraic over x(7,7). 


Proposition 16. Let (x), (y), (4), (7) and vo’ be the same as in 
Proposition 15. Let the s; (lSjsin) be n independenti variables over 
k(tv) and the o (Sjn) n independent variables over x(r). Put 
o” = [ (s) (o) ] and z= sa; Let (pé) be a finite specialization of 

j 


(y,z) over o”. Then Eis a proper specialization of z over (y) “> (q) ; and 
(r) is finile over (y,2)——> (q, ¿). Let (£) be a specialization of (x) over 
(y.z) “> (n,£) such that (E) and (7,0) are independent over x. If h(a) 
is separably generated over k, then we have k(t, s, x) ra s,y,2); and the 
mullipliculy of (€) as a specialization of (x) over y) > (y) is equal to the 
mulliplicily of £ as a specialization of z over (y) =—> (q). 


Proof. By the same method as in the proof of Proposition 24 of [WF] 
Chapter IT, Section 5, we can prove that (x) is finite over (y, 2) —> (x, ¢). 
Let é be a specialization of (a) over (y, z) 2— (y,¢). Then, by Proposition 
15, (é) is algebraic over x(r, 7) ; so that € = X, oj; is algebraic over x«(7, o, 7). 


This shows that every finite specialization ne over (y) 2 > (n) is algebraic 

over x(r,0,7). Hence ¢ is a proper specialization of z over (y) 2—> (q). 

Suppose that k(x) is separably generated over k. Then k(t, x) is separably 

algebraic over k(t, y). Denote by (#,- --,2) the complete set of con- 

jugates of (w) over k(t,y), and put 2 = >) sa, for 1S vS d; then it is 
3 


easy to see that (2,- + -,2@) is the complete set of conjugates of z over 
k(t,s,y). This shows [k(i s, y,z):k(t,s,y)] =d = [k (t;s, £): k(t, s,y)]; 
so we have k(t,s,v) ==<k(t,s,y,z). Let (£) be a specialization of (æ) 


10 
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over (y, = 2» (y,£) such that (é) and (r, o) are independent over x. 
Let (&,- - -,é®) be a specialization of (#,---,2@) over (y) 5 (a): 
We extend this specialization to a specialization 


(2, - -, a, y, 29,-- +, 2@) Ms (E0, - +, ED, g, O - +, O). 
If (£) = (é), then we have £ =: > ojj” = > gj; = ģ. Conversely, if 


£”) == é, then we have (x, y, 2, t, s) te (2, y, 2 0, t, s) ~~» (E, m é T, 0). 
Since (s) is finite over (y, z) > (m ¿), (£0) is finite; so we have 
C= 2 og”. By Proposition 15, (0) is algebraic over x(r,ņ)}; since 


qi == > ryp (E) is also algebraic over «(r, é). By our assumption, (@) is 
a set ‘of independent variables over x(7,&); so that from 2: oj) = 2 oye; 


follows £ =é (1sj<n). Thus we have proved that £0) am £ if and. 
only if (£) == (é). This proves the final assertion of our proposition. 

By Proposition 14 and by Proposition 15, the following theorem can be 
‘proved in the same procedure as in the proof of Proposition 13 in [WF] 
Chapter III, Section 4. 


TuroremM 6. Let (x) and (y) be two sets of quantities, and (&,y) a 
finite specialization of (x,y) over o. Then if (q) is an isolated specialization 
of (y) over (x) —> (£), the dimension of (q) over K($) is at least equal 
to that of (y) over k(x). 


Proposition 17. Let (y) be a set of independent variables over k and 
z an algebraic quantity over k(y). Let F(Y,Z)==0 be an irreducible 
equation for (y,2) over k and assume thai F is a primitwe polynomial in 
of Y,2]. Let £ be a proper specialization of z, of multiplicity 1, over a 
finite specialization (y) —>—> (n). Then we have OF /0Z(n,6) 40; and 
[ (y, 2) + (n, £)] is integrally closed. 

This proposition is a translation of Proposition 19 in [WF] Chapter V, 
‘Section 3 to our case and can be proved by the same argument as there. 


3. Reduction of affine varieties. Let & be a field with a discrete 
valuation, and o be its valuation ring. We denote by p the maximal ideal of o 
and by « the residue field o/p. We fix this field k and the valuation ring 0; 
in the following we shall use these notations k, o, p and « always in this sense; 
and whenever we speak of a prolongation o’ of o we presuppose that o’ is 
also a discrete valuation ring. 

Let S” and ©” be the affine n-spaces defined with respect to the field k 
and x, respectively. First we define the reduction of a variety as a point set. 
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Let U be a bunch ê in S* which is normally algebraic over k. We call 
a bunch attached to a set {(«)| (a) e ©”, (a) —> (a) for some (a) e U} the 
bunch obtained from U by the reduction with respect to p (or o), or the 
veduced bunch, and denote it by C. It may happen that U is an empty set 


even if U is not empty. 


THEOREM 7. Let U be a bunch in S* which is normally algebraic over 
k, and let a be the ideal {F(X)|P(X) co[X], F(a) =0 for every (a) eU} 
in o[ X]. Then, we have 0 == { (a) | (a) e S”, F(a) —0 for every P(X) ea}; 
so that U is a bunch in ©” which is normally algebraic over x. Murthermore 
if k is any eatension of k and o’ is a prolongation of o in k’, then we have 
G == {(a)| (a) e GS, (a) -2> (a) for some (a) © U}. 


Proof. By our definition of U, it is obvious that if (a) eU then 
F(a) =0 for every F(X) ea. Now we express U as the union of prime 
rational cycles U; over k: U =U U: - -U Un. Let (a) be a generic point 
of U; over & for every i; then we have a == Q, N: -> N a, where 


u = {F (X) |F (£) e o[X], F(a) = 0} 


for every i. Suppose that, for every 4, (@) is not a specialization of (a) 

over o. Then there exists, for every 7, a polynomial F(X) in a; such that 

F(a) £0. I£ we put F(X) =] F(X) we have F(X) ea and F(a) 0. 
i 


This proves our first assertion. The second assertion follows from our 
definition of C and Proposition 6 of Section 1. 

By this theorem the reduced bunch U is invariant under the extension 
of the basic field & and the prolongation of o in that extension. ‘This 
property of reduction also holds for reduction of cycles which is to be defined 
later. 


Proposition 18. Let U and V be bunches which are normally algebraic 
over k. Then we have 


i) If U and V are in the same ambient space 8", then we have 
GCUV=T0UV,ONVcCaNY. 

ii) Zf U isin 8S” and V is in 8”, then we have U X V=UXY. 

Proof. The assertion i) is an immediate consequence of our definition. 
Now we shall prove ii). Let W be a finite algebraic extension of k such that 


e From now on we shall identify a bunch with the point set attached to that bunch. 
Also we shall use the term “ prime rational cycle” for the bunch whose components are 
components of that cycle. 
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all the components of U and V are defined over W’. We have representations 
U =|] U, and V =L] V; where U; and V; are varieties defined over k’. 
å j 


Let o’ be a prolongation of o in k’, we consider the reduction with respect to 0’. 
Since U X V = |} U X V, it is sufficient to prove that U; X V; == Ui X V; 


inf 
for every i and 7. This is proved by Proposition 8 of Section 1 and by our 
definition. 


Proposition 19. Let U be a bunch in S" which is normally algebraic 
over k and assume that the components of U are all of dimension r. If Ü 
is not empty, then the components of U are all of dimension r. 


This is an immediate consequence of Theorem 6 of Section 2. 

Let A be a prime rational 8"-cycle over k. Now we shall define a 
rational ©*-cycle p(A) over x which will be called the cycle obtained from 
A by the reduction with respect to p (or o). 


Lemma 2. Let A" be a prime rational 8"-cycle over a field K. Let the 
BX) =$ cy; ASissr) be r linearly independent linear forms in 
j 


K[X], and (v) a set of r independent variables over K; and let L" be the 
variety defined by the set of equations F(X) —uy,=—0 (177). Then, 
if there is a point P in A N L, this point is algebraic over K(v); and ws a 
generic point of A over K ; moreover the intersection product U- L is a prime 
rational cycle over K(v) having P as a generic point over K(v). 


This lemma is a generalization of Theorem 3 of [WF] Chapter V, Section 
1, and follows immediately from that theorem. 

Let A” be a prime rational S"-cycle over k. Suppose that A is not empty, 
and let %,, be a component of A. By Proposition 19, %,, has the same 
dimension + as A. We shall define a certain multiplicity which will be 
denoted by »(A, Wi). Let 


Int = (X tyXj;—t—=0 (1SiSr)) 
j 
be a generic linear variety” over k in S”; and let 
nr see (X, ryX i — Ti = 0 (lsSt+=7)) 


be a generic linear variety over x, in ©". Then we have a point (x) in 
LN A, which is a generic point of A over k(t), and we have a point (é) in 


7 By a linear variety (3 ¢,,X,—c¢,=—0°'°(1Si<7r)) we understand the linear 
variety defined by the equations y¢,,X,—ec,;=0 (lSisr). We call it a generic 
linear variety over K if (e,,c,,;) is a set of independent variables over K. 
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QNA which is a generic point of %,, over R(ry). The point (v) is 
algebraic over k(t; ty), and (é) is algebraic over «(ri rij). Since WX is a 
component of A, (£) is an isolated specialization of (æ) over o. Hence (é) 
is a proper specialization of (2) over (t; tj) “> (Tity); so that by 
Theorem 2 of Section 2, it has a multiplicity » defined in Section 2. It is 
easy to see that this multiplicity a depends only upon the cycle A and the 
component %f,, of A, and not upon the choices of (¢), (7), (wv), and (&). 
We shall denote it by (A, W1). By Theorem 2, »(A, 211), is a multiple of 
[x (ti, Ti, €) 2 (7H TH) |i It can be easily verified that the latter number is 
equal to the order of inseparability of X, over «x. Let X, be the prime 
rational G"-cycle over x with the component Ni. We denote by »(A, %f,) the 
integer (A, %1.)/[Miii«li It is easy to see that »(A, %,) is actually deter- 
mined only by A and M. We define a G"-cycle p(A) by p(A) = > a (4, U,) N, 


where the sum is taken over all the prime rational ©”-cycles M, over x whose 
components are components of 1. If A is empty, we put p(A)=0. It is 
obvious that 


p(A) = Su (A, An) An 


where the sum is taken over all the components Xp of A. Let X” be a 
rational S”-cycle over k; and let X = X, daa be a representation of X as 
a linear combination of prime rational S*-cycles A, over k. We put 
p(X) =D dgp(A,) and call it the cycle obtained from X by the reduction 
with respect to p (or o). Then, p is an additive mapping of the group of 
rational S*-cycles over Æ into the group of rational ©"-cycles over x of the 
same dimension. We shall define in Section 4 such a mapping p also for 
cycles on an abstract variety. 


Proposrrion 20. Let k be an extension of k and o a prolongation of 
o in k. Let X" be a rational S"-cycle over k. If we define a cycle p (X) by 
the same procedure as above, with respect to o’, then p’(X) coincides with p(X). 
Proof. By linearity it is sufficient to prove our proposition in case 
where .Y is a prime rational cycle A over k. Let A= $, Qaa be a repre- 
sentation of A as a linear combination of prime rational cycles A over k’. Let 
L» — (> tyä; — ty = 0 (lsS17r)) 
be a generic linear variety over k’ and 
R" == (X, ryð; — nu =0 (1S17r)) 
s We shall denote by [V: K], the order of inseparability of the variety V over a 


field K. If A is a prime rational cycle over XK with the component V then we denote 
it also by [A: K],. 
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be a generic linear variety over the residue field x’ of o’. Let (s) be a 
point in LN A and (é) a point in 2M Wis, where W, is a component of A. 
By Lemma 2, and by the equation LA == Sa l,-A,, the complete set of 
conjugates of (2) over k(t; ti) consists of the complete set of conjugates of 
(x) over k(t; ty), each set being repeated a, times, where (7) is a 
point in LN Áa By counting the number of (é) in a specialization of the 
complete set of conjugates of (a) over k(t tj), over (tyty) 2 (Ti Ty), 
we have (A, W1) = Didgu’(Ag, M1) where p’ is the multiplicity defined 
with respect to o’. By Theorem 7, a variety W” in ©” is a component of p(A) 
if and only if it is a component of p’(A); so our proposition is proved. 


PROPOSITION 21. Let A" be a prime rational 8"-cycle over k, and Wt a 
prime rational ©"-cycle over k with a component in A. Let 


Le = (SdyXj—4—0 (1SiSr)) 


be a linear variety in 8”, such that all the ‘elements dy which are not in o 
form a set of independent variables over k and that (e) is a set of ao penaimi 
variables over k(d). Let 


SUE mans (S X— a0 (477) 


be a linear variety in ©”, such that x(d) is regular over x and that (e) is a 
set of independent variables over «(8). Suppose that (8,¢) is a specialization 
of (d,e) over o and that there are a point (x) in LN A and a point (Ẹ) in 
QNA. Then (E) is a proper specialization of (x) over (d, e} > (8, 6), 
of multiplicity pA, Q) i [x (8, €, Å) : k (ò, e) li 


Proof. First we remark that A is prime rational over k(d) and that M 
is prime rational over x(ê). By Lemma 2, (x) is a generic point of A over 
k(d) and (£) is a generic point of Y over «(8). Now it is obvious that (é) 
is a proper specialization of (x) over (d,e) ——> (8, «), since (£) ——> (é) 
is isolated over o. By our assumption for the set (d) and by Theorem 2 
of Section 2, (é) has a multiplicity u as a eee of (x) over 
(d, e) > (8,¢). Let 


Mtr =— (StyX;—h=0 (1Sisr)) 
be a generic linear variety over k(d, e) and 
SOUT cme (> 7X3 — 4 = 0 (lSisr)) 


a generic linear variety over x(6,«). Then we have a point (y) in MN A 
and a point (n) in MONA. Obviously, (y) is also a proper specialization of 
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(y) over (ty, h) — (ry, ti}; so that it has a multiplicity p. We shall 
show p= m. Let (y,- + -, 4) be the complete set of conjugates of (y) 
over k(t) and (#,---,2™) a specialization of (y,- > -,y%) over 
(ti, li) 2 (dipe). Then, by Lemma 2 and the definition of intersection- 
multiplicity,” (#®,- - <, g) consists of the complete set of conjugates of (e) 
over (d, e) and pseudo-points which may arise or may not arise. Let 
(€,- - -,£) be a specialization of (v,- > -, a) over (d, e) + (8, e); 
then we see that (é) occurs in (é,- - -, &™) exactly » times. Thus we 
have shown 4 = pı Let (7™,- © -,4™) be a specialization of (y™,- - -, y) 
over (ti, ti) 2 (rip m) and (2,---,&™), a specialization of (7, +- , 7) 
over (ri, r) > (bip ). By definition of pw, we have (é) in (#0, > +, #0) 
exactly m, times. If (#0) = (é), then we have 


(x) -> (y) ates (o) os (£). 


By the isolatedness of (a) =—> (£), we have (É) —> (y), this shows that 
(np) isin Y. Since (y™, tip ti) —— (y™, ti 74) and since (y™) e M, we see 
that (ny) is in M N M, so that (,™) is a conjugate of (y) over x(r). Now 
by our definition of (A, W), the complete set of conjugates of (y) occurs in 
(nh, + -,9™) exactly »(A, 2) times. Then, by Lemma 2 and by the 
definition of intersection-multiplicity, we have p(A, N)[x{(8, e é): x(8, e): 
= the number of (é) which occurs in (2,- + -,&). This completes our 
proof. 


THEOREM 8. Let A" be a rational S™-cycle over k and Bs a rational 
S*-cycle over k. Then we have p(A X E) = p(A) X p(B). 


Proof. By linearity and by Proposition 20, it is sufficient to prove our 
theorem in case where A and B are varieties defined over k. Furthermore, 
we may assume that all the components of A and B are defined over «x, because 
for every extension x’ of x, there exists, by Proposition 9 of Section 1, a 
prolongation o° of o such that x’ is the residue field of 9’. By Proposition 18, 
a variety © in ©” X 6” is a component of AX B if and only if it is a 
product X X B where Y is a component of A and $ is a component of P. 
Hence it suffices to prove »(A X B, AX B)=pu(4, A) u(B, B). Let 
Mn" —= (StjX;—t,—0 (1S&i&r)) be a generic linear variety over k 
in §” and N”: == (X zyX;—2j—0 (1S7858)) a generic linear variety 
over k(t) in 8*. Correspondingly, let Di" = (X ryX,—7 = 0 1 Sisr)) 
be a generic linear variety over x in ©” and Ms = (X yX; — é = 0 
(1&1 S s)) a generic linear variety over x(t) in ©”. We have points (2), 





8’ See [WF] Chapter V, Section 1. 
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(y), (£) and (q) respectively in MONA, NOB, MO Wand RN B. Applying 
Proposition 21 to A X B, X X B, M X N and M X N, we see that the multi- 
plicity of (¢, ņ) as a specialization of (x, y) over (tip Zip ti, 22) —— (rigs Cip Tp &) 
is equal to (A X B, A X 8). By Theorem 4 of Section 2 and by our 
definition of »(A, XW), this multiplicity is equal to p(4, N) - a(B, 8). 

Now we consider the relation between our multiplicity »(A, 2) and the 
intersection-multiplicity. 

Let U” be a variety defined over a field K; let A” and B! be prime 
rational U-cycles over K. If there is a component Cı of the bunch 4 N B, 
which is simple on U and has dimension r -+ s-——n, then every conjugate of 
Cı over K is also a simple component of A N B on U with the dimension 
r- s—n. Consider the number 

PASH Bie Ce RK] Sas ba Cis) 

ma | : 
where the sum is taken over all the A, and all the B, which are respectively 
components of A and B, and which contains C,. It is easy to see that this 
number is invariant when we replace C, with any conjugate of C, over K. - 
We denote this number by ig(A-B,C;U) where C is a prime rational U- 
cycle over K with the component Ci. We shall say that C is a prime com- 
ponent of A N B on U, over K, if U, A, B and C are in the above situation. 
We shall also use the notation fg(V - L, W) for an intersection of a prime 
rational cycle and a linear variety. 


THEOREM 9. Let V" be a variety defined over k in 8". Let 
Lies = (> cyX;— e= 0 (1153)) 
be a linear variety m 8S” where cyeo, ceo; and let 
m= (ByXj—yw—0 (1StSs)) 
be a linear variety in ©” such that (cy, ci) —>— (yi yi). If there is a 
component W, of dimension r—s in VOL, then there exists a prime 
rational cycle Wr-s over k with a component in V N L such that W, is a 


component of W. If we denote by the W, such cycles, then for every y, 
W, is a prime component of VOL over k, and we have 


2 je (V: L, Wy) (Wr, B) = È u (V, Br) je(Br Q, W), 


where W is the prime rational cycle over x with the component W, and the 
B, are all the prime components of p(V)? over « which contain By. 


° We understand by a prime component over K, of a rational cyele over K, a prime 
rational cycle over K with a component which appears in the reduced expression of 
that rational eyele. 
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Proof. Let Me: = (F, tj;4;—t,—=0 (1&1 s)) be a generic linear 
variety over k and Nt? == (X, zyă;— z =0 (l1SiSr—s)) a generic 
linear variety over k(t). Correspondingly, let WM- == (X, ry; — ri = 0 
(1 <%1<s)) bea generic linear variety over x and Nes == (F, £j,X;— G = 0 
(1 <+1r—s)) a generic linear variety over x(r). Then we have a point 
(£) in VO AIAN and a point (y) in WAM. By Lemma 2, (æ) is a 
generic point of V over k(ty,2;); and (y) is a generic point of %8, 
over x(&j). It is easy to see that (y) is a specialization of (v) over 
(tip bi, Zip 21) > (Yi Yi ij, Gi). Moreover (y) is an isolated specialization 
of (x) over (ti, ti) —— (yu, yi). For, if (æ, t) => (7, y) — (n, y), then 
(7) is in V MZ and has (y) as a specialization over x. Since (y) is a 
generic point of a component W, of V N Z, we have (n) -—> (7’). Hence 
(7) is a proper specialization of (x) over (t, z) —— (y, £), and by Theorem 
2 of Section 2, has a multiplicity ». Now consider a series of specializations 
(t,2) + (c z2) 2 (y,¢). By (I) of Proposition 14 of Section 2, there 
exists a set (y) such that (2,t,2) ~o (y, c, z) > (q, y, é). Since 
È tyetj—t (SiS s), we have X cyy=a Sts); so that (y) is 
contained in VAN L. Let We be the locus of (y) over k, and W,’ the 
component of F N L which contains Wy. Then we have P’ D 98, where W’ 
is the prime rational cycle over &, with the component Wọ. Since W; is a 
component of VM L, W, must be a component of W’; so that we have 
dim W, = dim W = dim W, = dim %,. From this follows that W, is a 
component of V N L and that dim W, = dim W,. This proves the existence 
of a prime rational cycle W over k in our theorem. Let the W, be such 
cycles; then by the same argument as above we have dim W, = dim &, 
= 7 + s— n; so that the W, are prime components of V N L over k. Let W 
be an extension of k and o’ a prolongation of o in k’ such that all the com- 
ponents of V N L are defined over k’ and that all the components of ¥ and 
V N L are defined over the residue field x’ of 0’. We denote by w (A, AW) the 
multiplicity with respect to 0’. Denote by the W, the components of W, 


for every v and by the B, the components of V, for every vy. By Proposition 
20, we have 


[W:k],S jV -L, Wr) (WW, B) 
= 9, (V: L, Wn) [W,: k]! 2 LW: klw (Wor, $) 


= Z j (V L, Wa) al (Was Br). 


” The existences of such an extension k’ and a prolongation o are assured by 
Proposition 9 in Section 1. 
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Similarly we have 
(WS: bled w(V, Br) jx (By: BW) = 2 w (V, Bir) (Ba: &, W). 


By these equations it suffices to prove the formuia in our theorem in case 
where all the components of V N L are defined over k and where all the 
components of V and V N Z are defined over x. Assume that we are in this . 
situation. Let (y) be a point in W, O N, then (y’) is a generic point of 
W, over k; and we have (a, t, z) =— (y’, c, 2) > (m y, ¿). Conversely if 
we have (z, t, 2} “> (y’,¢,z) —— (n, y, ¿), then (y’) is a generic point 
of some W, and is contained in W, N N. This is already proved. Any such 
two points (y’) and (y”) are conjugates of each other over k(z) if and only 
if the loci of them are the same. Now let (#,---,2) be the com- 
plete set of conjugates of (x) over k(t,2). We extend the specializations 
(t, 2) > (c, z) =— (y, é) to specializations 


(1, eD, t,2) E (y, y@, 6,2) Bes (g, “9, y E). 


If (y™) = (7), then (y™) is in W, N N for some W,. By the definition 
of 7(V-L,W,) ({ WF] Chapter V, Section 2), we have the complete set of 
conjugates of (y™) over k(z) in (y™,---,y), exactly 7(V-D, W,) 
times. Hence we have 3 7(V-L, W,)u(W,, Œ) as the number u of (7) which 


occurs in (7 ,---+,7'). We consider another series of specializations 
(¢,2) > (7, £) — (y,¢). Then a point (£) is a generic point of one 
of the B, and is contained in Jt N Yt if and only if i 


(x, É, z) Z> (£, T, f) — (Y> é). 


~The loci of any such two points (é) and (°) are the same if and only if 
they are conjugates of each other over x(7,¢). Hence we have as above, 
p= > w(YV, Br) (8o Q, W). This completes our proof. 

p 


We denote by 7x(V-2,¥8) the number X u(V, By) 7n(B_° QL, W) in the 


above theorem. It is easily verified that the number jk(V Q, 38) (28: «], is 
equal to the multiplicity of (y) as a specialization of (2) over (t, 2) =—> (y, £) 
where the notations are the same as in the above proof. We shall also denote 
by (V -Q,%®,) this number jx(V +S, W)[W:x]; where W, is a component 
of 28. Using this 7, we have »(V,%) = 7(V-S",%) for every prime 
component % of p(V). 

Before we deal with intersections in the general case, we extend the 
conception of the simple point. Let V” be a variety defined over & in S”, and 
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denote by a the ideal {F(X)|F(X) co[X], F(a) =0 for every (a) eV} 
in o[ X]. We say that a point («) in V is simple on V when there exists 
‘a set of polynomials F; (X) (1 Si S n— r) ina such that rank |F,/0X;() | 
is equal to n—r. We call the linear variety (>) 8F:/0X; (a) (X; — aj) = 0 
(1Sisn—r)) in G the tangent linear variety to V at (a). Also we 
say that a variety % contained in V is simple on V if some point on X% is 
simple on V. 

The following proposition is proved as in Theorem 5 of [WF] Chapter 
IV, Section 8. 


Proposition 22. Let V and W be varieties defined over k, respectwely 
in S” and S™. Let (a) be a point in V and (B) a point in W. Then the 
point (a) X (B) is simple on V X W af and only if (a) is simple on V and 
(B) is simple on W. 


Let N be a variety in V and suppose that 2 is simple on V. We shall 
use the term “ uniformizing set of linear forms for V along W.” We under- 
stand, by this term, a set of r linear forms (X) = $ yy; (lSisr) 
such that the linear variety (®;,(Y) =0 (1S+=1r)) in ©” is of dimension 
n — r and is transversal to the tangent linear variety to V at some point of Y. 
This is an analogy of that for the ordinary case in [WF] Chapter IV, Section 6. 


THEorem 10. Let V” be a variety in S” defined over k and (a) a point 
in V which is simple on V. Let Ret = (SM yyXj;—yi=0 (1 SiS1r)) be 
a linear variety in ©" which ts transversal to the tangent linear variety © to 
V at (a). Suppose that (a) is rational over « and that (yu, yi)is in x. 
Then (a) is a component of VNR; and we hava j(V-&, (a))=1. In 
particular, this shows that (a) is contained in only one component B of V. 
Moreover (a) is a simple point on B; and È is the tangent linear variety to 


Bat (a). 


Saal 


Proof. By Theorem 5 of Section 2, and by the same argument as in 
the proof of Proposition 7 of [WF] Chapter V, Section 1, it can be proved 
that 7(V-&, («)) == 1. Then if we denote by %,,- - -, By all the components 
of V which contain («), we have 


h 
1 = 2 n(V, By) 9 (B, aU (%)). 
yo 
Hence & must be equal to 1. The remaining part of our theorem is obvious. 


Corortary. Let V be a variety defined over k and B a component of 
by the above theorem and the proof of it. From this follows [%:«],—1. 
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Proof. By our definition, there exists a point («) on $ which is simple _ 
on V. By Proposition 9 of Section 1, there exist an extension W of k and a 
prolongation o’ of o in & such that the residue field of o is x(a). Since 
»(V, 8) is invariant when considered with respect to 0’, we have p(V,B) = 1 
by the above theorem and the proof of it. From this follows [B :xl; = 1. 


THrorrm 11. Let U” be a variety defined over k; let A” and B" be 
two prime rational U-cycles over k. Suppose that there exists a component 
Cts» of A MB which is simple on U. Then, there exists a prime rational 
cycle C over k with a component in A N B such that ©, ts a component of C. 
If we denote by the O, such cycles, then every C, ts a prime component of 
ANB on U over k. Let the Wy and the Ba be those prime rational cycles 
over x which contain ©,, and of which components are components of A and B, 
respectively ; and let U be the component of U which contains ©, (by Theorem 
10, such U is uniquely determined), and © the prime rational cycle over x 
with the component Cı. If U is defmed over x, then, the Wp and the Bq are 
all contained in U; and © is a prime component of Ap Bq on u OVET K, 
for every p and q; and we have the following formula: 


> iy( A " B, Cy; 7) p(C,, C) ER > pA, Wy) e(B, Bq) % (Ap ; Bay C; u). 
v Ds 


Proof. Let W be an extension of k and o’ a prolongation of o in k’ such 
that all the components of A, B and A N B are defined over W’, and that all 
the components of A, B and A N B are defined over the residue field x’ of g. 
We shall denote by p»’(A, 2) our multiplicity with respect to o. Suppose 
that there exists a component Cy of A N B such that C, D ©, and denote 
by C the prime rational cycle over k with the component Cy. Then, similarly 
as in the proof of Theorem 9, we can prove that ©, is a component of 0 
and that C is a prime component of A N B on U over k. If we define the 
C,, the Np, the B, and U as in our theorem, then it is obvious that the Wp 
and the %, are all contained in U and that © is a prime component of Wp N Ba 
on U over x. Denote the components of A, B, C,, Mp and Bg respectively by 
Aq Ba, Cyr, Apm and Bg. By Proposition 20 and by our definition of 
ip( A: B,C; U), we have 


(A: ELB: EIC: h Sal -B, Cy; UV) u(Cy, 6) 
— > t(Ag : Bg, On; T) pe’ (Crs, €) 


dy B» vr 
and 


[A kJ [B: k] [ix]: auld, Wp) p(B, Bq) ix (Wp Bao ©; U) 
= >) 1! (Ags Lou) al (Bg, Bao) t (Apu Bav ©U). 


fP Qtt y 
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By these equations, it is sufficient to prove our theorem in case where A, B, 
and the components of A N B are all defined over k and where all the 
components of 4, B and A N B are defined over x. Assume that we are in 
this case. Let SY and GY he respectively the ambient spaces for U and U. 
Let A(X) (1 Sin) be a uniformizing set of linear forms for U along €. 
We may assume that for every i, F(X) is the class of a linear form F(X) 
in ol X] modulo p. We denote by A? and A°N-» respectively the linear 
variety (P(X — X’) = 0 (1SiSn)) in SN X S” and the linear variety 
(F(X—X’) =0 (1SisSn) in XS. Let (y) be a generic point 
of © over x and Ag the locus of (y,y) over x. Then, Ag is a proper com- 
ponent of AN (W, X Bq); and by definition of i (| WF] Chapter VI, Section 
1), we have (W; Bao C; U) = j[ (Ap X Be) - A, Ac]. By Theorem 9, there 
exists a component D of AM (A X B) such that DD Ag. (We may assume 
that the components of AM (A X B) are all defined over k.) If we denote 
by D,,: - -,D, such components of AM (A X B), then by the same theorem, 
we have 


2 jl(d X B)- A, Dy|p(Dy, Ac) 
== >), p(A X B, Up X B) (Me X Bq) A, Ag]. 


Da 
Let (c, c’) be a generic point of D over k. Put k, = k (c, c). As it is well- 
known, we can extend the specialization ring [ (c, c) +> (y, y)] to a valua- 
tion ring o, in ka?” Since dim, (c, c’) = dimk (y, y), 01 is discrete. Put 


IN» == (P(X —c') = 0 (1 Sisin)), GW =PR(XY~—y)=—0 1 Sisn)). 


Then, since & is transversal to the tangent linear variety to U at (y), we 
have, by Theorem 10, (U: Q, (y)) =1. If we denote by (c™),---, (e) 
the component of UML such that (cM) = (y) (with respect to a pro- 
longation of o, m an extension of k), we have, by Theorem 9 


1 =Sj(U-L, (c) )p((e), (y)) 5 


so we have m==1 and 7(U-L,(c%))=1. As the point (¢,¢’) is m A, 
(c) and (c) are both contained in L; the coordinates of (c) and (c’) are all 
in o; and (c) = (d) = (y). So we must have (c) = (c’); this shows 
that D is the diagonal Ag of a variety C which is the locus of (c) over k. It 
can be easily verified that C is a proper component of AN B on U. For 
every D,, we have a variety C, such that D, == Ac, Conversely, if we have a 
component O’ of A N B such that C D Ç, then it is easily proved that Aq is 


” See Theorem 1 and the remark below that theorem. 
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a component of A N (A X B}; so C” coincides with one of the C,. For every 
v, the set of linear forms F;(X) (112%) is a wniformizing set of linear 
forms for U along O, since C, D © and since the set A(X) (1 Sin) is 
that for U along ©. So we have i(A-B,C,;U) = j[(A X B)-A,Ao,|. By 
Theorem 8, we have p(A X B, Ap X Bq) = p( 4, Up) u(B, By). Therefore 
our theorem will be proved if we show that »(Ac,, Ac) = 2(C,, ©). But this 
is easily proved by means of Proposition 21.*° 

Now, we shall prove the birational invariance of our multiplicity. Let 
U be a variety in §” X 8” defined over k and U” the projection of U on S”. 
Let (x) X (y) be a generic point of U over k and (a) a point in U’. We 
say that U is finite over (a) if (y) is finite over (x) “> (a). Also we say 
that the projection from U to U’ is regular at (a) if all the y; are contained 
in the specialization ring [ (2) ——> (a)].° Let k’ be an extension of k and o’ 
a prolongation of o in k’. Then by Proposition 6 of Section 1, U is finite over 
(«) if and only if U is finite over (a) with respect to o. Similarly the 
projection from U to U’ is regular at (a) if and only if that projection is 
regular at (a) with respect to o. Let (8) be a specialization of (a) over 
x; then the point (@) is a point in U’. It is easy to see that if U is finite 
over (8), U is also finite over («), and that if the projection from U to U’ 
is regular at (8), it is also regular at («). So we say that U is finite over 
a variety in U’ if U is finite over some point in that variety, and also we 
say that the projection from U to U’ is regular along a variety in U’ if that 
projection is regular at some point on that variety. 


THEOREM 12. Let U be a variety in 8" X S™ defined over k, having 
the same dimension r as its projection U’ on S”. Suppose that there exists a 
component W of U’ such that U is finite over W. Then there exists a com- 
ponent of U whose projection on ©” is W. If we denote by the Ù, all such 
components of U, then we have 


[U: V] (U, W) = È aU, u) [u w] 


Proof. Let Ler = (F tyX;—t—0 (1&i&r)) be a generic linear 
variety in S" over k, and Q" == (SyXj—t == 0 (1St=r)) a generic 
linear variety in ©” over «x. Then we have a point (<) in U’N L and a 
point (é) in WOR. There exists a point (y) in S*” such that (x,y) is a 
generic point of U over k. By our assumption, (y) is finite over (x) ———> (é). 
Let (y) be a specialization of (y) over (x) —— (é). Then the locus U of 
10 Let M = (3t,,X,—t,=—0 (lSisr+s—n)) be a generic linear variety in 


8” over k and M = ($ TryX; — r, =0 (lSisr+s—mn)) a generic linear variety ` 
in S” over x. Apply Proposition 21 to Ac, Ag, M XB and Mx O. 
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(€,7) over k is contained in U and has the projection on ©”. If we denote 
by (y?) all the specializations of () over (z) —— (é), then, by Theorem 3 
of Section 2, we have 


È by = (U7, W) LEE, œ, y): k(t &) J, 


where up is the multiplicity of (6,7) as a specialization of (a, y) over 
(t)*» (7). It is obvious that [U : U] =[k(t,2,y):k(t,z)]. Applying 
Proposition 21 to U, U, L X 8” and & X ©", we have 


py = (U, Uy) [« (+, Sys «(7) | LU: Kjo, 


if we denote by U, the locus of (é?) over k We have U, = 1h if and 
only if („™) and (y™)) are conjugates of each other over k (é). Hence 
we have 


LU : U’]p(U’, W) 
= D u(U, Wy) [a (é, g): RCE) Jsle (r én) (r) Jhi: k]. 


where the sum is extended over all the components U, of U having W as 
their projections on ©". This proves our theorem. 
The following theorem is a translation of Theorem 15 of [WF] Chapter 


IV, Section 7 to our ease, and can be proved similarly. 


TuHEoreM 13. Let U be a variety in S” X S™ defined over k with the 
projection U’ on 8". Let 8! be a variety in U’ such that the projection from 
U to U’ is regular along 2’. Then there is one and only one variety 8 in U 
with the projection 8’ on GS"; B is simple on U if and only if B’ is simple 
on U; and we have [8:8’] 1. 


Let T be a birational correspondence between two varieties V and W, 
defined over k. Let By be a variety in V such that the projection from T 
to V is regular along By. Then, by Theorem 13, there is one and only one 
variety 8 in £ with the projection By on V. If the projection from T to 
W is also regular along the projection 3w of 8 on W, then we say that T 
is biregular along By and along Bw, and that Spy and Bw are regularly 
corresponding varieties in V and in W by T. 


THEOREM 14. Let T be a birational correspondence between two varieties 
V and V’, defined over k. Let At be a prime rational cycle over k, which is 
contained in V, and X a prime component of p(A) over x. Suppose that T 
ts biregular along a component of X and denote by A’ and W the cycles respec- 
twely corresponding to A and Ù by T. Then W is a prime component of p(A’) 
over x; and we have p(A, N) = p(A’, W). 
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This follows immediately from Theorem 12, Theorem 13 and from 
Proposition 20. 
Now we shall prove the converse of Theorem 10. 


THEOREM 15. Let V" be a variety in S” defined over k and (£) a point 
in V. Then (¢) is simple on V if and only if (£) is contained wm only one 
component B of V, (V, B) = 1 and (£) ws simple on B. Moreover, if that 
is so, and if (x) is a generic point of V over k, then the specialization ring 
[ (£) > (£)] is integrally closed. 


Proof. We have only to prove the direct part. Let the ty and the s; 
(1S1+S7,1SjSn) be (r-+1)n independent variables over k(x), let 
the ry and the oi be (r + 1)n independent variables over «(€). Put y; == $, tyz; 
and m= X ryg; for 1 Stat z == Dist; and é= $ ajé Denote by & the 
linear variety ($ ryX;—m=0 (1Si=<r)). Since Q is transversal to the 
tangent linear variety i Bat (£), we have 7(@-&, (€)) 1. By Proposition 
9 of Section 1, we can find an extension k, of k and a prolongation o, of o 
in k, such that the residue field of 0, is x(é,7). We may assume that k(x, t) 
and k, are independent over k. With respect to 0,, our assumption gives 


ICV: R, (€)) = #(V, B) (8: R, (€)) = 1, 


so that (é) is a proper specialization of (z) over (t, y) —*> (7,7) of multi- 
plicity 12° Since &(2z,t) and k, are linearly disjoint over k, we see that (é) 
is a proper specialization of (æ) over (t, y) ——> (7,4) of multiplicity 1. 
By Proposition 16 of Section 2, £ is a proper specialization of: 2 over 
(é, 8, y) — (7,¢,7), of multiplicity 1. By the same proposition, we have 
k(t, s, y, 2) = k(t, 8,0). Put W == k(t, s) and o == [ (t, s) = (7,¢)]. By 
Proposition 17 of Section 2, the specialization ring [(y,2) — (m £)] is. 
integrally closed, so it contains all the z; since (x) is finite over this speciali- 
zation ring by Proposition 16 of Section 2. Let Z be the locus of (z, y, z) 
over k’ and W the locus of (y, z) over k’. Then Z is a birational correspondence 
between V and W; and the above results shows that (£) and (n, £) are regularly 
corresponding points by Z. By Proposition 17 of Section 2, (y, ¢) is simple 
on W; from a and Theorem 13, follows that (é) is simple on V. Moreover 
we have | (a) ()] = [(y,2) — (n,£)]. By this and Proposition 7 
of Section 1, me 2> (é)] is integrally closed. 


COROLLARY 1. Let V be a variety defined over k and B a component of 
V. Then $ is simple on V if and only if p(V, $) = 1. 


1” Note that the linear variety ($ t£; — y. =0 (lSisr)) is generic over k 
and see the remark below the proof of Theorem 9. 
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This is an immediate consequence of the above theorem and the corollary 
of Theorem 10. 


COROLLARY 2. Let U be a variety defined over k and U a component 
of U; let (x) and (é) be respectively a generic point of U over k and a generic 
point of U over k; and denote by R the specialization ring [ (x) =— (é)]. 
If U is simple on U, then the maximal ideal of R rs the ideal pH. 


Proof. Let the ty (1SiS7r4+1,15j7) be (r+ 1) independent 
variables over k(x) and the ry SiS r-+1,1 S7 S n) be (+ 1)n indepen- 
dent variables over «(£). By Proposition 9 of Section 1, we can find a finite 
algebraic extension k, of k and a prolongation o, of o in k, such that U is defined 
over the residue field x, of o,. We may assume that the maximal ideal p, of o, 
is the ideal po,” Put o’ = [(¢)—> (7) ], P =p, t =k (r), y= Dd lyr; 
for LSiSr+1 and y= DX ry for 1&1 r41. Then as in the proof of 
Theorem 15, we have [ (2) La ()] = [ (y) =— (y)]. Moreover, if we 
denote by V the locus of (y) over k(t), then (y) is a point in V and it is 
simple on V. Let F(Y) =0 be an irreducible equation for (y) over k(t) 
and Fo(Y)==0 an irreducible equation for (y) over «’. We may assume 
that F(F) is a primitive polynomial in ọo'[Y] and that F(Y) is the class 
of a ploynomial Fẹo(Y) in o’[¥] modulo p’. We have P(Y) = Pa ( Y), (Y) 
where F,(Y) is a polynomial in «’[¥]. Since (y) is simple on V, we have 
dF /OY ;(n) 0 for some 7; so that we have F,(y) 340. Let z be a quantity 
in k(x) contained in the maximal ideal of [(¢) =— (€)]. Then we have 
an expression z== P(y)/Q(y) where P(Y) and Q(Y) are polynomials in 
[Y], P(n) =0 and (q) 0. Since F(Y) = 0 is an irreducible equation 
for (4) over x’, we have P(Y) = ¥F,(V)G(V) where G(Y) is a polynomial 
in «|F ]. Then we have P(Y)#,(VY) = F(Y)G@(V). Let Fi(Y) and G(Y) 
be polynomials in o’[Y] such that #,(Y) and G(¥) are respectively the 
class of F,(¥) and the class of G(Y) modulo p’. Then we have 


PUY) E(Y) = PY) G(Y) 4+ 7H (YL), 


where H(¥’) is a polynomial in o’[Y] and ~ is a prime element of o. 
Substituting (y) for (Y), we have P(y)Fi(y) =aH(y), so we have 
z/r = H(y)/LO(W)Fi(y)]. Since O(y)Fi(y) 40, z/m is contained in 
[(y) 2 > (n)], so in [(x) > (é)]. Then by Proposition 7 of Section L 
z/x is contained in | (s) > (é)]. This proves our corollary. 


10” This is assured since we can take k, and 0, in such a way that [k,: k] = [«x: K] 
as in the proof of Proposition 9. 


11 
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4. Reduction of abstract varieties. Let | Va; Fa; Tga] be an abstract 
variety in Weills sense, defined over k; let, for each a, a be a bunch in Fa 
which is normally algebraic over « and which contains Fe. We call the 
system [Va; Fa; 8a; Tga] @ p-variety defined over k having [Va; Fa; Tea] 
as its underlying abstract variety if the following condition is satisfied. 


Whenever, for any œ and B, Pa is a point in Va— Ba and Pg a point in 
Vpa— tp, such that (Pa, Pg) is in Tea then Pa and Pg are regularly corre- 
sponding points by Tga . 


We can easily prove the following facts. 
i) Let [Fa; Fa; a3 Tga] be a p-variety defined over k and 
[Uas Fa Ga; Bur] 
a subvariety of the abstract variety [Va; Fa; Tga]. Then the system 
[Tay Fa, N Vays Gay N Coi Ra] 
defines a p-variety which will be called a subvariety of the p-variety 
[Vas Fa; Bai Tga]. 


ii) Let [Va; Fa; Ba; Tea] and [ Wy; Ca; ©; Sa] be two p-varieties 
defined over k and [Va X Wy; Har; Upaan] the product-variety of the abstract 
varieties | Va; Fa; Tga] and [Wi; a; Sm]. Put 


Goar = (Ba x Wy) U (Ve xX ©). 


Then the system [Va X Wy; Hor; Sar; Uguan| defines a p-variety which will 
be called the product-vartety of [Va; Fa; 8a; TBa] and [Wr; Gy; G3 Saal. 


iii) The projective space of any dimension defines a p-variety with the 
empty %.; so that every projective variety defines a uniquely determined 
p-variety with the empty fa. 


Let [V] = [Fa; Fa; fa; Tga] be a p-variety defined over k. Let the 
Ma be corresponding generic points of the Va over k by the Tga and 
(P:,- > +, Ph) be any specialization of (M,,---,M,) over o. Similarly as 
in [WF] p. 168, by a full set of representatives attached to [V], we under- 
stand the set (Pa: °°, Pa) of all the Ëa which is finite and not in a. Also 
we say that [V] is p-complete if no full set of representatives attached to [V] 
is empty. The following facts are easily proved; i) the underlying abstract 
variety of a p-complete p-variety is complete; ii) every subvariety of a p- 
complete p-variety is p-complete; iii) the product of p-complete p-varieties is 
p-complete; iv) every projective variety defines a p-complete p-variety. 
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Let [V] be the same as above, and let [W] = [M; G; Sa] be an 
abstract variety defined over an extension field x’ of x. We say that [W8] 
is a variety in [V] if the following conditions are satisfied: 1) there exists a 
full set of representatives (Pu,,°‘*,Pa,) attached to [V] such that, for 
every A, YW, is the locus of Py, over «’; 11) Gy = W N Bas lil) Gyn is the 
variety in Paan With the projections Wy on Fa, and W,on Fap We call XW) 
the representative of [W] in Va We can easily prove that for any variety 
W, in Fa which is not contained in $a there is one and only one variety [38] 
in [F] such that W, is a representative of [W] in Va By a point im 
[¥] we understand a zero-dimensional variety in [V]. It is obvious that 
all the representatives of a point in [F] forms a full set of representatives 
attached to [¥] and conversely. Let [P] be a point in [V] and [$8] a point 
in [V]. We say that [R] is a specialization of |P] over o (on [V]) if [P] 
and [93] have in some representative Va of [V], representatives Pa and Ba 
such that Pa is a specialization of Pa over o. We say that a variety [W] 
in [F] is simple on [F] if a representative Wa of [YS] is simple on Fa 
We call a finite set of varieties in [V] a bunch in [V]; we may identify a 
bunch with the point-set in [V]| attached to that bunch. Also, we say that 
a variety [8] is a component of a bunch in [V] if [X8] is maximal in 
that bunch. These definitions are analogies of the definitions in [WF] 
Chapter VII. 


Now our theory of the reduction with respect to p can be extended to 
abstract varieties on which p-varieties are defined. 

Let [V] be a p-variety defined over k. Let [A]" be a prime rational 
[V]-cycle over k (which means a prime rational cycle on the underlying 
abstract variety of [V]). We denote by [A] the set of all the points in [Y] 
which are specializations of some points in [A], over o. Now we may con- 
sider the notation [V] in this sense. It is easy to see that the set [A] 
defines a bunch in [V]. If [A] is not empty, then, by Proposition 19 of 
Section 3, every component of [4] is of dimension r. Let [N], be a com- 
ponent of [A]. By our definition of [A], there exists a representative Va 
in which [4] and [N], have representatives A, and Wiat? By Theorem 14, 
of Section 3, the multiplicity »(A,g, Wia) is independent of the choice of 
representation Va, Aa, Wia for [V], [A] and [N]. We shall denote it by 
u({A], [X]:). Now the results in Section 3 are all translated to the corre- 
sponding results on abstract varieties. We shall state them in the following 
theorems for varieties with a property which we shall call p-simplicity. We 


1 We shall use the term “representative” also for a prime rational cycle. 
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shall say that a p-variety [V] is p-simple if there exists only one component 
[H] in [F] and if a([V], [B]) = 1; and we shall call this [B] the abstract 
variety obtained from [V] by the reduction with respect to p. . 


THEOREM 16. Let [V] be a p-simple p-variety defined over k, then the 
abstract variety [B] obtained from [V] by the reduction with respect to p 
is defined over x; and a point on [B] is simple on [V] if and only if tt is 
simple on |V]. 


Proof. As for the first assertion, it is sufficient to prove that every 
representative of [B] is defined over x. Let Va be a representative of [V] 
and Ba a representative of [H] in Va By Corollary 1 of Theorem 15 of 
Section 3 and by corollary of Theorem 10 of Section 3, we have [Ba: k]; = 1. 
This shows [x’: = 1 if we denote by x’ the smallest field of definition for 
BVa which contains x. Since the bunch Fa in Va is normally algebraic over x, 
every conjugate of Ba over x is not contained in a; so that, by our assump- 
tion, there is no conjugate of Ba over « other than Ba itself; so we have 
[x’:x],—=1. Hence we have «=k. The remaining part of the theorem 
follows immediately from Theorem 15 of Section 3. 


PROPOSITION 23. If [U] and |V] are p-simole p-varieties defined over 
k, then the product-variety [U] X [V] is also p-simole. 


This is easily proved since the result corresponding to Proposition 5 of 
[WF] Chapter VII, Section 3 also holds in our case. 

Let [V] be a p-simple variety defined over k and [%] the abstract 
variety obtained from [V] by the reduction with respect to p. Then every 
. “variety in [V]” is a subvariety of [X]. Thus we are able to define the 
reduction of [V]-cycles. Let [A] be a prime rational [V]-cycle over k and 
[XN]: a prime rational [%]-cycle over x with a component [N], which is a 
component of [A]. We denote by »([A], [%],) the number 


w([A], [A] )/L LEN] : kli 
and define the [H ]-cycle p([A]) as follows: 


p([A]) = > e( l4] Ly) (Us, 


where the sum is taken over all the prime rational [%]-cycles [M], over x 
with the components which are components of [A]. Even if [A] is not empty 
the cycle p([A]} vanishes when every component of [A] is not simple on [$H]. 
Let [X] be a rational [V]-cycle over &; we have an expression [X] = > ay[A]) 


where, for every A, [A], is a prime rational [V]-cycle over k. We put 
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p([X]) = DSap({A],) and call it the cycle obtained from [X] by the 
` 


reduction with respect to p. It is obvious that p is a linear mapping of 
the group of rational [V ]-cycles over Æ into the group of rational [8 ]-cycles 
over x. Similarly as in the affine space, p([X]) is invariant under the 
extension of the basic field & and the prolongation of o. It should be men- 
tioned that the mapping p is defined with reference to the ambient variety [V]. 
But we shall use the same notation p for mappings of cycles on different 
ambient varieties, since there will be no confusion. 


Tirzorem 17. Let [V] be a p-simple p-variety defined over k. Let 
[E] and [F]! be positive rational |V]-cycles over k such that the inter- 
section-products [X]: [Y] and p([X])-p([¥]) are both defined. Then 
we have p([X]-[¥]) = e([£]) -e(L¥]). 


Proof. By linearity it is sufficient to prove our theorem in case where 
[X] and [F] ave prime rational [V]-cycles [A]" and [B]* over Æ, respec- 
tively. Moreover we may assume that [A] and [B] are both varieties defined 
over i. For, we may take a suitable extension of k and a prolongation of o 
instead of hk and o, since p is invariant under such a change of the basic 
field and ring. We may also assume that every component of [4] N [B] 
is defined over k. Now denote by [8] the abstract variety obtained from 
[F] by reduction. Let [C] be a proper component of [A] N [B] on [F] 
and [C] a component of [C]. If [©] is simple on [8], it is a component 
of p({[A])-p([B]). To see this let [€]’ be a component of [A] N [B] 
containing [©]; then [C]’ is simple on [B]. By our assumption that 
pe([A])-p([B]) is defined on [8], we have dim [C7 = r -+ s —n where n 
is the dimension of [V] and of [%]; so that we have dim [@]’ = dim [C] 
= dim [C]. Hence [€] is a component of p([A])-p([B]). Conversely, 
let [€] be a component of p([4])-p([B]). Then it is a component of 
li] N [B] of dimension r -+ s—n and is simple on [8]. By Theorem 16, 
[C] is also simple on [F]; then, by Theorem 11 of Section 3, there exists 
a component [C] of [A] N [B] such that [C] is a component of [0]. Hence 
we see that [@] is a component of p([A]-[B]). Thus we have proved that 
a variety on [4%] is a component of p([A]-[B]) if and only if it is a 
component of p([A])-p([B]). Now our theorem is an immediate conse- 
quence of the formula in Theorem 11 of Section 3. 


TirreorEM 18. Let [U] and [V] be p-simple p-varieties defined over k, 
If [X] is a rational [U]-cycle over k and [Y] is a rational [V]-cycle over 
k, then we have p({X] & [VY]) = e(LX]) X p(LV]). 
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y 


This follows immediately from Theorem 8 of Section 3 and from our 
definition of p. 


THEOREM 19. Let [U] and [V] be p-simple p-varieties defined over k; 
and let [U] and [B] be respectively the abstract varieties obtained from [U] 
and [V] by the reduction with respect to p. Suppose that [V] is p-complete 
and that [R] has no multiple point. If [X] is a rational [U] X [V ]-cycle 
over k, then we have p{pron ([X])} = pranf{e([4])}.- 


Proof. By linearity, it is enough to prove our theorem in case where 
[X] is a prime rational cycle [A]. Moreover, as in the proof of Theorem 17, 
we may assume that [A] is a variety defined over k. Let [A]’ be the 
projection of [A] on [U], and [P] X [Q] a generic point of [A] over k. 
Our theorem is obvious when dim [A]’ < dim [A]; so we assume that [A] 
has the same dimension r as [A] and put [[A]:[A]’] —d. Let [X] be a 
component of p([A]}’) and [P] a generic point of [N] over zk. Since [V] 
is p-complete, there exists a point [Q] on [%] which is a specialization of 
[Q] over [P] —-—> [P]. If we denote by [XN] the locus of [P] X [Q] over k, 
then [N] is a component of p([A]) with the projection [X] on [U]. Thus 
every component of p{prrv;({4])} is a component of prryi{p([A])}. It is 
easy to see that the converse is also true. Now we may assume that the 
components of p({A]) and p([A]’) are all defined over x. Our theorem is 
proved when we show that, for every component [N] of p([A]’), 


d= w(LA)’, B9) = È e (LAJ; Do) LA]e: [A], 


where the sum is taken over every component [N]e of p({A]) with the ` 
projection [N] on [U]. Let U, U, A’, W, P, P be representations of [U], 
[u], [AY [XAV, [P] and [P], respectively; and let SY and ©N be respec- 
tively the ambient spaces for U and for U. We may assume that [U] == U 
and [U] =U. Let LN” == ($ tyäX;— ti =0 (1&1 &r)) be a generic 
linear variety in SY over k and WY = (X tyl; — rnr =0 (1Sisr)) a 
generic linear variety in G over x. We may assume that the point P is in 
L and that P isin Q. Denote by (P:,.- > -, Pa) the complete- set of conjugates 
of P over k(t) and denote by ([Q]1,---,[Q]a) the complete set of con- 
jugates of. [Q] over &(P); then we have the set of 8d points P, X [Q]ay 
(146,115 4d) as the complete set of conjugates of P X [Q] over 
k(t), where ([Q]x1,° °°, [Q],2) is the transform of ((Q]1,°-°°,[Qlz) by 
some automorphism over k(t) of k(t). Let (P, X [@]yy) be a specialization 
of .(P, X [Q]a») over (t)—-=— (7). By our assumption that [V] is p- 
complete, [Q|,, is a point of [B] for every (A,v). If Py is a conjugate of P 
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over «(r), then P, X [@]y» is a generic point of one of the [W]o, say [X]; 
over x. If [XN], has a representative in U X Va then every generic point of 
[X], over x has a representative in U X Va Hence we may consider that 
we are in the affine space; so that by Proposition 21 of Section 3,*4 the number 
of (A, v) such that P, X [Q@]x, is a generic point of [9], over & is equal to 
w({A], []1)[«(Px & [@]a,,7):«(7)]. On the other hand, the number of 
P, X [@]a» such that P, is a conjugate of P over «(7) is equal to 


d- w(LAY, [9]’) [k (P, 7) + (r)]. 
Hence we have 
dBA []’) [«(P, vr): «(7)] 
= Xu ({4], [W]o) [[Wlo: [MW] ][k(P, 7): «(r)]. 


This completes our proof. 


Proposition 24. Let [V] be a p-simple p-variety defined over k and 
[V] the abstract variety obtained from [V] by the reduction with respect 
to p. Suppose that [V] is p-complete and [H] has no multiple point. Then 
for every rational [V ]-cycle [X] over k, of dimension 0, we have 


deg([X]) = deg {e ([X])}. 


Proof. As in the proof of Theorem 17, we may assume that every 
component of [Æ] is rational over k. Since every rational point over k has a 
uniquely determined specialization over o, our proposition is an immediate 
consequence of our definition of p. 


Provosrrion 25. Let [L]" be the projective space defined over k and 
[X] a rational [L|-cycle over k. Consider the abstract variety obtained from 
[L] by the reduction as the projective space [2|" defined over «x. Then we 
have deg({X]) = deg {p([X1)}. 


This follows immediately from Theorem 17 and Proposition 24. 

Let [V] be a p-simple p-variety defined over k and [%] the abstract 
variety obtained from [V] by the reduction with respect to p. We denote 
by F the field of algebraic functions on [V] defined over k and by æ the 
field of algebraic functions on [XV] defined over x. Let [P] be a generic 
point of [V] over k and [P] a generic point of [B] over x<. Let ¢ be an 
element of F which is defined by z = ẹ([P]). By our assumption and by 
Theorem 15 of Section 3, the specialization ring [[P] —— [P]] is integrally 


11 Apply that proposition to [A], [X], LXS" and 2X ©”, where S™ and S™ denote 
the ambient spaces for V, and V,, respectively. 
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closed, so that by Proposition 5 of Section 1, it is a discrete valuation ring. 
Hence z has a uniquely determined specialization £ over [P] — [P]; and 
¢ is a generalized quantity in «([P]). Denote by ¢ the generalized function 
on [8] defined by €=-4([P]) over «x. Thus we obtain a mapping —->¢ 
from F to ©; it is easy to see that this mapping does not depend on the 
choice of [P] and [P]. Therefore, we may call the field ® the field obtained 
from F by the reduction with respect to p; of course, the field ® depends 
upon the variety [V] which is a “model” of F. 


THEOREM 20. Let [V] be a p-simople p-variety defined over k and [%8] 
the abstract variety obtained from [V] by the reduction with respect to p. 
Let be a function on [V] defined over k such that 6 is a function on [%] 
other than the constant 0. Then p((¢)) = (¢). 


Proof. Let [D] be the projective straight line defined over k and [D] 
be the projective straight line defined over «x. We may consider [O] as the 
abstract variety obtained from [D] by reduction. Let Tọ be the graph of ¢ 
and Tọ the graph of ¢; then Tj is a component of Ty. By Theorem 19, 
we have 


Prig {e (To) } =p {pro (To) } = e(LV]) = [8]. 


By this equation we have p(T) =T + [E] X [O], where [X] is a [¥]- 
divisor. Now by the definition of (¢)o, Theorem 17, Theorem 18, and 
Theorem 19, we have 


e((¢)o) = efprivy (To: [V lo) } = prim { (T3 + [2] X [D])- (LB) X (0))} 
== Preg {T$ [8B] + [Æ] X (0)} = ($)o + [E]. 
Similarly, we have p((¢)») = ($)o + [Z]; so we have p((¢)) = (ġì. 


THEOREM 21. Let A" be a prime rational S"-dwisor over k and (x) a 
generic point of A over k. Let F(X) = 0 be an irreducible equation for (x) 
over k and suppose that F(X) is a primitive polynomial in o[X]. Let 
F(X) =J] Ga(X)" be an expression of F(X) as a product of irreducible 

m 


polynomials in K[X]. Then, we have p(A) = E walla where, for each a, Ue 


is the prime rational ©"-divisor over x which has a generic point (£) over 
x such that G,(&) = 0. 
Proof. Let P = (t) and P = (7) be respectively a generic point of S” 


over k and a generic point of ©" over x. Let ¢ be the function on 8”, 
defined over k by F(t) —=¢(P). Then the function ¢ on ©” is defined 
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over x by F(r) = (P). By our assumption on F(X), the function ¢ is 
not the constant 0; so that by Theorem 8 of [WF] Chapter VIII, Section 3 
and by Theorem 20, we have p(A) =p(($)) = ($). Let pa be the func- 
tion on ©” defined over x by Ga(r) =Wa(P), for each « Then we have 
$ = JI Po"; so we have by Theorem 6 and Theorem 8 of [WF] Chapter VIII, 


($) = Di pa(Ga) = X pola. This proves our theorem. 


5. Specialization-theory of cycles. When we consider the reduction 
of cycles with respect to p as the specialization of cycles, our theory in 
Section 4 is concerned only with the specialization of the cycles which are 
rational over the basic field. In this section, we shall define a more general 
concept of the specialization of cycles on abstract varieties. 

Let [V]i,-°°,[V], be -simple p-varieties defined over k and 
IV]: °°, [B]h be the abstract varieties obtained from [F]; <, |V]n by 
the reduction with respect to p, respectively. Let [¥].,---,[X], be 
respectively cycles on [V],,---°,[V]n3 and let [X]1,---,[X]n be respec- 
tively cycles on [B]: [B] We say that ([€]1,--°:,[€]n) is a 


specialization of ([X],,: > °,[X]n) over o if there exist an extension k’ of 
k and a prolongation o’ of o in k’ such that [X] p; --,[X], are all rational 
over k and [X]1,--+*,[X]n are respectively the cycles obtained from 


[X],.---+,{[X], by the reduction with respect to o. We shall denote by 
(Zle °°, [2 ]n) — (Alo + +» (£12). 


Proposition 26. Let (x) be a set of n quantities in K and (é) a 
specialization of (x) over o. Then there exists a prolongation d of o in k(x) 
such that (£) is a specialization of (x) over g. 


Proof. By Proposition 9 of Section 1, there exist an extension k, of k 
and a prolongation o, of o in k, such that the residue field x, of o, is «(€). 
Let (b) be a set of quantities in o, such that (b) —> (£). We may 
assume that kı == (b). Let r be the dimension of (7) over k. Let the ty 
and the #4; for lS1S7, 17 & n be r(n-+1) independent variables over 
k,; and let the ry and the r; forlS1+1S7,157=nber(n-+ 1) independent 
variables over x, Put ky =k, (ti, ty) and os = [ (ty ty) +> (1, 7) ]; then 
0» is a prolongation of o, in kə Denote by Z"-" the linear variety 


(È by (Xj— b) — rh =O (1StS1r)) 
in S" where ~v is a prime element in o and by &*~ the linear variety 


(È ry(4j—G) = 0 (StSr)) 
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in ©"; denote by A” the prime rational cycle in 8S” with the generic point 
(x) over k. Now we consider the reduction with respect to o.. Then we 
have =Q. The point (£) is contained in A N &; moreover, since (7) is a 
set of independent variables over «:, it can be easily proved that (£) is a 
component of A N Q. By Theorem 9 of Section 2, there exists a point (y) 
in A N L such that (€) is a specialization of (y) over oo. We extend the 
specialization ring [(y)—“2> (é)] to a valuation ring os in ks= ka(y); this 
valuation ring os is also discrete as (y) is algebraic over k. Since L is a generic 
linear variety over k, we have (z) <= (y). We extend this generic speciali- 
zation to a generic specialization (a, a, s) <*> (y, b, t). Put k, = k(x, a, s) and 
denote by o, the prolongation of o in k, which corresponds to the prolongation 
0s in k, by the specialization (x, a, s) <*> (y, b, t). Put o = k(x) N 04; 
then o’ is a discrete valuation ring in k(x) and it defines a prolongation of o 
in k(æ) such that (z) +> (£); so our proposition is proved. 

By this proposition, our definition of the specialization of cycles ees 
not conflict with the definition of the specialization of points. But it should 
be remarked that singular points or a pseudo-point are considered as ‘the 
eycle 0. 


Proposition 27%. Let (U],,---,[UJ,, [Vlo °°, [V]m be p-simple 
p-varieties defined over k; and let [X]i,---,[X]a, [V]i,--°,[V]m be 
respectively cycles on [U],,---°,[U]n, [V]o: c; [F]m Every speciali- 
zation of ([X]i,- + -, [X]a) over o can be extended to a specialization of 
(Ele s [X]a CP]: eF] over 0. 


Proof. Let ({€]1,- > +, [Æ]n) be a specialization of ([X],,: °°, [X]n) 
over ọ. Then, by our definition, there exist an extension k’ of k and a 
prolongation o’ of o in k’ such that all the [X J]; are rational over k’ and that 
pe (LX]:) = [£]; for 1 Si & n where p’ denotes the reduction-mapping with 
respect to o. Let k” be an extension of kW such that [F]; > <, [F ]m are 
all rational over k” and o” a prolongation of o’ in k”. Put [Yh = p” (LY ];) 
for 1753 m where p” denotes the reduction-mapping with respect to o”. 
Since o” ([X]) = p’([X]i), we have 


(Xl; ` 7 [X]n, [F], t3 [F de) = ([¥]1, eae EAr Yh, 1 8g [D]m)- 


This proves our proposition. 
Now we can easily prove that the specialization of cycles defined above 
preserves the operations on cycles. 


THEOREM 22. Let [V] be a p-simple p-variety defined over k, [X] and 
[Y] two [V]-cycles of the same dimension and ([X], [QY]) a specialization 
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of ([X], [Y]) over o. Then [X] + [Y] is a uniquely determined speciali- 
cation of [X] + [F] over (LX), (Y1) — (121, [91). 

THEOREM 23. Let [V] be a p-simple p-variety defined over k, [X]" and 
[F]; two positive [V ]-cycles and ((X], [9]) a specialization of (LY], [Y] 
over o. If [X] [F] and [Z]: [Q] are both defined, then [X]: [Y] is a 
uniquely determined specialization of [X]: [Y] over 


anea eaa [9]). 


THEOREM 24. Let [U] and [V] be two p-simple p-varieties defined 
over k, [X] X [VY] a [U] X [V]-cycle and ({X], [Y]) a specialization of 
([X], [V]) over o. Then, [X] X [Y] is a uniquely determined specialization 
of [X] X [F] over ([X], [Y]) => (121, (9D). 


THEOREM 25. Let [U] and [V] be two p-simple p-varieties defined 
over l and denote by [U] and [B] the varieties obtained from [U] and [V] 
by the reduction with respect to p, respectively. Suppose that |V] ts p- 
complete and that [H] has no multiple point. Let [X] be a [U] X [V ]-cycle 
and [X] a specialization of [X] over o. Then prim([¥]) is a uniquely 
determined specialization of pro ([X]) over [X] = [E]. 


We shall only prove Theorem 23 since the others are proved in the 
same Way. 


Proof of Theorem 23. Let ([¥], [9], [8]) be a specialization of 
((X], [V], [X]: [¥]) over o. By our definition, there exist an extension /’ 
of k and a prolongation o’ of o in k’ such that [X], [Y] are rational over w’ 
and ø (L¥]) = [2], 0 (¥) = [9], o(LX1- [F]) = [8], where p” denotes 
the reduction-mapping defined with respect to 0’. Since [X]-[Q] is defined 
by our assumption, we have by Theorem 18 of Section 4, p ([X] LYI) 
— [¥]: [9]. This proves our theorem. 

In case where k= o, we have a specialization-theory of cycles over a 
field. In this case, we have [U] = [U] (or [U] —[U]? where o is an 
isomorphism of k) for an ambient variety [U]. 

We have to prove that the specialization of cycles thus defined is transi- 
tive since this is not so obvious. 


Proposition 28. Let [V] be a p-simple p-variety defined over k, [XV 
a V-cycle and [X] a specialization of [X over o. 

i) If [X] is a specialization of a [V]-cycle [X] over k, then [Æ] is 
a specialization of [X] over vo. 

ii) Every specialization of [X] over x is also a specialization of [X] 
over D. 
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= Proof. Suppose that [X] +—» [X] —>— [£]. Then, by our definition, 
there exist an extension k, of k and a discrete valuation ring o, in k, which 
contains k such that [X] is rational over k, and p,([X]) = [X] where p,.is 
the reduction-mapping with respect to 0,; and there exist an extension ks of k 
and a prolongation o: of o in k, such that [X]’ is rational over k, and 
po([X]’) = [Æ] where p is the reduction-mapping with respect to os. By 
Proposition 9 of Section 1, there exist an extension k, of kı and a prolongation 
0s of o, in k such that the residue field k, of o, contains kp Let o, be a 
prolongation of o, in ky. Then we have ps([X|) = [X]’, ps([X]’) = [2] 
where p, and p, are the reduction-mappings with respect to o, and 0s 
respectively. Let X be the inverse image of o, by the natural homomorphism 
of o, onto k, Then f is a (non-discrete) valuation ring with the quotient 
field kz; we may consider the residue field of o, as the residue field of R. 
Denote by the [A], all the components of [X]. We may assume that the 
[A], are all defined over k, We fix our attention to one component [A], 
and one of its representative Aya Let ©” be the ambient space for Ana, 
(x) a generic point of Ay, over ka and the ty for lS=tS7, l1Sjl=nrn 
independent variables over & where v is the dimension of Ang. Put y; = > tyt; 
for 11s r. Then we have an irreducible equation F\,(Y,7) = 0 for 
(yi, tig) over ks. For each [A], and for each representative Ay, of [A]p, 
we obtain such an equation. We may assume that the polynomials Fy, are 
all primitive polynomials in R[F, T]. Denote by c, all the coefficients of 
the Fg. Let (y) be the uniquely determined specialization of (c) over ft. 
Then obviously we have (c)——> (y). By Proposition 26, there exists a 
prolongation o’ of o in k(c) such that (c) ae (y). By Proposition 16 of 
Section 2 and by our definition of the reduction, we can easily prove that [X] 
is rational over k(c) and p’({X]) = [Æ] where p’ is the reduction-mapping 
with respect to o’. This proves the assertion i). The second assertion can 
be proved similarly. 


6. Reduction with respect to infinitely many p. Let K be a field with 
a set of infinitely many discrete valuations {w}. We denote by on, Pa and xy 
the valuation ring, the valuation ideal and the residue field of oy, for every A} 
denote by o that set of valuations. In this section, we shall use these notations 
always in this sense. We assume that the set o satisfies the following condition: 


(I) Every element of K other than zero is a py-unit for almost all ™ 
the py. 


11 We shall use the term “almost all” in the sense of “all but a finite number of.” 


REDUCTION OF ALGEBRAIC VARIETIES. 173 


In the following we shall use the notations 01, 02,- - - for subsets of e which 
contain almost all the py. 

Let V be a variety defined over K. We denote by. V™ the bunch 
obtained from V by the reduction with respect to p,, for every A. Similarly, 
we use the notations p,(X), [V|® and p (LX]) in the sense of the reduction 
with respect to py 


Proposrtion 29. Let U be a variety in 8” X S™ defined over K with 
the projection V on S*. If [U:V] ==1, then the projection from U to V 
is regular along every component of V™ for almost all the py. 


Proof. Let (#,y) be a generic point of U over K; then we have 
expressions y; == F;()/F (x) where F(X) and F;(X) are polynomials in 
K[X]. By condition (I), F(X) and the F;(X) are all contained in o,[X] 
for almost all the p,. Let the ty (1 S7+7,12757n) be rn independent 
variables over K(x) and put h == X tyz; for 1 Sisr. Let the 7; and the 
my (lSisr,1sjsn) ber(n -+ 1) independent variables over x, for 
every A. Put K = K (ti, ty), ox = [ (ty ty) 29 (4™, ty™)]; then, by 
Proposition 3 of Section 1, for every A, 0)’ is a discrete valuation ring with 
the quotient field K’. It is easy to see that the set g” of all the valuations 
with the valuation rings 0)’ also satisfies the condition (I). Since K (s) 
is finite algebraic over K’, the set o” of all the valuations which are pro- 
longations on K’(w) of valuations in o’ also satisfies the condition (I); in 
particular, F(s) is a unit for almost all valuations in o”. Let 8, be 
a component of V™ and & the linear variety (X; ry X; — n = 0 
(lsisr)). Then we have a point (£~) in BOR. The valuation 
obtained from the specialization (x) > (E%) is clearly in o”, so that 
FO (EM) = 0 only for a finite number of the py, where #™ is the class of 
F modulo p,. This proves our proposition. 


Lemma 3. Let F(X) be an absolutely irreducible polynomial in K[X]. 
Suppose that F(X) is im [X] for every r, and denote by P™ (X) the 
class of F(X) modulo py. Then FN (X) is absolutely irreducible for almost 
all the py. 


Proof. We may assume that the degree of F(X) is greater than 1 and 
that F(X) has the same degree as F(X) for every à. Let the My be all 
the monomials in X whose degrees are less than or equal to r. Let d be the 
degree of F; and let r and s be a pair of positive integers such that d = r + s. 
Let G(X) = X teMa and G(X) = X yaMg be two polynomials such 
that (£a, yg) is a set of independent variables over K, and put 


H(X) = E 2,M,@ = G (X) G(X). 


174. ` GORO SHIMURA. 


We consider (x) and (y) as homogeneous coordinates of generic points of 
the projective spaces [L] and [Z]‘) over K, respectively. Also we consider 
(z) as homogeneous coordinates of a generic point of some projective variety . 
[F] over K. It is easy to see that (z) has actually a locus over K. By 
considering the “generic polynomials” over «x, in the same way as above, 
we have points (Eœ), (7™) and (£™) with loci [2],@, [Q],@ and [Bh 
over x), for every A. It is easy to see that (E%) X (n™) X (€™) is a 
specialization of (s) X (y) X (z) over o; so that [%], is contained in 
[V],. Now a polynomial X, c,M, in K[X] of degree d has a factor of 
degree r in an extension of K if and only if (c) is a point of [V]; and a 
similar fact holds for a polynomial in [X] and the variety [W],. In 
fact, the converse part is obvious; so we have only to prove the direct part. 
If (c) is a point in [V], then (c) is a, specialization of (z) over K. 
This specialization can be extended to a specialization (a) X (b) X (c). of 
(x) X (y) X (2) where (a) X (b) is a point in [Q] X [Q]. By the 
equation (È tela) (SE yell) = > 2,M, we can easily verify (if neces- 
sary, we consider affine representatives) (> aaMa O )(€ bgMg)) = h X c, MO 
where % is a quantity. Thus we have proved the above fact. Let a be the 
ideal in K[Z] determined by the set (z). Put F(X) = 3ic,M,; then by 
our assumption that F is absolutely irreducible, (e) is not a point in [V]; so 
that there exists a homogeneous polynomial P(Z) in a such that P(c)=<0. By 
our condition (1), the coefficients of P(Z) and P(c) are all p,-units for every 
pa in some o, Co. Put F(X) = & M, ® for every pb, in o If PO 
has a factor of degree r, then (@) is a specialization of (£®) over «3 so 
that it is a specialization of (z) over on Then from P(z) = 0 follows 
PM (EM) = 0; this is a contradiction if peo. Now if F(X) is 
reducible, the degree r of one of the factors must satisfy 1 <r S [d/2]; 
so our lemma is proved. 


Proposition 80. Let V" be a variety in S** defined over K. Then V 
is py,-simple for almost all the py. 


Proof. By Proposition 2 of [WF] Chapter IV, Section 1, V is defined 
by an absolutely irreducible equation F(X) —0 with coefficients in K. By 
our condition (I), the coefficients of F(X) are all p,-units for every py in some 
o, Co. Denote by FN (X) the class of F(X) modulo py for every py in o. 
Then by Lemma 3, #) is absolutely irreducible for every p) in some o, C ay. 
By Theorem 21 of Section 4, V is p)-simple for every py in o2; this proves 
our proposition. 
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THEOREM 26. Let [V] be an abstract variety defined over K; let [V] 
be a py-variety with the underlying abstract variety [V], for every à. Suppose 
that [V], is not empty for almost all the py. Then [V] is py-simple for 
almost all the py? 


Therefore, in this case, for almost all the p,, we can obtain the abstract 
variety [B], from [V], by the reduction with respect to p,; and [B] is 
defined over x. 


Proof. We shall first prove our theorem in case where [F] is a variety 
Vr in the affine space S”. Let (<) be a generic point of V over K. Let 
the iy (0 SiS7,1Sj Sn) be (r +1) independent variables over K (e); 
and put K’ == K(t) and y == Sty; for O17. Then by Proposition 16 
of Section 2, we have K’(a) = K’(y). Let W be the locus of (y) over K 
in St and T the birational correspondence between V and W with the 
corresponding generic points (x) and (y) over K’. Let the rj (0 S17, 
LSj=n) be (r-+1)n independent variables over x, and put oy 
= [(t) = (7™)]. Then by Proposition 3 of Section 1, for every A, 
ox is a discrete valuation ring with the quotient field A’. It is easy to see 
that the set o’ of all the valuations whose valuation rings are ox also satis- 
fies (I). By Proposition 30, W is »)’-simple for every py in some oy C o’. 
Denote by o, the subset of o corresponding to the subset o,’ of o’. Let (œ) 
be a generic point of a component By, of V™ over (7), for every Py 
ine, Put y = Say for SiS r; then (E%,y™) is a speciali- 
zation of (x,y) over oxy; and by Proposition 16 of Section 2, (æ) is finite 
over (y) hs (n). Let W, be the variety obtained from JV by the reduc- 
tion with respect to py, for every py in oy. Since a = S1j%E,, the 
dimension of (7) over «(7™) is r; so that (7) is a generic point of 
MB, over « (7). By Theorem 15 of Section 3, | (y) 2d (™)] is integrally 
closed, so contains all the a; since (x) is finite over (y) A (7), This 
shows that (œ) and (7) are biregularly corresponding points by T. 
Then by Theorem 14 of Section 3, we have p(V, Bu) = 2(W, W) =—1. 
Moreover if Bə is another component of V™ then Vya also biregularly 
corresponds to W, so it must coincide with By. Thus our theorem is proved 
for an affine variety. Now we shall prove our theorem for an abstract variety 
[VJ == (Va; Fa; Tee] on which a py-variety [F] = [Va; Fa; Sa; Tga] is 


12 This theorem may be considered as a generalization of a theorem of Bertini for 
pencils. (See O. Zariski, “ Pencils on an algebraic variety and a new proof of a theorem 
of Bertini,” Transactions of the American Mathematical Society, vol. 50 (1941), pp. 
48-70.) 
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defined for every A. As our theorem is proved for affine varieties, the varieties 
Va and Tga are all p,-simple for every pa in some cı C o. Denote by Su 
the variety obtained from Va by the reduction with respect to p,, for every « 
and every p, in op By Proposition 29, for every « and 8, Tga is regular 
along %, and Bg for every p, in some ca C o, Then by Theorem 13 
of Section 3, there exists a component &g,") of Tga®™ having the projection 
Ri. Since Tga is pa-simple if PaE, Zea is the only component of 
Tea if Paseo; so that, by the same reason, the projection of Zea on 
Ve™ is equal to Be. This shows that 8. and Be are biregularly 
corresponding varieties by Tga for every p, In os. From this follows that, 
for every py in oa [V], has only one component [%],. Furthermore, by our 
definition we have a([V]n [B h) =2(Va, Bo) =1, if [B]; has a repre- 
sentative in Va This proves our theorem. 


UNiverstry or Toryo. 
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COHERENCE INVARIANT MAPPINGS ON KRONECKER 
PRODUCTS.* 


By Henry G. JACOB, JR. 


1. Introduction. The main objective in this paper is a generalization 
of a theorem on matrices proved by L. K. Hua [2]. By means of the concept 
of the rank of a matrix Hua has formulated the notion of coherence between 
pairs of matrices and defined the class of one-to-one coherence invariant 
mappings on the group nX m matrices. His theorem gives a complete 
characterization of this class for the case of matrices with entries in a field. 
The extension of Efua’s results is suggested by the relationship between linear 
transformations of a finite dimensional space and matrices. Since in the 
finite dimensional setting the group of linear transformations is a special case 
of the broader notion of Kronecker products it appears natural to attempt 
to phrase a generalization in terms of Kronecker products of arbitrary dimen- 
sional spaces over division rings. This is accomplished by stating new 
definitions of rank and coherence for Kronecker products which reduce in 
the special case to the older forms. The generalized results are given in 
Theorem 5.1 of Section 5, and the last section is devoted to applications of 
this theorem. 


2. The Kronecker product. As mentioned in the introduction, the 
system which serves as a foundation for this investigation is that of the 
Kronecker product of two vector spaces. We shall assume that ¥ and 9) are 
arbitrary left and right vector spaces respectively over the division ring A. 


DEFINITION 2.1. X @Y is called the Kronecker product of the left 
vector space X and the right vector space 9) rf and only if, 


(i) XO) is a commutative group (composition denoted by +). 


(ii) there exists a mapping (x,y) —&&8 y of the product set XXY 
info XOY which, for all v, tı, 2€ È, Y, Yy yz€, «eA satisfies 


* Received September 30, 1953; revised November 6, 1954. 
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(a) (4 + a.) Qy = Dy H xy. 

(b) 88 (y+ Y) =e Oy, HE8 ya 

(c) say =g ay. 

(iii) Every element of XO 9) is of the form Siu @y, tie X, yep. 


(iv) (a) If @:,@2,° °°, Cm ws a finite set of linearly independent vectors 
in X, then the relation 3", e; @ y; =0 holds for y;eQ only if all yfs = 0. 


(b) If fis fos: + +5 fu ts any finite set of linearly independent vectors 
in Q), then the relation Xr, s; 8 f; = 0 holds for ajeX only if all the ws = 0. 


Properties (iv) (a) and (b) are called the independence conditions and it can 
be shown that any two groups which possess properties (i)-(iv) are isomorphic. 
A realization of this group is obtained by letting X’ be a left vector space 
dual to X relative a bilinear form (x, e), v eg, seg [4]. For weX and 
ye we define z @ y to be the linear transformation 2’ — (2’,2)y of X’ into 
9. Then the set B= [£ t8 y; | rre ¥ yie Y] is the Kronecker product 
of X and 9). 


3. Rank and coherence. 


DEFINITION 8.1. Let X and Q) be right and left vector spaces respec- 
tively over the dwision ring A. Let X ®Y denote the Kronecker product of 
these spaces. An element T =X u y is of rank n if n is the minimum 
number of terms of the form «@y in which T can be expressed. 


DEFINITION 3.2. Two elements T and R of X@Y are said io be 
coherent if T — R has rank one. 


In the above realization of the Kronecker product as linear trans- 
formations, it is evident that rank as defined coincides with the more familiar 
notion for transformations. Now if we denote the rank of an element T by 
r(T) we have as an obvious fact, that if T and R are elements of X © 9), 


r(T +R) Sr(T) +r(B). 


DEFINITION 3.3. Jf (a1, %,° + ©, n) 1 a set of vectors in X, the space 
generated by these will be denoted by (a1, t2, > `, n]. A similar notation 
will be used for subspaces generated by elements of 9). 


LEMMA 3.1. An element TeX@Q is of rank n if and only if 
T = Sr ay, where the sets (Ti, tat + °,%,) and (Yu Yat +, Yn) are 
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linearly independent. Furthermore, if T is of rank n and T = Xh 2,0 
== Xh a* Q y*, then 


[Z1 Ta, Ta Ta] een lai. T”, OE Tr” | 
and 
Yas Yea tty Yn] E [4s Yo"; nia wag Yn] ‘ 


Proof. The necessity of the first statement is obvious. To prove 
the sufficiency assume that T == $, t: y, where (2,%,°°*,%) and 
(Yt, Yoo’ © `, Yn) each form linearly independents sets. Suppose that r(T) < n 
and T == — Yna O yp bk <n, where (Emu ts nen) and (Yn't Yuet) 
are linearly independent sets. Then 3"*,2,@y,—0. From the set 
(Yis Y2 © *5 Yasr) Select the maximal linearly independent subset which com- 
prises the first n elements. We have then (41, Y2,° © ©, Yn Ynis” © s Ynis); 
sk and y= Dd" yty, t=n+stiats+2,---,n-+h, hence 


n+g nth nts nts nt+kh 
VUSBy+ DY n8 (Eyy) =0 or D[ajt+( È zy) |] Oyj —0. 
i=l 4=nt+st1 j=1 fal qant+st1 
By the assumed independence of (41, Yo," © `, Yn Ynsts’ °° > Ynes), Condition 
(iv)(a), mentioned earlier, implies that v; -H (>)? nse tyt) = 0 for 7 = 1, 2, 
--,n-+s. Since k <n, the independence of the set (2, £o’ °, 2r) iS 
contradicted. 


Assume next that T is of rank n and T = Xr u © y == D" a" © y. 
For simplicity write a," == — €n and Yr" = Yn Tor k == 1,2, e,n. 
Then T == >", n 8 y,=— Ann y; which implies $7% m: 8 yi = 0. 
Suppose that [M1 “Ty Yn] z£ Lyi, Yo", co Ya] and (Yis Yas * 3 Yny Yns+1y 
> Yng O< SSS is a maximal linearly independent set selected from 
the y’s. Following the same argument used in the preceding part of the proof 
we may show that the independence of the set (2, %2,° - `, n) is contradicted. 


The last lemma, states that the sets (21, To’ © ©, 2n) and (41, Yost © *5 Yn) 
which appear in a minimal representation of an element T, where 1(7') =n, 
will serve as basis for the spaces generated by any other two sets used in a 
minimal representation of T. The subspace [2,,%,° ``, n] will be called 
the right space associated with T and the subspace [4;,%2,° © *,Y| will be 
called the left space associated with T. A useful corollary of Lemma 3. 2 is 
the following 


COROLLARY 3.1. r(X— Y) =n, for X and Yex@Y, if and only if 
there exists a chain of n— 1 elements Xi, Xat © -,Xn-1 in XOY such that 
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= t( X, — X) = r(Y — Xni) = (Xi — Xi) 1 <i <n, and there is no 
shorter chain with this property. 


We shall now begin a study of one-to-one mappings of one Kronecker 
product onto another which are coherence invariant, i.e. @ mapping 1s 
coherence invariant tf whenever two elements are coherent thew images are 
coherent. We shall also require that the inverses of these mappings’ be 
coherence invariant. To establish the existence of such a mapping we shall 
describe two distinct types. Let X; and Y; 4 = 1, 2, be right and left vector 
spaces respectively over the division ring A; Suppose that P and Q are 
semi-linear transformations of X, into X, and Yj, into Ja respectively with 
the same associated isomorphism of A, onto A. It is then true that the 
mapping $ nD yE nP Oy of XOY, into X.@ Yo, which we shall 
denote by P® Q, is single-valued.* In the case where P and Q are one-to-one 
and onto P ® Q is also one-to-one and coherence invariant, furthermore, the 
inverse P- & Qt possesses these properties. A second type of coherence 
invariant mapping different from the first is obtained in the following manner. 
Suppose that A,’ is an anti-isomorphic image of A,, then the spaces ¥, and 
D, may be regarded as left and right vector spaces respectively over A,’, and, 
as such, have associated with them the Kronecker product 9, O %,. It can 
be easily shown that the mapping X nO y —> $ yOz; is a natural iso- 
morphism of X, © Y, onto Y, O ¥,, which we shall denote by 8. Now if Q 
and P are one-to-one semi-linear transformations of 9), onto X, and &, 
onto 9, with the same isomorphisms of A,’ onto A- the resultant mapping 
Sy- Syr Dd y@ B P is both one-to-one and coherence invar- 
iant of X,@Y, onto X, O Y., and the same is true of the inverse. 


We observe that the mappings of the two classes already described always 
carry the zero element of %,®@Y, onto the zero of X,@ Ya. Therefore, it 
should be remarked that a slightly more general coherence invariant mapping 
is obtained by the addition of a constant element in the image space. For 
example, consider the mapping T>T[P®Q|]+ Rh, where R is a fixed 
element of X, © Y.. Clearly this mapping has essentially the same properties 
as POQ. 


At this point the question which naturally arises is whether or not the 
two classes described above comprise the totality of one-to-one coherence 
invariant mappings which have coherence invariant inverses and take zero 


*This can be shown by an argument similar to that for the direct product of 
linear transformations [4]. 
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onto zero. The answer, which is given in Theorem 5.1, is in the affirmative 
when the dimensionalities of the vector spaces Involved are greater than or 
equal to two and the division rings have more than two elements. 


4, The fundamental theorem of affine geometry. Essential to the 
proof of the last statement of Section 3 is a well known theorem in affine 
geometry which we shall call the “fundamental theorem of affine geometry.” 
The theorem will be stated for right vector spaces only, although similar 
results obtain for left vector spaces. The finite dimensional case over a field 
with three or more elements has been treated by Hua [2]. 


DEFINITION 4.1. If X is a right vector space over a division ring A 
and 2,,%2eX, the set of points Q = [t + a2.(1—a)| aeA] is called the 
line through x, and zə. 


Tiruorem 4.1. Let X, and X, be right vector spaces over A, and A, 
respectively, with dimensionality greater than or equal to two. If A, contains 
more than lwo elements, then every one-to-one mapping P of X, onto Xo which 
carries lines onto lines and zero onto zero is a semi-linear transformation. 


.\ comparison of Theorem 4.1 with the “fundamental theorem of pro- 
jective geometry ” [1] will reveal that the minimum dimension in this case 
is one lower, however, an additional condition must be imposed on the division 
ring. ‘The following example will show that this restriction cannot be removed. 
Let X be a three dimensional vector space over 6, the field of two elements. 
Denote by (2, Za, z3) a basis for X. It is clear that X contains a total of 
eight elements which enumerated are 0, £i, to, Za, t1 ++ La, Ti -+ Ta, Vo + ta, and 
Tı + Ts- Tg Consider the mapping P on X which maps 0 onto 0,2, + t 
onio ti + v3, Tı + 3 onto v, -+ v, and acts as the identity on the remaining 
elements. Since any line in X contains just two elements (in mirtienlar a 
line determined by two points contains only these points) it is quickly seen 
that P is one-to-one on ¥ and carries lines onto lines. However, P is obviously 
not additive. 


5. The main theorem. The notion of coherent sets, which is the funda- 
mental tool in the analysis of coherence invariant mappings, will be introduced 
now. 


DEFINITION 5.1. (i) A set G contained in the Kronecker product 
XO is suid to be a coherent set if every pair of elements of © is coherent. 


182 i HENRY G. JACOB, JR. 


(ii) a maximal coherent set is a coherent set which ts not properly 
contained in any other coherent set. Maximal coherent sets may frequently 
be referred to as simply maximal sets. 


(iii) a maximal set containing the 0 element (hence, in addition, only 
elements of rank one) will be called a mazimal set of rank one. 


DEFINITION 5.2. We shall denote by X the group of mappings of X@ Y 
of the form T -> Tr =T 4 R, R a fixed element of X&Y. Two sets of 
X®Y are said to be equivalent under X if one is the image of the other 
under some element of X. 


These mappings are analogous to translations in a vector space and are 
certainly one-to-one and coherence invariant. The same is true of the inverse, 
hence they leave invariant maximal sets and intersections of maximal sets. 


Noration. (i) If seg and ye) we shall denote by c@Y and XBY 
the sets [18y | ye Q] and [18 y | ve £] respectively. 


(ii) Since T — T? denotes the natural isomorphism of X, 8 Y, onto 
9,0%, f T= ny then T= Fy On. The resultant mapping 
T -> T°—>E yD rP, described earlier, will be denoted by T — (T°)". 


Turorem 5.1. Let T — T° be a one-to-one coherence invariant mapping 
of X,@Y, onto X- Y, which carries 0 onto 0 and possesses a coherence 
invariant inverse. Then either 


(1) Te nP ® yQ, where P and Q are semi-linear transformations 
of X, onto X, and Y, onto Yo respectively with the same associated isomor- 
phisms of A, onto As, or 


(2) TF == (TS) == X, yQ O aP, where P and Q are semi-linear trans- | 
formations of X, onto Y, and 9), onto Xa with the same associated isomorphisms 
of A’, onto A, regarding X, and 9), as left and right spaces over A’;. 


We shall first establish the theorem for elements of rank one by examining 
the effect of o on maximal sets of rank one. Two lemmas are required for 
this part of the proof. 


Lemma 5.1. In the Kronecker product X®QY maximal sets of rank 
one are either of the form z @ Y or Z Q y where x and y are non-zero elements 
of X and 9) respectively. 


Proof. It follows from Lemma 3.1 that if Y is coherent to both 0 and 
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X = vQ y 0, an element of rank one, then either Y =z Q v or Y =u 8y. 
Thus if © is a maximal set of rank one containing X, every element of © 
is of one of these two types. Since © is maximal, and dimension of X and 
2) = 2, it contains either a u y where u and v are linearly independent or 
«®v where v and y are linearly independent. If both belong, then © is no 
longer a coherent set. 


Lexma 5.2. There are exactly two maximal sets containing a given 
pair of coherent elements. If the coherent elements X =@, 8y and 
Xa == v Q y are contained in the maximal sets ©, and Go, then 


Proof. Let X, and X., be any pair of coherent elements. Choose from 
S the mapping T — T — Xa; then X, >z @y, an element of rank one, and 
X.—-0. Now +@Q and O y are the only maximal sets containing 0 and 
Oy, hence the sets ©, and Gz, equivalent to r& F and X Sy under this 
mapping, are the only maximal sets containing X, and X. To prove the 
second statement suppose X, = v, @y and X; = z: Q y and apply the same 
mapping again. Then 6, N ©, is equivalent to the set [ (xı — 2A 8 y |à eA]. 


Proof of the Theorem. From the assumptions about the mapping 
T —> T7, it is immediate that maximal sets of rank one and intersections of 
maximal sets are left invariant. As a consequence of this, if æ, and w, are 
lincarly independent elements of X,, and (z,@9,)° and (wi @9¥,)% are 
images of a, @ 9), and w, © Y, respectively, then either (7, © Y)” = m: © Y, 
and (w: B 9) == w: $ Yo where Ts, we are linearly independent, or (a, © 9),)* 
= X Q yz and (tı O Y) =X. Q zo where ye, 2. are linearly independent in 
9).. Furthermore, if (7, @ 9,)% = 2% S Yo, then (X; 8 y,)% = X Q yo must 
occur. Now it will be more convenient to restrict the remaining discussion 
to the case in which (s, © 9),)% = a © Y., however, it should be understood 
that the following arguments apply equally well to the other possible situation. 

Since o is one-to-one we may write (2, © y,)° = 2, @ y,8, where Yı > Yf 
is a one-to-one mapping of 9, onto Y).. In fact, 8 possesses the additional 
property of carrying lmes onto lines, which is seen by considering the 
line [Ay: + (1—A)z, | AeA] and recognizing, by Lemma 5.2, the set 
[r @ Ay, + (1—A)z, | Xe A,] as the intersection of the maximal sets con- 
taining the coherent pair 7, © y, and z, & zı. The latter set, it follows, must 
map onto [a,® yy,8 + (1—y)2% | ye] which is the intersection of the 
maximal sets containing the images £ @ y,f and t: 8 2,8. Thus by Theorem 
4.1 we may assert that for each v, eX, the mapping Yı — y, is a one-to-one 
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semi-linear transformation of 9), onto Ya. Furthermore, from the coherence 
invariance of o and the linearity of these induced mappings it can be seen 
that any two differ only by a scalar multiple. Similarly for each y, e Y, there 
corresponds a one-to-one semi-linear transformation of X, onto Xs, and these 
also differ by scalars. Consequently, we may select a single mapping from each 
set, denote them by P, and Q, and write (7, @ 41)? —a@,P; @ y (2, Y1) YQ 
for all elements of rank one, where y(2,,¥1) appears to be dependent on v, and 
Yı Actually y(a, Y1) is independent, and to show this we need only observe 
that the mappings yı — y(%, Y1) Y1Q, for a, fixed, and zı —>2,Pry(%, Y1), for 
Yı fixed, are also semi-linear. Thus if P is the semi-linear transformation 
Tı —> Piy (£1, Y1) and Q = Qi, we have (4, È y1)" =P yQ. Clearly P 
and @ will have the same isomorphisms. — 

With the theorem established for elements of rank one we proceed with 
the final step. To simplify this step we introduce the composite mapping- 
~T->T*[P+ © Q>] and denote it by r. v is one-to-one and coherence invariant 
on X, 8 Y),, leaving the elements of rank one pointwise fixed. We shall prove 
that it is the identity on all of ¥,®Y,. Suppose that T is of rank n. By 
Lemma 3.1, if T == 3)", 7,@ yy the sets (a1, Lay’ © +, Lu) and (Yr, Yor’ © +5 Yu) 
are each linearly independent. It is immediate by Corollary 3.1 that 
r(T) =7r(T7), hence we may write T" == 3)", x;*®y;*, where the ts and 
y*’s also form linearly independent sets. We observe next that T — t: 8 y; 
1SiSn, is of rank n—1, therefore by Corollary 3.1 T" —(a;® y:i)" 
= Tr — n8 y; is of rank n— 1. Thus T" = t 8 y; + DS", tir ® yu, for 
1S1 n, and we have at once that ae [a,",-- +, a,*} and ye [yi*, Y2", 
‘++, yn"]. We may now write 77 = >", rjv; where (v,,°°°,U,) is a 
linearly independent set in 9). | 

Consider the element T — z, © (yı +- dey +° ++ + An¥n) which is of rank 
n— 1 for all Aj, j = 2,38,---,n. Then T7 — 2, @ (yi + Aey ++ + + + Any) 
is of rank n — 1, which implies v, — y, == $", &u; + Aye +> + > -b Anyn for 
all A; Let à= 0, j= 2,---,n, then v — Yi = DEW, By letting 
Aj== 0,7 54k, the last two equations give yp = Ð” én Ov, k41. Applying a 
similar argument to T— 8 (Aig: + Aye +> st yj te ++ Anya) we 
obtain 


% n 
v — Y; = 2 iv, and Yr = >” T kÆj, 
i= = 


where the primes refer to the exclusion of the summation index i == j. From 
these relations we have, for example, if 7 == 2, 8,-- -,, 
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ab 1b >» ib 
vı = 91 + >, EOvu, = > év +- > EO}. 
: a 


4-2 422 


Since the v,’s are linearly independent, by letting j run from 2 to n we see 
€,,) = 0, i= 2, 38, >>, n, hence v = yı By the same argument it can be 
shown that vi = yp i = 1,2,°--,. Consequently, 77 = T for all TeX, © Y, 
and Te = T(P 8 Q) = Xn nP O yQ. 


6. Applications. We turn our attention next to a situation in which 
we are given the dual pairs of vectors spaces (X’,X) and (9,9) over the 
division ring A, with associated nondegenerate bilinear forms (a’,2) a’ eX’, 
aeXand (y’,y), ye’, yeg. We shall consider the additive group Q(X, Y) 
of linear transformations of X’ into Y” which are continuous in the X-topology 
of X’ and -topology of 9)’. It can be shown that these are just the linear 
transformations which possess adjoint mappings of 9) into X[4]. Moreover, 
the set %(X’, 9’) of linear transformations of the form 


v —> (2’, 1) Ys" ae (2, To) Yo! T 9 ON T (2, Tn) Yn» a’ € & 5 Tı € £, Yi, € Y, 
LSS n, 


is a subset of 2(X’, Y) which coincides with the set of all continuous linear 
transformations of finite rank. A transformation of this type will be denoted 
by Sny. We have already seen that (X, Y) is the Kronecker product 
xX @ Y’. 

It should be mentioned that R(X, Y) is a topological group in the finite 
topology, and %(X’, Y) is a dense subgroup of the full group of linear trans- 
formations of X’ into Y. In addition &(X’, Y) may be considered as a left 
or right module over &(X’, X’) or (Y, Y) respectively, where Q(X’, X’) is 
the ring of linear transformations in &’ with adjoints, and 2(9)’, Y) is: 
similarly defined for Y. The subring Y(X’, X) is a simple two sided ideal 
of Q(X’, X) comprised of the union of minimal right ideals. Each minimal 
right ideal is generated by a idempotent transformation of rank one, hence 
the minimal ideals are composed of transformations of rank one and every 
transformation of rank one belongs to a minimal right ideal. Since @(X’, 9’) 
is a left module over R(X’, X’) we have the multiplication rule 


(T1 X T) (2 @ yo’) = 21 (L, t) Oy’, 


where a X er e£ X X == F(A’, X) and a, @ yo’ eX @ Y = F(Z, Y). 
Now consider the left module I over R such that ¥(X’, YY CAC A(x’, Y’), 
SL X) SHS UX’, X’), and RM SM. By the density property we have 
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Lemma 6.1. Jf R, eR and RA = 8A for all Ac, then R=S. If 
A, Be and RA = RB for all Re R, then A =B. 


Our purpose in this section is to investigate a one-to-one mapping o of 
the module W, over R, onto the module M, over Rə, (M, and Ry, i= 1,2, as 
described above) which satisfies the condition that (2,A,)% = 2,7A,7 where 
R, —> R,” is a one-to-one mapping of R, onto R. In the process of charac- 
terizing this type of mapping we shall show that the associated mapping 
Rk, — R,” is multiplicative, hence additive by a theorem of ©. E. Rickart [5]. 
. Moreover, an extension of Rickart’s methods will be used to prove the addi- 
tivity of o. It will be assumed that the vector spaces and division rings 
involved satisfy the conditions imposed in Section 5. 


Lemma 6.2. Let Aı —> A,? be a one-to-one mapping of X, onto M, such 
that (R141)! == BVA, where BR, > R” ts a one-to-one mapping of R, onto Re. 
Then the mapping o ts additwe and y is an isomorphism. 


Proof. Since (R,A1)° = #,7A1? it follows that (2,S,)%A17 = R84 
for all A, e Mı, hence by Lemma 6.1 (#,81)7 = RYSY. Thus y is multi- . 
plicative which implies y is additive and, in fact, an isomorphism. Now since 
any element of rank one is contained in a minimal right ideal and minimal 
right ideals are mapped onto minimal right ideals under isomorphisms, we see 
that the additivity of y implies the coherence invariance of y. Furthermore, | 
y>% is coherence invariant by the same argument, consequently 7% (X,’, 9) is 
mapped onto 3 (X2’, Y2’). | 


Next suppose A, and B, e (X,’, Yi’) and have disjoint right spaces 
associated with minimal representations; i.e, Ai== >)", 2;@y/ and 


By, = >”, u;,@ vf, where (21, 2° + +, Eny Ur * *,%m) form a linearly inde- 
pendent set. Let ani, = Up, e = 1,2,---,m, then by the assumption that 
(X, Xı) comprise a dual pair of vector spaces there exist 21’, T2,- * +, nim’; 


xj eX,’ such that (z7, 7)) == ôy. If R= Xr a; X of and Si = Dan 2) X 2, 
it is apparent that 2,A, = A, #2, B, = 0, SB, == B, and 8,A,—0. Thus by 
the additivity of y and the equation (#,-+ S8,)(A.:-+B:) = A, + B., we 
have (A, + Bı) = A,%-++ B. Furthermore, an induction argument may 
be used to show that A,° = 3",(x,®@y;)%, whenever the as are linearly 
independent. Consider next the case in which A, = 7, ® y and Bi =, 8v. 
Since X, has dimension greater than or equal to two there exists z," e ¥, such 
that x, and v,” are linearly independent. Tf C,=2,* Qy, then A, -+ B, 
== 2,8 (y+) and A, + Ci = (4, -+2%,*) 8y, thus from the preceding 
remarks it follows that 
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( (Ax -+ B,) -+ C,)? = (Ay + B) + 0 
( (Ai + C1) + Bi)? = (4, + Ca) + Bi? == A + Cie + By’. 


Therefore (A, + Bi)? = Ay? + By’. 

We are now prepared to deal with the case in which A, and B, are arbi- 
trary elements of %(X,’, 9). Assume that the set (t1, £o,` ++, nu * * * Enim) 
is not linearly independent and select from it the maximal linearly independent 
set (2, Bos” © *5 Eny Ensis’ © *> Unset), Where OS i< m. Then we may write 


B, = 3", 2, @ wf + Dana ct; @ w/ and 
A, + By = 3", 2 (yr + wi) + Ena tj @ wy. 


From these equations it is easily shown that o is additive on (Æx, 2’). 

Finally, to show o is additive on all of X, it is sufficient, in view of Lemma 
6.1, to observe that for A, and B, in M, RYA + By )=—#,7(A1+ Bi)? 
for all Bye (X1, X17’). 


THEOREM 6.1. Let A,—>A,° be as defined in Lemma 6.1. Then 
Ay? = 7," AiO, and RY = T * RT, where T,* and Q, are one-to-one 
semi-linear transformations of Xy onto X and Y,/ onto Y respectively. 


Proof. In the proof of Lemma 6.2 we showed y is coherence invariant. 
We must also show the same is true of o. Suppose L, = v, ® y. There exists 
F, =, X x such that (tı, 2’) == 1, hence FL, = L, and (L) = Fls, 
But F, is of rank one, consequently FYL, is of rank one. Since o is also 
additive it must be coherent invariant. o 7 is coherence invariant for the 
same reasons. 

We may now conclude by Theorem 5.1 that for all 


F, = > wy X Uy & FE, x1") 


either (1) FY == Sait, XTY or (2) F = Di Tr X cT, and for all 
Lye (XV, 91’) either (8) Le =) eP Oy Q or (4) LF = Dy/QSuxP. To 
start with we shall assume that forms (1) and (8) hold simultaneously. Later 
we show that this is the only possible combination. 

Suppose that Fi = 2, X @ and L,—2,@y,’.. Then 


BOL, = (8,2) By, hence (FL) = (% (2, tP O yQ. 
By assumption 
(i L,)? == FYI? = (442, X wL) (& P & YQ) 
sel (T, tP) & YQ, 
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and thus tP (2x, 21)" = 2,T,(#,/Ty’,2,P), where r is the isomorphism asso- 
ciated with P. Since P and T are one-to-one’ and differ for each s, eX, by a 
scalar multiple, we have that 2,P=17,0',¢, a fixed in A, Moreover, if 
à is the isomorphism associated with Tı, then yò == gya, yeA,. Thus 
a(t, £1)" = (a,'T,’,2,T,)a, from which follows (a,/,2,)*—= (£ T7, 2,7,). 


Since T, and T’ have inverses, the last relation states 
(sz, tTa) Al == (PLT Ta) ` 


In other words, T, has as adjoint T,” = T14, consequently if y1Qı = ay.Q, 
then (F,L,)% == Ty" (Fili) Qo Fil = T *F T", and L = T * LQ for all 
L, and F,. Again Lemma 6.1 can be used to prove that o takes this form 
for all A,e%,. Moreover, since it is evident that y is, in fact, a special 
case of o when we identify W, with Ra, it is also clear that y has the same 
form on all of R. 


Finally we may dispose of the other combinations by considering only 
the combination (1) and (4) and remarking that a similar argument can be 
used for. the others. Suppose then that F, and L, are defined as before 
and (F,D,)% = YQ @ (z, (ay, %1))P and FYL = 2,7, (£T, YQ) 8 rP. 
Therefore, yx Q (21, £1)" == tTa (2 TY, YQ) for all yt e Dy’, 2y € Æi v1! © Ky’. 
Clearly if y, is fixed and v, allowed to vary, this situation is impossible. This 
completes the proof. 


By means of Theorem 6. 1 we may readily obtain the isomorphism theorem 
for primitive rings with minimal ideals [3]. This result can be stated as 
follows. 


THEOREM 6.2. Let (X1’,X.) and (Es, Xz) be dual pairs of vector spaces 
over A, and A, respectively. Let X, i — 1, 2, be primitice rings with minimal 
ideals such that % (i, X) SW, S VR, Er). If A Ax is an isomorphism 
of W, onto W., then Ay? == T,*A,T,*", where T,y* is a one-to-one semi-linear 
transformation of Xs’ onto £r. 


LOUISIANA STATE UNIVERSITY. 
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A CHARACTERIZATION OF A CLASS OF RINGS.* 


By R. L. San Souvcre. 


1. Introduction. Skornyakov [4] has shown that a right alternative 
division ring of characteristic not two is alternative, while the author has 
proved [2] that a right alternatwe division ring of characteristic two is 
alternative if and only if it satisfies the identity 


(1.1) w (ey: s) = (wr: y)s. 


Moreover, R. H. Bruck has actually constructed examples of right alternative 
division rings which are not alternative. This construction is detailed in an 
appendix to [2], but may be summarized as follows. 

Let F be any field of characteristic two for which there exists an auto- 
morphism « of order 2 and an element fẹ in F such that foe = fo and fo 
not a square in F. Let 6 be the additive endomorphism of F defined by 
f8 = fa + fof, all fin F. Then if # is the set of all couples (f, g}, with 
f, g in F, if equality and addition in # are defined componentwise and multi- 
plication is defined by 


(1.2) (f, g) (h, b) = (fh + g: k0, fk + gh), 


R is a right alternative division ring of characteristic two which is not 
alternative. A field F which suffices is F =— B(t), where B is any field of 
characteristic two and ¢ is transcendental over B. Then, for any f(t) in B(Z), 
a defined by f(t)a==f(t-+ 1) and fo = t + t can be used to construct the 
required endomorphism 6. (The elaborate choice of @ is explained in [2], 
and does not concern us here.) 

In view of the above, we make the following definition. If B is a not 
alternative, right alternative division ring of characteristic two, if B is two- 
dimensional over some field F (so that B can be written as the set of all 
couples (f,g) with f, g in F) and if multiplication in B is given by (dae) 
where 6 is some additive endomorphism of F, not necessarily, however, the 
particular kind mentioned above, then we shall call B a Bruck ring. Since 
the rings whose construction was outlined above fall into this class, the class 
is not empty. Moreover, Bruck rings have the following surprising properties: 


* Received November 8, 1954. 
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1. The identity (w, x, yz) + (w, y, zz) = (w, z, z)y + (w, y, 2)@ holds in 
any Bruck ring B, although it can be obtained by linearization from 
(1.1), which cannot hold in B. 

2. The identity (wr, y,2) = w(a, y,2) -+ (W,Yy,2)e + (w,x, (y,2)) is 
satisfied by any choice of w, v, y, z in any B, and this identity played 
an important role in proving that other right alternative rings were 
alternative. (See [1], [2], [8], and [4].) 

3. The left nucleus K, of any B, commutes with B, and squares and 
commutators are all in K. 


In view of these properties, we concern ourselves in this paper with the 
following problem: what characterizes the Bruck rings in the class of all not 
alternative, right alternative division rings of characteristic two? The answer 
turns out to be simple. Property 2 and a part of property 3 (above) together 
provide necessary and sufficient conditions for a not alternative right alterna- 
tive division ring to be a Bruck ring. 

All of our results appear to be new, for (to our knowledge) there is no 
literature concerning right alternative rings that does not either prove or 
assume (1.1). But some of our methods are similar to those used in [2]. 
We intentionaily omit the verification of properties 1, 2, and 3 for Bruck 
rings. Nothing is involved except tedious computation using (1.2) and this 
does not seem worth recording here. 


& Preliminary results. Throughout the paper, e will always denote a 
right alternative ring of characteristic two. 


Lemma 1. The following identities hold in R: 
(2.1) (wa, y, 2) + (w, ay, 2) + (w, z, yz) = wlz, y, 2) + (w, 2 y)2 
(2. 2) (xy, 2) = (y, 2) + (w, z)y + (2, £, y) 
(2. 3) ((2, y), 2) + ((%, 2), y) + ((y, 2), £) = 0. 

These identities are well-known. (See [5], page 125.) 


Definition 1. R will be said to have property A if R is not alternative 
and if 


(2. 4) (we, y, 2) = w(x, y, 2) + (w, y, eye + (w, 2, (y, 2)) 
holds identically in R. 


We now derive some consequences of the definition. 
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Lemma 2. Let R have property A. Then the following identities 
hold in R: 


(2. 5) (w, x, yz) + (w, y, zz) = (w, £, z)y + (w, y, 2) @ 
(2. 6) (w, x, (y,2)) + (w, Y, (2,2)) + (w, z, (x, y)) =0 
(2. 7) (w, 2°, y) = (w, ©, y) + (w, £, yT) 


(2. 8) (w, Y, T) ya + (w, y, 2)u°Yy = (w, y, yx’) + (w, y, 2) Y. - 


Proof. (2.5) is obtained by direct substitution of (2.4) into (2.1) and 
collecting terms. (2.6) then follows from (2.5) by expansion of the left 
member of (2.6). (2.7) then comes from (2.5) via the substitution z—> y, 
yor, zgr. Now (w,y, yx?) = (w,y, £) ye + (wv, yt, sjy using (2.5) 
and also (w, yx, ©) y = (w, y, @)y + (w,y,c)e-y using (2.7). This proves 
(2.8) and the lemma. 

The following definition is standard. 


Definition 2. Let 
K = [kek | (k, R, B) = 0], let M = [me R | (R, R, m) = 0], 


and let C = [cee M |(c, R) 0]. Then we call K the left nucleus of R, M 
the right nucleus of R, and C the centre of R. Observe that C is in K 
by (2.2). 


Lemma 3. Let R have property A and have no proper divisors of zero. 
Then M =C. 


Proof. Clearly we need only prove M C C. Select ve R, gg M. Then, 
‘for any meM, (R,z,m) =0 and (z, m)eM, using (2.4). But also 
(R,z,æm) =0 so that (z,gm)e M. However, (axm,x2) =s(m,x) and the 
latter implies z e M, a contradiction, unless (m, s) == 0. Hence 0 == (sm, m’) 
—=2z(m,m’) and thus (M, E) =0. This proves the lemma. 


Definition 3. If # is a ring with property A and if R is such that all 
commutators are in the left nucleus, then we shall say that Æ also has the 


commutator property. For convenience, we shall write that & has property 
ACP. 


Lemma 4. Let R have property ACP and no proper divisors of zero. 
Then (i) (K, K) =0, (i) (2, R) = 0, (ii) ae K, (iv) ((z,y), R) =0, 
(v) (E, a, (y,2)) = 0, (vi) (B, a’, 4°) C K. 


Proof. Select «eR, cK, and k,k’ce K. Then 
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(sk, k’) =a(k, k) + (x, k )k 


and thus 2(k,k’)eK. But the latter implies that se K, a contradiction, 
unless (k, k) 0. This proves (i). Since 


(2.9) (xy, £) = 2(Y, £) +- (2,2, Y), 
we have 

( (2,8,4), 0, y) = (a(y, 8), 2,4) = (2, t, y) (x, y) 
and also 

( (2,2, y), 2y) = ((y, a) x, 2, y) = (8, y) (2, 2, y) 
so that 


We conclude from (2. 10) and (2. 9) that 0 == (x(x, y), (a, y)) = (æ, (x, y))(%, y) 
and this implies that (z, (<, y)) = 0. Hence (2?, y) = e(z, y) + (x, yje = 0 
and (x°, R) =0. (ii) and (2.2) prove (iii), while (iv) follows from (ii) 
by replacing « by «+ y. Replacing æ by x in (2.6) then yields (v), and 
(vi) comes from the observation that (2°y?, u) = (u, 2”, y). 


Henceforth we shall assume that È is a division ring with property ACP. 
This added assumption enables us to prove a lemma which is crucial to our 
theory. It is perhaps worth noting that the identity of the lemma has 
heretofore been proved using (1.1).? 


LEMMA 5. The following identity holds in R: 
(2. 11) ((w, y), t, y) = (w, 2, y) (2, y). 
Proof. We begin by observing that 
(w, Y, ya?) = (w, y, vy) = (w, 2, y?) + (w, 2, y)y. 
Hence (2.8) becomes 


(2. 12) (w, Y, €) yu + (W, Y, ©) a- oe (w, T’, y’). 
Then 


((w,%, y), ©, y) = (w, 2, y) -vy + (w, v, yje y 
= (w, £, y) -sy -+ (w, s, y): ye + (w, 2, y*), 


using (2.12), so that 


(2. 13) ((w, 2, y), £, y) = (w, £, y) (a, 9) + (w, 2, y’). 


* But we should point out that previous proofs did not need the division ring 
hypothesis. 
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We now complete the proof by showing that (w, 2?, y?) = 0, and begin by 
noting that (2.9) implies . 


(2. 14) ((4, z, Y), % Y) = (4, 2, y) (2, Y); 

while (2.13) yields 

(2. 15) ((a, & y), 2y) = (2, 2, y) (wy) + (2, 2,9’). 
Therefore (2.14) and (2.15) together yield 

(2. 16) (x, v7, y?) = 0. 


The substitution z—->2-+ y, y —>z in (2.16) yields the linearized identity 


(2. 17) (y, 1,2) = (2, 4°, 2°) 
and setting y = k in (2.17) gives 
(2. 18) (z, b?, 27) = 0, 


Now consider q == (w, 2’, y”). If either x or y is in K, g=0 by (2.18). 
Hence we can assume without loss of generality that vg K and then we 
define z by tz = w, for the particular + and w chosen in the associator g. 
This gives 
(2.19) q = (a2, x7, Y?) = (2, v, Y°). 


But geK by Lemma 4(vi), and (z,2’,y?) is in K also. Hence (2.19) 
implies that z is in K, a contradiction, unless (z, z?, y?) = 0. But then g = 0, 
(2.13) becomes (2.11) and the lemma is proved. . 


3. The characterization. Since we are assuming that È is not alterna- 
tive, we known that È contains at least two elements a and 6 such that 
d = (a,b) Æ0. If (R,a,b)==0, then d’ == (a,ab)—ad30. If also 
(R, a, ab) = 0, then, since d, d are in M, a is in M and d = 0 by Lemma 3, 
a contradiction. Hence a, 6 may be chosen so that (a,b) ==d+0 and 
(R, a,b) 40. With a, b so chosen and fixed once for all, define the mapping 
x (of R into R) by 
(3.1) tar == (2, a,b), all æ in R. 
Then we may write (2.4) as 
(3.2) (wr)r = w'ar + wr t+ (w, x, d). 

| THEOREM 1. Let 


N = [ne R | nr = (n,a, b) = 0], S= [se R | s7 = (s, a,b) = så]. 
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Then R= N + 8, SO N=0, VS = S, N £06, and S*=N. 


Proof. (i) Since de K C N, N0. Also, 8 contains Ra by Lemma 5 
so that S40. Now, for any sef, define q by gd = ær and observe that 
(qd)r = qr:d while zr'r = ir: d= qd-d. Hence qr = qd and qes. 
Set y = v — q and obtain yr == Xr — qr = 0 so ye N, and R= V+ 5. 
Clearly SQ N = 0. 


(ii) Note that (ns)a7==n-sd+ (n,8,d)=ns-dsoNS CS. If a is 
the solution of ne == s, n Æ 0, then s =w + 8’, n(n’ +8’) =s and nw es, 
Thus nn’: d = (n, w, d) so w = 0, t =s and NS = 5. 


(iii) Finally, (ss )r == sd-s’- s: s’d + (s, 9, d) =s: ds’ + s: sd = 0 
by Lemma +(iv) so that S* C V. The trick which worked in (i1) may be 
used again to get S* == N. 


Lexma 6. Wilh definitions as in Theorem 1, (i) ns-d==s-dn, (i) 
(dn,s) = 0, (11)? (N, R, d) == 0. 


Proof. Since (n,s)r==0, we have ns: d= (sn)r = sd: n + (s, d, n) 
and this gives (1). Now du-seS and s-dneg by (i) so that (s, dn) e8. 
But (s,du)ekK C N so (s,dn)—=0. For (iii) we observe that (n,z, d) 
= (nejm + n'er xo (n, &, d) m S. But also (n, a, d) = (ad n) + (a, 2) d 
and thus (n,e, d) K C N. Hence (n, s, d) = 0 and this is (iii). 


THEOREM 2. Let N and S be defined asin Theorem 1. Then (i) N* == N, 
Gi) (N, 8) = 0, (ii) SN = S, (iv) N = K, (v) (K, E) =Q and K isa field. 


Proof. Lemma 6(Gi1) implies that (nn )r = 0 and hence N? C NV. The 
usual maneuver gives A? == N. Now we observe that any meN can be 
written 2’ == dn for some nin N. Then, for any s in S, (w, s) = (dn, s) = 0 
by Lemma 6(ii). Thus (4,8) ==0 and SN=S. 

Using (ii), 0 == (nn’,s) = (s, n,n) so (S,N,N)=—0. Therefore 
0 = (sn, w, n”) ==s(n, n,n") and thus (N,N,N) =0, (R, N,N) =0. 
Now, as in the proof of Lemma 3, (R, n, n) = 0 implies (n,n’) e M. But 
also (2, n, nn’) == 0 so (n, nn’) e M. Hence, if (n, n’) 40, ne M, (n, 1’) = 0 
hy Lemma 3. This contradiction proves (N, N) =0, (N, E) =0. Thus 
Nv C K hy (2.2) and this proves N = K. We need only remark that K is a 
commutative associative division ring to complete the proof. l 

We collect our results in 


2 We are indebted to the referee for the remark, and the proof, that (N, R, d) = 0, 
thus simplifying our original version of this part of the lemma. 
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THEOREM 3. Let R be a not alternative right alternative division ring 
of characteristic two with the properties that 


(we, y, 2) = w(2, 9,2) + (w,y,2)@-+ (w; a, (Yy,2)) 


and (x, y) € K, the left nucleus of R, for all w, 2, y, z of R. Then R == K + Ks, 
K a field, commutative with all of R, and se R, sg K. Moreover, multiplica- 
tion in R is gwen by 


(la + kos) (keg + kas) = kika + ko: kab + (kiki + Ieoks)s, 
where 80 is an additwe endomorphism of K. 


Proof. The proof is immediate in view of the foregoing and the observa- 
tion that k8 = s- sk, is an additive endomorphism of K. 


4. Remarks. It would be interesting to know if all not alternative right 
alternative division rings have property ACP of definition 3. And it would 
be of interest to determine whether there exist any finite Bruck rings. It is 
clear, of course, that none can be constructed by the method outlined in the 
introduction, for no finite field can have characteristic two and also a non- 
square element. 
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ON THE GALOIS COHOMOLOGY OF UNRAMIFIED EXTENSIONS 
OF FUNCTION FIELDS IN ONE VARIABLE.” 


By Y. Kawapa and J. TATE. 


I. The Abstract Case. 


Let & be an algebraic function field in one variable over an algebraicly 
closed constant field ko Let K/k be a finite normal unramified extension 
with Galois group G—G(K/k). Our aim is to investigate the cohomology 
groups of the Galois group G with coefficients in various multiplicative groups 
associated with K. Some of the coefficient groups which we.consider, and our 
notations for them, are the following: 


D(K) == the group of divisors of K; 

P(K) =the group of principal divisors of K; 

(KE) = D(K)/P(K) =the group of divisor classes of K 
U == the group of all roots of unity in ko; 


H*(K) = Hom(E (K), U) = the group of all homomorphisms of E (K) 
into U. 


We omit K in these notations when considering a fixed field K. 


A rough outline of our program is the following. We first show H#'(G, E) 
x H(G, U) for all r, by using three exact coefficient group sequences 
linking # to U. By duality it follows then that H7(G, #*) ~ H(G, Z), at 
least in case the characteristic p does not divide the order of G. This result 
is exactly parallel to the main theorem of class field theory which states 
H'(G, C) = H'?(G,Z) if G is a group of automorphisms of a number field 
with idéle class group C. Therefore, casting the group H#* of divisor class 
characters in the role of the idéle class group, we can produce a pseudo class 
field theory for the extensions under consideration. We develop the parallel 
with ordinary class field thory in some detail, and discuss the relation of our 
pseudo class field theory to the simpler Kummer theory. In the second half 
of the paper, we consider the classical case in which the ground. field is the 


* Received August 4, 1954. 
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field of complex numbers. Then the divisor class group # has a natural 
locally compact topology, and it turns out that its Pontrjagin character group 
can be used instead of #*. Viewing 1-cycles on the Riemann surface as 
characters of the group of divisor classes of degree 0, we can give an explicit 
topologico-analytic description of the fundamental generator of H?(G, £), and 
can show that the reciprocity law of our pseudo class field theory is the mapping 
which attaches to a 1-cycle on the ground surface the corresponding covering 
transformation of an abelian unramified covering surface. 

The cohomology groups which we will be using are those associated with 
the operation of a finite group G on a G-module A. They are denoted by 
H’(G,A) and are defined, and in general non-trivial, for all integers r, 
positive and negative. The negative dimensional cohomology groups are iso- 
morphic to the ordinary homology groups of Gin A. The group H°(G, A) 
may be identified with A°/NA, the factor group of elements ae A which 
are invariant under the operations of G, modulo elements of the form 


a == Nb = [J b7 for be A. The basic properties of these groups are developed 
seg 


in Chapter XII of [1]. The main fact, which justifies the introduction of 
negative dimensional groups, is that an exact sequence of coefficient modules 
of the type 0 —> A’ > A -> A” — 0 leads to an exact cohomology sequence 


. +> Ht(G, A) > H" (G, A”) > H™(G, A’) > H= (G, A) => - 


which extends all the way from r==—œ to r==-+-o. Furthermore, cup 

products are defined in all dimensions, positive and negative: if A and B are 

G-paired into C, there is induced a pairing of H7(G,A) and H*(G, B) into 

H+s(G@,C) for all r,s. This pairing has all the usual properties of a cup 

product. Finally, we mention that H"(G,A) —0 for all r if A is G-regular; 

that is, if A == 2 Be is the direct sum of translations of a subgroup B C A. 
oe 


After these preliminary remarks, we now return to the field theoretic situation 
described in the first paragraph. 


In order to determine the cohomology groups H(G, #(K)) we consider 
three natural exact sequences: 


(1) {1} > P > D> F-= {1}, 
2) {1} > k > K* > P {1}, 
(3) {1} —> U > k” — k /U — {1}. 


In each of these three sequences, one of the modules has trivial cohomology 
groups in all dimensions. In the first sequence we have H"(G, D) == 0 for 
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all +, because D is G-regular. The G-regularity of D follows from our | 
assumptions that K/k is unramified and that the constant field Xo is alge- 
braicly closed. Namely, if for each prime divisor p of k we select a fixed 
prime $ of K dividing p, then the other primes of K dividing p are those 
of the form P, for oe Œ, and these are distinct. Consequently, if D, is the 
subgroup of D generated by the selected Ws, then D is the direct product of 
the translations D,° of the subgroup D,, and is therefore G-regular. In the 
second sequence (2) we have H’(G,K*) =-0 for all r. This fact depends 
only on the constant field k” being algebraicly closed. By Tsen’s theorem 
we know that every element of k* is a norm from K*, which means that 
H°(G, K*) =0. Coupling this with the fact that H(G, K*) = 0, and 
noting that the same holds if G is replaced by any subgroup G, of G, we see 
that the G-module K* has the property that its cohomology groups in two 
successive dimensions are trivial for all subgroups of G. From this it follows 
that they are trivial in all dimensions [7], [9]. For positive r the triviality of 
H'(G, K*) has been noted by Nakayama and Hochschild [5]. In the third 
‘sequence (3) we have H7(G, k)*/U) = 0 for all r, because k)*/U has unique 
divisibility. Since kọ is algebraicly closed, every element of &,* has an n-th 
root, for every natural number n, and this n-th root is uniquely determined 
modulo U. 

Using these cases of trivial cohomology groups in the cohomology 
sequences associated with our exact sequences of coefficient groups we obtain 
three isomorphisms: 


(1’) 8: H(G, E) = H™(G,P), 
(2’) 8: H(G, P) = H(G, k”), 
(3) i: H(G, U) = Hr (G, k"). 


Putting these together we find finally: 
(4) e188: H'(G, E) =~ Ar? (G, U). 


G operates simply on thé group of roots of unity U, and U has a simple 
structure which depends only on the characteristic p of k. Thus in the 
situation we are considering—unramified extension and algebraicly closed 
constant field—the cohomology of G with coefficients in the divisor classes 
depends only on G and on the characteristic, not at all on the fields K and k. 

The result we have obtained is remotely suggestive of class field theory. 
In class field theory, there is associated with each field K of a certain type a 
multiplicative group A (i) such that, if Œ is a finite group of automorphisms 
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of K, then G operates on A(K) and we have H(G, A(K)) = H’?(G, Z) 
for all r, where Z denotes the additive group of rational integers under trivial 
operation by @ (cf. [6], [7], [9]). In local class field theory, A(X) is the 
multiplicative group of the local field K. In global class field theory, A (K) 
is the idéle class group of the number field K. In our present situation, 
where K is an unramified extension of the function field K, we can also find 
suitable coefficient groups A(K) whose cohomology is like that of class field 
theory. To this effect we put A(K) = E*(K), where #*(K) = Hom(H(K), U) 
is the group of all homomorphisms of the divisor class group of K into the 
roots of unity U. We call these homomorphisms characters of Æ and denote 
them by xy: HU. If o:K— K” is an isomorphism of K relative to k, 
we can define a corresponding isomorphism o: H*(K) —> E*(K*) by putting 
x7 (a7) == x(a) for ae (KK). The rule (y7)7 =, is then obvious, and it 
follows that any group G of automorphisms of K/k operates in a natural way 
on H*(K). 

To determine the cohomology groups H*(G, #*(K)) we need only use 
the duality theorem for the cohomology groups of finite groups which we now 
explain: Let W be a fixed abelian group on which G operates simply (W will 
be U in our applications). For any G-module X, let X* = Hom(X, W). 
Then X* and X are G-paired into W, and if ẹ e H" (G, X*), the cup product 
multiplication by ¢ gives a map ¢ of H-*-"(G,X) into H7(G,W). Since 
H(G, W) can be identified with a subgroup of W, we may view this map ¢ 
as an element of (H-'*(G,X))* = Hom(H?°(G,X),W). The duality 
theorem states that if W is divisible, then the map $ — ġẹ is an isomorphism: 
H(G, X*) = (H(G, X))*; see, for example, [1] or [7]. 

In our field theoretic situation, U is divisible, because every root of unity 
has an n-th root for every natural number n, and this n-th root is again a 
root of unity. ‘Therefore using (4) together with the duality theorem we find 


(5) H(G, E*) = (H-“(@, B))* = (E= (G, U))*. 


If Z is the additive group of integers with G operating simply, then the 
natural isomorphism Z" == Hom(Z,U) ~U is a G-isomorphism. Conse- 
quently, using the duality theorem again we find 


(6) H(G, U) = H(G, Z*) = (H(G, Z))*. 
Combining (5) and (6) we obtain 

(7) HG") SS (G2) )**. 

Now Ht-?(G,2Z) is a finite abelian group. If Y is any finite abelian group, | 
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the natural duality map Y — Y** is an epimorphism (homomorphism onto). 
This follows in the usual way from the simple structure of U; namely, U 
contains at most one subgroup U, of order n for each natural number n. In 
case the characteristic p is zero the map is an isomorphism, Y ~ Y**, because 
then U, exists for each n. In case p > 0, the map Y -> Y** has as kernel the 
p-primary part of Y (elements of p-power order), because then Up exists only 
for n prime to p. Combining the natural map H*-*(G, Z) — (H(G, Z))** 
with the inverse of the isomorphism (7) we obtain therefore an epimorphism, 


(8) f: H(G, Z) > H" (G, E*) 


which is obviously canonical, and whose kernel is the p-primary part of 
H"-2(G,Z}), p being the characteristic, and 0-primary part meaning the 
identity subgroup. 

Having proved the existence of this epimorphism f, we can now describe 
it in more concrete terms. Reviewing the considerations of the preceding 
paragraphs, we see that f is simply the adjoint of the isomorphism (4) 


1-138: H(G, B) = A(G, U), 


with respect to the cup product duality. In other words, if ¢e H"?(G, Z), 
then f (é) e H" (G, #*) is uniquely determined by the property that 


(9) f(E) -a = £: (178a), 


for all ae H>" (G, E), where the dot denotes cup product multiplication. 
From this description of f, we can easily establish the rule f(f.-¢) == f(&) é 
for any two integral cohomolgy classes ¢ and ¢,, if we use the fact that 
multiplication by an integral cohomology class ¢ commutes with the natural 
cohomological operations t and 6. Namely, if « is any cohomology class over 
E of the appropriate dimension for determining f(£,-¢) we have: 


P(E. E) = he F (1 *88a) — Er» (BCE a)) = FCE) Sa, 


and since this is true for all a we can conclude f(£,:¢) = f(€.)° , as stated. 
Now putting ¢, = 1 £ H°(G, Z), the unit element in the cohomology ring 

of G, and defining the fundamental two-dimensional class «* e H?(G, #*) by 
* == f(1), we see finally that f(Z) = «*-¢. In other words, our canonical 
epimorphism (8), H*?(G,2Z)-—>H'(G, #*), is obtained by multiplication 
with a fundamental two-dimensional class in H*, just as in class field theory. 
Our next task is to give an explicit characterization of the fundamental 
class a* == (1) by means of the standard 2-cocycles Xo,r, which represent it. 
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Putting £—=1 in (9) and applying the isomorphism 7, we see that a* is 
uniquely determined by the property 


(10) i(a*- a) = 83a, 


for allae H(G, E). What we shall now do is simply write out formula (10) 
in terms of standard cochains. The fundamental class a* will be represented 
by a standard 2-cocycle Xe,r, which is a function (o,7)—>Xe,, from G X G 
to E* satisfying the identity (8x) p,o,7 = X’o, X *po,rXpo, Xp, = 1. Any 
(—3)-dimensional class œ of Gin E will be represented by a standard (—3)- 
cocycle o,r, which is a function (0,7) —> do, from G X G to E satisfying 
the identity (a)r = [4o r0 0,0-74,0 = 1. The (—1)-dimensional class 


g*-œ is then described by the single element e==][Xoe,r(@e,7), which is an 


OT 
n-th root of unity (n = [K : k] = order of G). The left hand side of (10) 
is therefore the (— 1)-dimensional class in ko” determined by e. To compute 
the right hand side of (10) we must choose divisors Wo, in K representing 
the divisor classes dc,r. The coboundary of the (—3)-cochain Wor consists 
of principal divisors (Ar), A,eK™*™ such that 


(11) (d7) = (8X) z H Ao rA to- 0r Aro (in D (K) ) . 


The standard (— 2)-cocycle (A,) then represents the (— 2)-dimensional 
class ŝa e H(G, P), and the coboundary of the K*-valued (— 2)-cochain A, 
will be equal to the unique (—1)-cocycle e which represents the class 
88a e H(G, kož): 


(12) e= 8A =J A, (in K*). 


(e is unique because G operates simply on k”, so there are no (—~ 1)-dimen 
sional eoboundaries. ) l 

The standard two cocycles Xor of G in #* which represent the funda- 
mental class «* are therefore those with the following property: Given any 
set of functions Are K*, and divisors UWo,,eD(K) such that (11) holds, 
then the following equation holds: 
(13) TI Xe,7(We,7) me II Aa 

OT T 

Here the divisor class characters Xo,r are understood to be applied to divisors 
Wo, in the obvious way. l 

To show that the parallel between our present situation and class field 
theory is complete, we must consider the interrelations among different fields. 
In class field theory, whenever a field k is a subfield of a field K, the associated 
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module A{k) is a submodule of A(X); more precisely, there is a canonical 
monomorphism t4,¢:A(k) > A(X), which is usually viewed as an inclusion. 
In our case the role of this monomorphism is played by the conorm, 
N*,;": H* (k) —> E*(K), which is the dual of the norm, Nga: E(K) > E(k), 
and is defined by (N*r/xX) (a) =X(Ngra) for xeH*(k) and ac h(K). 
This conorm N* is indeed a monomorphism, because the norm N is an 
epimorphism on divisor classes. In fact, the norm is an epimorphism even 
on the divisors themselves; a prime in the ground field is the norm of any 
one of the primes in the extension field dividing it, because the constant field 
is algebraicly closed. Of course the conorm monomorphism is transitive in 
the sense that N” = N” tsr N” k/k, whenever kC hk, C K. 

There is on more property of the inclusion map %;~:A(k) — (I) 
which is crucial in class field theory. This can be expressed by saying that the 
fundamental theory of Galois Theory holds for the modules A. Precisely what 
we mean is this: If K/k is a normal extension with group G == G(K/k), then 
the image of A (k) in A(X) consists exactly of the elements of A() which 
are left fixed by the operation of G, or in a formula tyr Ae) = (A(K))®. 
To show that the conorm has this property, i. e., 


(14) N* ye(E* (Ie)) = (E*(K))9, 


we note first that the left hand side is obviously included in the right. To 
show the converse, let xe (#*(K))°. We wish to find a we E* (r) such that 
x= N“w, that is, such that 


(15) x (4) = 4 (Na), 


for allack(K). To this effect, we observe that the y we are looking for 
will be completely defined by (15) if it exists at all, because Na runs over 
the whole of E(X) as a runs over H(K). Therefore, we try to use (15) as a 
definition of y. This will work, provided we can show that x(a) == 1 when- 
ever NVa = 1, and this of course is where the assumption that y is invariant 
under Œ must come in. Suppose therefore that Na == 1. Let YN be a divisor 
in K representing the divisor class a. Since Na == 1, NY is principal, and 
there exists a function @ek such that NY — (a). Since H°(G, K*) — 0 there 
exists a function Ae K such that NA == a. It follows that N (AA) = (1), 
and consequently there exist divisors Be in K, ee G, such that 


MA- = at Bart, 


(This follows from H(G, D) =Q, but can easily be seen directly if we 
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recall that K/k is assumed unramified.) Finally, letting boe H(K) be the 
divisor class of the divisor Be and going over to divisor classes, we find 


& = Il bat, 


g 


Since y is invariant under G we have y(bof) = x(be) for all o and con- 
sequently x(a) == 1, which is what we were trying to prove. 

There is of course a map of divisor class characters which goes in the 
opposite direction to the conorm. We call it the norm and denote it by 
Ng: E*(K) — H*(k). We define this norm as the dual of the natural 
injection tx: i(k) > H(K) of divisor classes of the subfield k into those 
of the extension K, that is, 


(16) (Nx) (a) = x(ia), 


for ye E*(K) and ae E(k). The justification for the term norm for this 
map rests in the formula 


(17) N*(Wx) = IL x" 


which states that Nx is essentially—i.e., when imbedded in #*(K) by the 
conorm becomes—the product of the conjugates of x. To prove (17) we 
simply write, for ae H(K), 


(N* (NX) ) (a) = (Nx) (Na) = x(iNa) =x(II av) 
= Il x(a") = I x (a) = (II x”) (a). 


From (14) and (17) we see that the conorm N* induces a natural iso- 
morphism of the group of divisor class character norm residues of the ground 
field k, H*(k)/N(H#*(K)), onto the factor group of divisor class characters 
of K which are invariant under G, modulo those which are products of con- 
jugates. This latter factor group may of course be identified with the 
0-dimensional cohomology group H°(G, #*(K)). Therefore we have 


(18) H? (G, BS (K)) = E* (k) /N (B*(K)). 


If K/k is abelian, of degree n= [K:k] prime to p, and if we use the 
natural isomorphism 


(19) H-?(G,2Z) == G, 

then we can interpret the'case r= 0 of our natural epimorphism (8) as an 
isomorphism 

(20) f: G = E*(k)/N(B*(K)) 
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(isomorphism because of the assumption that Œ has no elements of order p). 
This isomorphism f is the analog of the reciprocity law isomorphism of class 
field theory. In class field theory, an explicit formula for this isomorphism 
is given by the Nakayama map associated with a fundamental 2-cocycle. The 
same holds in our present case, because the Nakayama map is simply an explicit 
formula for the cup product of an element of H(G, Z) which corresponds to 
pe G under the isomorphism (19), with the fundamental class, and our map 
f is defined by such a product. Therefore, as an explicit formula for (20) 
we have, for pe G, 


(21) F(p) =p (mod N(E*(K))), 
if wpe L*(k) is defined by 
(22) N* hp = [Í Xo.p, 


Xo,» being a fundamental 2-cocycle. 


The norm group N(E*(K)) can easily be described directly; it consists 
of those characters y of #“(%) which are trivial on the kernel of the injec- 
tion map t: (k) > #(K), i.e, which satisfy the condition w(¢1(1)) == 1. 
Indeed, this condition is obviously necessary and sufficient for the existence 
of a character X, on the subgroup 1(#(k)) of E(K) such that y = Xot; and 
since any such yọ can be extended to a character of H(K) with the aid of 
Zorn’s lemma and the divisibility of U, we see that our condition is necessary 
and sufficient for the existence of xel?*(K), such that y = Xi, i.e, p= NX. 

From what we have said it follows that to determine the coset of a 
character ye L* (4) modulo the norm group N(E*(K)) is simply to give 
the values of y on the subgroup ¢*(1) of E(k). This shows what we must 
do in order to give an explicit formula for the reciprocity law isomorphism 
(20): for each pe G and each cei*(1) we must calculate the root of unity 
Wp(c), where Wp is defined by equation (22), Xe,» being a fundamental 2-cocycle. 
The result is the following: Let c be a divisor in & representing the class of c. 
Since tc == 1, c becomes principal in K, i. e., c= (B) with Be K*. Then 


(23) Wp (c) = Br, 


To prove this, let 8 be a divisor in K such that c — NB. In K this 
equation reads 


(B) =I] 8%. 


This last equation can be put in the form of equation (11) if we define the 
(—1)-cochain A,eK* and the (—2)-cochain Nore D(K) by Ar==1 or 
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A- = B according as tp or rp and Yor = 1 or Uor=—=B according as 
t=p or r=—p. The resulting equation (13) then reads 


II Xo,p (8) = B, 


Comparing this with (22) and noting NB = cec, we see that (23) holds as 
contended. 

Of course the proper interpretation of the result which we have obtained 
is simply to view it as giving the relationship between our pseudo class field 
theory of unramified abelian extensions of degree prime to p, and the Kummer 
theory of such extensions. Using the Kummer theory, one easily proves the 
appropriate existence theorem for our pseudo class field theory, namely, a 
subgroup X of #*(k) is the norm subgroup of some class field K/k if and 
only if there exists a subgroup Y of E(k) of finite order n prime to p, such 
that X consists of all characters trivial on Y. The class field is then obtained 
by taking for each element of Y a representative divisor c, and then extracting 
the n-th roots of elements ye k* for which (y) = c". 

In order to complete the discussion of the parallel between our situation 
and class field theory, we must consider the relations between the fundamental 
2-dimensional classes in different extensions. For these considerations we 
drop the assumption that the extensions are abelian. 

Let k Ck CK with K/k normal unramified, but k/k not necessarily 
normal. We wish to prove that the restriction to K/k of the fundamental 
class &* of K/k is equal to the fundamental class a* of K/k. For the proof 
we let G=G(K/k) and G==G@(K/k), so that G is a subgroup of G. Let 
elements A,eK* and divisors Wo,reD(K) be given satisfying equation (11) 
for o,reG. Extend the definition of these cochains A and YF to the big 
group @ by defining A, == 1 for r¢ G andWo,,— (1) foro orr¢G. Then 
equation (12) still holds if G is replaced by G, i. e., if the product is taken 
over all of G instead of over the subgroup G. If x==Xe,7 is a fundamental 
2-cocycle for the extension K/k, then we obtain from (13) 

Ht Xo,r( Wor) = HU, Xa,7 (Yor) = IA; ack = 4 du 
This shows that the restriction of x to the subgroup G is a fundamental 
2-cocycle for the extension K/k as contended. 

Next, suppose k C Æ C K with both extensions normal and unramified. 
Let m=—([K:K]. We wish to prove that the inflation of the fundamental 
class of K/k is equal to the m-th power of the fundamental class of K/k. 
Let G=G(K/k) and G == G(K/k) so that, G is a factor group of G. Let 

| 
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functions A, and divisors Mo,- be given satisfying equation (11) for o,reG. 
Viewing the elements of Ẹ as cosets in G, and denoting them by s, t, etc., define 


At = II Nxr/KA,; > Ns, t= II Ngilo, 


Tet ge3, Tet 


Then from the fact that K/k is normal, one sees easily that the quantities 
A; and I, satisfy the condition (11) for the extension K/%, and furthermore, 


(24) {[ 4,477 — Nr «(II Agr) = (II Ar), 
t T T 


because J] A,” ~tek,*. Consequently, if x= Xs; is a fundamental 2-cocycle 
T 


for K/k we obtain from (18) and (24) 
IUA; fi A TI Zo, (Xe) — II {I x3,t( Vr ro, r) 


Sı ges, Tet 


=I TL (N*es) (Xor) = I Gof x) 0,7 (Nor), 


s.t CE8, Tet 


where infly is the inflation to G of x. Since the m-th power of the usual 
left hand side occurs in this equation, we conclude that infi x represents the 
m-th power of the fundamental class of K/k as contended. 


II. The Classical Case. 
We turn now to the classical case in which the constant field ky is the 
field of complex numbers. Jn addition to our old notations which will still 


be used in the present section we introdtice the following new ones: 
D.(K) =the group of divisors of degree 0 of K; 
Ey) (i) = the group of divisor classes of degree 0 of K ; 
T =the group of unimodular complex numbers (one dimensional torus 
group) ; 
g(K) == genus of K; 
R(K) =the Riemann surface of K; 


H,(K) =H,(R(K),Z) = the 1-dimensional homology group of R(K) 
with integer coefficients. 


As is well known, H, ~ Z” is a free abelian group on 2g generators, 
o= T” is a 2g-dimensional torus group, and there is a natural duality 
between H, and E, in the sense of Pontrjagin. Giving E, the compact 
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topology of T™%, we can extend this topology to # in a unique way such that 
the factor group B/E, ~ Z is discrete, i. e., such that F, is an open subgroup 
of E. Then # is a locally compact group and from the exact sequence 


(1) {1} E= HZ {I}, 
we obtain the dual exact sequence 
(2) {1} <H, <4 Ê eT < {1}, 


which shows that the Pontrjagin character group Ê of # has an open compact 
subgroup T, with the factor group isomorphic to the discrete group H, = 29, 
Of course the exact sequences (1) and (2) split; if a, is any fixed divisor 
class of degree 1, then any divisor class can be written uniquely in the form 
aa,” with ae Eo veZ, so we have HOM XZT” XZ and accordingly 
Ê zH, XTZ XT. These direct product decompositions are topological 
as well as algebraic, but they are not canonical since ey depend on the choice 
of ay. 

The advantage of the classical case, which we are now discussing over 
the algebraic case discussed in the preceding section, is that we can use the 
topological character group Æ, whose simple structure we have just described, 
in place of the algebraic character group H*, H* was defined to be the 
group of all homomorphisms of # into the group of roots of unity U; 
E* == Hom(#,U). Ê is the group of continuous homomorphisms of E into 
T; Ê == Cont Hom(E, T). Both these groups are subgroups of the group 
Hom(#, T) of all homomorphisms of E into T. The first thing to remark 
is that all the facts we have proven in I about E* == Hom(#,U) are true for 
Hom(#,T) as well, because the only properties of U which we used in I 
are possessed also by T, namely: (i) &,*/T has unique divisibility; (ii) T is 
divisible; and (iii) T has exactly one subgroup of order n for each natural 
number n. Next, in order to show that the cohomology groups with coefficients 
in Hom (E, T) are the same as those with coefficients in Ê — Cont Hom (E, T), 
we will prove that the factor group Hom(H, T)/Cont Hom(#, T) has unique 
divisibility. Since F ~ T% X Z is a direct product of T’s and a Z, it suffices 
to prove the statement for the factors T and Z separately instead of for Æ 
itself. Z is no problem ; being discrete, its homomorphisms are the same as its 
continuous homomorphisms. Concerning T we must prove: (a) For each 
natural number n, the homomorphisms f: T —> T can be written in the form 
f=g", where ¢ is continuous (divisibility of the factor group Hom(T,T)/ 
Cont Hom (7’,7)); and (b) If the n-th power of a homomorphism g:T-—>T 
is continuous, then g itself is continuous (uniqueness of the divisibility). 
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To prove (a), consider the group U, of n-th roots of unity. A homomorphism 
f: T — T carries U,, into itself, and since U, is cyclic, there exists an integer 
m such that f(e) =<" for ee U,. Define ¢(A) =” for all Ac T. Then 
f(e) =¢(c) for «eU,, so we can define a homomorphism g: 7’ T' by 
g(a) =f (XYX)/b(XYX), this last quantity being independent of the choice 
of the n-th root. Hence g"(A) =9(A") =f(A)/(A), or f = g”¢ as contended. 
Now consider statement (b). If g” is continuous, then g”(A) == A™ for some 
integer m, because the only continuous homomorphisms of T into T are of 
this form. For ee U, we find g™(«) = 1 =”. Hence n divides m, say 
m==nl. It follows for any Ae T that g(A”) == g” (à) = (A")!, and since 
[ == T, this implies g(A) =A! for all A. Therefore g is continuous as 
contended. | 

Suppose now that our field K is a finite normal unramified extension of 
k with Galois group G=G@(K/k). Then, according to the remarks we have 
just made, we obtain an isomorphism 


(3) f: H(G, Z) = Hr(G,£(K)) 


of the same type as the isomorphism (8) of part I. Just as in the algebraic 
case, this isomorphism is given by the cup product with the canonical generator 
of H?(G,H#). Soon we shall give a topologico-analytic description of this 
canonical 2-dimensional class. But first let us make a few remarks about the 
cohomology of G with coefficients in the homology group H,(K). The exact 
sequence (2) gives rise to the exact cohomology sequence 


(4) ++ -> EG, È) > H(G, H,) > H(G, T) > HG, Ê) >> + 
Using (3) together with $: H(G, T) ~ H” (G, Z), we can reinterpret (4) as 
(5) see — HG, Z) —> H(G, H) = H(G, Z) n5 H(G, Z) DEEE 


This exact sequence (5 ) gives us some information about the groups H’(G, H4). 
However, the problem of H’™(G,H,) can be viewed as a purely topological 
problem, and we should point out that an exact sequence of the same type as 
(5) can be obtained by standard topological methods. To this effect we forget 
about the analytic structure of the Riemann surfaces and simply view R(K) 
as a finite regular unramified covering of R(x) with covering transformation 
group G. By taking a cellular decomposition of R(k) and lifting it up to 
the covering surface R(K), we obtain a decomposition of R(K) in which 
the cells are permuted by G, no cell being left fixed by any transformation 
other than the identity. Therefore in the associated chain complex 


(6) EEEN E OY SO Seek so: 
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the chain groups C, are free G-modules; and of course the boundary homo- 
morphism ô is a G-homomorphism. Letting Z;, B;, and H, denote the groups 
of j-cycles, j-boundaries, and j-homology classes in this complex, we can break 
the complex up into four exact sequences: 


(7) (ee ee ee eee 
(8) Ee ee eee E 
(9) 37.250 Bis 
(10) ee ee S ee 


where 4 is the inclusion map. Now consider the cohomology groups associated 
with the operation of G on these modules. Since the C; are G-free, and G 
is finite, we have A7(G,C;) =0 for j7==0,1,2. Since H: % Z œ H, we 
obtain from (7), and from (9) and (10), the isomorphisms 


Si) : H(G, B:) = H(G, H) = H(G, Z), 
8(9)8 (10) ` Hr-*(G, Z) m H(G, Ho) mo Ar(G, Z;). 


If we insert these results about B, and Z, in the following exact cohomology 
sequence associated with (8), 


(11) +--+: 3 H"(G, Z) — H°(G, Hi) > H(G, Bı) > H(G, Z) > + :, 


then we obtain an exact sequence which is of exactly the same form as (5), 
and which is presumably identical with (5), save possibly for the signs of the 
mappings. However, since this topological approach is a digression from our 
main line of thought, we will not enter further into the matter here. 

In order to describe explicitly the canonical duality between H, and Eo 
which we have used in the discussion above, we will make use of certain 
abelian differentials of the third kind which are attached to divisors of degree 0. 
If WJ] P'S, Srvg==0, is a divisor of degree 0, then the corresponding 
differential is denoted symbolically by d log Y and is uniquely characterized 
by the following two properties: (i) At each point $ £ F, d log Y has a simple 
pole with residue vg==order of Ẹ at Y (a simple pole with residue 0 is no 
pole at all!) (ii) All periods of dlog Ñ are pure imaginary. One method 
of showing the existence of these differentials is the following. The Riemann- 
Roch theorem guarantees the existence of a differential satisfying condition 
(i), because $, vp==0. Its local periods are then integral multiples of Rri, 
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so condition (ii) is now merely a condition on the global periods. Since there 
exists a unique differential of first kind whose 2g basie global periods have 
arbitrarily prescribed real parts, we can correct our original differential of 
the third kind by one of the first so that condition (ii) is satisfied. From 
the characterization of these differentials by properties, it is clear that the rule 


(12) dlog (UB) =d log A + d log B (X, Be Do) 
holds, and furthermore, if Y — (A) is the divisor of a function A, then 
(13) dlog X == d log A = dA/A. 


We appeal to (12) and (13) for justification of our somewhat unconventional 
notation d log Y. 

If B is a 1-chain on the surface R, and Y a divisor of degree 0, none of 
whose poles or zeros lie on the boundary of B, we define the symbol 


(14) (B, X) == exp fa log X, 


where B’ is any 1-chain homologous to B which avoids the singularities of 
dlog. B’ can be obtained by deforming the cells of B slightly, keeping 
their end points fixed. Since the local periods of d log Ñ are integral multiples 
of 2m, the right side of (14) is independent of the choice of B’. The following 
rules for our symbol are evident from the definition 


(15) (B: + Ba N) = (Bi, N) (Be, M), 

(16) (B, A) = (B, M) (B, We). 

Furthermore, if o is a one-to-one conformal map of È on R, then we have 
(17) (oB, 17) = (B, Y), 


because o viewed as an integral substitution changes B into oB and dlog A 
into a differential with the characterizing properties of d log (W°), hence into 
dlog (X°). Finally, if Ae K* is a function and the boundary of B is 
0B == $, roD, then we see from (13) that 


(18) (B, (4)) =A | w= H (A(Q))’2. 


Let us now consider the symbol (T,%) for a I-cycle, r. It is defined 
for all Y £ Do because ôr is empty. Of course it depends only on the homology 
class T of T, and from (18) we see that it depends only on the divisor class 
M of M. Since the periods of d log Y are pure imaginary (T, 2) has absolute 
value 1, i.e., (T, A) € T. Therefore the symbol (È, X) — (T, 2) is a pairing 
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of H, and Fo into T. In fact, the discrete group H, and the compact group 
E, are dual under this pairing (see Weyl [2] or Igusa [3]). In the proof 
of the duality it is necessary to use the so-called theorem of interchange of 
argument and parameter to obtain a formula for (T, X) in terms of differentials 
of the first kind. Namely, if A = PPa: e PaO, Qrt - -Qyt is any 
divisor of degree 0, the interchange shows that 


m $ 
(T, X) = exp iR { $ f dwr}, 
fa Sy 
where dwp is the uniquely determined differential of the first kind such that 
Oe Í dwr == intersection number of I” and I for all cycles I’. 
tT" 


We can now describe the divisor class characters ye explicitly. As 
usual, we will sometimes view x as a divisor character which is trivial on 
principal divisors, writing y(2l) == x(W) if 9 is the class of the divisor 2. 
Let us select a prime divisor $, to be kept fixed during the rest of the dis- 
cussion, so that an arbitrary divisor can be written uniquely in the form AYPS 
with WeDo, seZ. Then if r is any 1-cycle, and à any complex number of 
absolute value 1, we can define a character y by the formula 
(19) x (UB ) = (T, WY As 
We shall use the notation x= x(T,A) to refer to this character. Every 
character is of this form. The number A = y(%$) is uniquely determined by 
x, as is the homology class f of T. The maps in the exact sequence (2), 
T — i — H,, are given by \—>x(0,A) and x(T, A) >T. 

Suppose now that our field K is a normal unramified extension of k with 
Galois group G==G(K/k). We contend that the automorphisms peG 
operate on characters according to the rule 


(20) (x(T; A) )? = x (pT; A(T, Be") ). 


Indeed from (17) we see that both sides of (20) yield the same value when 
applied to We Dy. The remaining computation 


x? (B) = x (PP) = xB) x (PP) AT, PO), 
shows that (20) is correct. 
We can now give an explicit description of a fundamental 2-cocycle Xe,7. 
Let © be a fixed base point on the surface R(K), none of whose conjugates 


O°, oe G, coincides with the point H. For each ce G, select a fixed path Bo 
running from © to ©’. Then for each pair of elements o, re G the chain 


(21) To,7 m Bo 4. oB, oe Bor 
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is a cycle, and as function of o,7, Tc,, is a standard 2-cocycle of G in the 
group of cycles. We contend that by suitable choice of numbers Ace T 
we will obtain a fundamental 2-cocycle of the form 


(22) Xo,r = X(To.7, do,r). 


Leaving the choice of the numbers Ac, open for the moment, we compute the 
coboundary of Xe,r by means of (20), obtaining 


(8X) p,0,7 == ( (8E) p,0,7, (8A) p.o, (To,r, er) 


Since ôT == 0, the condition on the Xs for xo,; to be a cocycle is simply 


(23) (8A) p.o, t == (Tor petty 


To define the numbers Ac, we use the following notation: if z is any non-zero 
complex number, we put u.p.2 == 2/| z | and call this the “ unimodular part ” 
of z. Putting 


(24) air Up. (Br BP“) —exp(iD f” dlog (8), 
we find í 
(BA)p,o,r = Up. (Br, BO) (Bry BOO) (Bor, P1) (Bo, BOM), 


Combining the first two terms on the right and using rule (17) gives 


(8A) p,0,7 = up. (oB,, BP) (Ba,z, P) (Bo, PO) > 
= u.p. (Do, Bt), 

Since Po, is a cycle, a symbol of the form (To,,, W) is unimodular, and we 
can drop the u.p. Therefore (23) is satisfied, and our 2-cochain xo, is a 
2-cocycle. | 

It is a straightforward matter to check by means of the criterion con- 
tained in formulas (11) and (18) of the first half of this paper that Xe + 
is a fundamental 2-cocycle. We write the divisor (—-38)-cochain in the form 
Ao Ror with We,e Do, Sere Z. Denoting the function (— 2)-cochain as 
usual by A,, equation (I,11) takes the form 


( 20 ) ( A; ) = TL Us, rioa, ardir, oS", 


where « stands for the (unprintable) exponent o718¢,, — S¢-1,07 + S7,0. Assuming 
this, we must then show 


(26) [I Xe.7 (Aar Br) =|] A," 
O,T 7 
After two preliminary remarks, it will turn out that (26) follows from a 


2 


214 Y. KAWADA AND J. TATE. 


straightforward computation. First, taking the degrees of the divisors equated 
in (25) we find $ (se — Soor + Sro) == 0. Subtracting this quantity 
C 


from the exponent x of $ in (25) we obtain (25) in the simpler form: 


(25°) (4+) men II Wo rA to- 01 Ar, o Per 8 
oeG 
Secondly, we remark that it is no loss of generality to assume that the divisors 
Yo, have no zeros or poles at the places O°, «eG, so that the symbols of 
type (Bp, Mo,-) are defined. This follows from the fact that the (—- 3)-cochain 
Mo, peer serves to represent a divisor class (--3)-cocycle, and consequently 
each Uo, may be changed by an arbitrary principal divisor. 
Now to prove (26) we write i 


I Xo,- (Xo, Ber) = TI (Dor, Wo, r) Ao,s8a.7 


G:;T O, T 


= up. II (oB,, Aor) (Bor, Aor) (Bo, Aor) (B,, Po-Hta,r) i 


In view of the product over o and r we can change the subscripts so that 
all symbols have B, in the left hand argument. Doing this, combining the 
right hand sides and using (25’) to carry out the product over o we obtain 
simply u.p. JI (B,, (A;+)). Since 9B, == O — © we have then by (18), 

T 


u.p. IA: (97) Ar’ (©) == Up. [[ 4,77 (5) == [[ 4,77 


because the function [[ A,7** is a constant of absolute value 1 (even a root 


ss 
of unity), and is therefore identically equal to the unimodular part of its 
value at the base point ©. This concludes the proof that Xo,r is a fundamental 
2-cocycle. 

Now let K be an arbitrary finite extension of k, not necessarily normal. 
We wish to discuss the relations between characters, cycles, etc. of k, and 
those of K. For this purpose, we will use lower case letters to denote objects 
associated with k, the corresponding capitals denoting corresponding objects 
in K. The surface R(K) is a finite unramified covering of R(k); let r be 
the projection map of R(X) on R(k). For any point Qe R(K), rQ is the 
point on R(k) below ©, and is the norm of © in the sense of divisors. 
m maps paths B on R(K) into paths 7B on E(k). Applied to closed paths 
through a fixed base point © on R(K), this map induces a monomorphism 
of the fundamental group F(X) of R(K) (based on ©) into the fundamental 
group F(k) of R(k) (based on o==7). K/k is normal if and ony if 
al (EK) is a normal subgroup of F (k), in which case G(K/k) = F(k)/7F (K). 
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There is also a map of 1-cells on the ground surface R(/) into 1-chains on 
the covering surface R(K), which we call the transfer map and denote by 
V. If y is a 1-cell on E(k), then Vy is the sum of all the 1-cells on R(E) 
which lie over y. More precisely, if y has beginning point o, and if 9; 
l=jsin=[K:k], are the points above o, then for each 7 there is a 
unique path T, on &(K) which begins at ©; and cover y; we put V = ST. 
j= 

Obviously the existence of this map V depends on the finiteness of the covering. 
V carries cycles into cycles, and induces a homomorphism V: H, (k) > H,;(K). 
I£ we identitfy H, with the factor commutator group F/F”, and view F(K) 
as subgroup of F(k) by the imbedding ~r, then it is easy to see that this 
homomorphism V is none other than the group theoretical transfer or Ver- 
lagerung from F(k) into the subgroup F(K). 

We define the trace map S of differentials of K into those of k, and the 
cotrace map S* in the opposite direction by the formulas 


(27) (940) (a) =Z 4U (A), — (S*du) (Q) = du (9). 


From these definitions, the rules 


(28) f sau = f au, f S*du = f TA 
Y Yy T TT 


are evident. Concerning our special differentials of the third kind we have 
(29) Sd log X = d log NY. S*d log a == d log 1a, 


where N is the norm map of ideals from K to k and 1 is the injection map 
of ideals of k into K. To prove (29) one has simply to observe that the 
left hand sides have the characterizing properties of the right. Indeed, 
from (28) we see that the left hand sides have pure imaginary periods, and 
from the definition of S and S* it is easily checked that they have the correct 
residues. Combining (28) and (29) we obtain the following rules for our 
symbol: 

(30) (£, NA)e = (VB, U)e; (B, ia) x = (7B, a) x. 


Choosing a point PeR(K) with which to describe the characters Xg(T,A) 
of K, and using p==7 to describe the characters x;,(y,A) of k, we find the 
following formulas for the conorm and norm of characters: 


(31) N* (Xu(y,A)) =Xr (Vy A), 
(32) N (Xx (T,A)) = Xr (7T, A” (T, pp”) x), 
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where n==[K:k]. Indeed, from (80), it follows that the left sides give 
the same values as the right sides when applied to divisors of degree 0, and 
one can easily check directly that they give the same when applid to $, resp. p. 
Since the map A—>A" maps T onto T, (32) shows that the character norm 
group N(#(K)) is equal to x.(7H:(K),T), and consequently, 


(33) B(k)/NE(K) = H,(k)/rHy(K). 


If K/k is abelian with group G, then the correspondence which attaches 
to each element of H (k) the corresponding covering transformation of R(K) 
induces an isomorphism 


(34) H, (k) /-H (K) = G. 


(Covering transformations can be associated with homology classes rather than 
homotopy classes because the covering is assumed abelian.) We contend that 
the reciprocity law isomorphism of our pseudo class field theory is obtained 
by combining the isomorphisms (33) and (34).` To prove this, we let 
Xo,r == Xx(I's,7,Ao,r) be a fundamental 2-cocycle for K/k of the type described 
a few paragraphs above, and we compute the Nakayama map associated with x. 
This is the map 


p-> TI Xe, p == TI Xr (To,p, Ào p) = Xr (> Po,p, ipi do,p) ‘ 
To work this out we use the definition of To. and find 
È Top = X (Bo — Bop + oBp) = È oBp = VBp, 
g g g 


where Bp == Bp, the paths oBp, ae G, being then just those paths on R(K) 
above Bp. Combining these last two computations and using (31) we find 


U Xo,p = Xr ( V Bp» I ào, p) = N*xx (Bp, Ap), 


where Ap == |] Ac,p. According to the explicit formula (I, 22) of the first 
g 


half of this paper, we conclude that the reciprocity law attaches the auto- 
morphism p to the coset of x,(Bp,Ap) mod NE(K). To prove our contention 
therefore, we have only to show that p is the covering transformation attached 
to Bp. But that is obvious because Bp = Bp, and Bp was a path on R(K) 
leading from the base point © to ©”. 

Weil [8] has remarked that the kernel of this infinite reciprocity law 
map of ordinary class field theory is the connected component of the idéle 
class group. The same is true for our pseudo class field theory. Viewing 
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H, (k) as an everywhere dense subgroup of the Galois group G (Ax/k) of the 
(infinite) maximal abelian extension A; of k, we see from what we have 
just proved, that the infinite reciprocity law map is just the natural map 
E(k) — H,(k). Its kernel is isomorphic to T, and is evidently the connected 
component of #. 
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LIE GROUPS AND LIE HYPERALGEBRAS OVER A FIELD 
OF CHARACTERISTIC p> 0 (ID.* 


By JEAN DIEUDONNÉ. 


1. Introduction. This paper is a continuation of two earlier ones 
([3], [5]); we keep the same notations and terminology. We first complete 
the general theory outlined in these papers by giving characterizations of a 
Iie hyperalgebra and of a derived homomorphism; unfortunately, these 
characterizations do not seem at present to provide very useful tools for 
further development of the theory. In the remainder of the paper, we first 
study the formal Lie groups of dimension one over an algebraically closed 
field; we are able to characterize, among those groups, those which are iso- 
morphic to the multiplicative group W,", by the consideration of its Lie 
algebra only; moreover, we can show that the hyperalgebras of all abelian Lie 
groups of dimension one can be reduced to well determined types, forming 
a denumerable sequence; but the question remains open of the existence of 
groups corresponding to each of these hyperalgebras.1 Finally, the same 
methods yield some information on general abelian formal Lie groups, but 
(even when the base field is algebraically closed) the complete description of 
these groups still seems a problem of considerable difficulty. 


2. General results. Let G be a formal Lie group of dimension n over 
a field K of characteristic p> 0. In the “Taylor formula” for G ([8], 
formulas (25) and (28)), 


(1) f(xy) = 2 Paly)Xof 


* Received November 6, 1954. 

1 Since this paper was written, M. Lazard has proved that every one-dimensional 
formal Lie group is necessarily abelian (C. R. Acad. Sci. Paris, vol. 239 (1954), pp. 
942-945). On the other hand, I have proved the existence of all one-dimensional abelian 
Lie groups whose hyperalgebras are described in Theorem 2 (no. 8); the proof will be 
published in a forthcoming paper in Mathematische Zeitschrift. 

Added in proof. In a paper to appear in Bull. Soc. Math. France, M. Lazard has 
independently obtained the classification and existence of one-dimensional formal Lie 
groups over an algebraically closed field, by an entirely different method. 
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we can rearrange the series in the right-hand member by grouping the terms 
containing the same monomial ya in y, and write? 


(2) f(xy) = È yaZof. 


Qa 


From the properties of the series Pa ({3], no. 10), it follows that Za is a 
finite combination of invariant differential operators X) of height A(A) S h(a), 
which can also be characterized as those satisfying the “initial conditions” 
Z,(e) == (1/a!)D,(e) for every «, and therefore are obviously linearly 
independent over the ring o of formal power series. The arguments used in 
[3, no. 11] can then be repeated verbatim for €a and Za mstead of Pa(x) 
and Xa; in particular, if we write 


(3) Zal = D dapyly 
Y 


(with the convention Zo ==I, hence daog = doag = Sug and dago == 0 if a340 
or 80), we have 
(4) Z pty = È dy Baty 

Y 


and moreover, the group law is expressed by the series 
(5) bi(x,y) = È dupe ae (=n) 


where e = (0, + -,0,1,0,- - -,0), with 1 at the z-th place. 

In addition to these relations, we note that if h==fg is a product of 
two power series, h(xy) = f(xy)g(xy). Let us (partially) order the set of 
indices @ = (a,,°-*,%,) in the usual way, writing (@n' ° <, an) S (B1,° °°, Bn) 
to mean a; f£; for each i. Then, the preceding relation and the “Taylor 
formula” (2) yield immediately for the operators Za, the “ generalized. 
Leibniz formula” 


(6) Za(fg) -a (Zef) (20-09). 


Conversely : 


Provosirion 1. For cach a, let Za be a K-linear endomorphism of o 
such that Zo==I and thal each Za ws a special semt-derwation of height 
h(a) +1; and suppose these operators verify the relations (8), (4) and (6), 
with daos = doag= Sep. Then formulae (5) define a group law, for which 
(2) ts the Taylor formula. 

From the assumption that the Z, are semi-derivations, it follows that 
if f(x) = La, we can write Z,f(x) = 2 bat, by expressing f as a 


? The idea to work systematically with the Za instead of the X, occurred to me 
during several stimulating talks I had with J. Delsarte on this and related topics. 
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polynomial with coefficients in an o, with r>h({«). Let us define the 
operator Ry on o by the equation 
(7) Ryf (%) =D yoLZaf (x). 
It follows from (6) that By(fg) = (Rf) (Ryg) ; on the other hand, one can 
write R,f (x) == >a By(2,); but 

N 

Ry (2x) = (By (21) )™ > - (Ry (tn) )™ 


and from (4) it follows that ¢;(x,y) = Ry(z;}) is given by formula (5) 
(lsisn). We can therefore write 


(8) Ryf (x) =f (¢i(*,¥),° f "s Ọn(¥, y))- 


It follows from (7) that Ref (x) =f(x); on the other hand, the relations 
(4) and doug = Sag show that the value of Zg£a for x==e is 89g; hence 
Zof(e) = đa, and therefore R,f(e) = f(y) ; in particular ¢,(e, x) == ¢:(x, e) = t. 
On the other hand, let us write Lyf (x) —R.f(y).; this is again a linear 
operator on o, and the associativity conditions are equivalent to the commu- 
tativity relation 

(9) RyLz = LeRy. 


To prove (9), we notice that 
fyLf (x) = D Ya (Zar) (Zef (2)) 
= Z draptite Ze (2)) 
due to (4); on the other hand, (3).shows that 
DRyf(x) = 2 Tayp(Zalpf (2) ) 
= 2 dapytayg (Zaf (2) ) 
whence (9), and this ends our proof. 


It is easy to verify that the definition (4) of the linear operators Za 
together with the associativity conditions 


(10) 2 daprdyrrs a = dpyndans 


for the coefficients, imply the “multiplication table ” (3). On the other hand, 
relations (6) are equivalent to the relations obtained by applying them to 
f = a, g == La that is 


(11) da, Bhn E S osysalysh a-y, 8-8, p 
0=d28 ; 
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for all indices a, 8,A,p. A Lie hyperalgebra may thus be said to consist in 
a family (dagy) of elements of K satisfying (10) and (11), and such that 
doug = Gag == Sap, dago == 0 except for a = 8 = 0, doo = 1, and degy=0 if 
yE 0n and r>h(y); but it is obvious that such a description is hardly a 
workable one. 


3. Let now u be a homomorphism of G into a formal Lie group G of 
dimension m; the arguments of [3, no. 12] can be applied to the a, and Z, 
and show that one can write 


(12) w (Za) = È tan 
and 
(13) f(u(x)) = È ta (u (Za) (e))}= 2 (u(x)) 2 (e)} 


where (u(x))y means Z in which w(x) has been substituted for £ (1 & i S m). 
In addition, if h==fg, one has h(u(x)) =f(u(x))g(u(x)) and therefore 
formula (13) yields the conditions 


(14) w (Za) (79) = Dospsa(u’ (Zp) (F) ) (w (Za-8) (9) )- 
Conversely : 


Proposition 2. Let w be a homomorphism of the Lie hyperalgebra of 
G into that of @ satisfying conditions (14), transforming the unit element 
into the unit element and sending each gr into Gr Then w is the derwed 
homomorphism of a homomorphism u of G into G. 


Let us define a mapping C of 0(@) into 0(G) by the formula 
(15) Of = Z za(w (Za) (è))}; 
it follows from (14) that C(fg) =C(/)C(g), in other words C is a ring 
homomorphism. If w’(Z,) is given by (12), let us define 
(16) u(x) = C(%) = Dilute for 1Si<m. 
Then, from (15) and (12) it follows that 
(17) O (1) = (u(x) ) + © + (Um (x) p” = È lta 


Formula (15) and the assumption that w’ sends g, into §, for each r imply 
that C transforms 0,(@) into a subring of o,(@). If we write the Taylor 
formula in G 
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we deduce from the preceding remarks that one has 
CF = OE) Z(8)7 = F(u(x)). 


To prove that u is a homomorphism of G into G, we have to prove .the 
relation 
(18) C Rui = RyC. 
But one has 
Ruf = 2 3 (u (y) Ja (Zaa (€))} 
hence i 


ORunt = (u(x) Ja (u(y) )u(ZrZu() VP 


Therefore, (17) and the assumption that w is a homomorphism enable one 


to write 
CRuinf = 2 tale (u' (Zalig) (ē))f 


= 2: Fopytaya(u (Z7) (e))f 
and, using (4) . s 
CRunf — È ye(Zery) (w (2x) (€) )F; 


but, from (15), this is also 
2 yp(SeCf) = ROf 


using formula (7), and this ends the proof. 


4. In what follows, we will use repeatedly the notion of canonical 
group law; we will give here a brief summary of the definitions and results. 
pertaining to this notion (for the proofs, see [5]). To say that the group: 
law of G is canonical means that the power series Paulx) =a for 1S1=1n;3. 
from (2), it follows that this is equivalent to the following property of the 
Za: tf a ts distinct from a (1S1 & n), the coefficient of each Xy (1S7 En) 
in the expression of Za as linear combination of the X, is 0. 

When the group law of G is not canonical, there exists an isomorphism. 
u of G onto a group Ẹ having canonical law. Such an isomorphism can 
be obtained by a “standard process” described in detail in [5]: one considers. 
an infinite sequence (G0) of groups, with GO == G, and for each r one defines. 
an isomorphism u of G™ onto Ge) by the formulae nO (æ) = Po (x) 
for 1St=n; it turns out that w" (x) = z -+ u (x) where the monomials 
in v; have all a height = r, and moreover there are no monomials of type x” 
for k= 1 (see [3, formula (84)]). The group @ with canonical law and. 
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the isomorphism w are obtained by a “passage to the limit” from G@ and 
the composite isomorphism uut- - - - 4, 

The importance of the notion of canonical law lies chiefly in the unique- 
ness theorem [5, Th. 2] which can be stated in the slightly more general 
following form (following from the proof of Theorem 2 in [5]): af the 
group laws of two n-dimensional formal Ine groups G, H are canonical, and 
uf the constants Copy which determine the multiplication of the Xa in the 
hyperalgebras of G and H (see [3, no. 11]) are the same in both groups 
for h(a) <r, h(B) <r (and necessarily h(y) <r) then the constants dagy 
(see formula (8)) are also the same in G and H for h(a) <r and h(B) <r. 

Finally, we prove the following 


PROPOSITION 3. If the group law is canonical, one has Zy== (1/a!)Xq 
for all indices « of height h(a) = 0. 


We will use induction on the total degree |a|, the proposition being 
obvious for |a |==1. Let «== (0,° + -,0, a: Qun" © +, %n), æi being the first 
component £0; we can therefore write « = œe; +- B, where B==(0,-- -,0, 
Gist’ © *>%)- The proposition will be proved if we establish that the 


difference Zg—-—X a is a derwation; for it will then have to be a linear 


combination of the Xy (1=j<=7n), and if |a|>1, this linear combination 
must reduce to 0, due to the assumption that the group law is canonical. 
Now we have, from (6) and the induction hypothesis 


Za(f9) =f Zag +9 Sof + X A Zoe bl) (Gy yp ito Zerg) 


where in the summation, the pair (A;,y) ranges over the set satisfying the 
conditions O=ASa;, and OSy<8, with the exception of the two pairs 
(0,0) and (a, 8). On the other hand, we have similarly 


1 Í 
gengi oe 
and 
Za- (f9) = Z, or Lyf Gaye of MZ Bg) 


where in the P si 0 S uS al, 0S yS 8B; therefore 


1 
=Z (fg) =} of > £ Gi Xot Z yf ) Ca u ca CD 


1 
FT x o'Zyf) ‘Gi oi MZ gy) ) 
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with the same range in the summation. As 


a; (wi (u — ui — 1)! Gu—1) Moi— mi) I) mar — p)! 
we have 


Zalfg) ——; Xalfg) =f (Zag — =; Zog) +9 (Zaf — Eef) 


and the proof is complete. 


This result corresponds of course to the “exponential” expression of the 
Taylor formula in canonical coordinates, in the classical case; but examples 
show that there is no such “universal” expression of Za as a polynomial in 
the Xy, which would be valid for every canonical group law, when h(@) > 1. 


5. One-dimensional groups. We first prove two lemmas which will be 
used repeatedly later on. 


Lemma 1. Suppose 4y and Za are permutable for the pars (à, p) such 
that, either OSAS a, OS p< B, or OSA a, OS pSBP; then [Zu Zg] 
ws a derwation, 


Indeed, it follows from (6) that 
Laks (f9) PS Zosrsa (Zaa) (4a46-u9 ) 
oSn5 


and 
Zpha(fg) = Zona (Zalf) (Zp-uZa-nr9 ) 
v= 42 
But, in the range of summation, one has Z2,Z,—=2Z,Z, except for the pair 
A\== 0, u= ß; hence 
(Zag —Zpla) (fg) =f: (ZaZp—ZpZa)g + 9° (ZaZg—ZgZa)f 
which ends the proof. 


LEMMA 2. Suppose the Z) corresponding to the range OSAS a are 
mutually permutable; then 


(19) oP (f9) == Dossa (Zf) (Zar?g). 
It will be enough to prove that, for every integer m, one has 
Za" (fg) = (Xossa (Zaf) (Zang) )™ 


where, in the “symbolic power”, a product (Zf) (Zaf) © © (Zf) has to be 
replaced by (4),4..° © *4),)f, and similarly for the products of Z„g; by 
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induction on m, this follows immediately from (6) and the assumption that 
all the Z, which intervene commute. 


6. From now on until 12, we shall suppose that the field K is alge- 
braically closed. For a one-dimensional group G, we shall write X, instead 
of Xm; we have therefore XY,?—aX,; if a40, the change of variable 
T == u(2,) = Ax, is such that w (X) = Ao, hence w’ (Xo?) = APXo? = arXo. 
It is therefore possible to choose Ae K such that one is reduced to the case 
a=. 


Case A. Xo? = Xo We may suppose [5] that the group law of G is 
canonical. Our first goal is to prove that X, and X, commute; from Prop. 3 
it follows that Lemma 1 can be applied to the indices 1 and p, and therefore 


(20) X: Xo — XX = CX 

is a derivation; by induction on k, we get 

(21) AX oP — X KX XP = keX, 
and in particular, for k==p 

(22) X£ — XP X = 0. 


Comparing (20) and (22) and using the assumption X? =X, yields 
c= 0. 


7. We shall now define an inductive process which will ultimately give 
us the structure of G. 

We start from a one-dimensional group G, with canonical group law, 
and we suppose that: 1. X., X10, --,X,4 are mutually permutable ; 
2. (Xr) = XO for 0ShSr—i. We want to define an isomorphism o 
of G™ on a similar group GC, such that vO (s) = gO + (rh) 4 - 
(terms omitted of degree > pv). 

For convenience, we drop the upper index r, and speak therefore of G 
instead of G@. We first observe that, as the Za for « < p” are polynomials 
in Xo,: t, Xr they are mutually permutable. Lemma 1 may therefore be 
applied, first to X, and X,, which gives 


(23) A rA o — Xor = bX 


and the same argument as in 6 shows that bo= 0. Suppose we have proved 
that X, commutes with Xo,X1,°--,Xn13; as the Za for a < p* are poly- 
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nomials in Xo’ ` -, X», they commute with X,; Lemma 1 may again be 
applied to X, and X, which gives 
(24) X, Xr —~ XX == brko. 
We treat this equation in the same way as (20), writing first 

X, Xi? —X pArA p m bX XP. 
By induction on A, and using the fact that X, and X; commute, we get 
(25) | AX pX 1? — Xj bX XP! m DX oA p (lsShssp) 


and in particular, for h = p, and using the relation X? = Xp, we see that 
Xy and X, commute. We have thus shown that Y, commutes with X; for ` 
0SkSr—1. 

The next step consists first in remarking that Z = Za for a S p"’—1. 
This is clear by assumption for a == 1, p,’ + -, p’*; it is proved by induction 
on @ for the other values of a. Indeed, we have, by Lemma 2 and the 
induction hypothesis 


(26) Za (fg) = f -Zg + g æf + Dasa- (Zf) (Zorg) 


from which one deduces immediately that Z7,?--Z, is a derivation. But in 
the expression of Za as a linear combination of the X, (AsSa), there is no 
term in X, (from the assumption that the group law is canonical); as 
X? == Xp for every k <r (from the inductive assumption), we have neces- 
sarily Za —Za= 0. This result being obtained, we can apply Lemma 2 
to & = p", since X, commutes with the Za of index a < p”; we obtain 


AP (fg) =f Aeg + 9° Xf + Faros (Arf) (Zorg) 
and therefore X,°— X, is a derivation, in other words 
(27) XP — X,== OX, 


We now consider the transformation v, (s) — a+ doo: this is an iso- 
‘morphism of G on a group G, and formulae (12) and (17) show that 


vı(Xr) =X, for O0OSkSr—l1 
0s (Xp) = X,Y AX, 


Equation (27) yields therefore 
(X,)?— XO = (b+ A—M) XH 


(28) 


and it is possible to choose A such that the right-hand side vanishes. The 
group law of G, is not perhaps a canonical one; but from formula (13) and 
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the definition of v, it follows at once that for æ < p", 0's(Zq) =Z”; 
formulae (28) prove therefore that the expression of Z«® for «<p, 
as linear combination of the X,, has the same coefficients as those in the 
expression of Z, as combination of the X}. The first Z,) which may contain 
Xo are therefore of degree a> p", in other words, one has 


(29) PO (2) =g + a(s) Lees, 


The standard method, which yields a canonical group law from an arbitrary 
one (see 4), shows then that there exists an isomorphism v, of G, onto a 
group G with canonical group law, such that v’,(4;,™) ==; for OS kr, 
and in addition the isomorphism v==v.v, of G on G@ has the form 
v(t) == H A t+: 

Returning to our original notations, we have therefore proved the 
existence of the isomorphism v™, Starting now from G == G®, we consider 
the isomorphism w = yylr-). + -y of Gon GO, It is clear that, in 
the formal power series u" (g), the terms of degree < p™ are the same for 
all r>m; we can therefore define a power series u by the condition that 
all terms of u of degree < p” are those of every series uw for r>>m. It 
follows that w == u(u)) is an isomorphism of G on a group G, such that 
w (2) =g + A(s) +--+ 5 from which one concludes immediately 
that the group law of Ẹ is canonical, that G has an abelian hyperalgebra, 
and therefore is abelian, and that ¥,? =X; for every integer k= 0. 

As every formal Lie group over a field K can be considered as a Lie 
group over any extension of K, we have proved the following 


THeorem 1. Any formal Ine group G of dimension 1 over a field K 
such that XpP@==AXo, with A540, ts abelian. If in addition K is alge- 
braically closed, G is isomorphic to the multiplicatwe group W,* (with group 
law (t,y) > a2-+ y+ gry); moreover, there is one and only one group Io over 
K, isomorphic to W,*, having a canonical law and whose hyperalgebra is 
determined by the relations X? == Xyp (h =0,1,2, + -). 


8. Continuing our study of one-dimensional groups, we turn now to 


Case B. X#=0. Here, I am not able to prove that G is abelian. 
All I can do in that direction is to prove that X, commutes with every other 
Xr. Indeed, suppose we have proved that X, commutes with X, © -,X-1; 
then X, commutes with the Z, such that « < p", and we can apply Lemma 1 
to Xo and X,, obtaining 


X, Xo — Xop n bX, 
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which can also be written 
XX y= Xo(X,-+ d) 
and from which we deduce, by induction, 
X AX) = Xo(Xr-+ B)* 
and in particular, for k = p 
(30) XX) — XXP = bX.. 


Now, one can write X, =aXă, -+ Y, where Y is a linear combination of 
the Xa such that œ < p”. Let o be the isomorphism — é" of K onto K”, 
and denote also by o the corresponding mappings of G onto G° and of the 
hyperalgebra of G onto that of G7 obtained by applying o to the coefficients 
of the group law; it is clear that the group law of G7 is also canonical. 
Now, if p’ is the derived “Frobenius homomorphism [8, no. 13], apply 
the ring-homomorphism oo p” to the relation Xp =aXă,+ Y; we obtain 
X? =a” Xo, hence a0, and the inductive assumption shows that Xo 
commutes with Xp — 

Using Lemma 2, it is then possible to show that X,?—cX,, and using 
Lemma 1, that [X,,X.] —bX,; but there does not seem to be any similar 
argument which will prove that b =Q. 

We will therefore assume, from now on, that G is abelian and has a 
canonical group law.t Suppose we have Xo? = £X? =. - = Xr? = 0; then 
it is clear that Za? = 0 for « < p", and Lemma 2 shows that X, is a derwation, 
in other words X,2—bX,. If b=0, we can go on with the induction; two 
cases are therefore possible: 


Case B1. X,=0 for every r. These relations are ‘obviously invariant 
under any isomorphism, hence we can suppose the group law of G is canonical, 
and then [8, formula (30)], GŒ is the additive group W, (with group law 


(t,y) >e@+y). 


Case B2. X? = XP =.: ; -— Xr? = 0, X,?~0. A transformation of 
type = àv reduces to the case X}? = Xo. As a basis for an inductive process, 
suppose we have also Xr? = Xat - TE, = X,,. Apply the isomorphism 
o:€—->& to G. As the group law of G7 is canonical and the constants of 
structure of the algebra 8,,, are in the prime field of characteristic p, and 
therefore 84,7 is identical to mr, it follows from the uniqueness theorem 
(see 4), that the group laws of G and G* coincide modulo z” and y”; hence 
the coefficients, in the group law of G, of monomials ay“, where both A and p 
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are <p", belong to the prime field. Now the homomorphism Y— Y? of 
the (commutative) ring mr coincides with the homomorphism p on the 
generators X; (0&1 & h +r— 1) of the algebra 3,,,; as the Za for a < pr 
are polynomials in those X, with coefficients in the prime field, it follows 
from the definition of p’ and of the Z,, that we have Za = 0 if @ is not 
a multiple of p’, and Zæ == Zg if «= p"B. Lemma 2 then proves that 
Xz? — X, is a derivation, in other words, 


(31) Lau? —X, =bn. 


We can then consider an isomorphism of type v(x) ==x- Az?" on a 
group G,, and we have 


v's (Ly) =X, for OShSr—l1 
vi (X) == XO + AX& 
v's (Xia) == X par” + br (Xo™, ss AK) -} APEX A 


for 1=k=h, ġy being a polynomial in the XY. This, together with 
equation (31), gives (Xiu)? = Xia” for k <h, and 


(Xr OP — X,Y = (b+ A— dP") XY) 


and therefore we can choose A such that the right-hand side vanishes. We 
can then, as in 7, determine an isomorphism v, of G, onto a group Ẹ with 
canonical group law, such that v’,(X;,) == £, for k Sh +r, and in addition 
the isomorphism v== vv, of G on G has the form v(x) == e- Ar -p -. 
The argument is then concluded by induction on r, as in 7, and yields the 
following result: 


THEOREM 2. Let G be a one-dimensional abelian formal Lie group 
over an algebraically closed field K, such that Xp =0. If X ==0 for 
every h = 0, G is isomorphic to the additive group W,. If on the contrary 
there is a smallest integer r>>0 such that X #0, there is one and only 
one group I, over K, tsomorphic to G, having a canonical law, and whose 
hyperalgebra is determined by the relations 


(32) Cy? === O for k<r, Ay? = X;,+ for kyr. 
9. The elliptic curves. Theorems 1 and 2 would give a complete 
description of all abelian Lie groups of dimension 1 over an algebraically 


closed field, tf we knew that for every r > 0 there exists a group G such that 
XP =Q for k <r and X*=0. But at present I am unable to exhibit such 


3 
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groups,’ except for the case r= 1, p—5: the computations in [4] show 
indeed that the elliptic group #;(0,b), with 6540, is of such a type. It 
' seems likely that the groups J, exist for every r > 0 and every prime p. 

It is possible to give a simple criterion for an elliptic group Ep(@, b) 
(p= 8) to be isomorphic to the multiplicative group W,*, when K is 
algebraically closed. More generally, let G be a one-dimensional formal Lie 
group, with the group law written | 


(33) (x,y) > (2,9) = 2-+0,(2)y + r2(2)y? +- ai 
and 


v (z) =1 asp: :. 
The criterion of Theorem 1 can be transformed in the following one: l 


PROPOSITION 4. In order that G be isomorphic to the muliiplicatwe 
group W,* (K being an algebraically closed field), a necessary and sufficient 
condition is that the coefficient of x? in the power series 1/v,(x) be different 
from 0. | 


Indeed, we have 
Xo =D; 
it follows that 
X? = ( (vDo) rw) Do: 


where the unwritten terms are combinations of D,”, Do°,- > -; as we know that 
X? is a derivation, these terms are in fact reduced to 0, and the constant y 
such that X? = yX, is the constant term in the series (1,D))?v,. Our 
assertion will then result of the following lemma: 


| Lemma 3. Let D be a derwation in a commutative algebra A of charac- 
teristic p> 0; then, for every element z in that algebra, 


(34) (2D) P32 =— aD (2), 


Supposing this proved, and replacing z by v, and D by De in (84), we 
see that y is the constant term of — Dr- (v,?-1), or equivalently, the coefficient 
of a" in vP; but as vP (<) = 1 -+ a:a -+> > »,y is also the coefficient of 
a? in v1, and this ends the proof of Prop. 4. i 

.We are thus reduced to proving Lemma 3. I am indebted to G. Hoch- 
schild for the following proof, which is shorter and more elegant than my 
original one, and which I reproduce here with his kind permission. 

Hochschild’s proof is based on the following more general result: 
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LeMMa 4. Let R be any commutative algebra over the prime field Ep, 
and let 8 be a derwation of R. Then, for any re R, 


(35) (78)? = rPop +- (78)? 4 (7) 8 
(here rô stands for the derivation c->r8(z)). 


Let t and z; (t= 0,1,-- +) be indeterminates, and let H be the algebra 
of polynomials F,[¢,%,21,: °°]. There is a derivation r of H such that 
7(%;) = t T(t) ==1. Identifying an element g of H with the multiplica- 
tion f— gf by this element, we have (in the ring of endomorphisms of the 
vector space H) | 

TL; = Tir + Til. 


These relations show immediately that we can write 


p-i 
(36) (Lor)? = LoPr? +> qirt 
4=1 


where the q; are polynomials in the z; Applying the endomorphisms on 
both sides of (36) to the element ¢?-*, we obtain (observing that (aor)? is a 
derivation ) 


p-1 
(p—1) (wor)? (i) = E (p— 1) - - (p—i) gto 
This implies g;==0 for +> 1 and gı == (zor)? (t) == (zor)? (£o). Hence 
(37) (Lor)? = 21? + (xpr)?* (T0). 


Let S be the subring of the ring of endomorphisms of the vector space H, 
generated by r and the multiplications by the v; There is a homomorphism f 
of S into the endomorphism ring of the vector space R, such that f(r) =ô, 
f(x) is the multiplication by r, and f(z) the multiplication by 8*(r) for 
+= 1. Applying f to both sides of (37) yields relation (35). 


Lemma 4 being proved, we now apply it to R = F,(t,%,%4,:--) (field 
of quotients of H), and to the derivation 8 of R such that 8(2,) = zu, and 
S(t) = 1/to Taking the values of both sides of (35), with r= To, for the 
element #, gives 

0 == PSP (1/2) + (45)? (z0) + (1/20), 
whence 
(Lo) (To) = — Lo?*78P1(1/ao). 


Since (æ) = 0, this may be written 


(38) (L08) 1 (To) == —— To (2). 
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_ Now there is a homomorphism ¢ of the ring of polynomials Fp[£o %1 °°] 
into the algebra A such that ¢(%) =z, ¢(%) =Di(z) and go8=-Dog. 
Applying ¢ to both sides of (38) gives (34), and this ends the proof of 
Lemma 3. 

For the elliptic group Ep(a, b) [4], we have v, (z) = (1—aa*— 6z°)!; 
to say that the coefficient of z? in 1/v,(v) is 40 means that the Hasse 
invariant [6] of the elliptic curve is 40. Hence: 


COROLLARY. Let K be an algebraically closed field of characteristic p > 3. 
In order that the elliptic group Ep (a,b) be isomorphic (as a formal Lie group) 
to the multiplicative group W,*, it is necessary and sufficient that the Hasse 
invariant of Li,(a,b) be 340.4 


We add two remarks: first of all, it is clear that the isomorphisms of 
E,(a,b) on W,* will not, in general, be algebraic ones; on the other hand, 
the assumption that K is algebraically closed cannot be removed; we have 
seen for instance in [4] that if K is the prime field of characteristic 5, the 
group E;(a,b) cannot be isomorphic to W,* if 4b* + ab? + 2a°=40. 


10. Cores of abelian Lie algebras. In the two following sections, we 
keep the assumption that K is an algebraically closed field. Let G be an 
abelian formal Lie group of dimension n, and let gy be its Lie algebra. 
G being abelian, the structure of ga is entirely determined by the mapping 
g:X—>X? of the vector space go into itself, which is semilinear with respect 
to the automorphism o:€—& of K. The arguments which lead to Fitting’s 
lemma [1, p. 182] apply as well here to the mapping q: let k be the smallest 
integer such that g*(go) = q% (go); then k is also the smallest integer such 
that q*(0) == q (0) ; go is the direct sum of the two Lie algebras § == q*(qo) 
and ¥ == q*(0), the restriction of q to h is a one-one and onto mapping of ), and 
for every Xef, one has X?*=0, k being the smallest integer having that 
property., We will say that h is-the core of the Lie algebra go. 


*The differential dæ/v, (x) is a differential of the first kind when æ is taken as an 
uniformizing parameter; it is known that the fact that the coefficient of #? in this 
differential vanishes, is independent of the choice of the uniformizing parameter (this 
follows also from Prop. 4 above), and that, by using Riemann-Roch’s theorem, this 
condition is necessary and sufficient for the existence of a function in the field having 
a development of the type #?-+-a,+taa+t.-.. But this last condition is equivalent 
to the vanishing of the Hasse invariant [6] (I am indebted to A. Weil for these 
precisions). l 

‘Tf we remark that, in the clasical case, an elliptic integral defines a (local) 
isomorphism of the elliptic group on the additive group, we may consider an jso- 
morphism of #,(a,b) on W,* in the present case, as an analogon to an elliptic integral. 
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Provosition 5. If §>4 {0}, there exists a basis X1,---,Xm of the 
core h of go such that Xe =X; for isis m. 


We use induction on the dimension m of h. Let Y 40 be an element of J, 
and let k be the smallest integer such that Y,Y?,---,¥?" are linearly 
dependent; we have therefore 


k-1 
(39) YP" = DAY” 
=0 
and by definition of , the A; cannot be all equal to 0. Let us determine 
hel 
an element X, = $ éY” by the condition X,?==_X,; as Y,Y?,---,Y?"" are 
g=0 


linearly independent, this yields the equations 


Eo = Aokn-a? 
(40) Ey = ÉP + Ar- 
Ék- e Exo? -+ Amr Sk—1? 
which determine completely éo, 1° © <, ér- as functions of {= ér, and give 
for ¢ the equation 
(41) = APUY 1 PT tee ote Nga bP, 


As the A; are not all 0, this equation has at least one root £0 in K, which 
proves the existence of X, 40 such that X4,?=X,. Let now Vo,---,¥mn 
constitute with X, a basis of b; we can write 


YP = DRY i + yiXs (Risan) 
į=2 


and the definition of §, together with the relation X»? — X., imply that the 
matrix (By) of order m—1, is invertible. The inductive hypothesis proves 
therefore the existence of m — 1 elements 7'.,: © <, Tmn which, together with 
X, constitute a basis for bh, and are such that 


TP — T; + eX, (SiS m). 
These relations can also be written 
(Ti+ &X P = (Ti+ &X,) + (EP — éi + m) X (25+5™m). 


It is therefore possible to choose the & (22212: m) in K such that the 
elements X; = T; + 6X, (21m) constitute, together with X,, a basis 
of ý satisfying the conditions of Proposition 5. The same argument may be 


applied to any Lie subalgebra of Ņ; but if Y = > re the relation Y? = Y 
zt 
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is equivalent to the m equations p= p; and means therefore that the 
coefficients p; (1==tm) belong to the prime field Fp of characteristic p. 
Hence: | 


Proposition 6. Let V be the vector space over Fy, generated by 
X3,'**,X4m. There ts a one-to-one correspondence between the Ine sub- 
algebras of 4 and the subspaces of V; in particular, every subalgebra of } 
is a direct summand. 


This shows in particular that the number of Lie subalgebras of H is 
finite, and equal to the number of subspaces of V. 


11. The structure of the Lie algebra f, supplementary to } in go, is 
easily obtained by the Weyr-Fitting method [1]; let s=-n—-m be the 
dimension of k, s (1 122k) the dimension of g**(q-*(0)). The sequence 

i 
(s;) isis, is decreasing, we have s = $, s; and there is a basis (Y4) of Ý such 


{=L 
that l=1=k, 1S tS s for each 7, and which satisfies the following 
relations 


(41) YP =0 (lStSs,), Y= Fia CStSh,1StS s). 


We suppress the details of the proof. We will say that f is the p-radical of 
the Lie algebra qo. ; 


12. Direct products. The notion of direct product of two formal Lie 
groups Gi, G, over K is defined in a natural way. Let nı, na be the dimensions 
of G, and Gz; it will be convenient to denote by @,8,- - - the systems of n, 
indices, by A, ©- the systems of na indices, a system of nı -+n indices 
being written (œ, à); moreover, we will reserve the usual notations 2, X ris Za 
etc. to G,, the corresponding notations for G being Yy, Ynp Ta ete. With 
these conventions, if the group laws of G, and G are respectively 


oi’ = pil, x) (lism) 


y =W(yY) USjSm) 


the group law of G, X G, simply consists, by definition, in the juxtaposition 
of the preceding n: -H na formulas. It follows at once from this definition 
that, in the Taylor formula (2) of G, x G, the operator of index « can be 
identified with Z, (which means that it is the same polynomial in the Xm as 
Ža), the operator of index à can be identified with T); moreover, Z, and Ty 
commute, and the operator of index (a,A) is their product Z,7,. We can 
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express these facts by saying that the hyperalgebras of G, and G are typical 
subalgebras [3, no. 18] of the hyperalgebra of G, X Ga, and that the latter is 
the tensor product of these two hyperalgebras. Conversely, let G be a formal 
Lie group of dimension nı + na; let us write again « for a system of n,-+ ny, 
indices, the last na of which are 0, à for a system of n, + n, indices, the first 
n, of which are 0, and let us adopt conventions similar as the previous ones. 
Then: 


PROPOSITION 7. Suppose the operators Xa form a typical subalgebra Q 
and the operators Yn a typical subalgebra W of the hyperalgebra Œ of G, and 
that Xay = YX, for every paw (a,rA). Then, if the group law of Q is 
canonical, G is isomorphic to the direct product G, X Ga of two groups having 
respectwely & and Mt as hyperalgebras. 


Indeed, we know there exist two groups Ga, G, having canonical group 
laws and whose hyperalgebras are respectively Q and M [5, Th. 1]. If we 
prove that the operator of index (a@,A) in the Taylor formula (2) of G is 
Z,0, the proposition will result from the uniqueness theorem for groups 
having a given hyperalgebra [5, Th. 2]. Let Uian) be this operator, and 
let us use induction on |a |+ |à]. Formula (6) then gives 


Coon g) =f Ung t+ 9° Gaul +S (LuZef) (Pr-1Z0-29) 


where in the summation, we let the indices range over the set O<PSa, 
0S aS A, with the exception of the pairs of indices (0,0) and («,à). On 
the other hand 


PrZalf9) =T (Èosgsa (Zef) (Za-69)) = 2iosgsa (Talaf) (L-~40-89 ) 


which shows that the difference U(a,.)-—7Zq is a derivation; but from the 
assumption that the group law is canonical, it follows that the preceding 
difference must be 0 if [a|-+ |A|> 1, and this ends our proof. 

We can get rid of the assumption that the group law of G is canonical 
if we assume a little more about the subgroups of G: 


Proposition 8. Suppose that the equations ri =0 for isin, define a 
subgroup G2 of G, and that the equations ti ==0 for ni < iS n, -+n define 
another subgroup G, of G. Then, if X«aYy= YX. for every pair (a, A) 
G is isomorphic to the direct product Gi X Go. 


Indeed, if we perform in the standard way the isomorphism u of G@ onto 
a group G with canonical law (no. 4), the images of G, and G, under u are 
defined by annihilating the coordinates of the same indices as those whose 
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vanishing define G, and G, respectively ([3, no. 18] and, more correctly, 
[5, no. 3]); moreover, the ¥, (resp. ,) in the hyperalgebra of @ are 
functions of the Xg alone (resp. of the FY, alone), hence G satisfies all the 
assumptions of Proposition 7, and the conclusion follows. 

The preceding definitions and results extend immediately to the product 
of a finite number of formal Lie groups. 


13. Cores of abelian Lie groups. We can now state the following 
structure theorem: 


Turorem 3. Let G be an abelian formal Lie group over an algebraically 
closed field, go tts Ine algebra, h the core and $ the p-radical of go. Then, if Y 
has dimension m, G is isomorphic to the direct product of m groups isomorphic 
to I, and of a group having Ë as tts Lie algebra. 


We first observe that a linear isomorphism u of a group G on a group G, 
with u(x) = 5 j£; has a derived isomorphism w such that w (Xoi) = X afoj- 
įj=1 j=l 
We can therefore always suppose that the m first variables (which we shall 
write z) are such that 


(42) X oi? == Xoi (lsSism) 


whereas the s==n—m remaining variables, written yj; (notations of 11) 
are such that the corresponding derivations Yo in go satisfy 


(43) Yor? = 0 (1 Sts Si), F oj? = Y o,4-1,t 
i k 
(23j)S4,1 = tS S, 2518), 


In other words, the Xo: constitute a basis of h, the Vo a basis of f. We 
adopt moreover the conventions of 12, writing « for a system of n indices, 
the last n— m =s of which are 0, and A for a system of n indices, the first 
m of which are 0; an arbitrary system of n indices can therefore be denoted 
(a,A); the operator of index œ will be written Z,, the operator of index à 
will be written Ty, and Utan) will denote the operator of index (¢,A). Asa 
basis for an inductive argument, let us suppose that G@ satisfies in addition 
the following assumptions (A,) (r2=0): 


a) the group law of G is canonical; 


b) re =Xm for OShASr and 1lsSissm, and for every index 
g == (A1 °°, 8m,0,°°+*,0) of height <r, Za== Zula Zan, Where Za 
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is the same polynomial in Xon Xip’ © +,X,ra4 a8 the operator of the same 
index in the Taylor formula (2) of the group Io; 

c) for OShSr, Vay? can be expressed as a polynomial in the Vy 
(LÆ h) alone; and for every index A of height < r, Ty is a polynomial in the 
Yay alone (h <1). 


We want to determine an isomorphism of G on a group which will 
satisfy assumptions (A,.1); we proceed in several steps. 


I. Let us prove first that for any index « of height r, Za is the same 
polynomial in the XY, (9SAS7,1SiSm) as in the direct product of 
m groups identical to Zo. Using Prop. 7, we are reduced to proving that, 
for p +115 p’—1, Zw, is equal to the polynomial $:(Xoi,° © +, X21); 
where ¢:(Xo,° © °, Xr) is the polynomial equal to Z; in the hyperalgebra of 
the group I). We notice that by assumption (An b), Ze, = Xoi,* + +, Xr-1,1) 
for O15 p™"; let us argue by induction on J > p". It is clear that the 
“Leibniz formula” (6) for Zi = (Xoi: © °, Xr) can be written 


(44) Zalfa) =f Zg tHg e ElV ef) (Wag) 


where the operators Vg and W., are polynomials in Xon’ - -,Xp4,4 which 
depend only on the “ Leibniz formulae” for the Xm (O=hsjr—1) and 
on the expressions of Xn? (0h = r— 1); as by assumption, these are the 
same as in Io (Xm replacing X,), the Leibniz formula (44) for Z’; is deduced 
from that of Z, (in the group Io) by the same replacements; but then the 
inductive assumption shows that the difference Z,,— 2’, is a derivation, and 
the assumption that the group laws of G and of J, are canonical proves 
finally that Zi, == 2’. 


II. We prove next that for every index A of height r, Th is a polynomial 
in the Fpp alone (A&S r). We use again the assumption that the result 
holds for the indices of height <r (by (A,,¢)), and we use induction on 
the total degree |A]. In the Leibniz formula for Ty 


(45) LPy(f9) =F: Dig + 9° Taf + Bosu (Taf) (Trag) 


all the operators 7’, which intervene in the summation are polynomials in the 
Yng alone. Suppose this was not true for Th; in the expression of T, there 
might then exist terms in the Xm alone or “mixed” terms containing 
both the Xm and Yr. Let Tr = 21 5px be the sum of the terms of the 


first type, T” = 2 bguXgY„ the a of the terms of the second type, 


T” = Ta — A A the sum of the terms in the Y, alone. Now, from 
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the assumption that the group law is canonical, it follows that 7’, cannot 
be a derivation if the bg are not all 0, and therefore it follows from I that 
T’.(f9) —f-Tg—g-Tf would then be a linear combination of terms 
(X,f)(Xag) with coefficients not all 0. Similarly TAG — f: Thag —g: Tf 
would be a linear combination of terms (Vf) (Wg) where V and W are mono- 
mials such that VW contains at least one Xn and at least one Yri, and the 
coefficients of these terms would not all be 0 if the bg, were not all 0. Finally, 
it is clear that the expression 7”’,(fg) —f:T’,g—g-T’f is a sum of 
terms of type (Y,f)(¥,g). If we compare these results with the right hand 
side in (45), we see that we must have T^y == T= 0, which proves our 
assertion (use being made, of course, of the linear independence of the 
operators X, and Y ). 


III. From J and the study of the group I, made in 7, it follows that 
Ža == Za for all indices a of height Sr. Lemma 2 applied to Xmas: 
(1&1 m) proves therefore that the difference X11? — Xna: is a deriva- 
tion; in other words, we have : 


(46) Loa = Xr H Sawer + F bye Yov 
d+ 


On the other hand, IT and the assumption (A,,c)-show that for all indices A 
of height 7, T} is a polynomial in the Yay (0S h Sr) alone; from this 
and Lemma 2 it follows that the difference 


Y rai (fg) — F: Yra (9) — 9° Yra (F) 
is a sum of terms of type (Yf) (Yg). The same argument as in II proves 
then that one has 
(47) Y mag = Y'a + 2 et A ov 
where Y’;, is a polynomial in the Vay, (h&r-+1). 
We now define an isomorphism u of G on a group G@ such that the 
power series defining the inverse ut have the form 


ui (E) = H+ Dd ever + 2 mijt Gye?” 
i e 


(48) E E ley — ae tae. 
Ujt (x ) = Yz + > Ej ty? ; 


the coefficients having to be determined later. This gives, for the derived 
homomorphism (u`y = (w’)-', first 


(uY (Xa) = Xr (at) (Fre) = Yat 
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for kh & r, and further 


Cs) (2a) = Xr + D SiiX or + 2 yri oë 
è J: 


(49) 3 
(u) (Yorss,3,t) = Fiia + 2, nitjtA oir 


If we take into account formulae (43), this gives first 


(u) i (aur = Š r11) = 2, (Si? — Ey -H diy) X oi 
% 


(50) 
F (bie — Erri) Yope 4 p> Epy Xo, 52,0" 
qt" ae 


We can therefore choose first the ép such that in the right hand side the 
coefficients of the Xo are all 0. We choose next the épp: for 7 = k, 10S S 
we take xvi = biz, and the coefficients of the Yox in the right hand side of 
(50) vanish. Suppose next the ép; have been determined for all values 7’ > 1; 
then, for 1 < YS Sws the coefficient of Fow in (50) is bie — Enn + RRR 
for Su, < Ë S sp the coefficient of Yow is simply bie ——énmi; in both cases, 
it is possible to determine éw; such that these coefficients vanish. Relation 
(50) then gives 

(51) X par? = Xs (ISS m). 


To go further, we observe that in formula (47), F’ is the sum of a 
linear combination of the Yp, and of a term F”; which is of height <7. 
Moreover, if we apply to both sides of (47) the iterated Frobenius homo- 
morphism p’*t, and take into account the relations (43), we see that we have 


ff 
Y'a = Loar jaye Ye 


(where, for } = 1, Yris,5-1,¢ must be replaced by 0). We deduce from these 
remarks and from (49) that 


(ut)? (Vrs — Yna) = Ye + 2 (nii — e, jat + er) Lor 
% 


Here, we first determine the nyje for 7 == 1, then by induction for the successive 
values of j S k, in such a way that the coefficients of the Xo» on the right 
hand side of (52) all vanish. It follows finally that we have 


(53) Yann S Yea 4+- F” i 


and the group law of @ satisfies assumptions (Amı) with the possible exception 
of (Amnya); but the same argument as in 7 shows that this condition also 
can be obtained by performing a new isomorphism which will not disturb 
conditions b} and e). 
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Having achieved the passage from (A,) to (Amı), the proof of Theorem 
8 is brought to a close by the same argument as at the end of 7; this gives 
an isomorphism of G onto a group whose group law is canonical and whose 
hyperalgebra is the tensor product of m typical subalgebras identical to the 
hyperalgebra of I), and of another typical subalgebra, whose Lie algebra is 
identical to f. The final step consists in applying Prop. 7. 


14. If a group G is the direct product of a certain number of groups 
identical with J, and of a group M having a “coreless” Lie algebra, we will 
say that the direct product L of the groups J, is the core of G, and that M 
is the p-radical of G. These definitions are justified by the fact that L and 
M are wmirinsically characterized in G, in the following sense: if w is an 
automorphism of G, then u(L) =L and u(M) = M, or, more precisely, the 
u(x) contain only the variables corresponding to L (resp. M) when the 
index 4 is the index of such a variable. This follows from the more general 
result: 


THEOREM 4. Let G1, Mı, Go =La X M, be two abelian Ine 
groups, over an algebraically closed field, such that Lı, L. are products of 
groups identical with Io, and M,, M, have coreless Lie algebras. Then, tf u 
is a homomorphism of G, into Go, u maps L, into L, and M, into Mo. 


Tf Q, &., Mi Ma are the hyperalgebras of Li, La, My, Moa, it will be 
enough (from formula (13)) to prove that w (&.) C & and w (M ) C M. 
Let Hı, Do be the cores, f,, f, the p-radicals of the Lie algebras of G, and Gy. 
The fact that w (Zr) = (u’(Z))” and the definition of the core and of the 
p-radical (10) show first of all that w (9:1) C hs, u’(f,) Cf. Let us use 
conventions similar to those of the preceding numbers, writing Z,%, Z,, 
T,, TKO for operators of 21, Q., Wt, Mt. respectively. Suppose we have 
proved that w’(X,:;) belongs to 2, and w (Yna®) belongs to M, for all 
operators such that 4 <7; as w is a homomorphism, it follows that w (Z,) 
belongs to Q+, and w’(7)) belongs to Ma for all indices a, A of height <r. 
Now we observe that, as a consequence of formulae (53) and (48), for every 
element 7, of Mts, there is an integer e such that (7,°))?°=0. On the 
other hand, we must have (u’(X,;) )?? = w’(Y,,) and this shows at once 
that u’(X,;%) cannot contain terms in 7) nor “mixed” terms Z,7@), 
On the other hand, if we suppose that w’(Y,,,%) is not in W, the inductive 
hypothesis, together with formula (14), shows, as in part IT of the argument 
of 13, that we would have 


(54) W (You) = Vy + Saeed 
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where Va® belongs to M.. But then, raising both sides of (54) to a suffi- 
ciently high power p° shows at once that aij—0 for all indices, and our 
induction may therefore proceed, which proves the theorem. 


15. We will not try to study the structure of “coreless” abelian Lie 
groups, where a great variety of cases seem possible. For groups without 
radical (over an algebraically closed field), on the contrary, not only is their 
structure determined by Theorem 3, but it is also possible to determine 
completely their homomorphisms. These groups, as follows-from Theorem 3, 
are isomorphic to direct products (W,*)", and we have only therefore to 
determine the homomorphisms of a group (W.")™ into a group ay We 


introduce the following convention: for any rational p-adic integer ¢ = Snap" 
(0, p—1) we write (1-4)! for the power series 


(1+ w)ro( 1 +H ar) + + (1+ yP M) Pa. a 
which is obviously meaningful. We have then the following theorem: 


THEOREM 5. Every homomorphism u of a gr enh (W,*)™ into a group 
(W,*)" has the form 


(55) 1+ u(x) = JI (1-4 2) (1SiSn) 
ji 
where the tj are arbitrary p-adic integers (1StS2n,1SjmM). 


If w is such a homomorphism, it follows from the definition of a direct 
product that 


1+ ue(#) = TE (1+ (0, - +,0,2;,0,- > -,0)) 


and therefore we are immediately reduced to the case m = n= 1 (this is 
merely the usual argument which determines the homomorphisms of modules 
which are direct sums of submodules, as “matrices” the elements of which 
are homomorphisms of the submodules into each other). 

Let therefore u be an endomorphism of W,*, and suppose w5£0; let r 
be the smallest number A such that u’(X,)~0. From this definition it 
follows that w (Zy) = 0 for 0 < k <p", and relation (14) shows therefore 
that w (X,) is a derivation, in other words 


TA (Xr) === YA os n560. 


Raising both sides of this equation to the power p, and remembering that 
X? = Xn for every h = 0, we see that v, is in the prime field Fp, and therefore 
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ean be identified with an integer such that 0 <v, S&S p—1. If v, is the 
automorphism of W,* such that 1 + v, (s) = (1+ 2)”, then it is immediate 
that (vrtu) (X,) ==X>. Let us now suppose that we have u’(X,) ==Xn-+ 
for rh < s; this means that u’ coincides with the iterated Frobenius homo- 
morphism p” on all X, such that h < s, hence if k < ps, w (Z) = 0 if k is 
not a multiple of p", and if k= ph, u’(Z,) =Z, This remark, together 
with relations (6) and (14), prove that u’(Y,) —X,, is a derivation, in 
other words 
| w (Xe) = X54 + vsXo. 


Raising both sides to the power p shows that vs is in Fp, and we identify 
it again with an integer such that 0 = v, S p— 1. Then, if v, is the auto- 
morphism of W,” such that 1 -+ v(x) = (1+ 2)"?°™, it is immediate to 
see that (vtu) (Xr) == 0 for h <r, (vuy (Xr) =X, for rgh <s-+1. 

The proof is then concluded by the usual inductive argument and 

“passage to the limit”: the “infinite product” v= VWV" > Vt * 18 
meaningful and has the form 1+ v(z) = (1+ 2)§, where ¢ is an invertible 
p-adic integer; moreover, the definition of the v, gives (vtuy (Xr) = p” (Xn) 
for every h; the endomorphisms vu and p” therefore coincide, in other 
words 1 -+ u(x) = (1-+-<2)#S, which ends the proof. 


16. Some examples. The Lie algebra of the additive Witt group Wan 
is easily determined by induction on n, if we observe that the mapping u 
such that u, (x) = 0, u(x) =f for 2i=n, is a homomorphism of W, 
into itself, the image of W, under u being isomorphic to Wn, [7]. As 
w( Xo) = Xo for 1StSn—1, w’(Xon) =0, it is easy to prove by 
induction that 
(56) = X= Xow for 1 Sisn—1, Xm —0. 


Indeed, relations (56) for +> 1 follow from the isomorphism of uw(W,,) with 
“Wr13 moreover, as w (Xo? — Xo.) —0, one must have Xo? == Xos +- AX ons 
and we are reduced to showing that A—0. But from the definition of W,, 
it follows easily that 


Xo == Dor + WeDoo +: -L waDon 


where the w; have no constant term, and w,—=2,?"h(a,° * *,2n-1), h having 
no constant term if n> 2. As Xon—Don, the coefficient of Xon in Xo? can 
have no constant term if n > 2, hence must be 0. For 12, the relations 
(56) are proved by direct computation. 

Relations (56) show therefore that W,, is a coreless abelian group. We 
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intend to return to the study of that group in another paper. With regard 
to the multiplicative Witt group W,*, we have the following result: W,* as 
isomorphic to the direct product W,* X Wna To show this, we remark that 
the relations t» ==": *== t= 0 define in W,” a subgroup obviously iso- 
morphic to W,*. Now, the “inverse” in the group W,* is given by the 
series @(2,) =—-2,/(1-+2,); it follows that the mapping u defined by 
u(x) == 0, and 


w(x) == dx (O(a), 0, + >, 0, Ti, + +, En) (2S1Sn) 


(where the ¢; define the group law of W,*) is a homomorphism of W,* on 
its subgroup V,., defined by zı = 0. From this (or directly from Proposition 
8) it follows that W,” is isomorphic to the direct product W,* X Vn- It 
remains to show that V,., is isomorphic to Wa; if we remember that the 
group law of Vy, “formalizes” the multiplication law mod. (1-+ p”) in the 
group 1+ p of an unramified p-adic field [7, pp. 183-134], an explicit iso- 
morphism of Vy, on Wn- will be given by the p-adic logarithm, where all 
operations in the power series are to be understood in the “vector” sense of 
Witt (including division by the denominators k, which are not ordinary 
integers, but sums—in the vector sense—of k unit vectors). We do not go 
into details. 

Another interesting type of formal Lie groups stems from the Poincaré- 
E. Cartan method of defining “bilinear groups” associated with any (asso- 
clative) algebra A with unit over a field K. Suppose (a;)isis, is a basis of A 
over K, with a, the unit element, and let ait; == > yxy be the multiplication 

k 


table (ye K), with yi == ĝo yan== Six. If we write the multiplication 
formula 


(1 + 2)a + Berti = (1 + r)a + Sotia) + yidar + Siyi) 
we get a formal Lie group G(A) over K: 


(51) {* =, + yr + tyr + Depa toryiatiye 
zi = Dit Yat Dip (Ciys + Yt) + Dijrr rory jit jY x (i> 1) 

If we extend the field of scalars to an overfield K’, the group G(Ax:) 
corresponding to the extended algebra (and to the same basis (a;)) is defined 
by the same formulae (5%), but here isomorphisms defined by power series 
with coefficients in K’ are of course permitted. 

Let us consider only a few simple cases. Suppose first that A is a 
separable overfield of K. Then, if © is the algebraic closure of K, it is well 
known that Ag splits in the direct sum of n fields isomorphic with Q, and 
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therefore G(Ag) will be isomorphic to (W,*)", from which it follows at 
once that the abelian group G(A) has no p-radical. On the other hand, 
suppose A is an inseparable extension generated by a single element 6, satis- 
fying the irreducible equation 69° —= « over K. Then in the field Q, we have 
œ = 8°, and therefore the algebra Ag has here a basis over Q consisting of 
1,a=6— B, a2, - -,a°*", and we have a®??’=-0. It is immediate that the 
corresponding group G(Ag) is isomorphic to the group denoted by J in 
[2, no. 5], with Z= p°; hence G(A) is here a coreless abelian group. These 
two examples justify, in some way, the term “ p-radical” introduced above 
and the method outlined here may perhaps be of some use in the study of 
associative algebras over arbitrary fields. 


NORTHWESTERN UNIVERSITY, 
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DOUBLY STOCHASTIC MATRICES AND COMPLEX VECTOR 
SPACES.* 


By SEYMOUR SHERMAN. 


A doubly stochastic (d.s.) matrix is a matrix P such that Py Æ 0, 
> Py => Py=1 for all +? and 7. A. Horn has proved 
t j 


THEOREM 1. If y==Px, where x, y are complex n-vectors, and P 1s a 


2b 
d.s. matrix, and Cy,C2,° © ',C, are any complex numbers, then > ciy; les in 
4=1 


the convex hull of all the points S cits ae R”, where R” s the set of all 
the permutations of (1,° + -,7) ~ 
and conjectured the truth of 

THEOREM 2. If x,y are complex n-vectors and Ci, Co, * *,C, are any 


complex numbers imply that > cit) lies in the convex hull of the vectors 
$=1 


$ GTa XE R”, then y = Pe where P is a d.s. matriz. 
i=1 
In what follows Theorem 2 is established. 

Let E be complex n-space. Let y represent the general complex linear 
functional on E („e l#*) and the value of y for some ze # is represented by 
(y,z). If we consider F as real 2n-space, then each real linear functional p 
on Æ has the property that for some ne E* (p£) == R(n, £), where R(y, £) 
is the real part of (y, z). 


Lemma 1. Let X be a compact convex set in E. Suppose that for 
each ne E* (ny) e(n X) —{(y,2):2e XN}. Then yeg. 


Proof. Since (y,y)e@(y,X), it follows R(y,y)eR(y,X). But then 
from a standard separation theorem ([2], p. 47) it follows that ye X. 

If Lemma 1 is applied to the case where XY is the convex hull of the 
vectors which are derived from by taking all permutations of the com- 
ponents of a relative to a fixed complex coordinate system, then ye X for y 
satisfying the hypothesis of Theorem 2. Now note 
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LEMMA 2. Let G be a finite collection (G1, Ga’ + +, Gn} of linear trans- 
formations E —> E. Letve H. Denote by K(G) the convex hull of G. Denote 
by K(x) the convex hull of Ga = {G,2, Gat, + -+,Gae}. If ye K(x), then 
y = Dz where De H(G). 


Proof. Since ye K(x) it follows that y= $ w (Ga), with w: = 0, 
isl 


>, w; = 1, and so y = De with D == SwiG;eH(G). (There are extensions to 
the case where G is not finite but K(2) is compact; since such results are 
not needed in the sequel they are not presented here.) The application of 
Lemma 2 to ye X implies that y = De with x,y elements of the complex 
vector space E and D an n by n d.s. matrix (since D is a convex combination 
of permutation matrices). This establishes Theorem 2. 
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ON COVARIANT FIBERINGS OF KLEIN SPACES.*?* 


By G. D. Mostow. 


1. Introduction. By a Klein space we mean a space on which a Lie 
group of transformations operates transitively; or what is equivalent, the 
factor space G/S of a Lie group G by a closed subgroup S. If the group G 
is compact then, of course, G/S is compact, but not conversely. In case G 
is compact, we call the Klein space G/S compact-by-heredity or “ h-compact.” 
This paper is devoted to investigating the relation between general Klein 
spaces and h-compact spaces. 

In the special case that the isotropy group (i. e., the set of transformations 
keeping a point fixed) consists of the identity alone, the Klein space is a 
group manifold and it is known that a connected Lie group is topologically 
a direct product of a compact subgroup and a Euclidean space. This fact 
raises the question: to what extent does a similar theorem hold for general 
Klein spaces? Examples show readily that such a result does not hold for 
Klein spaces when the isotropy subgroup is not connected. When, however, 
the isotopy subgroup is connected, there is a similar relation. For we can 
prove (cf. Theorem 3.1) the theorem that a Klein space H with connected 
isotropy group can be retracted by a strong deformation retraction to a sub- 
space that is homeomorphic to an h-compact Klein space. Nevertheless, it is 
false that a general Klein space with connected isotropy group is a direct 
product of a compact subspace and a Euclidean space. This is shown by an 
example due to Samelson (cf. Section 5). 


Instead, the kind of decomposition that seems to occur is that of co- 
variant fibering. If H is a Klein space with associated group G, we mean 
by a G-covariant fibermg a decomposition of the differentiable manifold H 
into Euclidean fibers such that 1) the fibers are permuted transitively by 
some maximal compact subgroup M of G and 2) the subgroup of M which 
keeps some fiber # invariant is equivalent to a linear group on F. Under 
these circumstances, some orbit of M is a cross-section set to the fibering 
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and it is of course an h-compact subspace to which H can be retracted via a 
strong deformation retraction along the fibers. 

We devote this paper to the existence and uniqueness of covariant fiberings 
of Klein spaces. Our main results are: 


THEOREM. Any two G-covariant fiberings of a Klein space are equi- 
valent, in the sense that there exists a one-to-one bundle map of one onto 
_ the other (Section 7). | 


THEOREM 4.1. A Klein space with associated group G whose isotropy 
subgroup is connected and self-adjoint modulo the radical of G admits a 
covariant fibering. 


Theorem 4.1°‘applies when the connected isotropy subgroup is either 
. semi-simple, or compact, or in the radical. In particular, the theorem holds 
for solvmanifolds. 

Theorem 4.1 depends on a new decomposition theorem for matrices that 
was derived by the author in [10]. In all probability the self-adjoint hypo- 
thesis can be dropped. ‘This would entail proving a generalization of the 
cited decomposition theorem for matrices. 

‘Our method for proving the existence of covariant fiberings consists in 
deriving decompositions for Lie groups, some of which have independent 
interest. For example: 


THEOREM 2.2. Let G be a connected Ine group. Then it contains a 
maximal compact subgroup M and a Huchdean subspace U such that 
G=M-U topologically, and mUm? CU for all m in M. 


As a result of this theorem, we obtain the following sharpened form of 
the theorem on conjugacy of compact subgroups. 


THEOREM 2.3. Let M, and N, be compact subgroups of a connected Lie 
group G and let 6, be an inner automorphism of G which sends M, onto N.. 
Let M and N be arbitrary maximal compact subgroups of G which include M, 
and N, respectively. Then there is an inner automorphism 0 sending M onto 
Nand coinciding with 6, on My. 


As an application of our results on covariant fiberings we prove the 


THEOREM. An aspherical Klein space is homeomorphic to Huchdean 
space. 


This result can be generalized to obtain a characterization of Euclidean 
space as an aspherical space whose group of auto-homeomorphisms contains a 
locally compact Čo transitive subgroup (to appear). 
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2. Some decompositions for Lie groups. 


Notation. Lie groups and their Lie algebras are denoted by corresponding 
Roman and German letters. @, the Lie algebra of G, is identified with the 
tangent space to G at the identity. 


Let Q be a real semi-simple Lie algebra, i.e., one on which the Killing 
form Trad Yad F is non-degenerate; or equivalently, one having no abelian 
ideals. By the adjoint group of Q we mean the connected Lie group of 
automorphisms of Q whose Lie algebra is ad&. A subalgebra Ñ is called a 
compact subalgebra of Q if the analytic subgroup of the adjoint group with 
Lie algebra ad & is compact. It is known that if ÑR is a maximal compact 
subalgebra of Q, then it has a unique orthogonal complement © with respect 
to the Killing form (cf. [9]); moreover, if p is any representation of & by 
linear transformations of a real linear space V, there is a base for V with 
respect to which p(&) and p(€) consist of skew-symmetric and symmetric 
matrices respectively (cf. [10]). To each maximal compact subalgebra & 
there corresponds a unique automorphism @g of order two such that 6e(X) == X 
or — X according as X is in & or ©. We call 6g the “R-star” auto- 
morphism of Q. 


Definition. A subalgebra of a real semi-simple algebra is called self- 
adjoint im & if it is invariant under some star automorphism of &. 


To say that the subalgebra © is invariant under the R-star automorphism 
of 2 is equivalent to ©=-GNK-+CNE where © is the orthogonal com- 
plement of &. The author has proved in [10] that a semi-simple subalgebra 
of a semi-simple 2 is self-adjoint in &. 

Let L be a connected semi-simple group, C an analytic subgroup. We 
say that C is self-adjoint in Z if the Lie subalgebra € is self-adjoint in Q. 
If Œ is a connected Lie group, C is an analytic subgroup, and R is the 
radical of G, we say that C is self-adjoint modulo the radical if CR/R is 
self-adjoint in the semi-simple group G/R. 

It is convenient to know that a star automorphism of the Lie algebra of 
a semi-simple analytic group can be extended to an automorphism of the 
group. For let D be the center of the simply connected group L* with semi- 
simple Lie algebra &, and let & -+ Œ be a Cartan decomposition of Q. Then 
D is contained in the analytic subgroup determined by K (cf. [9]). Now 
L* being simply connected, the @-star automorphism of Q extends to an 
automorphism @ of L*, and by the foregoing @ keeps the points of D fixed. 
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Hence @ induces an automorphism of any analytic group L locally isomorphic 
with L*—we call it the K-star homomorphism of L, where K is the analytic 
subgroup of L determined by &. 

It is clear that C is self-adjoint in L if and only if it is invariant under 
some star automorphism of the group L. 


Lemma 2.1. Let © be a self-adjoint subalgebra of the semi-simple Lie 
algebra Q and let Rt be the radical of ©. Let 0 be a star-automorphism of & 
which keeps © invariant and let 6 denote the induced automorphism of C/R. 
Then @ is a star-automorphism of C/R. 


Proof. Let 0 be the ®-star automorphism. Then & == +- € and further- 
more, coordinates may be selected in & so that the matrix of ad X is skew- 
symmetric if XeR, symmetric if Xe CE (cf. [9] or [10]). Now o(€) = 
implies C—=CNK+CN€E and hence ad © (considered as a subset of ad Q) 
is represented by a self-adjoint family of matrices. As a result ad is a 
completely reducible family. Operating with ad on the radical R, we find 
that R is a direct sum of @-ideals and is thus abelian. Operating with ad © 
on ©, we find that R admits a complementary ideal and thus # is central 
in ©. It follows at once that © = [€, €] + (direct), and [€,€] may be 
identified with the semi-simple quotient ©/#. Let us denote [€,€] by M. 
Mt is invariant under 6 and the automorphism 6’ can obviously be identified 
with the restriction of @ to Mt. Now M=MNR +M NE and F'(X) is X 
if XeM AR and — X if XKeMn€. Furthermore, MNK+ Mtn E is a’ 
Cartan decomposition of W (cf. [10]). Consequently 9’ is a star automorphism. 

Let T be a group of automorphisms of a Lie group G and let § be a 
subset of G. Let dr denote the set of differentials at the identity of the 
transformations of T, that is, the automorphisms of @ induced by T. 


Definition. S wa T-invariant exp-set if there exist linearly independent 
subspaces ©,,- - :,©6, of Œ which are invariant under dr such that the 
mapping sı + S2}: ` -+$,—>exp S$," exp Se," * *,8, 18 a homeomorphism of 
6,+:--+6, onto § (s; in §;). PT is called completely reducible if dT is 
a completely reducible (linear) group. 


It should be noticed that a T-invariant exp-set § is invariant under T 
and homeomorphic to Euclidean space; also that the operation of r on S 
is equivalent to the operation of dT on a linear subspace of @. These facts 
result from the well-known identity T (exp X) —expdT(X), for X in ®©. 
These facts result from the well-known identity T (exp X) = exp dT (X), for 
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X in Œ and any automorphism T, where dT denotes the differential of T at 
the identity. 

If M is a subgroup of 4 Lie group G and Ty denotes the set of inner 
automorphisms of G by elements of M, we shall mean by an M-invariant 


exp-set a Ty-invarlant exp-set. 


LEMMA 2.2. Let G be a connected Lie group containing no non-trivial 
central toroidal subgroup. Let N be the maximum nilpotent ideal of the 
radical R. Then N is a closed simply connected subgroup of G. 


Proof. It is clear that the radical R is a closed subgroup of G. Inasmuch 
as N is the connected component of the identity in the set of all elements x 
of R such that Ada has only 1 as eigenvalue (Ads being the differential 
at the identity J of the inner automorphism g—zgz"*), it is clear that N 
is closed. For any non-zero X in Mt, expX=4J. Otherwise adX which 
is nilpotent on G and satisfies exp X —AdexpX—1 must be equal to 
log exp ad X = log 1 = 0; that is, X is central in G and the one parameter 
subgroup {exp {X | 0 [¢1} is a compact toroid, contrary to our assumption. 

Now let N denote the simply connected covering space of N, let D be 
the kernel of the natural map of N onto N, and let us identify the Lie 
algebra of N with N. Since any element of a nilpotent group hes on a 
one-parameter subgroup (this is well-known, cf. [7] or [11]) for any s in 
D, there is an X in N such that exp X —-2 is in D. Since exp £ =I in ÑN, 
we conclude X —=0, t =I, D= (I), and N is simply connected. 


Definition. Let G be a topological group and let A, > +, An be sub- 
spaces. We say that G=—A,-A.:--A, topologically if the mapping 
0: (Qi, © °, Qn) > G1do' ` +d, Of Ar X- +> +X Ån into G is a homeomorphism 
onto, each A; being given its relative topology with respect to G. 


PROPOSITION 2.1. Let G be an analytic group with non-trivial radical 
R and let Č be a closed analytic subgroup. Assume that for every non-trivial 
abelian normal analytic subgroup V the topological closure of CV is G. 
Then there is a normal abelian analytic subgroup W such that G—CW. 


Proof. For typopgraphical convenience, we denote the topological closure 
of a set S by BIS. 

We let G* denote the simply connected covering group of G, f the 
covering homomorphism and D* the kernel of f. For any analytic subgroup 
S of G we denote by S* the connected component of the identity of f-*(S) 
and vice versa, and we denote the Lie subalgebra of both by ©. We denote 
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by [8,8] the commutator subgroup of §, it being the analytic subgroup 
with Lie algebra [6,6]. 

From the hypotheses of the proposition it follows directly that for any 
non-trivial normal analytic abelian subgroup V (such a V exists since G is 
not semi-simple), G == @1D*C*V*. Since 


[61 D*C*V*, Bt D*C*V*] Cc él [D*C*V*, DECOR V* | Cc Bl E*V, OTR 
we conclude that [G*, G*] C @L[C*V*, C*V*]. 


Now C*V* is a normal analytic subgroup of G* since its Lie algebra 
is clearly invariant under Ad G* and hence an ideal; hence [C*V,C*V*] 
is a normal analytic subgroup of the simply connected Lie group G*. 
Hence [C*V*, C*V*] is closed (cf. Pontriagin, Topological Groups, p. 279). 
Thus [G*,G*] C [C*V*,C*V*] (ef. [7]). It follows now from the fact 
that a semi-simple Lie algera is its own commutator subalgebra that 
G*/R* = [G*, G*|R*/R* CC*R*/R*, Hence G* == O*R*, Letting S* denote 
the radical of C* and L*-§* a Levi decomposition of C*, we conclude that 
G* == D*-R* is a Levi decomposition of G*. Inasmuch as G* is simply ` 
connected and admits as a covering group a semi-direct product of L* and 
R*, we conclude that G* == L*-R* (semi-direct) and in particular L*-R* 
is a direct product fibering of G*. 

We now set Dr* = D*R* N L*, Derë = D*L* N R*. Since s—> 2R* N L* 
is a homomorphism of @* onto L*, Dz* is central in L*; since d— dL* N R* 
is a homomorphism of D* into R*, Dp* is an abelian subgroup of R*. 
Furthermore, from the well-known fact that D* is a finitely generated group, 
it follows that Dg” is finitely generated though it is, of course, not necessarily 
closed. Let p(x) denote the restriction to the Lie algebra of R* of Adz for 
xin G*. Then p(L*) is a semi-simple Lie group of matrices and it is known. 
(cf. Mostow, Annals of Mathematics, vol. 52 (1950), p. 615) that its center 
is finite. Now for any r in Dpr*, there is an I in D,* such that lve D*, and 
an n such that p(l”) = TJ, the identity. Since l*+=<=1-(Ir) =r, I and r 
commute. Consequently, p(r”) == p(l”) p(r”) =p(I7") == p((Ir)") = I and 7” 
is central in R. Since Dpr” is finitely generated, it contains a subgroup Dg 
of finite index which is central in R. In particular, @2D,’M and @2D,M 
have the same connected component of the identity for any analytic subgroup 
M of R*. 

Now we have for any normal analytic abelian subgroup V (which is 
of necessity in the radical R), 


G* — 61 D*C*V* == OI L* - DR” S*V* = L*- Gl Dp*8*V*, 
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since L*: R* is a direct product fibering. Hence R* = f Dr*S*V* and &* 
being connected, R* — Bl Dg E*V. 


Case 1. The center Z* of R* is not discrete. 


Here Z* contains a non-trivial abelian normal subgroup of G* and hence 
R* = 6(D;7/S"Z* = 61 8*Z". Hence S* is normal in #* and being invariant 
under conjugations by elements of L*, we conclude that S* is normal in G*. 
If S*— (identity), then &£“*—Z*, R is an abelian normal analytic sub- 
group and Œ= C.R. If S* is not trivial, it contains a characteristic abelian 
normal non-trivial subgroup V*, namely, the last non-trivial subgroup in the 
sequence of successive commutator subgroups. Then V =f(V*) is normal 
in Gand G= @({CV= 6(C=—C. Thus, the proposition is true in Case 1 
(I =R or W = (identity) ). 


Case 2. The center of R* is discrete. 


Here M, the Lie algebra of R*, has zero as center and hence it is not 
nilpotent. We denote by 9? the derived algebra [R, N] and recursively set 
R == [HD HF] and Re =I R”. NR- —M for some N, and N being non- 


nilpotent, Jt? AO. We denote by R the ideal [RO-Y, HOY) ] where RO) = R?. 
Case 2a. [R, R] is not abelian. 


Here RO) is a non-zero characteristic ideal of ©, the Lie algebra of G. 
Hence it contains a non-zero abelian ideal % of G, whose corresponding sub- 
group in G* we denote by V*. From R* = f Dp’S*V* we infer 


[A*, R*] =— Bl oe; S* oe) — [oe Ve: S*V*], 


the last assertion following since a normal analytic subgroup of a simple 
connected group is closed. Letting S denote the Lie algebra of S*, we get 


(a) [R R] = [S,S] + [5,8] = [5,6] + [R, R]? 


Now it is a well-known consequence of Lie’s theorem on solvable Lie algebras 
that [N,N] is a nilpotent Lie algebra. From equation (A) it follows readily 
that the subalgebra [6,6] must coincide with the nilpotent [R, R]. Hence 
[N,N] C ©, and C contains a non-trivial abelian normal analytic subgroup of 
G, namely, the smallest non-trivial [R, R]™®. Hence G= LOY = 6(C =O, 
and the proposition holds in Case 2a. 


Case 2b. [N,N] is abelian. 
Let © denote the Lie subalgebra of C*. Since R* = 61 D,’8*[R*, R*], 
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S* [R*, R*] is clearly a normal subgroup of R*. Thus SN [R, R] 
= CN [R, R] is an abelian ideal of G in this case. Moreover, this ideal can 
be assumed to be zero, for otherwise our proposition would follow trivially. 

Thus we suppose without loss of generality that 6 N [R, R] = (0). Here 


© is abelian. Furthermore, S* clearly contains a regular element of R* and _ 


thus © contains a regular element X of R (cf. [11]). Let MW be the subset: 
of § which is annihilated by some power of adX. As is well-known, Y is a. - 
Cartan subalgebra of Œ, and as such,.is its own normalizer. It is proved 
in [11] tht © =A 4+- R” with ANN” C[R*,R-]. Hence we have here- 
G =A +R” (semi-direct) with N D S. 

Let A* be the subgroup of G* which corresponds to W. Then clearly. A* 
is the connected component of the identity of its normalizer N(A*). ,We 
assert now that A* coincides“with N(A*). To prove this we need only 
show that N(4*) N R*® is connected, since R* == A*: R*”, Now let x be 
in N(A*) N &*”, and let X be an element of the Lie subalgebra R such that. 
exp X =x. Denoting by a(x) the restriction to ft of ad X, we have that «(X) 
is nilpotent and expa(X) keeps X invariant. Hence a(X) —logexpa(X) 
keeps A invariant and thus a(exptX) —expta(X) keeps YW invariant for 
every t and N(A*) contains a connected subgroup through z. From this it. 
follows that N(A*) N R* is connected as well as discrete, and is thus {identity}.. 
It follows that N(A*) = A*. 

Knowing this, we assert that Dr* C A*. For from the definition of Y, it is: 
seen to be the centralizer of © N R in È and it is hence invariant under Ad L*. 
Hence Ad Dr* (A) Ad D*- Ad Dr(M%) CW and thus De*C N(A*) =A*. 

Inasmuch as G* = L*- A*-R*” topologically and D* CD;*Dp* CL*A*,, 
we conclude that G—(LA)-R* (semi-direct), where L=—f(L*) and. 
A=f(A*), CCL-A and, in addition, R® is an abelian simply con- 
nected normal analytic subgroup that is non-trivial. Hence by hypotheses, 
G=—£€6(CR*. But the foregoing topological fibering of G yields LCR” 
=(6(C): R” =C-R*. Hence G=CR®, and Proposition 2.1 holds with. 
W= k”. Proof of Proposition 2.1 is now complete. ee 


Note. The subgroup W of Propositién 2.1 can be taken to be non-trivial.. 
For if W were trivial, we would have Œ= C.: Since G has a non-trivial 
radical #, it contains a non-trivial normal abelian analytic subgroup W’, 
namely, the last non-trivial subgroup in the sequence of successive commu-- 
tator subgroups of Kk. Replacing W by W’, our assertion follows. 


THEOREM 2.1. Let G be a connected Ine group, and C a closed con- 
nected subgroup which is self-adjoint in G modulo the radical. Let Mo be a 
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maximal compact subgroup of C and let M be a mazimal compact subgroup 
of G which includes Mo. There exist Mo-invariant exp-sets F and E such 
that C =Mo E and G==M: F-E topologically. 


Proof is by induction on the dimension of G. We consider three cases, 
the third one being the case of trivial radical. 


Case 1. G contains a non-trivial central toroid subgroup T. 





By the induction hypothesis G* == G/T = M*. F* - E* topologically where 
FP” and E* are Mo* (== MoT/T)-invariant exp-sets, C* —CT/T = Mo" B*, 
and M* = MT/T. We know that F* arises out of independent M *-invariant 
linear subspaces %,",-- +, Bp” and that &* arises similarly out of £,*,---,#,™. 
Let @ denote the homeomorphism of G onto G*, and let == de> (i), 
C; = dé*(C;*) for each i, 7. Clearly, each B, ©; is invariant under the 
compact linear group Ad Mo. Let %; be an Ad Mo invariant complement to 
T in Fy and let ©; be an Ad Mo invariant complement to © in ©; which is 
also included in €N G; for each ¢ and j. That ©; can be so chosen follows 
from the fact that © N Œ; is Ad Mo invariant and spans ©; together with ©. 
Clearly dọ is bi-unique on each %;* and €;*. Set F= exp fi: -exp Hy, 
and J? =exp@,:--exp@,. From G* = (MFL)*—¢(IIFE), we deduce 
G == MFET = MTFE =— MFE. To prove that G= M:F:E topologically, 
we must prove that the mapping 6: (m,f, e)—>mfe of MXFXE onto G is 
a homeomorphism. 

ð is one-to-one. For knowing that G* = M*- F*- E* topologically, it is 
sufficient to prove that œ is bi-unique on F and F. 

Knowing that F* == exp %.*- + -exp%,* topologically, it is sufficient in 
order to prove that ¢ is bi-unique on each exp %. 

Suppose therefore that fı = exp X; (¢—1,2) with X; in r and (f) 
==(fo). Then expdf(X,) = (exp £1) = ¢ (exp X2) = exp dọ (X2) where 
dp 1s the differential of at the identity. Since dọ is one-to-one on a by 
choice of %},, and exp is one-to-one on df(%i) == %,", we conclude X, =, 
and fi =f, Similarly is bi-wnique on F. 

Tt follows as point out above that the mapping 0 is one-to-one. That 9 
is open as well as continuous follows from the invariance of domain theorem 
for Euclidean space applied to the locally Euclidean space JAA X F X E whose 
dimension is the same as the dimension of G. Thus 6 is a homeomorphism 
and G= M- F-E topologically. Since @(C) C M*- H* and T C M, we have 
CC WE and hence C= (CM A)-H topologically. Since CN M — Mo, we 
have C = Me: E topologically. 
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Case 2. G has no non-trivial central toroidal subgroup but has a non- 
trivial radical. 


Case 2a. There exists a non-trivial abelian analytic normal V with CV 
closed. l 


Let & denote the radica of G and let N denote the analytic subgroup 
corresponding to the maximum nilpotent ideal of R. By Lemma 2.2, N isa 
closed simply connected subgroup of G. V is included in N. Since N is 
simply connected, the analytic subgroup V is‘simply connected (cf. [4]) and 
therefore V is a non-trivial vector group. We now apply the induction 
hypothesis to G* == G/V = M*- F*. E* where F* and H* are My*-invariant 
exp-sets, and C* == CV/V = Mo* - E* topologically, Mo being M N C, and M* 
denoting MV/YV. 

Let ¢ denote the homomorphism of G onto G*. Clearly (Mo) C Mo". 
Following the procedure used in Case 1 we can define Mo-invariant exp-sets F” 
and Æ which map bi-uniquely onto #* and #*. Let B, denote an Ad Mo- 
invariant subspace of the abelian Lie algebra B which is a complement to 
CNB in Y, and let V, denote the corresponding vector subgroup of V. Set 
F == EV, and H==(CNV)°-H’, where (CN V)? is the connected com- 
ponent of the identity in CA V. Then from G*=¢(MEF"’H) we deduce 


G= MEF EV = MF' VE = MP'V,(CNV)*:- E= MFE. 
To prove that G== M: F-E topologically, it suffices to prove that 
G=M-F’-V,-(CNV,)°- E 


topologically. Inasmuch as V = V:: (CN V)° topologically, it suffices to 
prove G ==M;- F": V: E’ topologically. Let 6 denote the mapping (m,f, v,e) 
—>mfve of MXE XVXE onto G. 

6 is bi-unique. For mM,fı0ie, == mefev2e. (m, in M, ete,) implies 
p(mı)p(f1)p (e1) =p (Mm:)p (f2) (22). Since MN F is a compact subgroup 
of V, it consists only of the identity and hence œ is one-to-one on M. By 
construction ¢ is one-to-one on F and B’. Hence G* —¢(M)-4(F’) - (2) 
topologically implies $(m:)—=¢(m2), $(f:)—$(fe), (e) —$(e2) and 
consequently, Mı == Ma, f,—fe, 6:6. It follows that v,— v2 and 8 is 
bi-unique. That @ is a homeomorphism follows as in Case 1. 


Case 2b. There exists a non-trivial normal analytic subgroup V with 


BLOV AG. 
Take H to be the subgroup @(CR if this does not coincide with G, 
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otherwise take it to be @?CV. Then H, being a closed connected subgroup, 
is analytic and moreover, its dimension is smaller than the dimension of G, 

We assert that C and H are self-adjoint modulo the radical in H and 
G respectively. For by hypothesis there is a star automorphism of G/R 
which keeps invariant CR/R and this clearly keeps invariant @( (CR/R) 
—(6@(CR)/R. Thus the assertion is true for H if GA ICR. If, on the 
other hand, G = @(CR, then by a result of Malcev (cf. first paragraph of 
proof of Proposition 2.1), [G,@] C CR and thus 


Q/R = [G/R, G/R] =[G, G]R/R=CRAR 


so that LOY is self-adjoint modulo the radical in G in this case. Thus in 
any event, H is self-adjoint modulo the radical in G. 

As for C being self-adjoint modulo the radical in H, the star auto- 
morphism of G which keeps H invariant induces a star automorphism of H/§ 
which keeps invariant 08/5, S denoting the radical of H. Thus C is self- 
adjoint modulo the radical in H. 

Applying the induction assumption to the pair C, H, we obtain C == Mg: E 
and H = Mya: Fit E topologically, where My is a maximal compact subgroup 
of G containing Mo, E, and F, and hence F: E are Mo-invariant exp-sets. 

We now apply Case 1 to the pair H, G, and conclude that H == Mya: ly, 
G == M- Fa: E, where E, and F, are My-invariant exp-sets and M is a maximal 
compact subgroup of G containing My. 

Any element y of # can be written uniquely as y == m,fie with Mmi, fa, € in 
My, Fa, E respectively and depending continuously on y. Hence any element 
x of G can be expressed uniquely as æ == mfa’ m, fie = mm; mr fomi’ fi’ e 
with the factors in M, Fa, Fı, # respectively and depending continuously on 2. 
Hence G==M- Fa: FP, E= M-F EH, topologically where F is the Me- 
invariant exp-set FF. Proof is now complete in this case. 


Case 2c. R40 and for any non-trivial normal abelian analytic subgroup 
F, G = £(CV. 


In this case, there exists a normal analytic abelian non-trivial subgroup 
W such that G==CTV by Proposition 2.1 and the Note following it. Thus 
we may apply the result in Case 2a to obtain the theorem. 

The induction hypothesis has thus been proved to hold for G in case G 
has a non-trivial radical. It remains only to consider 


Case 3. G has no radical. 


Here G is semi-simple and we can apply Theorem 4 of Section 1 in [10] 
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which asserts: Let ® + © be a Cartan decomposition for the real semi-simple 
Lie algebra @ and let ©’ be a linear subspace of © such that [X, [X, ¥]] 
is in F for any X, Y in F’. Let & be the orthogonal complement to ©’ 
in € with respect to the Killing form, let #—exp%’, F’ = exp ©. Then 
G&G =K- F-E topologically where K is the analytic subgroup determined by &. 

In Case 3, Č is self-adjoint in G and therefore there exists a Cartan 
decomposition R+ € with C—=CNK+ENE. Set (—CNE. Then C 
satisfies the hypothesis of the cited theorem and therefore G—K-F- F’ topo- 
logically, notation being as above. In addition, we have C = (CN K)-K' 
topologically. For the subsets CM K and F’ being closed, (CN K) -F is 
a closed subset of C. On the other hand, the mapping @: (c,e)—>ce of 
(CAK) XEF into C is one-to-one and continuous; since (CN K) X F’ is 
locally Euclidean and of the same dimension as C, the mapping 0 is open by 
the theorem on the invariance of domain. As a result, (CM K) F’ is open 
and closed in the connected group O and hence coincides with C. Inasmuch 
as © is invariant under ad & we conclude that Æ’ and F’ are (C N K)-invariant 
exp-sets. 

The choice of F and E is not yet complete inasmuch as K need not be 
compact. We know only that the image of K in the adjoint group of @ is 
compact. This implies that the adjoint groups of K and C N K are compact. 
It follows at once that each is the direct product of its maximum compact 
subgroup and a vector group (cf. [9], Lemma 2.8). Let M, be the maximum 
compact subgroup of C and let W be a vector subgroup such that C = M: W, 
(direct). Let W, be a vector subgroup of K such that K = (MC) - W, (direct) 
where M is the maximum compact subgroup of K. Set #—W,H’ and 
F= W.K’. Since Wi COCAK, Wa: E =F- Wa, we get 


G=M- Wi W P- E =M- W Wi EE 
=M- Wa: F -W-E =M-F-E topologically. 


Finally, M, is a maximum compact subgroup of C. For let Mo be a 
maximal compact subgroup of © which contains M, Since C =M,- E 
topologically, G/M, is homeomorphic to Euclidean space and it is fibered by 
the compact fibers Mce/M, with G/M,/Mo/M,—=G/Me¢ as base space. Since 
Euclidean space cannot be fibered by compact fibers containing more than 
one point ([2] or [12]), we conclude that M, =— Mo. Proof of the theorem 
is now complete. 


Note. The theorem from [10] that was cited in Case 3 arises out of 
the following theorem, which the author proved with precisely the above 
application in mind. 
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Let € be any real linear subspace of ©, the set of real symmetric matrices, 
and let $ be an orthogonal complement to € in © with respect to the bilinear 
form TrXY. Then any positive definite symmetric matrix can be written 
uniquely and continuously as efe with e in exp © and f in exp %, if and only 
if [€, [€, €]] c €. 

When we specialize the choice of C to a maximal compact subgroup M, 
we obtain the following sharpened form of the theorem on the topological 
decomposition of a Lie group. 


THEOREM 2.2. Let G be a connected Lie group and let M be a maximal 
compact subgroup of G. Then G=M-U topologically, where U is an M- 
invariant exp-set. 


In particular, U is a Euclidean subspace with mUm*==U for all m in 
M, and M operating on U by inner automorphisms is equivalent to the linear 
group Ad M operating on a linear subspace of G. 


Theorem 2.2 allows us to sharpen the theorem on the conjugacy of 
maximal compact subgroups of connected Lie groups. 


Remark. That any two maximal compact subgroups of a connected Lie 
group G are conjugate under inner automorphisms has been proved by 
Malcev ([7]) and Iwasawa ([6]). Each proof takes as starting point the 
theorem of E. Cartan that maximal compact subgroups of a semi-simple 
group are conjugate (cf. [3] or [10]). It is of interest to observe that the 
idea introduced by Cartan to handle the semi-simple case can be used to 
handle the general case. We sketch the argument. Proceeding by induction 
in the case that G is not semi-simple, we reduce to the case that G contain 
a non-trivial closed normal vector subgroup V (cf. proof of Theorem 2.1). 

Applying the induction assumption to G/V, it follows that if M, and M 
are maximal compact subgroups, then M, is conjugate under an inner auto- 
morphism to a subgroup of M, V. Hence we lose no generality in assuming that 
M, C M,V = G, with G connected. M being compact, M, N V = (identity) 
so that G==M,: V topologically. Hence G/M, =V. Now upon selecting 
logarithmic coordinates in V, it is seen that G operating on V is equivalent 
to group of affine transformations, the elements of V operating as translations. 
Hence any compact subgroup of G admits a fixed point in V, the centroid of 
any of its orbits. Thus there is an element v in G such that M.rM, is simply 
the coset zM; that is, Moc, CaM, and stMx C Mı. Thus M, and M, 
are conjugate. That M, is connected follows from the connectedness of G. 


THEOREM 2.3’. Let M, and M, be any two maximal compact subgroups 
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of the connected Lie group G. Then there is an element x in G such that 
Mot = M, and «mat ==m for all m in M, O M. 


Proof. We begin with the fact that any two maximal compact subgroups 
of G are conjugate under an inner automorphism. Thus we may assume that 
M., is the subgroup M of Theorem 2.2, i.e., there is a subspace U such that 
G==M,-U topologically and mUm-* == U for all m in M. We know there is 
an element y in G such that yMiıy = M, Now y can be written as an 
with n in M, and cin U. Then sMo = enMın tot —yMyy*=M,. Thus 
sMo = M, and hence (M,9 Maje C My. For any element m in M, N M. 
we have the relation sma: gs = tm == m: mem, 

Since gms e Mı, me U, and G == M,U topologically, we infer smat =m, 
which proves the theorem. 

More generally, we can assert 


THEOREM 2.3. Let N, and N, be two compact subgroups of the con- 
nected Lie group G which are conjugate under an inner automorphism 6,. 
Let M, and M, be any maximal compact subgroups which include N, and Nz 
respectively. Then there exists an inner automorphism 6 of G which sends 
M, onto M, and which coincides with 0, on Ny. 


Proof. Let M,—6,(M,). Applying Theorem 2.3’ to M, and M2, we 
find an inner automorphism @, sending M, into M, and keeping M,N M: 
pointwise fixed. The inner automorphism @ = 0,6, has the desired properties. 


8. Retraction of Klein spaces. Throughout this section, G denotes a 
connected closed subgroup, and Jf any maximal compact subgroup of G 
which includes a maximal compact subgroup of C. 


TsEOREM 3.1. G/C can be retracted by a strong deformation retraction 
to a subset homeomorplic to the h-compact space M/M N C. Thus G/C and 
M/M NC have the same homotopy type. 


Proof. For convenience, let Mg denote MMC. By hypothesis Mg is a 
maximal compact subgroup of C. By Theorem 2.2, C/Mo is topologicaly a 
Euclidean space and is thus solid (cf. [13] for definition). Moreover, G/Mg 
is a fiber bundle with G/C as base space and C/M¢ as fiber, the projection p 
being [zMe] > [z0], (z in @). 

Let ¢ denote the mapping [tC] —> [tM] for z in M. Since MN C= Mo, 
@ is well-defined and is a continuous cross-section of the subset MC/C of G/C 
into the bundle G/M,>. Since the fiber C/Mg is solid, 4 can be extended to a 
continuous cross-section of G/C into G/Mg ([13]). We denote this extension 
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by @ also. From the fact that G—=U-M topologically with U a Euclidean 
subspace, it follows at once that there is a strong deformation retraction 
S:(0<t<1) of G/Me onto the subset M/Mo (the points of M/Me being 
fixed under the deformation). We define the retraction 2, of GoC onto itself 
as Ry== p8id(0 SiS 1). Then for any v in M, 


Ri([20]) = p8: ([eMol) = p([eMe]) = [20]. 


Moreover, R = identity, and R,(G/C) =MC/C =M/M NC. Thus K is 
the desired strong deformation retraction of G/C. 


COROLLARY 1. If S is a closed subgroup of G and G/S ws simply 
connected, then the conclusion of the above theorem holds. 


Proof. If G/S is simply connected, then S is connected. 


COROLLARY 2. (Montgomery, [8]). If G is a Lie group that is transi- 
tive on æ simply connected compact space, then there is a compact subgroup 
of G that is transitive on the space. Thus every simply connected compact 
Klein space is h-compact. 


Proof. We may assume that our space is G/C where C is connected, and 
G/C is a compact manifold. Since a compact manifold cannot be deformed 
to a proper subset, G/C=-MC/M, i.e, M is transitive on G/C and 
G/C = M/M NC. 


4. Covariant fiberings. Let B be a Lie group, B’ a closed subgroup 
of B, let F denote a topological space, and let A denote an anti-homomorphism 
of B’ into the group of all homeomorphisms of F onto itself (cf. [0]). Assume 
that B operates on F as a topological transformation group in the usual sense, 
i.e, the mapping (g,f)—>A(g)f of B’* F into F is continuous. We define 
the subset [0,f] for any point (b,f) in BX F as {(bg,A(g)f)| all geB’}. 
If U is a subset of B X F, we denote by [U] the set {[d,f]| (8, f) eT}. 


Defimtion. (B,F,B’,r) denotes the topological space whose points are 
the subsets [b,f] of BX F, a neighborhood of [b,f] being defined as [U] 
where U is any neighborhood of (b, f) in BX F. 

Let + denote the mapping (b, f) —[b,f] of BX F onto (B, F, B'A). 
Then by definition essentially, m is continuous and open. (B,/',B’,r) can 
be thought of as the space obtained from BX F by taking as points the 
(non-singular) orbits of the transformation group R(B’), where R(g) is 
the mapping (b, f) — (b9,A(g)f), be B, geB’, feF. 


5 
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We next define on (B, F, B’,A) a fiber bundle structure, with base space 
B/B’, fiber F, and as structure group the Lie group A(B’). Namely, let p be 
the mapping [b,f] bB of (B,F,B’,A) onto B/B’. Let Upe -, Unte 
be a covering of B/B’ by neighborhoods such that there exists a continuous 
cross-section y; of U; into the bundle B fibered by cosets B’ (b in B). Define 

p> (Ui) > U;X F by the relation ¢:i(yi(7),f) = (z, f), (< in Ui, f in F). 
Tt is easily seen that ¢; constitutes a set of coordinate functions which defines 
(B, F, B’,A) as a bundle with fiber F and structure group A(B’). We shall 
employ the symbol (B, F,B’,r) to denote the above bundle structure as well 
as the underlying space, when there is no danger of confusion. It is clear 
from the choice of coordinate functions that the associate principal bundle 
of (B, F, B’,r) is the bundle B fibered by cosets bB”. 


Definition. Suppose B and F are closed subsets of a prescribed Lie 
group G. Suppose moreover that F is invariant under inner automorphisms 
by elements of B’, that F contains the identity element of G, and that A(qg) 
_ denotes the transformation f—>g“fg where fe F and ge B’. We then denote 
(B, F, B’,r) by the symbol (B X F)r. 

Let (B,F,B’,r) be given. If the group of transformations A(B) has a 
fixed point p in F, then the mapping [bB] > [b, po] of B/B’ into (B, F, B’, d) 
is well defined and is in fact a continuous cross-section of the base space B/B’ 
into the fiber bundle (B, F, B’,A). In particular, the mapping [bB] — [b, e] 
of B/B’ into (B X Fp is a continuous cross-section, where e is the identity 
of the prescribed group G. 


Lemma 4.1. Let G be a Ine group, let C and B be closed subgroups, 
and let F, E be two subspaces of G such that, G=B-F-E (topologically). 
Assume 


(1) C= B-E (topologically) where B’ is a subgroup of B. 

(2) gig F for all ge B’. 

(3) F contains the identity element of G. 

Then G/C == (B X F)» under the homeomorphism [bfC] > [b,f]. 

Proof. Let 0 denote the mapping (b,f) > dfC of B X F onto G/C. For 
each point of G/C, 0>[bfC] is the totality of pairs (b*,f*) in BX F such 
that b*f* === bfC == bfge== bg : g7fg-e with ceC,geB’,eeF. Hence b* = bg, 
f=<g“fg, and so 6“[bfC] is the subset [b,f] CBX F. As a result, the 
correspondence 76-1: 6(b, f) > (b, f) is a well defined one-to-one correspondence 


between G/C and (BX F)z. Since both 0 and a are open and continuous 
mappings, x" is a homeomorphism. Proof of the lemma is now complete. 
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Remark 4.1. Suppose that G==B-F-H topologically and C =B’: E 
| topologically, with B’ a subgroup of B as above. Assume moreover that 
bFb C F for all b in B. Then G is also F- B-E topologically. From these 
two decompositions of G we obtain two different fiber bundles (in general) 
which are associated with the same fibering of G/C into the subsets bF (= Fb) 
with b in B; the bundles are (B, B’, F, `M) and (B, B’, F,A2) respectively, 
_where A, corresponds to the operation of B’ on F by inner automorphisms, and 
A»(B’) is the identity transformation. The bundle (B, B’, F, `^) = (BX F)e: 
has as structure group À (B) and the other has as structure group A2(B) 
== (identity), these groups being different in general. Since these correspond 
to the same fibering of G/C, they are equivalent when the structure group 
of each bundle is suitably augmented. 


Remark 4.2. The group B operates on (B, B’, F,à) by the operations 
L”: [af] — [bz,f], where b, x are in B and f is in F. JL,* is a well defined 
bundle map of (B, B’, F, 4) onto itself, and Lg” permutes the fibers transitively. 

Tn the special case that (B, B’, F, à) = (B X F)p and the subsets B and 
F of G are as in Lemma 4.1, the operation L,* is the operation of B on G/C 
by left translation. In this case, the operation R(b): (s,f) —> (wb, bab) with 
b in B’ corresponds to the operation of b on BF by right translation. 


Definition. Let G be a connected Lie group which operates transitively 
on the space H. A G-covariant fibering of the differentiable manifold H is a 
differentiable fibering into Euclidean fibers (i.e., the fibers are submanifolds 
and each fiber has as neighborhood an open set of fibers with a differentiable 
submanifold as cross-section set) such that for some maximal compact sub- 
group M of G, 


1) M permutes the fibers transitively. 
2) For some fiber F, the subgroup My of M which keeps F invariant is 


equivalent to a group of linear transformations on the Euclidean space F. 


Condition 2) is obviously equivalent to the condition obtained on replacing 
“some fiber F” by “each fiber F,” in view of the fact that M permutes the 
fibers transitively. 


THEOREM 4.1. Let G be a connected Ine group which operates iransi- 
tively on the space H with a connected isotropy subgroup O. Assume that O 
is self-adjoint modulo the radical. Then H admits a G-covariant fibering. 


Proof. By Theorem 2.1, G==M-F-E topologically, where M is a 
maximal compact subgroup, C = Mg: E topologically, with Mg = M N O, and 
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F is an M,-invariant exp-set. By Lemma 4.1, H==G/C is the underlying 
space of the fiber bundle (M X F)3,,. Since M permutes the fibers of this 
bundle transitively (Remark 4.2), F is Euclidean. To conclude the proof 
of our theorem it suffices to verify that a) Mp, the subgroup of M keeping 
the fiber F invariant is equivalent to a linear group, and b) (M X F)ar, is a 
differentiable fibering of H. Part a) follows from the observation that 
My== Mo and Mg operating on F is equivalent to the linear group Ad Me 
operating on a linear subspace of G by definition of F. Part b) follows from 
the fact that decomposition G== M-F- E is differentiable around the identity 
element at least, as can be verified without difficulty. 


COROLLARY 1. If C is a closed connected semi-simple subgroup of the 
connected Lie group G, then G/C admits a G-covariant fibering. 


Proof. Let R be the radical of G. Then CR/R is a semi-simple subgroup 
of the semi-simple group G/R and is self-adjoint by Theorem 6 of [10]. 


COROLLARY 2. If C is a closed connected subgroup of the connected 
solvable Ine group G, then G/C admits a G-covariant fibering. 


Proof. G is its radical and CG/G is self-adjoint in G/G. 


COROLLARY 3. If C is a compact connected subgroup, then G/C admits 
a G-covariant direct product fibering. 


Proof. This follows directly from Theorem 2.2 applied to a maximal 
compact subgroup containing C. (cf. Remark 4.1). 


Remark 4.3. The decomposition of a semi-simple Lie group @ without 
center into &-S where K is a maximal compact subgroup and S is a subgroup 
homeomorphic to Euclidean space (due to Iwasawa [6]) allows one to con- 
clude that G/K has a covariant fibering but does not allow this conclusion 
for G/K’ when K’ C K, inasmuch as § is not invariant under inner auto- 
morphisms from K’. 


5. Examples. We will now consider some cases where the fiberings of 
Section 4 turn out to be direct product fiberings when the group of the 
bundle is suitably enlarged. 


Definition. Let F be a locally compact Hausdorff space. By aut F is 
meant the group of homeomorphisms of F onto itself topologized so as to be 
a topological transformation group operating on F. (cf. [0], Arens). . 

In the case that F is Euclidean space, the compact open topology satisfies 
the above condition. 
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Conditions that the fibering of Section 4 be product fiberings can be 
stated most simply in terms of mappings into aut F'. 

We consider first the fibering defined for the space (B X F’)» and employ 
the notation of Section 4. In particular, A(g) denotes the homeomorphism 
f-g fg for feF, ge B’. Since A(gig2) =A(92)A (91); A is an anti-homo- 
morphism of B’ into aut F. 


THEOREM 5.1. The fibering of (BX F)x is a direct product decom- 
position if and only if there is a continuous mapping u:B—autF such that 
u(v) == u(ag)A(g) for each g in B’. 


Proof. If the fibering is a direct product decomposition, then there exists 
a fiber-preserving homeomorphism ¢ of (B/B) X F onto (B X F) such that 
#([B’], 1) = (af) (=(29, 9*F9) = (wg, A(g)f) for g in BY). Define u(2) 
to be the mapping f— f, of F onto F, where ce B. Since ¢ is a fiber pre- 
serving homeomorphism, u(x) is a homeomorphism. Moreover u is a con- 
tinuous mapping of B into autF. Finally, since (s,f) and (2g,A(g)f), 
g in B’, represent the same point of (BX FF)», we have the identity 
u(x) (f) =u(ag) (A(g)f) for any f in F, i.e, u(x) =u(zg)rA(g) for all 
g in P. 

Conversely, suppose there is such a mapping u. Then consider the 
mapping @: (z, f) > ([vB’],u(2)f) of B XF into (B/B’)X F. The mapping 
6 is single-valued, open and continuous. Thus 9 is a fiber preserving homeo- 
morphism of (B X F)» with (B/B’) X F. 

Let @ and @ denote the field of real complex numbers respectively. 

We employ the notation Si(n, 0), Sl(n, B), SO(n, R), SO(n, B), SU(n) 
to denote the linear groups over real and complex numbers of determinant 1, 
the orthogonal groups over R and @ of determinant 1, and the unitary group 
of determinant 1. | 


Example 1. We examine the fibering of the space G/C, where G is 
' the group of matrices Sl(n-+-1, œ) and C is the subgroup SI(n, R) of the 


form ¢ g being an n by n matrix. Let & and © denote the totality of 


skew-symmetric and symmetric matrices, respectively. Let C=CNG and 
define $= {X|XeG, Tr XY =0 for all Ye H}. Then § is the totality of 
symmetric matrices (sy) with s;—0if4t>landj>1. We set MW =€N QR, 
= exp. We define A(g) to be the mapping f—-g “fg in aut F, where g 
is in the analytic subgroup K’. Let A(g) denote the restriction of Adg to 
* where ge K’. Let log denote the homeomorphism exp X —> X of F onto 
3- Since A(g)(expX) =exp(Adg7(Y)) for all Yes, geK’, we have 
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log-4(g) =A(g*) - log, that is, the homeomorphism log is equivalent with 
respect to the isomorphism A(g)—>A(g™*). We now look at the trans- 
formation group A(K’). If Xe, then 


a b 
-(; 3 =—a/n- (identity) 
1 0\fa O\f/1 0\" fa b’g> ’ 
Hor (ENE YEG) 
This identity has the following interpretation. Let e; denote the (n + 1)- 


tuple with components 8y (4,7==1,---,%-++-1). Let X; denote the matrix 
of F whose p, q-th coefficient is max {Bipdig, Sigdip}. Let p denote the unique 
i 


and 


linear mapping of F onto the Cartesian space R” (on which G = Si(n +1, R) 
operates) such that ¢(X;) =a (t= 1,- ,n+1). The above identity states 
that gp = pA (g), ge K’ = 80 (n, R), that is, the homeomorphism ¢ is equi- 
variant with respect to the isomorphism A (g) —g of A(K’) onto K’. 

Now define u(r) == (¢log)“w¢log for re K ==S50(n+1,R). Then u 
is a homeomorphism (in fact, an isomorphism) of K into aut F. Further- 
more, u(g) =log*-g+-g-¢- log=log*A(g)log=-A(g*), geK’. Thus 
u(xg)A(g) =u(x)u(g)u(g?) =u(x) for all ge K. 

It follows now from Theorem 5.1 that G/C= (K X F)e =K/K' XPF. 
Thus St(n-+ 1, R )/Sl(n, R) decomposes, by the covariant fibering of Section 
4, into the direct product of an n-sphere and a Euclidean space. 


Example 2. By the same reasoning one can prove that 
Si(n +1, 4) /Si(n, 6) (SU(n+1)/8U (n)) X Euclidean space. 


These results can be obtained by an elementary geometric argument upon 
representing elements of our group as a base for œt (or @**! as the case 
may be). 


Hzample 3. If G==81(3, @) and C is the subgroup S1(3, R}, then G/C 
is the space of a fiber bundle with base SU(8)/SO(3, R) and a three dimen- 
sional Euclidean space F as fiber. The covariant fibering of G/C is not a 
direct product decomposition. For let us select the Cartan decomposition of © 
(regarded as a real Lie algebra, cf. Section 2) with the maximal subalgebra & 
taken to be the Lie subalgebra of SU(3). Then K, K’ are SU(3), SO(3, R) 
respectively, and A(K’) is equivalent to K’ operating on real cartesian space 
&*. The existence of a mapping u of Theorem 5.1 is equivalent to the 
existence of a continuous mapping u of SU(3) into aut R? such that 
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u(ag)gi=u(2), i.e u(ag) =u(x)g for all v in SU(8), g in SO(3,®). 
But such a mapping cannot exist. For if it did, w*(identity) would be a 
continuous cross-section of cosets of SO(3,Rk) in SU(3). This implies that 
SU(8) = (SU(8)/SO(8, R)) X SO, R). But comparing homotopy groups, 
a4(SU(8)) = 0, whereas 7,(SO(3)) 40 ([13]). Thus SO(8,&) cannot be 
a direct factor of SU(8) and the given fibering of 81(3, 2) /S81(8, R) is not 
a product fibering. It should be noted that the isotropy subgroup in this 
example is connected and semi-simple; also the group G is semi-simple. 


Example 4. Samelson’s example of a Klein space with connected iso- 
tropy subgroup but no direct product fibering can be described as follows. 
Take G to be the subgroup of Si(n-+1,C) whose first column has only 
zeros below the first row. Let C be the subgroup of G whose coefficients in 
the second column outside of the (2,2) term consists of zeros. Clearly G 
and C are connected. (resp. C) can be identified with the subgroup of 
projective transformations of the complex projective plane P”, which keeps a 
point (resp. two points) invariant. Hence G/C can be identified with the 
exterior of a point pọ in P". If P”— p, could be factored into a direct 
product of a compact subset and a Euclidean subspace, we would be able to 
deform Pea, the plane at infinity, into a singular cycle which fails to intersect 
Pa, contrary to the fact that the singular cycle Pe has a non-zero self-inter- 
section. Thus G/C has no direct product fibermg. It has, however, a G- 
covariant fibering. It is noteworthy that G/CR admits a direct product 
covariant fibering, & being the radical of G. Thus the radical of G plays 
an essential role in Samelson’s example. 


Example 5. Let G* be the connected component of the identity of the 
Lie group leaving 2,7 -+ t? + - e + ++ Gy)? — Eu? — Cr? invariant. Let C* 
be the analytic subgroup keeping invariant m: -+-+ + © F 2n? — trna? together 
with Ta, Clearly, G* and C* are semi-simple; under the natural imbedding,, 
SO(n) X SO(2) and SO(n) are maximal compact in G* and C* respectively. 
Let G denote the simply connected covering group of G*, and let C denote 
the analytic subgroup corresponding to C*. Since G*==SO(n) X SO(2), 
X Euclidean space, the analytic subgroup M in G which covers SO(n). is 
maximal compact in both G and C. By Theorem 4.1, G/C admits a G- 
covariant fibering with base space M/M. Hence G/C is homeomorphic to 
Euclidean space. 


Note. The above example was kindly suggested to the author by A. Borel, 
as an instance of the phenomenon mentioned in the footnotes in Section 6. 
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6. Aspherical Klein spaces. As an application of Theorem 2.1, we 
prove 


THEOREM 6.1. An aspherical (in dimensions 0,1,2,: °°) Klein space 
is homeomorphic to Huchdean space. 


Proof. A Klein space is a factor space G/C with G a Lie group and C 
a closed subgroup. We shall prove the theorem for aspherical factor spaces 
G/C by induction on the pair of integers (dim G,dim G—dim() ordered 
lexicographically. It is convenient to break up the proof into a series of 
lemmas. 


Lemma 6.1. Let G denote the universal covering group of the connected 
component G, of the Lie group G, and let C be the complete inverse image 
in Gof CNG. Assume G/C is aspherical. Then G/C = G/C. C is con- 
nected and contains a maximal compact subgroup of G. 


Proof. Go isa closed normal subgroup of G and G/G, is discrete. As a 
result, GC is an open and closed subset of G and G,C/C is open and closed 
in G/C. Since G/C is connected, G.C/C = G/C and therefore 


G/C = Go/CN Go = G0 /C = G/C. 


Since G/C is simply connected, C is connected. Let K be any maximal 
compact subgroup of G which includes a maximal compact subgroup of C. 
By Theorem 3.1, G/C has the same homotopy type as K/K N C. Since the 
homotopy groups of all dimensions of K/K MC vanish, by the well known 
theorem of Hurewicz, all the positive dimension homology groups with integral 
coefficients of K/KM C vanish. However, K/K NČ, being a simply con- 
nected manifold, is orientable and hence it has a fundamental cycle which is 
not homologous to zero. It follows immediately that K/K N Ĉ is a 0-dimen- 
sional manifold and being connected, it is a point. Thus K == K NČ. Proof 
of the lemma is now complete. 


Lemma 6.2. Let G be a Lie group, and let B, C be closed subgroups 
with BDC. If G/B and B/C are Euclidean (spaces topologically), then 
G/C is Huchdean. 


Proof. G/C can be considered as a fiber bundle over the case space G/B 
with fibers B/C, the projection being p:[<0] — [zB] and the group of the 
bundle being the group of left translations of the space of cosets B/C by 
elements of B. It is known that there always exists a continuous cross- 
section of a base space into a fiber bundle in case the base space is Euclidean 
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(Feldbau [5]). In particular, there is a continuous cross-section of G/B 
into the principal bundle of the bundle G/C. Consequently, the above bundle 
G/C is the product bundle G/B X B/C. Thus G/C is Euclidean. 


Lemma 6.3. A maximal proper analytic subgroup (1.e., connected Lie 
subgroup) of a simply connected Ine group ts closed. 


Proof. Let G be the simply connected Lie group and C a maximal proper 
analytic subgroup. If C is not closed then @f==G and the Lie algebra © 
of O is an ideal in Œ (cf. Section 2; also [7]). Hence Ọ is normal in G and 
consequently is closed (Pontriagin, Topological Groups, p. 279). 


Lemma 6.4. Let G be a simply connected simple real Lie group, Let C 
be a closed connected subgroup of G, and let M be a maximal compact sub- 
group of G. Assume CD M. Then G/C is homeomorphic to Euclidean space. 


Proof. Let ©, ©, Mt denote the Lie algebras of G, C,.M, respectively. 
Let &-+ € be a Cartan decomposition for the simple Lie algebra © (Section 
2). Since all maximal compace subgroups of a connected semi-simple Lie 
group are conjugate and K contains a maximal compact subgroup of G, we 
may assume that M D & and then =M +A (direct algebraically) where 
X is abelian and Mt is semi-simple or (0) (cf. [9]). Furthermore, since & 
is simple, ad & is irreducible on € (cf. [8]).*2 As a result, the center of & 
is at most one-dimensional. In particular, dim Y? is 0 or 1. 

We must now distinguish in our argument between the cases WM —0 and 
M540. If Mt=-0, then G is of rank 1, dimension 8, and not compact. In 
this case, Œ is isomorphic to the Lie algebra of all 2 X 2 real matrices with 
trace zero, and we identify & and © with the skew-symmetric, and symmetric 
matrices of trace 0 respectively. In this case, it is well known that a one- 
dimensional subalgebra © is conjugate under an inner automorphism to 
either & or a subalgebra of triangular matrices. Hence we can assume if 
dim € ==1 that either C= or © is a subalgebra of triangular matrices. 
In either case, G/C is homeomorphic to Euclidean space. If dim € = ?, 
then as is known, © is conjugate to the subalgebra of triangular matrices and 
G/C N K = Euclidean space. (Alternatively, G/C being a one-dimensional 
simply connected separable space, is Euclidean). 

Thus we need only consider the case M0. Here, the center of & can 
he described as the centralizer of M in ©. For let N denote the normalizer 
M in G ie, N= {X|XeG, [X, M] CM}. Since E CRN, M— K+ (RNE). 


* However, ad M need not be irreducible on €; in fact, there may exist proper sub- 
algebras of © other than ® which include M, (cf. Example 5 of Section 5). 
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Since 9 is a subalgebra and € is invariant under ad &, N N € is invariant 
under ad. Since ad & is irreducible on €, N N € = (0) or €. Thus N =Q 
or N= @G. Since © is simple, N =— G implies R= G =N. Hence in any 
case, NQ. Since the centralizer of Mt is in Mt, it is in & and is central 
in &. Conversely, the center of & obviously centralizes Wt. Thus the center 
of & is the centralizer of W in G, which is of course Y. 

We now take up the analysis of the subalgebra © under the assumption 
M= (0). Inasmuch as C D M, C—Mt+ (CN(X+€E)). Now €, W and 
© being invariant under the completely reducible set of endomorphisms 
ad Mt, CNE is a subspace of CN (A + €) mvariant under ad Yt. Hence, 
CN(A+E)= (CN E) + W, where W is invariant under adM. Since 
dim X <1, we infer dim W = 1. Since any one-dimensional representation 
of a semi-simple algebra is the zero representation, [M, W] 0. Thus Y 
is in the centralizer of M in G and hence 


Wcanecceng CN(W+E)CCNE+CNnR, 
CCM+ CN(A$ E)CCNK+ ENE. 


We have proved therefore that C—=@NR+CEN€. Applying Theorem 
2.1 we have that G/C == (M X W)y where W’=COM==M, and W is 
Euclidean. Thus G/C is homeomorphic to the space of a fiber bundle with 
Euclidean fiber W and with a base space M/M == M/M, which is a point. 
Therefore, G/C is homeomorphic to Euclidean space. 

We now proceed to prove Theorem 6.1. By Lemma 6.1, we may assume 
that G is simply connected and that C is an analytic subgroup containing a. 
maximal compact subgroup of G. We prove by induction on the pair of 
integers (dim G, dim G/C) ordered lexicographically, that: if G is a simply 
connected analytic group and C is a closed (connected) analytic subgroup 
which contains a maximal compact subgroup of G, then G/C ts Huchdean 
space, topologically.’ This induction hypothesis is certainly true for the 
pair (0,0). Assume it true for pairs less than (dim G, dim G/C) = (r, n). 
Let G, be a closed proper maximal analytic subgroup of Œ which contains C. 
Inasmuch as an analytic group is topologically the direct product of a. 
maximal compact subgroup and a Euclidean space and furthermore, all 
maximal compact subgroups of an analytic group are conjugate, any maximal 
compact subgroup of simply connected Lie group is simply connected. G4 is 
thus the direct product of a simply connected compact subgroup and a 


° This result is claimed for semi-simple groups by L. Calabi in Rend. di Mat. di 
Univ. di Roma, Ser. 5, vol. 7 (1952), p. 326, Cor. 2. However, his proof has a central. 
gap and would not apply to the case in Example 5 of Section 5. . 
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Euclidean space and is hence simply connected. We can therefore apply the 
induction hypothesis to G/G and G/C if G contains C properly. By Lemma 
6.2, G/C is Euclidean in this case. We need only consider the case G,—C, 
i.e., C is a maximal closed analytic subgroup of G. By Lemma 6.3, C is a 
maximal proper analytic subgroup of G. 

Let now 9 be any maximal ideal of © which is not ©. CN is then an 
analytic subgroup containing C. Thus G=CN or CN =C. Ii G=CwW, 
then G/C=N/NOC. By Lemma 6.1, we may assume that N and NOC ` 
fulfill the hypotheses of our induction hypotheses (as a matter of fact, N ts 
simply connected and NMC is connected and contains a maximal compact 
subgroup of N). By our induction hypothesis N/N N C is Euclidean, and 
thus G/C is Euclidean if CN = G. l 

It remains only to consider the case ON =C, ie, NCC. Here 
G/C = G/N/C/N and if N Æ (0), the induction hypothesis yields the result 
that G/C is Euclidean. We are reduced to considering the case N == 0, i.e., 
the only ideals of ®© are Œ and (0). Thus G@ is either isomorphic to the 
additive group real numbers or Œ is a (non-abelian) simple Lie group. But 
by Lemma 6.4, G/C is Euclidean in this case. Our induction hypothesis has 
therefore been verified for the pair (7,2) and Theorem 6.1 is now proved. 


7. Uniqueness of covariant fiberings. In Section 4 we defined “ co- 
variant fibering of a Klein space” and in Section 5 we saw by an example that 
covariant fiberings are not always trivial (i.e., direct product decompositions) 
even when the isotropy subgroup is connected and semi-simple. In order to 
understand better the significance of such an assertion, we must inquire into 
the uniqueness of covariant fiberings. Our concern is with the decomposition 
of the homogeneous space into fibers rather than the structure group of the 
fiber bundle. To that end we regard the fibered homogeneous spaces as fiber 
bundles whose structural group is the topological group of all homeomorphisms 
of the Euclidean fiber onto itself (cf. [0]). 

In seeking a uniqueness theorem for covariant fiberings of a homogeneous 
H, we avoid the knotty problem of cofactorizations of a topological space by 
comparing only G-covariant fiberings. That is, we are concerned here only 
with fiberings that are suitably related to the operations of G on H. 

Throughout this discussion, G will denote a fixed Lie group which 
operates transitively on a homogeneous space H. Cp will denote the isotropy 
subgroup of the point p in H, i.e., the subgroup of G which keeps p fixed. 
We assume that Cp is connected. We will consider only G-covariant fiberings 
of H. | 

Let F be a fibering of H. 
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Definition. A transversal M to F is a maximal compact subgroup of G 
which permutes the fibers of F. A base point of the transversal M is a point 
p whose isotropy subgroup (, intersects M in a maximal compact subgroup 
of Cp. The F-isotropy subgroup of M is the subgroup Mp which keeps the 
fiber F invariant. If p is a base point of M, we call M N Cp = Mp the M- 
isotropy subgroup of p. 

We recall that a G-covariant fibering F of H is a decomposition of the 
differential structure of H into Euclidean fibers for which there exists a 
transversal M with the properties: 


1) The #-isotropy subgroup My is equivalent to a linear group on F 
for some fiber F. 


` 


2) M permutes the fiber transitively. 


As a consequence of 2), My is equivalent to a linear group on F for 
every fiber F. 


Proposition 7.1. Let M be a transversal of the covariant fibering F, 
and let My be the F-sotropy subgroup of M. Then My is equivalent to a 
linear group on the Luchdean fiber F and M permutes the fibers of F 
transitively. 


Proof. Let G, be the connected component of the identity in the sub- 
group of G which permutes the fibers of F. Let Gy be the connected com- 
ponent of the identity in the subgroup of G, which keeps the fiber F invariant. 
Both G, and Gp are closed subgroups of G. 

My is a maximal compact subgroup of Gy. For let Ne be a maximal 
compact subgroup of Gy» which contains Mf, and let N be a maximal compact 
subgroup of G, which contains Np. Since G, and Gy are connected Lie 
groups, there is an inner automorphism T,:%-—>g X g> with g in G, which 
carries M onto N and Mp into Np (by Theorem 2.3). Since the trans- 
formation h->g-h (g in G, h in H) of H onto itself is a fiber-preserving 
homeomorphism, T, takes Mp, the F’-isotropy subgroup of M, onto Ny», the 
gf-isotropic subgroup of N. In turn, Nyy is conjugate under an inner auto- 
morphism of N to Ny. Thus Mp is conjugate to Np under an. inner auto- 
morphism of G,. Since Mp C Ny», we have dim Mp = dim Np, Mp is open 
and closed in Np, and hence My==Nyr. Thus, Mp is a maximal compact 
subgroup of Gy. 

Now F being a covariant fibering, there is a transversal M’ to F whose 
F-isotropic subgroup M’,y operate on F like a linear group and which per- 
mutes the fibers transitively. Since, by the foregoing, M’y is a maximal 
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compact subgroup of the connected Lie group Gy, it is conjugate to Mr 
under an inner automorphism T with g in Gp. Since g keeps F invariant, 
Mr is equivalent to a linear group on gf == F. Moreover, W being a maximal 
compact subgroup of the connected Lie group G, is conjugate to M by an 
inner automorphism of G,. Hence M also permits the fibers transitively. 

We now turn to a proof of the uniqueness of G-covariant fiberings of H 
up to equivalence in the sense that there exists a one-to-one bundle map. 
between any two. 

A- covariant fibering # is completely determined in view of Proposition 
7.1 by the specification of a transversal M and a single fiber F. We shall 
employ the notation (M,F) for the covariant fibering # which has M as 
transversal and F as fiber. 


Lemma 7.1. Let (M,F) be a G-covariant fibering. Then (gMg*, gF) 
is a G-covariant fibering for any g in G and the map x — gx of H is a one-to- 
one bundle map of (M,F) onto (gig, gF). 


The verification of Lemma 7.1 is trivial. 


LEMMA 7.2. Let M be a transversal to the covariant fibering F, let p be 
a base point of M and let F be the fiber through p. Then Mp = Mp, i.e., 
'M N Cp is the subgroup of M which keeps F invariant. 


Proof. If we make use of the fact that Mp is equivalent to a linear group 
on F, then we infer that it keeps a point q fixed, i. e., M,==My. Inasmuch as 
M, is a maximal compact subgroup of C, and Ce is conjugate to Cp under an 
inner automorphism, we find that Mp and M, are conjugate under an inner 
automorphism since each is a maximal compact subgroup of conjugate con- 
nected Lie subgroups. Mp is a subgroup of the connected group Mp and, 
having the same dimension as My, must coincide with Mp. 


Lemma 7.3. Let p be a base point of the transversal M. Then the orbit 
M(p) has no tangent vector which is also tangent to a fiber. 


Proof. Let F, denote the fiber through the point z, and let V, denote 
the tangent space to F, at s. Let U, denote the tangent space to the 
orbit M(p) at the point v in M(p). It is clearly sufficient to prove that 
Us N F= (0). By the well known first fundamental theorem of Sophus 
Lie, the connected group M, considered as a transformation group operating 
(effectively) on H is generated by a linear family of infinitesimal transforma- 
tions Yt which can be identified with the Lie algebra of M. Let WY denote 
the subalgebra of WM which generates the subgroup Mp. We denote by WM, 
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and W, the element of contact which the distributions W and YY assign to 
the point x. Clearly, Mp = Up and Wp = (0). 

Suppose now that WM, N V,54(0). Then there is an infinitesimal trans- 
formation X in Mt, but not in MW’, such that Xp is in Vp. Now by definition 
of the exponential of an infinitesimal transformation, Xexp x(q) is the. tangent 
vector to the parametrized path expt (p) at the point t= 1; i.e., for any 
function f analytic on H around exp X (q), (Af) exp x(q) = df (exp tX (q) )/di 
at t—1. Hence, X is tangent to the path p(¢) at all values of t, where p(t) 
denotes the path exp tX (p). 

On the other hand, Xp is the image of Xp under the differential of the 
transformation exp tX, in view of the fact that exp tX carries the path exp sX 
(s varying) into the path exp(t-+-s)X(p). Since exp tX is a transformation 
in M, it permutes the fibers and hence its differential permutes the V, with 
x in the orbit M. As a result, Xp is in Vow) for all ¢ and the path 
‘exp iX(p) is tangent to a fiber for each t. 

Since a covariant fibering decomposes the differential structure of H, we 
may introduce a coordinate system 41,‘ * *,Yn compatible with the differen- 
tiable structure of H such that in a neighborhood of p the fibers are slices 
Yı = constant, « +, Yy = constant. 

Since p(t) is tangent to a fiber for each ¢, we have dy;(p(t))/dt—0 
(i= f,; >- n), and hence y;(p(¢)) = constant = y,(p(0)). It follows imme- 
diately that p(t) lies in the slice Fp. Since exp#X permutes fibers, it must 
be in Mp. By Lemma 7.2, exptXY is in Mp for each ¢ and hence Xp = 0, 
contrary to hypothesis. Consequently, Up N Vp = (0). 


LEMMA 7.4. Let N be a compact group of transformations on a 
Euclidean space F which is equivalent to a linear group. Let p be any 
fixed point of N, let V be the tangent space to F at p. For each trans- 
formation g in N, let dg denote the differential of g at p. Then N is equi- 
valent to the linear group dN acting on V with p corresponding to the zero 
vector and any element g of N corresponding to dg. 


Proof. By hypothesis, there is a coordinate system 2%,:--+,% on F 
(not necessarily differentiable) with respect to which M is a group of linear 
transformations. Since p is fixed under M, upon replacing each i-th coordi- 
nate function by 2;,—a;(p), we arrive at a coordinate system in which M is 
‘a linear group and p is the origin. Thus without loss of generality we may 
assume that p is the origin of the coordinate system #1,-- >,a By a result 
of Bochner (cf. [1]) there is a neighborhood © of the point p and differ- 
entiable mapping ¢, of © onto a neighborhood of zero in V such that q¢, is 


ON COVARIANT FIBERINGS OF KLEIN SPACES, PANES, 


equivariant with respect to the isomorphism d (that d is an isomorphism is 
well known; for expressing elements of the kernel Na of d as linear parts 
plus terms of higher order, it is seen that no iterate of a transformation in 
Na is of finite order and hence Ny, containing no non-unit elements of finite 
order, reduces to the unit). 

We regard F as a linear space with 2: --+,2%, as a base of linear 
functions. Let X,,:°°,X» be a set of base vectors of # which he in the 
neighborhood @. By Bochner’s result, dg¢:(Xi) = hig (Xi) (v= 1,° cn). 
We define the linear mapping ¢@ of F onto V by the formula 6(3¢,%) 
== Scip (X). By linearity we get dg (X) —¢g(X), all X ina F. Hence, 
œ is equivariant with respect to d and N is equivalent to dN on V. 


Note. may be non-differentiable with respect to the given differential 
structures of F. 


Lemma 7.5. Let M be a transversal of a G-covariant fibering, F a fiber, 
p a poini in F that is fixed under Mp, and Op the isotropy subgroup of p. 
Then Up operating on F is equivalent to AdMp on G/M+6, with p 
corresponding to zero, and m corresponding to the ©/M + C, part of Adm 
for m in Mp. 


Proof. Let Hp be the tangent space to H at p, let Up be the tangent 
space to the orbit M, at p and let V, be the tangent space at p to the fiber F 
through p. Then H, and U, are the images of the Lie algebras G and W 
under the differential of the mapping r:g—g:p of G onto the homogeneous 
space Hf. Now for any c in Cp and w in G, x(cx) ==a(cxc*). Inasmuch as 
cr(x) =q (cx) by definition of the operation of G on H, we have c'r =r ro 
c in Cp. On taking the differential of this identity at the identity, we get 
dt, dr = dr: Adc, since Adc is dr, at the identity. Denoting by dC, the 
differentials of the transformations of H which are in Cp, we see that dC, 
is equivalent to the operation of Ad C, on Hp = dr(G) which can be identified 
with @/©,. In particular, the subgroup dM, of differentials from M, is 
equivalent to Ad M, operating on @/@, By Lemma 7.38, V, is comple- 
mentary to Up in H, and hence dif, operating on Vp is equivalent to dMp 
operating on H,/U,. Inasmuch as Up corresponds to W -+ C,/C, under the 
given identification of H, with @/G,, we conclude that dM, ouerates on V, 
as Ad Mp operates on G/C,/M +- C/C = G/M +- Cp. Applying Lemma 7. 4 
and noting that M, = Mp, by Lemma 7.2, we obtain the desired conclusion. 


THeorem 7. Let G be a connected Lie group which operates transitiwely 
on the homogeneous space H with connected isotropy. Then any two G- 
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covariant fiberings of H are equivalent decompositions, that is, there is a. 
one-to-one bundle map of one onto the other. 


Proof. By Lemma 7.1 we may restrict our attention to G-covariant 
fiberings with the same transversal M. Let therefore (M,F) and (M, Ff.) 
be the two covariant fiberings. Inasmuch as the property of being a base 
point to M depends only on M, there is no generality lost in assuming that 
F, and F, contain the same base point p. By Lemma 7.2, Mr, == Mp = Mr, 
By Lemma 7.5, there is a homeomorphism ¢ of F, onto F, such that 
p (mf) =mẹ (f) for m in M, and f in Fy. It follows immediately that the 
mapping mf — mẹ (f) for m in M, f in F, is a well defined homeomorphism — 
which is a bundle map of (M, Fı) onto (M, Fə). 

By an isomorphism of a fiber bundle we mean a one-to-one (bicontinuous) 
bundle map of it. Let M, be a group of transformations on a bundle B; 
(1 = 1,2), and let ¢ be an isomorphism of B, onto B>. We say ¢ send M, 
onto M, if dMyd == Mz. 


f 


Lemma 7.6. Let M be a transversal to the G-covariant fiberings F. 
The base points of M are permuted transitively by the automorphism of F 
which keep M invariant. 


Proof. Let p, p be any two base points to M and let F,, F, be the fibers 
through them. Since (Prop. 7.1) M permutes the fibers transitively, we may 
assume without loss of generality that F, == F = F. Hence, My, == My, = Mr. 

Tf a linear space V and pı, po are fixed points of L, then the mapping 
v—>v + (pi— pe) of V is equivariant with respect to the identity auto- 
morphism. Since My is equivalent to a linear group on F, there is a homeo- 
morphism ¢@ of F onto itself such that ¢(mf) —md¢(f) for all m in Mp, 
fin F. Asa result, mf -> mẹ (Ff) with m in M and f in F is an automorphism 
of F which carries p, into pə» Since this automorphism keeps M invariant, 
the desired conclusion holds. 

The above uniqueness result can be strengthened. 


PROPOSITION 7.2. Let F; be a G-covariant fibering of H with transversal 
M, and base point p, (11,2). Then there is an isomorphism of F, onto F, 
which carries p, onto p, and the transversal M, onto Ma. 


Proof. By Lemma 7.1, we reduce to the case that M,—M,. Let F,, F, 
denote the fibers of F,, F, respectively that pass through p, From Lemma 
7.5 it follows (just as in the proof of Theorem 7) that there is a mapping 8 
of F, onto F, such that the map $,:mf—>mé(f) (m in M, f in F,) is an 
isomorphism of F, onto F.. Clearly, pme ==m for all m in M. 
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On the other hand, by Lemma 7.6, there is an automorphism ¢, of J; 
which carries p, into p, and keeps M invariant. Hence ¢2¢, is an isomorphism 
of F, onto F, which sends p, onto p, and keeps M invariant. Proof of the 
proposition is now complete. 


Remarks. In our uniqueness discussion for covariant fiberings, we made 
repeated use of the hypothesis that My is equivalent to a linear group on the 
fiber F. There is much ground for the suspicion that this hypothesis is 
superfluous in the sense that it is always true. That is, there is the well 
known conjecture of Samelson that any compact group of differentiable auto- 
morphisms of Euclidean space is equivalent to a linear group. In our case, 
even a weaker theorem is needed to conclude that My is equivalent to a 
linear group on F. Namely, let K be a compact subgroup of a Lie group G, 
and let F be a closed Euclidean (differentiable) subspace of a space H on 
which G acts transitively. If K keeps F invariant, it is equivalent to a linear 
group on F. 

This conjecture appears to be difficult to prove even in the case that G 
is the group of rigid motions in Euclidean space and K is a subgroup of the 
orthogonal group. 
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ON THE LIE AND JORDAN RINGS OF A SIMPLE ASSOCIATIVE 
RING.* 


By I. N. HERSTEIN. 


Given any associative ring A we can form, using its operations and its 
elements, two new rings. These use the elements of A and the addition as 
defined in A, but new multiplications are introduced to render them rings, 
albeit not necessarily associative rings. The first of these, the Lie ring A” 
of A uses a multiplication defined by [a,b] —ab—ba for any a,0¢A where 
ab is the ordinary associative product of elements in A. The second of these, 
the Jordan ring of A, A’, has its multiplication defined by a°b==ab + ba 
for any pair of elements a, b in A. 

Being defined in a manner so decidedly dependent on the associative 
product of A, it is natural to expect that an intimate relationship should 
exist between the structure of these two new rings and that of A. In this 
paper we study one phase of this relationship, namely the connection between 
the ideal structure of A as an associative ring with the ideal structure of 4# 
and A’ as Lie and Jordan rings respectively. To be more specific, we inves- 
tigate how simplicity of A as an associative ring reflects into analogous 
properties of A? and A’. 

When we say that U is an ideal of A’, or, equivalently, when we say 
that U is a Jordan ideal of A, we mean that U is an additive subgroup of A 
and that for any seU and any ye A, voy==ay-+ yx is an element of U. 
We similarly define Lie ideals of A and ideals of AP. 

Although the main results of this paper deal with the case in which A 
is a simple ring, many of the other results do not require the assumption of 
simplicity in order to remain valid; so, unless otherwise stated, we make no 
assumption of simplicity for A. 


1, The Jordan ring of A. We begin with 


LEMMA 1. If U tis a Jordan ideal of A, and if a and b are elements 
of U, then for any s in A (ab-+ ba)x—az(ab-+ ba) is an element of U. 


Proof. Since a is in U, a Jordan ideal of A, then for all zeA, 
a(zb — bx) + (ab-—bzx)a is also in U. But 
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a(ub-— bx) +- (2b — ba) a 
== { (az — za)b + b(ax—aa)} + {x(ab + ba) — (ab -+ ba) x} 
and since beU, the first term on the right hand side of this equation 
is in U; this, coupled with a(zb—bz) + (ab—bx)a in U leads to 
z(ab + ba) — (ab 4- bajse U, which is the lemma we set out to prove. 


Lemma 2. If A tw a simple ring of characteristic different from 2, and 
if U is a Jordan ideal of A, UA, then any element a of U with the 
property that av—2zaeU for all x in A must necessarily satisfy a =Q. 


Proof. By assumption, az—zaaeU for all ee A. On the other hand, 
since U is a Jordan ideal of A, aw-+aaeU for all z in A. Adding, we 
obtain that 2axeU for all exe A. Since A is of characteristic +2, 2A = Á, ` 
so we have that awe U for all ve A. However, for all y, since ave U, a Jordan 
ideal of A, (ax)y + y(az) eU; and since by the above azy e U, we must Have 
that yaze U. In this way Aad C U. Since A is simple, AaA =A unless 
a==(0. Thus the lemma is established. 


THEOREM 1. If A is a simple ring of characteristic different from 2, 
then A’ is a simple Jordan ring. 


Proof. Suppose that U s4 A is a Jordan ideal of A. For any a,beU 
and any eA, by Lemma 1, (ab-+ba)a—z(ab-+ba) is in U. Since 
ab -+ ba is an element of U, by Lemma 2, ab + ba =0. In particular, 2a? == 0, 
and so a? = 0 for any a in U. If aeU, then for all ze A, az -+ zae ; so by 
the above, with b =—=avz + za, we have that a(as + za) + (ar -+ vaja == 0; - 
since a? == 0 we are left with Zaza == 0, and so, aza == 0, for all seA. But 
then aA is a nilpotent right ideal of A, which is, of course, impossible in a 
simple ring unless a—0. Thus U==(0) and we have proved that A’ is a 
simple Jordan ring. 


' (Note: the argument used in the proof of the above theorem actually 
can be refined to prove somewhat more, namely: if A is an associative ring 
such that no homemorphic image of A possesses nilpotent right ideals, then 
any Jordan ideal of A is at the same time an ordinary ideal of A. I owe 
this remark to Professor Irving Kaplansky.) 


2. The Lie ring of A. For ae A, by [a, A] we shall mean the set 
{ax—aa|azeA}. [A,A] shall then represent the subgroup of A generated 
by all the commutators zy——yx for all z, y in A. When we refer to an 
ideal of A we shall mean an ordinary, two-sided ideal of A under the asso- 
ciative multiplication of A. 

A ring ÈE, all of whose elements are nilpotent, is said to be locally 
nilpotent if the subring generated by any finite set of elements of # is 
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nilpotent. An ideal of R is said to be locally nilpotent if, as a ring, it is 
locally nilpotent. 
We proceed to 


THEOREM 2. Let A be a ring with no non-zero locally nilpotent ideals. 
Suppose that in A, 2x =0 implies that c=0. Suppose further that U, an 
associative subving of A, is also a Lie ideal of A. Then either U contains a 
non-zero ideal of A or U is contained in the center of A. 


Proof. Suppose first that U, as a subring of A, is not commutative. 
Then for some v, y in U, zy—yu40. Since Ọ is a Lie ideal of A and 
since ce U, «(ys) —(ys)e is in U for every s in A. But x(ys) — (ys)a 
— (ay—yx)s+y(azs—sx). Since veU and since U is a Lie ideal of A, 
ts— saz is in U; since U is, in addition, a subring of A and since y is also 
in U, y(as—saz) is in U. Thus from the above equation we have that 
(xy—yx)seU for allseA. Thus for any red, since U is a Lie ideal of A, 

r(ay — yax)s — (ay — yx)sr = r{ (sy — yx)s} — {(zy — yx)s}re U. 
Knowing that (zy —yr)sreU for all r,s A from the argument above, we 
ean now conclude that r(ay—yr)s is in U for every r and s in A. In 
this way the ideal A(wy—yax)A CU. Hence if the theorem were false, 
A(ay—yz)A = (0). This would force (ey — yx)A to be a nilpotent ideal 
of A, which by assumption would mean that (sy —ysz)A = (0). ty— ya 
would then become an absolute zero divisor, which is again impossible in a 
ring free from locally nilpotent ideals. So we have been forced into a contra- 
diction. We must therefore suppose that U is a commutative subring of A. 

We now propose to show that if U is a commutative ring then it must 
lie in the center of A. We assume that there is an ve U and an seA so that 
q = v8 — sr 40. Since vs?— s’ is in U, a commutative ring, (ss? — s°z) 
== (gs? — s’°s)s. However, from gs?— s?°s = (#s—sw)s + s(xs—sz) we 
have that a{ (as —sx)s + s(rs— st) } = {(zs— sr)s- s(avs—sz)}x. Since 
as — sv is also in U, it must commute with z; making use of this in the last 
equation above we obtain that 2(ss— sr)? =0. By assumption on A this 
leads to (ws — sz)? =0. y= vs— sr Æ0 ceU, so for all te A, (yt — tyy = 0. 
Since 4° = 0, left multiplying (yt — ty)? =0 by y and right multiplying it 
by ¢, we obtain that (yt)? =— (0) for all te A. By a result of Levitzki [1] 
yA is a locally nilpotent right ideal. But then, by another result of Levitzki 
[2] AyA is a locally nilpotent ideal of A. In this way we arrive at a 
contradiction. So y=0O, and v is in the center of A. That is, U is con- 
tained in the center of A. 

It is generally well known, although to this author’s knowledge nowhere 
in the literature, that a simple ring can not be locally nilpotent. For the 
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sake of completeness we record a proof of this here, since we must make use 
of it in the next theorem. So suppose that A is simple and locally nilpotent. 
Thus if a~0eA, AaA=—A. Thus for some Tit Tms’ S in A 
Q = 1081, + Se + + + + ryQS,. 
The ‘subring T generated by 11,72,° © +5 Tnm S° © Sn is nilpotent, say T* = 0. 
If we substitute the expression above for a in the right hand side for each a 
occurring we obtain a ==r as +> - -+ 1r,/as;, where the 7/ and s’ are in 7”. 
Continuing this way we obtain such an expression for a where the multipliers 
on the right hand side come from T°", and so are all 0; but then a =0, a ` 
contradiction. This proves the assertion that a simple ring can not be locally 
nilpotent. | 
With this now established we have as an immediate corollary to Theorem 2 


THEOREM 3. If A is a simple ring of characteristic diferent from 2, 
then any proper Ine ideal of A which is at the same time a subring of A 
must le in the center of A. 


Lemma 8. Let A be any associative ring, and let U be a Ine ideal of A. 
Let T(U) ={teA|[t,A] CU}. Then T(U) is both a Lie ideal and a sub- 
ring of A. Moreover U CT(U). 


Proof. T(U) is trivially a Lie ideal of A. Suppose that a,beT(U), ce A. 
Then (ab)¢—c(ab) = {a(bc) — (bc)a} + {b(ca) — (ca)b}, and since both 
a and b are in T(U), the right hand side of this equation is in U. Thus 
[ab, A] C U, whence abe T(U) and T(U) is a subring of A. Since U is a 
Lie ideal of A, U CT(U). 


We are now in position to prove 


THEOREM 4. Let A be a simple ring of characteristic different from 2. 
Let U be a Ine ideal of A. Then either U is contained in the center of A 
or UD[A, A]. 


Proof. T(U) is both a subring and a Lie ideal of A. By Theorem 3 
either T(U) is contained in the center of A or T(U) =A. If T(U) is 
contained in the center of A, then so is U since U CT(U). If, on the other 
hand T(U) =A, then by the very definition of T(U), [A,A]C U. 


3. Case of characteristic 2. Suppose that A is a simple ring of charac- 
teristic 2. Theorem 4 need no longer be true in this case. In fact, if A is 
the set of 2 X 2 matrices over a field Z of characteristic 2, or if A is a 
division algebra of dimension 4 over its center, a field of characteristic 2, 
then the theorem is definitely false. We propose to show that these constitute 
the only exceptions to our main result. 
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In the chain leading from Theorem 3 through Theorem 4, the charac- 
teristic of A does not enter. Thus we will consider those situations in which 
Theorem 3 fails to hold true in case A is of characteristic 2. 

We suppose that A is a simple ring of characteristic 2. Suppose that U 
is both a Lie ideal and a subring of A and that U4 A. From the Jacobi 
identity we obtain, as we did in the proof of Theorem 2, that if z,yeU and 
seA, then (2y-+yr)seU. That is, (zy +yr)A CU. Hence as before, 
A(zy+yz)A CU. By the simplicity of A, A (zy + yr)A is all of A unless 
zy + yx = 0; we are thus forced to assume that zy + ye =0 for all z and y 
in U. If U CZ, the center of A, we have nothing left to prove. Suppose 
now that there exists an a in U and a is notin Z Thus as+saeU for all 
se A. Consequently a(as + sa) + (as-+sa)a=0 by the above; that is, 
a?s = sa? for all se A; so a?eZ. Since ar+racU, we also have that 
(ar+ra)?eZ for allreA. Should Z = (0), then by the argument used in 
Theorem 2, Levitzki’s theorems would apply, and would lead to a contra- 
diction with the simplicity of A. So we can assume that Z = (0). We can 
likewise assume that a?540 (for if (asr + za)? =0Q for all v and if a =Q, 
then Levitzki’s theorems could again be used) for some aeU, a#Z. 

Z (0) is a field of characteristic 2. Since Z is not trivial, A is a 
primitive ring, and so is a dense ring of transformations on a vector space V 
over a division ring D. We want to first show that V is at most 2-dimen- 
sional over D, and from this to deduce that A is 4-dimensional over Z. If 
we extend Z to a field Z’ we obtain a new simple ring A’ and the dimension 
of A’ over Z’ is the same as the dimension of A over Z. Also, since az + za. 
and ay + ya are in U for x,y in A, these two commutators always commute ; 
from this it follows (aw + wa)*eJZ’ for all we A’. So all the properties of 
A carry over to A’. We make a special choice for Z’, namely, since a? =A eZ, 
we define Z’=Z(VA). Thus in A’, a= p°, peZ’; the element a’—a/p 
then satisfies (a'w + wa’)?eZ’ for all weA’ and (a’)?=1. All this dis- 
cussion has achieved is that without loss of generality we may assume that 
in A there exists an element a, a gZ, a? —1, (av -+2a)*eZ for allzeA. On 
this basis we shall show that A is 4-dimensional over Z. Since (a+ 1)? =0, 
a -+1 40, A has zero divisors, so is not a division ring. As we noted earlier, 
A is a dense ring of linear transformations on a vector space V over a division 
ring D. | 

Let us first suppose that we can find v, and v; in V so that vi, ve = va, 
Us, V4 = V3a are linearly independent over D. Since A is dense on V there 
exists an ee A so that: vız = 0, vet = 0, V£ = Va, VX = V. Now v, (ax + za) 
= vt + 0=0. Thus, since (as -- va) eZ and since v,(av-+ ra)? =0, we 
must have that (av -+ za)? = 0. However, valas + va) = V,® + V4 = 9, + V4, 
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so 0 = v; (au + wa)? = (v + v4) (av + 2a) = vV + 03540 since v and vs are 
linearly independent over D. Thus we arrived at a contradiction. 

So we must assume that if vı, vo == v0, and vz are linearly independent 
over D then 
(1) Vgl == Vir, + Vode + Usdg With Ar Àz As ED. 


Since D is the commuting ring of A and since a?—1, this yields on right 
multiplication by a that i 


(2) = Vt” == ViA2 -f Vor -+ VzlÀg. 


From (1) and (2) it follows that Ay = Àz, As==1. Thus vsa = (V, + v2)A + V3. 
From this we get that for all ve V, va = (v, + v2)A(v) +v, where A(v) eD. 
There is a ye Á so that (ay + ya)? £0, for otherwise we could again use the 
Levitzki theorems (on æ+ 1) to reach a contradiction with the simplicity 
of A. Butif (ay -+ ya)? A0eZ, we may assume that (ay -+ ya)? ==1 (other- 
wise we would extend Z and proceed as we did with a in getting a? —1). 
Now, v(ya) = (v: + ¥2)A(vy) + vy. 
v (ay) = ( (v1 + v2)A(v) + 0) y = (v + v2)A(v)y + vy. 


Adding v(ya) and v(ay) we obtain 


v (ay -+ ya) = (V1 v2)A (vy) + (v1 + v2)A(v)y. 
Thus, 
v = v (ay + ya)? 
= (0, + va) (ay + yaja (vy) + (vı + ve)y (ay + yajà(v). 


Letting u, = (v, -+ v) (ay +- ya) and u, == (vı +v:)y (ay -+- ya), we have 
shown that u, and us constitute a basis of V over D. V is then 2 dimensional 
over D, contradicting that vı, ve and v were linearly independent over D. 

So we have finally come down to this situation: given v,w in V, then 
v, va and w are linearly dependent over D. We claim that there is a v in V 
so that v and va are linearly independent over D. For if va==vA, ACD, 
then v = va? = vAa == (va)A = và”, so à? == 1, hence A—1; and since a1, 
v=va for some ve V. Thus for this v, v and va are linearly independent 
over D. This, combined with the fact that v, va and w are linearly dependent 
for all we V, implies that w is a linear combination over D of v and va. 
Thus V is two dimensional over D. Since A is a dense ring of transforma- 
tions on V over D, A must be all 2 X 2 matrices over D. All that remains 
now is to show that D =Z. 

We have now reduced the whole problem to the following: let A be the 
set of all 2 X 2 matrices over a division ring D of characteristic 2; suppose 
that for some element ae A, ag Z, a? is the unit matrix and (az -+ za)? is in 
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Z, the center, for all 2 in A; from this we want to conclude that D =Z, or 
what is equivalent in this case, namely that D is commutative. 


Now, s=% R ) where a, B, y, 8, are in D. For any 7,seD we have 
Y 


CA 


By carrying out the computations we see that the first element in the second 
row of this matrix { }* is the sum yrar -+ yr?a- yrsy + ysyr. Hence this 
sum is 0 for all 7,se D. In particular, if s = 0, yrar-+yr?a==0. Thus the 
top identity reduces to yrsy + ysyr=0 for all r,seD. If y0, then 
rsy = Syr, and since sy runs through all the elements of D as s does, we have 
rt = tr for all r,te D, whence D is commutative. So we suppose that y == 0. 


that 


Using the element C ? of A and proceeding as before, we obtain that 


B==0. It follows that a” is the unit matrix. From this we have a = ò == 1; 
since we are in a division ring of characteristic 2, this means that a = è == 1, 
and so a is the unit matrix forcing it to lie in Z,-contrary to supposition. In 
this way we have proved that D is commutative. 

Thus A has now become revealed as nothing but a total matrix algebra 
of degree 2 over a commutative field of characteristic 2. In the course of 
the proof we have extended the center Z on several occasions, possibly 
changing A somewhat, but under these various extensions the dimensions of 
the new rings over thew centers have not changed. Thus we have shown that 
Theorem 3 is correct even in characteristic 2, provided A is not 4-dimensional 
over its center. This then leads us to our principal theorem: 


THEOREM 5. If A is a simple ring and tf U is a Lie ideal of A, then 
either U is contained in the center of A, or else U contains [4, A], except 
wn the case that A is a 4-dimensional simple algebra over its center, which 
ws a field of characteristic 2. 
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Part II. Division by a Punctual Distribution. 


By LEON EHRENPREIS. 


In Part I of this series [3] it was shown that every constant-coefficient 
partial differential equation possesses an elementary solution and, moreover, 
if D is any polynomial of derivation and 8 a distribution of finite order, then 
the equation 


(1) DT =g 


has a solution T which is a distribution of finite order. Moreover, if S is an 
indefinitely differentiable function, we can choose for T an indefinitely dif- 
ferentiable function. In this paper, we shall extend the above results to the 
case in which D is any punctual distribution (that is, linear combination of 
derivatives of measures which represent masses concentrated at a single point). 
Thus, the results for differential equations are extended to differential-dif- 
erence equations with constant coefficents. In particular, every differential- 
difference equation with constant coefficients has an elementary solution. 

The idea of the proof is to use the space Dp (see [8]) which, with a 
slightly different topology, is the Fourier transform of the space of L. 
Schwartz (see [7]). Under Fourier transformation, the distribution D goes 
over into an exponential polynomial P. We then must show that, if PF, 0 
in Dy, then also Fa— 0 in Dp. This results from a certain minimum modulus 
property of P which we shall explain now in case we are dealing with dis- 
tributions on the real line. Then P is an exponential polynomial of one 
variable, and has a certain “periodic” nature (see [6]): There exists an 
L > 0 so that, in every interval of the real axis of length L, there is a point 
at which the modulus of P does not get too small. Also, P is an entire 
function of exponential type. ‘Thus, by using the minimum modulus results 
of [5], we can produce certain circles on which the modulus of P does not 
get too small. Once this is established, the result follows as in [3] for pure 
polynomials by means of the maximum modulus principle. 

All the results of this paper can be extended to systems of equations as 
in [8]. 
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The notation of this paper will be that of Part I of this series (see [3], 
Section 2), and the results of that paper will be used here in an essential way. 


2. Solution of the problem. By an exponential polynomial we shall 
mean here a linear combination of products of polynomials by pure imaginary 
exponentials. Given any punctual distribution Æ, there is an exponential 
polynomial Q = FE such that, for any fe D, F (E =f) —QF (see [4], [7]); 
conversely, any exponential polynomial Q may be written as FE for some 
punctual distribution F. 

Let Q be an exponential polynomial different from zero one one variable, 
and write Q = Q, exp(ia,:) +--+: -:+Q,exp(ia.:), where the Q; are poly- 
nomials +40 and where @ < đa <°- < dyp Call L—a,-—a, and let 

p= bX" + bA" +--+ + dy. (It is allowed that b)—0.) 


Lemma 1. In the above notation, there exists a K>0 which depends 
only On Gy, ao * +, a, and on the degrees of Q; such that each interval I in 
the complex plane which is parallel to the real azis and has length = (L -+ 1) 
contains a point y at which 


(2) | Q(y)| = K | bo | exp(—]| aa |), 
where œ is the distance of I from the real azis. 
Remark. In case L == 0, this is an easy consequence of the results of [3]. 


Proof. Let c be the midpoint of J, and call S = rQ. Then S is again 
an exponential polynomial. Moreover, the exponentials that occur in § are 
the same as those that occur in Q and, for each exponential, the polynomial 
coefficient is of the same degree in 9 as in Q. In addition, if bọ denotes the 
coefficient of X” exp(ia,-) in S, then 


(3) | bo’ | = | bo | exp(— | aia |). 


Now, let us use the theory of mean-periodic functions of L. Schwartz 
(see [6]). We can find a measure u whose carrier is contained in 
[—L—1S2¢52-+1] which depends only on a, a2,- * -, a, and the degrees 
of the polynomial coefficients of exp (iaj) such that bo’ — fSdu. Let v be 
some point in |#|=L-+1 at which 8 attains its maximum. Then, if K~ 
denotes the total variation of u, 


[bo! |=| fSdu |< K>|8(v)] or | S(0)| = K |b |Z E | bo | exp(—| ma |), 


by (3). The result follows immediately. 
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Lexma 2. With Q as above, suppose that |(r2Q) (2)| S M (ax)exp(1|z |) 
for all complex numbers x, z, where M is a positwe function and 1>0. ` 
Let y be any complex number which satisfies (2). Then for any r>0 we 
can describe a circle about y of radius 7” such that r Sr Sar and 


min | Q (2) | =M (y)? oxp (cl) E? | bo [*exp(— 4 | ma |); 


where B, c, and d are constants and where d is a positive integer. 
Proof. This is just Theorem 5 of Section 4 of [5]. 


Now, let D be a punctual distribution different from zero and let P = FD. 
By PDy we denote the space of functions PG for Ge Dy with the topology 
induced by Dr (see [3]). The space D+ Dp is defined similarly. 


THEOREM 1. PG—G is a continuous linear map of PDr—> Dr. 


Proof. The proof will be by induction on’the number of letters p which 
occur in P. For p=0, P is a non-zero constant and the result is obvious. 
Let p > 0 and assume that the theorem is proven for all exponential poly- 
nomials in fewer than p letters. Without loss in generality, we may assume 
that we can write 


P(z) = [Po(Zo,° + >, %p)@i™ + Pall + +, Zp) +> +--+ Pae > +, 2p) J 
X expli) + Q25 * +, Mp)exp(iders) +--+ Onli: + +, Sp)exp(ianes), 


where the P;and the Q; are exponential polynomials (the exponentials occurring 
in the Q; being independent of 21) with Po 740, and where a, < a. <---< My. 
The proof will be completed if we can show that PF > PF is a continuous 
linear map of PDy—> PtDp, where d is the constant that appears in Lemma 2. 

This map being obviously linear, we need prove continuity only at zero. 
Let N be a neighborhood of zero in P,4Dy. By Theorem 7 of [3] we can 
find a finite sequence of polynomials A,,- -+,A, and an increasing sequence 
of positive numbers b, so that N contains the set of Ge P Dpr which satisfy, 
for all 7, 

max | exp(ilp;-z)A,(z)G(z)| S1, 


zeci nOr, 
for r=1,2,: : -,¢ and j= 1,2, - -,2*, 
For any complex number v, let s* eC be the point (#,0,---,0). Then 


it is easily verified that 7,-P —F[exp(ia*-)D], where exp(iz*:)D is the 
punctual distribution defined by exp(iz*-)D-g —D-exp(ix*-)g (see [4], 
[7]). From this it follows immediately that we can find positive numbers 
a, b, B such that, for any complex number æ and any ze, 


(4) POEH elella Ha 
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Set [—«a,—a, and let q be an integer >d|a,|. For each J, set 
C= bug + 4(L+1). Lets, T be positive constants to be specified later, and 
let A, Ag, + °, Ast be the polynomials TA, © +, TAn TXA - +, TXA, 
-© TX8A,,-- +, TX8A,? Let N’ be the set of GePDr which satisfy, for 


each J, v, f, 
max | exp(ilp;-z) A’,(z)G(z)| S1, 


zeCinCe, 
so that N’ is a neighborhood of zero in PDy. We claim that, for a proper 
choice of T and s, PGe N’ implies PG eN. 

Let Ge Dy be so chosen that PGe WN’; fix 7 and l and let (4, - -,2n) 
eCi Cy, We assume that [(z,) = 0, the other case being treated similarly. 
Denote by P’ the exponential polynomial in one variable: z — P (2’, 22,: + -, 2p), 
and Po’ = Po(%2,: + *,%p)). Let J be the interval in the complex plane which 
is parallel to the real axis, center zı, length 2(L +1). By Lemma 1 we can 
find a point zoe 7 such that | P’(2.)| = K |exp(t|a.|20)|| Po’ |, where K is 
independent of (2;,2,: + *,2n). By Lemma 2 and the above, we can describe 
about 2 a circle of radius 7” with 2(2+1) S7 =4(£+1) such that, for 
all 2’ on this circle, 


(5) | P’(2’) | & 8(1+ |z 2| Po’ |¢| exp (id | a | 20) |, 
where B, d, and è are independent of (21, 22,° © +, Zn). 
Now, for any 2’ on the circle | z— zo | =, (2,%2,: + *,2n) lies in Ceng 


if l= q, or in Ce if <q. Moreover by (5), for any 2’ on this circle and 
any v, 


(6) | Po’ e| Aol, 225° + +, 2n)G(2’, a > +, @n)exp(ilp;:(2’, 22," * *,%n))| 
S q | exp(— id | a, | zo + igz)exp(i(l—q)pj (7, 2° ` +, n)) | 
X | Ael, Za © +, Sn) P(2", 2o + °52n)(1 4+ (Z PG eas" * a 2n) |, 
where 7 is a constant independent of (41, 2.,: © <, Za). Now, 
| exp(—id | a | zo + igz’)| Sexp4(L+1)q, 


because q = d |a |. It follows easily from this that we can choose s and T 
independent of (21,22, + `, Zn) and of G, l, j, so that the right side of (6) 
is =1. By the maximum modulus theorem, we also have 


| Po |a | Ay(41, hoy’ * "y Zn)G(21, Zo t "4 Znjexp(ilp; (2i Ba," * Aa Zn))| = 1. 


We have proven that PG—+>P,.'G is a continuous linear map of 
PDr>P Dy. But, Po? is an exponential polynomial in fewer than p 


2 X is the polynomial X(z,.-..,2,) = 2. 
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variables. Thus, by our induction hypothesis, PG— G is a continuous linear 
map of PDr—>Dpr, which is the desired result. 


From the above we have 
COROLLARY. g—>D*g is a topological isomorphism of D ponto D + D p. 


THEOREM 2. Forany Se Dy,’ there exisisaTe Dr such that D * T =S8. 
In particular, every differential-difference equation with constant coefficients 
possesses an elementary solution in Dy’. 


Proof. It is easily seen that D is a punctual distribution (see [4]). 
Now, D*g—>S-g is a continuous linear function T on D= Dy, because it is 
the composition of the continuous linear maps Dx g—>g and g>S-g. By 
the Hahn-Banach theorem (see [1]), T can be extended to a continuous 
linear function on Dp, that is, to an element ZeDy’. We have, for any 


geDp (see [4]), 
DsT-g=T-D*g=T- D*g=S8°g. 


Thus, D« T == S, which is the desired result. 
The case S==6 (Dirac’s measure) shows that D has an elementary 
solution (see [7]). 


For any 1 >0, PD, is the space of PG for GeD, with the topology 
induced by D; the spaces D* D, are defined similarly. D =€ is the space 
of D «g for Se €’ with the topology induced by €’; D =E is defined similarly. 


THEOREM 8. For any l>0, PG—>G is a continuous linear map of 
P D, — D., 


Proof. It is clear that, for some m > 0, PD: C Dm. The result now 
follows from Theorem 1 and the fact that the spaces PD, D, have the 
topologies induced by Dy (see [3]). 


COROLLARY. For any L> 0, g—>D=g is a topological isomorphism of 
D onto D Da. 


THEOREM 4. S—>D=*N is a topological isomorphism of € onto D» €. 


Proof. The map is one-to-one by the Paley-Wiener theorem (see [4], ['7]) 
and is clearly continuous, linear, and onto. We must therefore verify con- 
tinuity, at zero, of the inverse. By the results of [4], the topology of € can 


*For any Se’, § is the distribution §- f = S-f for any fe ®. Our definition of 
convolution differs slightly from that of Schwartz (see [4]). 
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be described as follows: A fundamental system of neighborhoods of zero in €’ 
consists of those sets N for which we can find a compact set K C Dp and a 
neighborhood of zero M in Dy so that N consists of those Seé’ for which 
S«feM for all fek. 

Let N be a neighborhood of zero in €’, so we can find a compact set 
KC Dp and a neighborhood of zero M in Dy, so that N contains the set 
of Se€’ which satisfy S«feM for all feK. By the corollary to Theorem 1, 
D » M is a neighborhood of zero in D« Dy. Let U be the set of all D# Te €’ 
for which (D#T) =geD*M for all ge K, so U is a neighborhood of zero in 
D€. We claim that Dx TeU implies Te N. For, if D* LeU and geK 
(see [4]), Dx (T*g)=(D*T)*geD*M. Thus, T*geM, which means 
that TeN. This completes the proof of Theorem 4. 


= THEOREM 5, foD«f ts a continuous linear map of E onto È. 


Proof. The continuity and linearity of the map are clear. Let geD; 
then A: D*S->S8-g is a continuous linear function D*«€’, since it is the 
composition of the continuous linear maps: D+ S->8 and S->S-g. h can 
be extended to a continuous linear function A on €’ by the Hahn-Banach 
theorem. Now, € is reflexive (see [7]), so there exists a ke€ with 
h-T==T-k for all Tee’. Thus, for any Sec” (see [4]), 


S:Dek=D+8-k=h De S=h- De S—S8-gQ. 
By the Hahn-Banach theorem, D * = g, which is the desired result. 


3. General remarks. The method developed in Section 2 can be used 
to solve other types of division problems. Let us consider first the case where 
n=]. Let S be a distribution whose Fourier transform (see [4]) can be 
repersented as e(F) where F is an entire function of finite order which is 
slowly increasing on the real axis. Now (see [4] or [5]), f->S*f does not 
map Dr— Dp unless S is of compact carrier. But, suppose that F is mean- 
periodic. Then, for certain spaces © of functions whose Fourier transforms 
are spaces of entire functions, f—> 8 *f maps O—> Ù and the analog of the 
corollary to Theorem 1 can be proven for these spaces by means of the formal 
development (see [6]|) of mean-periodic functions, and by use of the methods 
of Section 2. 

In case n > 1, we need additional hypotheses (besides: mean-periodicity 
of F) in order to guarantee that our induction procedure will work. This 


‘For @ a slowly increasing function, e(G@) is the element of D’: 
e(@) ` H = fG (x) H (æ) dv for any H e D. 


- 
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is because no analog of the formal development of L. Schwartz is known for 
n` l. It is, however, not difficult to see what hypotheses on S will be 
sufficient to make our induction procedure work. 

The above method will be discussed at length in a future publication. 
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MEAN PERIODIC FUNCTIONS.* * 


Part I. Varieties Whose Annihilator Ideals are Principal. 


By Leon EHRENPREIS. 


1. Introduction. Let C be complex Euclidean n-space. By & we denote 
the space of entire functions in n complex variables with the topology of 
uniform convergence on the compact sets of C; thus, Y is a complete, reflexive, 
locally convex, metrizable, topological vector space. We shall say that fe H 
is mean-periodic (see [12]) if the linear combinations of its translates are 
not dense in Y. Denote by W’ the dual of Y with the topology of uniform 
convergence on the bounded sets of X, (Since the closed bounded sets of # 
are compact, #’ is also given the topology of uniform convergence on the 
compact sets of Y.) Then fe & is mean periodic if and only if there exists 
an Se W’ such that the convolution S +f =—-0 (see Proposition 5 of Section 2). 
Let f be mean periodic; our two fundamental problems are the following: 
Let V be the closure of the set of linear combinations of translates of f. 
Does V contain an exponential polynomial? (An exponential polynomial is 
a linear combination of products of exponentials by monomials.) If the 
answer to the former question is in the affirmative, then is every geV the 
limit of the exponential polynomials of V? 

More generally, let W be any non-empty set in 9 with W different from 
{0} which is closed with respect to translations, linear combinations, and the 
topology of 8. We shall call such a set a variety. An example of such is 
the set V above. Now, we can ask the same two questions for W as were 
asked for V above. In case n= 1, these two questions were answered in the 
affirmative by L. Schwartz (see [12]) and, moreover, it was shown by him 
that every variety is the closure of the set of linear combinations of the trans- 
lates of some fe. The present paper is consecrated towards giving a 
partial extension of these results to the case n > 1. 

Let W be a variety. Denote by W’ the set of all Sc &’ for which S =f =0 
for every fe W. It is easily seen that this is the same as the set of Se SH” 
such that S(f) 0 for every fe W. It is clear that W’ is a closed ideal 
(under convolution) in W’. W’ is called the annihilator ideal of W. 
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The main result of this paper is the following: Let W be a variety 
whose annihilator ideal is principal. Then W contains an exponential poly- 
nomial and, moreover, each fe W is the limit of exponential polynomials of W. 
Thus, any two varieties with the same exponential polynomials are identical, 
i.e, a variety is completely determined by its exponential polynomials. 
Another way of putting this is: Let V be the variety generated by the 
exponential polynomials of W, that is, V is the closure, in H, of the exponen- 
tial polynomials of W; then V == W. 

Naturally, the question arises as to whether the above result can be 
extended to other spaces instead of 9. It will be seen that the possibility 
of extension depends on the ideal theory of the Fourier transform of the 
space in question. In fact, our main problem is the following: Let K be a 
topological ring consisting of entire functions. When is every closed prin- 
cipal ideal in & determined by its local ideals (see [3])? We shall show 
that the answer is in the affirmative if K is 


1. The ring & of entire functions (this was shown in [8]). 
2. The ring of entire functions of exponential type. 

3. The ring of polynomials. 
4 


. The ring of entire functions of finite order. 


Naturally, it is possible to extend the above to other rings. 

We shall also present here a simplified version of the solution to the 
fundamental problems of mean periodic functions in case that n= 1 even 
for varieties whose annihilator ideals are non-principal. (The first solution 
was given by L. Schwartz in [12].) 

In part II of this series we shall consider nonprincipal annihilator ideals 
and arbitrary n. 

The principal results of this paper were obtained in the Spring of 1953 
while the author was under contract NSF S-G205 with the National Science 
Foundation. I have learned from Professor L. Schwartz that Malgrange 
has since obtained similar results and has extended them to other spaces 
of distributions of Schwartz (see [10]). 

Unless otherwise specified, all cross references in this paper refer to the 
section in which they are given. If, for example, in Section 3 we refer to 
Proposition 1, it will be understood that the reference is to Proposition 1 of 
Section 8. 


_ 2 Fourier transform and convolution in #’. For any weC, a; is the 
j-th component of v; by || «|| we mean |2,{+|a.|-+----+-|2,|. and we 
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define | æ | = max(|2:|,|a2|,---, (an|). If e,yeC, then ey = tiy + tyz 
+--+ -H ayn, and exp (#:) is the function on C:y—exp(z-y). If f is an 
entire function of n complex variables, we shall say that f is of exponential 
type <sa (where a= 0) if, for any «> 0, 


f(x) = Ofexp(a+e)|[#]})]. 


The exponential type of f is the g.1.b. of all a which satisfy the above rela- 
tion. For any Se Sl’, fe, we shall usually write S-f instead of &(f) 
with a similar notation for other dual spaces. 

Let Se &’; since the topology of # is that induced by the space J of 
continuous functions on C with the topology of uniform convergence on the 
compact sets of C, © can be extended to a continuous linear function u on J. 
Now u is, by definition, a measure of compact carrier on C, so that we may 
write, for fe ¥, S-f= ffdu. By the Fourier transform of S we mean the 
function M on C: i 
M (z) = 8- exp(iz:) = fexp(iz:t)du(t) = (F (8) ) (2). 


It follows immediately from the fact that u is of compact carrier that the 
integral above converges uniformly for z in any compact set of C, so that M 
is an entire function. A simple argument shows that M is an entire function 
of exponential type. Since the set {exp(-——tz:)}zso is dense in &, it follows 
that M determines § uniquely. (Of course, there are infinitely many measures 
which represent S, any two of which differ by a measure which is zero on X.) 

Conversely, let N be a given entire function of exponential type on C. 
Then we wish to show that N is the Fourier transform of some Se’. In 
case n == 1, this follows from a theorem of Borel (see [12], also [16], p. 286). 
In case of n > 1, the result can be proven in a similar manner, but we shall 
give a different proof because it is also applicable to other situations. Before 
giving the proof, we shall need a few preliminary considerations. 

Denote by H’ the space of Fourier transforms of elements of W’ with 
the topology to make F:2’-»H’ a topological isomorphism. For c any 
complex number, à (c) is the imaginary part of c, R (c) is the real part of c. 
For any b > 0, Cy is the set of z = (21, %2,: - -,2n) © @ such that, for each j, 
| X(2;)| Sb. For j= 1,2,: -+ n, we denote by Z; the function on C :z—> z. 
For any Se &’, and any integers ki, ka © +, Ita, 





Sinteo..-Kn aes S À Z e MAA Lk. 


Now, if fe Y, let f(z) = D faetee...ty2r™%o%- + + 2% be the Taylor expansion 
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of f at zero. Then it is clear that the series D frike. elZ - «Sy con- 


verges to f in Y. Thus, 
(1) S +f = Dd Sirke.. ten] tikna 


the series being known to be convergent. The particular choice of f = exp(iz-) 
yields 


(2) S-exp(tz-) = (F(8))(2) 
= Y (gittet Hon ffo, Veo b+ + + Ten!) Sieatee. Ze > «Zak. 


We have proven 


Proposition 1. For any Se Be’, (ver tn/f Mea! + + dea!) O kika.kn 
are the coefficients in the Taylor expansion of F(S) at zero. In particular, 
(tkati hn le eal- + + Ken!) S rra r, are the Taylor coefficients, at zero, of an 


entire function of exponential type. 


It is not very difficult to show directly that the numbers Sz,x...7, Tender 
the right side of equation (1) convergent whenever fi,r....4, are the Taylor 
coefficients of an entire function, if and only if (d2-*=/k, Meo!" > - len!) Shee...ten 
are the Taylor coefficients of an entire function of exponential type. (This 
will be discussed in great detail in a forthcoming article by the author on 
infinite derivatives.) From this it is not difficult to show that every entire 
function of exponential type is the Fourier transform of some Se W’. How- 
ever, we prefer to give still a third proof, since it will help to illuminate the 
structure of the topology of W. 

The following proposition describes the convergence of sequences in W. 
By a similar method we could describe the bounded sets of H’. Since W’ 
is known to be bornologic (that is, a subset N of W’ is a neighborhood of 
zero if, for any bounded set B in X’, we can find a b> 0 so that bB C N), 
we have a complete description of the topology of H. 


PROPOSITION 2. Let {fi} be a sequence of entire functions of exponential 
type which are in H’. A necessary and sufficient condition that fi —>0 in W 
as that there exist an a> 0 such that 


(3) max | eelelfi (x)! —>0. 

eect 
Denote by Si the inverse Fourier transform of fi. Then, if (3) is satisfied, 
we even have Si-h—>0 uniformly on the set of h which satisfy 


(4) es [a(x | S1. 
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Proof. Suppose first that fi+0 in H’. It is known? that this implies 
that 8i: k— 0 uniformly for k in some neighborhood of zero. Thus, there 
exists an a> 0 so that S/-4—>0 uniformly on the set N of k which satisfy 


max{|&(x)|<1. For any zeC, we clearly have elel exp(iz:) eN from 
EAERI 


which (3) follows immediately. i 
For any h satisfying (4), denote by kke.. the Taylor coefficients of h 
at zero. Then we may write (see [2]) 


hisata = (1/ (2ri)" È (h(e)/aza - ay) de 


where we may take for the chain T the cartesian product of the n circles, 
center origin, radius @, which lie in each of the coordinate plans. Thus, 


(5) | hkikz...kn | = oy (lather +len) | 


From (3) it follows easily that, if f71......1, denote the Taylor coefficients 
of fi, then, given « >0, we can find a J so large that, for j; >J and all 
Wig Hs Ekm 

Pitaka.. t, S eatr ten / Te, tg bs + + deg I. 


Thus, by Proposition 1, for any h satisfying (3), 
| Si +h | a | > FI teskea...Ren! Ula Keo.. en 
SD 1/h, lhe!: + bp! = e e”. 


This means that S’-4-—>0 uniformly for all h satisfying (4); since this set 
of h is clearly a neighborhood of zero in &, we have the desired result. 
From Proposition 2 we deduce immediately 





PROPOSITION 8. Let {ff} be a sequence in H’ and a, b and ò <a be 
positwe numbers such that, for all 4, 


(6) | fi(x)| Sbexp[(a—s) |x |] for any xeC. 
Suppose moreover that fi—+0 in the topology of %. Then also fi — 0 in the 


topology of H. Moreover, if Si denotes the inverse Fourier transform of fi, 
then Si-h—>0 uniformly for all h which satisfy (4). 


Proposirion 4. The topology of H’ is stronger than that induced by X. 


Proof. Let B be a filter base in 9’ which converges to 0; let K be a 
compact set in C. For any fe&, denote by B-f the filter base obtained 
from B by replacing each § of B by 8: f. Now, it is clear that {exp(tz-) }eex 


? See, for example, [14], vol. I, p. 91, where a similar result is proven for the space 
€ of Schwartz. 
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is a bounded set in H. Thus, the filter bases B-exp(tz-) for ze K converge 
uniformly to zero. The result follows from the definition of the Fourier 
transform. 


THEOREM. H consists of all entire functions of exponential type. An 
entire function f is of exponential type <= tf and only if, for any « > 0, the 
inverse Fourier transform S of f can be represented by a measure u whose 
carrier is contained in C8, 


(For any d > 0, C4 is the set of all zeC such that |z] & d.) 


Proof. The sufficiency of the condition being easily verified, we pass to 
the necessity. Denote by K the vector space of all entire functions of 
exponential type, so that H C K; we want to show that W -= K. Now, we 
know that every polynomial is in H’; we shall show that, for any fe K, we 
can find a sequence of polynomials f which converge to f in the topology 
of Y% and such that {ff} is a Cauchy sequence in H’. Since the space W’ 
is known to be complete, we shall deduce that fe H’. 

To this end, let fxx,..%, be the Taylor coefficients of f at the origin. 
Define 

f Í sea >> E E T i kaika. kn lee + + Aipa. 


Then it is clear that ff — f in the topology of Sf. Moreover, it follows from 
Proposition 3 that {f} 1s a Cauchy sequence in H’. Since H’ is complete, 
we can find a ge HM’ such that g = lim f/, the limit being taken in H’. Now, 
by Proposition 4, g se fi, from which it follows that g =f. 


It follows also from Proposition 3 that, for any «> 0, S is bounded on 
the set of he% which satisfy 
max | A(s) 1. 
gnax | h(2)| = 
Thus, S can be represented by a measure of carrier contained in Ce: which — 
is the desired result. 


For any f e #, ze C, we denote by raf the function on C: (7-f)(x) = f(a—z) ; 
it is clear that refe X. raf is called the translate of f by z We see easily that 
(2,f) —->7,f is a continuous map of CX & into Y and also that, for fe &, 
z —> rtf is an analytic map of C into & over every region in the complex plane 
(see [8]). 

Now, for any fe ¥, Se’, we define the convolution S +f by (S*f) (z) 
== §-7_,f for any zeC. If u is any measure which represents 9, then we have 


(S*f) (2) = ff(wt+2)du(2). 


From the integral expression above, it is clear that S fe %. 
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Proposition 5. For any Se HX’, feH, S«f is the limit in & of linear 
combinations of translates of f. 


Proof. Let u be a measure of compact carrier representing S and let K 
be a compact set in O. Then, by the continuity of translation, {r-.f}zex 18 a 
bounded set in &; this set of functions is thus equicontinuous on every 
compact set of C, hence on a compact set U C O whose interior contains the 
carrier of u. It follows from the theory of the Riemann-Stieltjes integral 
that, given any «> 0, we can find points 2,,2,:--,#- in U and complex 
numbers Ui, Uz © *, Ur such that, for all ze K, 


| frf du— E ulraf) (a) | Se 


or, what is the same thing, 


|(S*f) (2) — E wla (2)| Se 
from which the result follows. 


Propvosition 6. If B is any bounded set in Y, then S—>S*f are, for 
feB, equicontinuous linear maps of W’ —> HA. If K is any bounded set in ' 
KR’, then f— 8S =* f are, for Se K, equicontinuous linear maps of W -> H. 


Proof. Since the maps are both clearly linear, we need verify equi- 
continuity only at zero. Let N be a neighborhood of zero in H; we can 
find positive numbers a, b such that N contains the set of feH for which 
es | f(£)| Sb. By the continuity of translation, the set {t-f} clsaren = B’ 
DB) = 


is bounded in #. Let M be the neighborhood of zero in X’ consisting of all 
SeX’, such that | S-g| Sb for all ge B’. Then clearly, for Se MM, feB, 
we have SefeN. 

On the other hand, since H is metrizable, hence bornologic (see [6]), 
we can find a neighborhood of zero P in H such that | S-f| Sb for all Se XK, 
feP. Let Q be a neighborhood of zero in & such that, for all fe Q, |z| Sa, 
we have 7_,feP. Then, for Se K, feQ we clearly have S#feN. 


For any 8S, Te, the convolution STe’ is defined by S«T-f 
== §:-T«f for any feH#. (S«T is in W’ by Proposition 6.) 
Proposition 7. 8,T—>S«T is a continuous bilinear map of W X Ht’ 


—> HX’. Moreover, X * T == T * 8. 


Proof. The map being obviously bilinear, we need verify continuity only 
at zero. Let N be a neighborhood of zero in W’ and B a bounded set in X’. 
Then, there is a bounded set K C so that N contains the set of all 
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Se &’, such that |S*f|<1 for all feK. By Proposition 5, the set 
U == {T *f}res,feg is bounded in Y. Thus, there is a neighborhood M of 
zero in X’ such that, for Se M, geU, |S-g| S1. Hence, for SelM, T eB, 
STEN. 

Now, let u be a measure of compact carrier representing S, and v a 
measure of compact carrier representing T. Then, for any feH, 


ST- f— S- T *f = fdu(z) [f(e+ z)dv(z) 
= fdo(x) ff (x +z)du(z) =T Sf =T*8f. 
Thus, Tx S=—S«T. 
From the above it follows that, if V is any bounded set in 9’, then 
T—->S*«T are, for Se V, equicontinuous maps of -> H”. Thus, in the 
terminology of J. Dieudonné and L. Schwartz (see [6], [7]), ST >S*T 


is a separately continuous bilinear map of Y’ X &’—>H. Since H is a 
complete metrizable space (hence of type (#)), this map must be continuous. 


Now, let us describe S +f in terms of the Taylor coefficients of f and 
F(S) at zero. Let u be a measure of compact carrier which represents 8. 
Then we see easily that, if ¢ denotes the map of C—>H:t(r) = t-s], then 
ftdu defines the function S +f of &. It follows that, if D is any operator 
of partial differeniation of the form D = ĝřrther +n /9Z az ke.» «OZ ye, then 
we have 
(7) (D(S *f)) (0) = f (Df) du. 

Wè have thus 

Proposition 8. For any integers ky, ke, - >, len, and any SEW, fe M, 

we have 


( 8) (S * f ) kiko Kn == pe AAN itky, latka ss laKa 


the sum on the right being extended over all integers li, la,* © +,ln, the sertes 
on the right being absolutely convergent. 


From this we deduce 
THEOREM 2. For any 8,T eH’, 

(9) F(S#T) =F(S)F(T). 
Proof. From (8) we have, for any fe &, 

(10) S2T-f=S8-T«f = D Gir..tn(T * f) titn.kn 


== = r S kika.. En >`, Fi lo...by f litir lorko, s lathe 
ay" ty fey 


Ry 2 lilou ln 
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Now, Srta. ka/ki lkol: + + hy! and Try.1,/lille!+ - +l, are the Tayor coefficients, 


at the origin, of entire functions of exponential type. Thus, we can find 
an @>1 so that 


TA TE == () (afke tka) and T hta.tn == 0 (arlatan), 
Since f is an entire function, 
f isk, = O ( (na) (iti) ) , 
Using these estimates we have, for some «> 0, 


| Fick; +Katlo, aves Kn+ly S rato. a tine hle. ’ ln | 


< ` fod (na) ~(Aythat: ++ +En)}-{ lit latet In) gërtKkot tEn g lit katet ln 

= ü > pmo lErtkar thn)-( fit latot in), 
Since the number of lattice points in real 2n dimensional Euclidean space 
in the circle of center origin, radius r is O(r?"), the series above clearly 


converges. Thus, we may interchange the order of summation in (10) to 
obtain 


S th T . f = ` S taka. kn ` ; T hita ee Ítsta..-tn 
slats in 


kakr ‘En 
T > Tilisi In > I kaka. nEn Tita, loko PETET ln- En" 
lilo ln aT fore" n 


We conclude that the coefficients of the Taylor expansion of F(S =T) 
at the origin are 
F (S ss T) litza lan Siake. Rn Let le~Kea.,..,ln—kn 
= F(S)F(L) re.n 


Thus, F(S*T) —F(S)F(T), which is the desired result. 


Remark. Theorem 2 could be easily proven by direct use of the defini- 
tions, but we have preferred the above proof because it illustrates the relation- 
ship between the Fourier transform and the Taylor coefficients of entire 
functions. This relationship will be made the object of a detailed study 
by the author in a forthcoming paper on infinite derivatives. 

From this we have immediately 


COROLLARY. For S, T, Uc’, 8#(T*U)=(S*T)#U, that is, 
convolution is associative. 


' Let us denote by H the dual of H’, since 9 is a reflexive, Y is top- 
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ologically isomorphic to H, the topological isomorphism which we denote by 
F being given by 
F(f) F(S) =8'f, 


for any fe%, Se’. For any aeC and any non-negative integers 
key, Ito, © +> kn, we denote by 8,%%"*» the element of H 


(11) 5 eithat’ CAMAT = girtkat etken [ (Ghat hat Hin Vi 07 402 o*2 . 8 > Zn”) f ] (a) ; 
for any fe X. 


Proposition 9. For any ae C and any integers k, ko,* + *, kn, we have 
(12) F (22 > -Z, exp (4°) ) = bho Tn, 
Proof. For any SeX, write f= F(S); then 
-ZZ - e E exp (14°) 
= SS [ (ia) tta de + dy YZ Zet. > e Zot ln 


= >, [ (ta) htt Mot + + dy | JS esheets cath 


= Shika Kn * fs 


by Taylor’s formula (see [2]), where for a == (G1, @2,* ' `, an) we have written 
(ig) tlta for Gt tin g hale + - qpb, 

We shall sometimes consider the formula (11) for fe % as defining the 
element 8, te tn ¢ Y”. 


o. The spectrum of a variety. By the results of Section 2, we may 
consider 9 as a topological module, under convolution, over the commu- 
tative topological ring X’. By Proposition 5 of Section 2 and the fact that, 
for fe &, aC, 8a * f= rtf, we see that the varieties of Y are exactly the 
closed submodules of 9 which are stable under 8’. Moreover, by Proposition 
6 of Section 2, the annihilator ideal of any variety is closed. 

By an ideal in 2’ (H’) we shall mean a closed ideal different from 9’ 
(H). Let I be an ideal in &’ and consider the set W of fe & for which 
S:-f==0 for all Sel. We claim that W is a variety. By the Hahn-Banach 
theorem, W is not reduced to {0}. Let fe W; we claim that, for any Te W, 
Tf is again in W. For, if Sed, then 


S-Taef=S«T7-f—0), 


because Ss 7T’elI. Thus, W is stable under &’; since W is closed by Proposi- 
tion 6 of Section 2, W is a variety. We call W the annthilator variety of I. 
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Proposition 1. Let W be a variety and W its annihilator ideal. Then 
the annihilator variety of W’ is W. Conversely, if I is an ideal and I’ its 
annihilator variety, then I is the annthilator ideal of F. 


This is an immediate result of a general theorem on bipolars in topological 
vector spaces (see [6]). 

Proposition 1 shows us that the correspondence between varieties and 
their annihilator ideals is a one-one correspondence between the varieties of 
St and the ideals of Y’. Under Fourier transform, this yields a one-one 
correspondence between the varieties of 9f and the ideals in the ring H’ of 
entire functions of exponential type. Thus, any problem involving the 
varieties of H can be translated into a problem in the theory of ideals in 
rings of analytic functions. 

Our main task now is to translate the fundamental problems of mean 
periodic functions into problems about the ring H’. Let us note the following 
first: Let W be a variety and ZZ: - -Z,*exp (a-)eW. Then, since 
derivation is the limit of linear combinations of translations, it follows that 
ZuZe: © -Za exp (a-) e W whenever 1, hy, b S ho, + +l, Shy. Now, let 
us denote by {a;} a fixed ordering of the 2”— 1 sequences fi, fa * °, jr for 
LEa Kj Lj Sn and any r&n. Then, for any j = 1,2,:--,2"—1, 
let a; fa jot © tfr and let zeC; we call s; the j-th part of the spectrum 
of W at z, where s; is the set of r-tuples (l la © :,2-), such that 


5.0052 + Za exp (2°) e W 


but, for no r-tuple (hi, kat + <, kr) with khi Z h, he Z le, - -,k, = 1, and some 
Kip > lp is Z PZ; + Z% exp (z-)eW. In some cases, we may have to 
allow some of the J, in some of the r-tuples of s; to be infinity, for example, 
the r-tuple (00, œ, ls, lat + cl) will be part of s; if 


Z5,8L 5," ERK Ahdi exp (2 -) e W 
for any integers l, ls, but no r—2 tuples (ks, ka- <, kr) with 
hg Z la, ka Z ly . hee ly 


which is different from (ls, la- - -,J-) can be used in place of Js, l, © -, lr 
By the spectrum of W we mean the set of 2”-tuples (@, S1, 82,° * *, San) where 
exp (a-) e W and s; is the j-th part of the spectrum of W at a. 

Thus defined, the spectrum of W is indeed a very complicated affair, 
since each. s; consists of a finite, but unbounded, number of r-tuples of integers. 
In case that n= 1, it is clear that s, (which is the only s; that appears) is 
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just a single integer. Thus, in this case, our spectrum coincides with the 
spectrum as defined by L. Schwartz [12]. 

Now, let Z be an ideal in H’. By the cospectrum of I we mean the 
spectrum of the annihilator variety of the inverse Fourier transform of J. 
By Proposition 9 of Section 2, we may describe the cospectrum of J as follows: 
The cospectrum of J consists of all 2” tuples (4, Sı, S2,° © -, Sen.) such that 
a is a common zero of all the functions of J and, for each j, if a; corresponds 
to the sequence j;, 72," * *, jr then s; is the set of r-tuples (l, le, * *,lr) such 
that, for any fed, 


(1) [ (ustlar+le AZ HAZ e -OZ df] (a) = 0, 


but for no other r-tuple (hy, ka: - -,k,-) with ki Z h, ka Zh, + +k Ll, is 
equation (1) satisfied for all feZ. In some cases, we may have to allow 
some of the J, to be infinity; the definition in that case is analogous to the 
definition of the spectrum when infinity appeared in some of the 7-tuples. 

From our previous remarks it follows that if (l, lə - -,l-) is such that 
equation (1) is satisfied for all fel, then if ki Shy k S la ++, kl, 
equation (1) is satisfied for all fe Z with (hy, ka +, kr) replacing (l, latt, le). 

For any two varieties V, W, we shall say that the spectrum of V is con- 
‘tained in the spectrum of W if every exponential polynomial of V is in W. 
For two ideals J, J in H’, we say that the cospectrum of J is contamed in 
the cospectrum of J if the spectrum of the annihilator variety of the inverse 
Fourier transform of J is contained in the spectrum of the annihilator variety 
of F"(/). This is the same as saying: 

If (4, 81,82," + *,Sen4) is in the cospectrum of J, then for any J, if 
j= 41, fat *y Jr and if (h, lot > -,1,) is an r-tuple of s; then equation (1) 
holds for all feJ. (With a suitable modification if some 1, =c.) 

For any fe W and any ideal J of H’, we denote by fI the closure of the 
set of fg for gel, so fI is again an ideal. We shall show later that, in fact, 
{fg}eer is itself closed. If J is another ideal in H’, we write IJ for the 
closure of {fg}per, geg- | 

Now, let V, W be two varieties. Then clearly, VM W is again a variety, 
or {0}. By V + W we denote the smallest variety containing V and W (this 
is easily seen to be the closure of the set of f -+ g for feV,geW). We have 
the obvious 


PROPOSITION 2. Let y, W be varieties, and V’, W their respective 
annihilator ideals. Then the annihilator ideal of V+-W is V'A W, and the 
annihtlator ideal of V OW is V’+ W (the smallest ideal containing V” and 
W’) or X if VON W = {0}. 
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We shall now introduce three operations on the spectra (or cospectra). 
Let V and IV be varicties and J, P their respective spectra. 


(a) The spectral intersection M N P consists of all 2*-tuples (z, S1 $2, 
. .,San4) such that there exist 2”-tuples (2, Mi, m2,° > +, Mr.) EM and 
(2, Po Pat °°, Poa) € P, with the property that if (h, ła - -,l,) is an r-tuple 
of s; then there exist r-tuples (ki, ka © °, kr) of m; and (91, Q% © *,Qr) Of py; 
such that L Sky, l. SS hte, ob SE knh Ske Sq: +> *,4-25¢q, In addi- 
tion, if (1,,l.,: + >, l) is in s; then there is no other r-stuple (tr, bot © +1 t+) 
in s; with i S h, tS lao e et Sn (Of course, suitable modifications have 
to be made with infinity.) 


(b) The spectral sum II -+ P consists of all 2"-tuples (2, S1, Sa, + °, S91) 
such that there exists either a 2”-tuple (2, Mi, Ma, © +, Mon) E M or a 2”-tuple 
(2, Di, Pay’ * +» Pan) With the properties that 

1. If there is no 2"-tuple (2, Mi, Ma, © °, Men) eM, then s; = p; for all 7. 

2. If there exists no 2”-tuple (2, Pis Po’ * +, Pari) EeP, then s;==m,; for 
all 7. 

3. If both 2”-tuples exist, then for each 7 we form sy as the collection of 
all v-tuples that belong to both p; and m;. In this case s; is the largest sub- 
set of sf that fulfills the condition that, if (1,,l.,---,1,) is in s; and if 
(ki be, + ekr) is another r-tuple with kS h, kaS lac- eke Sir then 
(ki ta’ © tkr) ES; 

(c) The spectral product MP consists of those 2”-tuples (2, S1, $2,° - +, Sanm) 
for which there exists a 2”-tuple 


(2, Mi, Ma, © +, Mon.) E M or (2, 01, Pat °°, parade P 
such that 

1. If (2, Mi, me, + +, men.) does not exist, then s; = p; for all j. 

2. If (2, Pu Pa + *,Por1) does not exist, then s;==m; for all j, 

3. If both exist then, for each 7 we form the set s/ consisting of all 
r-tuples of the form (hk, -+ tis ka + ta + +, kr- t), where (hi, lat © +, bye my; 
and (fi tatt t,t) epr Here s; is obtained from s’; exactly as in the definition 
of the spectral sum. 


If I, J are ideals in H’ and O, Q their respective cospectra, then the 
cospeciral intersection O N Q, the cospectral sum O -+ Q, and the cospectral 
product OQ are defined in exactly the same manner. 


Proposition 3. Let V and W be varieties and M, P their respective 
spectra. Then the spectrum of VOW is just MNP. Let I, J be ideals in 
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H and O, Q their cospectra. Then the cospectrum of I+ J is ONQ and 
the cospectrum of IJ is OQ. 


Proof. The first part is obvious and the second part then follows by 
Proposition 2. The third part follows easily from the definitions and the 
product formula for differentiation. | 

The question naturally arises as to whether the spectrum of V+ W is 
M + P, or, what is the same thing, if the cospectrum of [NJ is O+Q. 
In case that n—1, this question has been answered in the affirmative by 
L. Schwartz (see [12]). We shall discuss the general case presently. 

From Proposition 3 we deduce immediately 


COROLLARY. For any ideals I, J in BM’, the cospectrum of IJ contains 
that of I. In particular, if fe, then the cospectrum of fI contains that 
of I. 


We shall now formulate the main problems of the theory of mean-periodic 
functions : 


Probiem 1. Does every variety contain an exponential? Or, does every 
ideal in H’ have a zero? 


Problem 2. Is every variety determined by its exponential polynomials, 
that is, if W is a variety and fe W, if f the limit of exponential polynomials 
of W? Equivalently, if J is an ideal in H’ and if fe W has the property that 
the cospectrum of f contains that of J, is feZ? (The cospectrum of a geH’ | 
is the cospectrum of the principal ideal generated by g.) 


Problem 3. If V, W are varieties and M, P their respective spectra, is 
the spectrum of V + W equal to M+ P? That is, if J and J are ideals in H’ 


and if their respective cospectra are N and O, is N+ 0 the cospectrum 
of INJ? 


Problem 4. What conditions must the spectrum of a variety satisfy? 


Problem 5. If W is a variety, does there exist a single fe W such that 
W is the variety generated by f? 


Problem 6. Is every ideal in H’ finitely generated? 


In case n = 1, Problems 1, 2, 3, 5, and 6 were answered in the affirmative 
by L. Schwartz in [12]. The solution to Problem 4 in that case is an imme- 
diate consequence of the results of that paper: Let {(2;,”;)} = R be a sequence 
of tuples, where the z; are distinct complex numbers with no limit point and 
the n; are integers. Let {az} be an enumeration of the complex numbers z; 
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where each z; appears n; times in {ar}, and where | a, |<< | ar | for all k. 
A necessary and sufficient condition the R be the spectrum of a variety is that 


(12) lim sup | a |/k < œ. 


For, if R is the cospectrum of an ideal in H’, then there is an entire function 

of exponential type which vanishes at each z; with order n;; thus, condition 

(12) holds. On the other hand, if condition (12) holds, then the function 

f(z) =r (1—2?/a;}) is an entire function of exponential type (where p 
a0 


is the number of a;==0). R is then the cospectrum of the ideal generated 
by the functions 
fa (2) = 2# (z; —2)"™ IE  (1—2?/a;’). 
050,05 Ek 
For general n, a problem analogous to Problem 4, but for rings of indefinitely 
differentiable functions instead of H’, was discussed by H. Whitney in [18], 
but even in that case the results are only very sketchy 

Assume now that the answer to Problem 2 is in the affirmative, and let 
W be a variety. Let {Pp} denote an enumeration of the monomials in n 
variables. For each k, consider the set Q, of points a such that P, exp(a-) eW. 
We claim that each Qx is closed in C. For, if J denotes the Fourier transform 
of the annihilator ideal of W then, by Proposition 9 of Section 2, there is a 
partial differential operator Dy, such that Qy may be described as the set of 
points ¿b where b is a common zero of all functions Dzg for gel. 

For each k, let {c#*} be a sequence of points in Qy, whose closure is Qy. 
We enumerate all the points c} in some sequence and, for each j, k, we choose 
a complex number dj* in such a manner that the series $, dj exp(c/'z)P;,(z) 
converge uniformly for z in any compact set of C and so define an entire 
function fe W. 

It seems reasonable to exepect that the variety generated by f contains 
all the functions exp(c/*-)P;, so that, by our assumption, the variety 
generated by f would be W. However, we are not able to demonstrate this 
fact, which would imply that every variety is generated by a single element 
(Problem 5). . 

Concerning Problem 3, it is clear that M -+ P is contained in the spectrum 
of V+W. Call I, J the Fourier Transforms of the respective annihilator 
ideals of V, W. By Proposition 1 the Fourier transform of the annihilator 
ideal of V+-Wis INJOIJ. Now IJ is clearly not reduced to zero so 
that V + W Y. 


Assume now that the solution to Problem 1 is in the affirmative. Then 
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the exponential polynomials of V+ W are just the limits of the linear 
combinations of the exponential polynomials of V and W. We do not know 
whether the solution to Problem 3 is in the affirmative even in this case. 

In what follows we shall solve Problem 2 in case that J is a principal 
ideal. We shall also give a more simple solution to Problems 1-6 in case 
that n==1 than that given by Schwartz in [12]. 


4. Solution of the main problem. In order to solve the main problem 
(Problem 2), we shall make use of the following extension of the Weierstrass 
preparation theorem ‘(see [2]): 


THEOREM 1. Let P be a function of the complex variables W, 21, %,° + * 5 2k, 
Li, To, © +, Ly, which is analytic at the origin, let 


D == pprtiet“+Pe / Âz PZP -GzP 


be a partial diferential operator and let s be a positwe integer with the 
following properties: 

1. P(0)=0. 

2. If E is any partial differential operator in the letters W, Z,’ °°, Zr, 
but for which at least one of these variables is omitted, then (EP) (0) =0. 

8. The numbers pı, Po' ` `, Pry Pr =S are defined as follows: 

(a) If qQ <p and Qa, q3 °°, Ges. are any integers, then 

[ (Gutte tarn /9Z,H9Z0%- - > Pz;,%Owen) P] (0) = 0. 

(This defines p, uniquely.) 

(b) Suppose Pı, po, ` +, p; have been defined. Then pi, is defined by 


the condition that, tf Qui < Pin nd quo * <, Qr are any integers, then 
[ (GPrtpet tps taat tara g MAZ -o GzP zam - + epiw) P] (0) = 0. 
(c) (0°DP/dws) (0) =1. 


(Thus, the numbers p; are all defined.) 


Then for any function B of w,21,° ` `, 2x 21,° ° °, which is analytic 
at the origin there is a umque function Q, analytic at the origin, such that 
D(QP)—B is, when considered as a power series in w with coefficients 
functions of %,° °°, 2x,%4,° © +, %, which are analytic at the origin, a poly- 
nomial of degree < s. 


Remark 1. It is allowed that k=0, or r=0. In case k= 0, our 
theorem reduces to the classical Weierstrass preparation theorem. 
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Remark 2. If P is any function which is analytic at the origin and 
satisfies P(0) = 0, then we can find an operator D such that the hypotheses 
of Theorem 1 are satisfied. For, let P be an analytic function of the complex 
variables t, ta, © <, tmz. Call &+-1 the smallest integer such that there 
exists a partial differential operator Æ involving &-+-1 of the variables 
(say tta’ + +, tna) with (HP)(0) 540. Call ti =z, tz = 22," * *, ty = 2t, 
that =W, bp = %1,° * *y mra Tr; the integers p1,2,° °°, Pxs are then 
defined by part 3 of the hypotheses of Theorem 1. 


Proof of Theorem 1. Write P = > Pw” where P, are analytic functions, 
at zero, of 2;,2; For each u, let 


Fu — 2 P E E 42 SaR ZI", 


where Pupviv....vxvuq 18 the homogeneous term of order Vp, in the expansion of 
P, as a power series in the z; 
By the product rule for differentiation, we may write 


D(QP) —PDQ +- --+QDP. 
We denote the general term in the above sum by P’Q’, and we write 
P” = X Puw, eee a Ze, 
with a similar notation for Q’, B, etc. 


We are trying to satisfy the equations 
[D(QP)]m—Bmn=0 for m Zs, 
or, what is the same thing, 


[D (QP) eid as D nbi Sr 0, 


whenever m=s and 01,02,° ` *,Um1 220. Now, [D(QP) ] mono, 18 a sum 
of terms of the form l 
Uk+1 


m h 
(Q’P "Y mvs. = 2 > 7 >, Q umana eer ne ne e 
u=0 n=0 Nk+Q=0 


From our hypotheses, we get 
(a) For P” DP, P”u..0o=0 for all u. 
(b) DPuo..0o=0 for u<s and DPgo..o—1. 


Thus, 
[D (QP ) J mnyne...teen =A F (QD P ) MAL... Meet 
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where 
ktt m Ri Re-L Nkr j m 
A= > > > 2 Ae > > Zs (Q PE a MAMAD ta) 
PDP izl uz0 20 Y=0 i434 =0 


-1 
(We shall understand that $ a;—= 0.) Now, we may write 
j=0 


(QOF orem — E + > Uana ID wip 00) 
u=0 


where 
k+l m m na~1 ray 
E = À > > AR > epee 2 CO ical! aeons 
dnl uzo 1450 y=0 Vk+1=0 
We have 
m m-s-1 


>, igo capes) T 0...0 > O anena 0) maz -+ Oise tiie 
u=0 


u=0 
== (7 + AR nee say. 
Thus, in order to satisfy the equations 
[D (QP) T a= Bumm ,..nga = 0 
for m È S, Mny na © '; Ne, =20, we must have 
Qin~,tt, Thee TE Bing... —A— i — G. 

Or, replacing m by m +- s in the above, the equations to be satisfied are 
(1) A iicckeg E D aa — A’ Toa E f G”, 


where A’ is obtained from A by replacing m by m -+ s, and E’, @ are obtained 
similarly from Æ, G respectively. 
For any mM, n °°, Ma, we define 


k 
(2) g (m, Nit " 3; Nk) == M -+ >, Cinbir + Ck+1tk+1s 
4=1 
where the c; are defined by 
cı =] +s; 
suppose ¢,,* * `, Cj- have been defined, then 


j-1 
ci= 14s + > CiD avis 


The proof that equations (1) are solvable will be by induction on 

JM, Nis’ © +5 Meer). IE gm, © +, Mee) = 0 then m= 0 and each nj = 0. 

Thus, the terms A’ and W’ are both zero since they involve sums of the 
ai 

form $. Thus, Qo... = Boo... 


j=l 
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Assume now that we have proven that equations (1) determine Qun..vrn 
uniquely whenever g(t, V °°, Via) <g(m,m,°**, Meu). Then, clearly, 
G’ is uniquely determined. On the terms of F’, g attains its maximum when, 
for some jS k+ 1, 

u == M + 8, V = My Vp = Nji V= ny — 1, Vp = njin to Ver = Meer 
In that case 


g (Uy Vi ` Vrn) =m +s+ > Cinti F Cresi F Cie jer — j 
4 


= g (M,N, ° j "y Nar) +s— Gj <g (M, 11, ° j “s Mar), 
because each c;==21-+-s. Thus, # is also uniquely determined. 


Let us write, for P’ 4 DP, Q= (ĝt "+ /02,4- + + dz,%*)Q. Then, by 
the hypotheses of the theorem, P"y»,....,0== 0 if 


(a) v< t$ and any U, Vg + *, Ux 
(b) v =f,’ a v == by, Visa < Eni and any U, Vlr’ © ° Uke 
(c) V = hh," i sVe = tp U LS. 


Consider the terms Q’u»,..,, in A’ (for a fixed P”) for which 
(a) w =M + S, na — Vy = EF, +1, Ve == Ne, ' ts Une == x41. 


(8) u=m -+ 8, Ny — V = by + nj — 0; = by, nia — Vj = bya H 1, 


Vira == Nji’ °° y Ukar = Miksa 
(y) u= M+ sS, v == Mm, © Vk = Mey Viri = Npa — 1. 
(3) U = M, Ny — Vy = ty, S * ny — Vr = Ék, Ukri = Ns 


(It may happen that some of these terms do not occur, but we shall neglect 
this fact since it will be seen that, in this case, the equations (1) are certainly 
solvable. ) 

Given any term Qw.. 10 A’ for this same P”, let us notice that this 
term is uniquely determined by Quo +t,...0's+tev'nn From (a), (b), and (c), 
given any such term for which the subscripts w, ui, * *,Vr do not satisfy 
any of the conditions (a), (8), (y), or (8), we can find a term Q'un..vra 
whose subscripts satisfy one of these conditions, and such that 


g (w, vi -}- tis et Vy -+ Ér, Vra) < g (u, U1 -+- ti =? ta Uk + bry Vr) 
We shall show that in cases («), (8), and (y) 


g (U, Vi + Én © +) VrH Éro Veri) < g (M, Ni © +, Nen). 
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Case (a). We have 


. k-1 
g (u, V4 +. ti, + * Uk + bis Ve) = m + § 2 Cingir + Prina) 
q=1 
+ crn — 1) -F Ckik 


k k-1 
== m -H D, Cira F Crete + 8 -+A D Prin — Cy 
i1 a 


== 9(m, Mist * "s Mest) — 1. 
Case (B). 
g (u, V1 -+ bis " t Uk -+ bres Uns) = m + & + Charice 
kj- k 
H D (nran + Prin) F Crj (41-1) + à , CN Ks1-4 
421 4=k~j+ 
k-j-1 
== g (M, has ' Mra) HS p> CP kin T Ok-j 
= ; 
== g (M, Na; ' " ', Nxa1) — İİ. 
Case (y) ; 


J(u, Vr tay +, Vr F bey Ven) Sm + s+ Š c(t + Pritt) F Cees (Mea — 1) 
= gJ (M, na * +, Mra) —1. 
Case (8). In this case, clearly, 
g (u, vi + tis + +, Un + be, Urn) = 9 (M, n > tynga) e 


The term in question is 


Q mimotus 8teatro = Tn. maak sp,...220 = Amimni 

because Pap,..po == 1, where d is some constant =0 (which may depend on 
P) o 

Thus, equation (1) takes the form 
(3) (1 + È d) Qmm.. = Bmis,m..ma H Bamm. ma 
where Rmm..n depends only on those Qun...ona for which 

J (U, Vis’ ` +5 Urar) < g (M, niy > +, Nese) 

Thus, equation (1) determines the QO mnz...m UDIquely. 

Analyticity of Q. We have shown that Q exists and is unique as a formal 


power series; we shall now show that this power series converges in the 
neighborhood of the origin. 


We shall produce positive numbers k, a, a,- © `, ayn all > 2 so that 


(4) | Qmnne...nrn (z) | = K arq a e + dpp KI 
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for all æ in a suitable neighborhood of zero N in complex Euclidean r-space X. 
Since nothing is altered in either the hypotheses or conclusion of Theorem 1 
upon application of the linear transformation 


wW —> CW, 21 m> Cli * a Sym? CZ yp, Cy m> O41, * : ” y Up m— > CL, 


for c > 0, we may assume that both B and P are analytic in the unit ball in 
complex Euclidean k-44- r- 1-space. (The unit ball in C is the set of zeC 
such that |z| 1.) Thus, there exist constants L >0, M >O so that, for 
all m,%,° °°, M1, and all eeX with |s| 1, we have 


| Bummel) SL, | Pma (e) | SM, 
for all P”. 
The proof that equation (4) is satisfied will be by induction on 


g (M, Nis © `r). For N we choose the unit ballin Y. Next, choose K > 2 
so that for all re N 


| Yoo...0 (x) | ==. 
(Such a K can be found by virtue of the definition of Qoo...o-) 


Now, assume (4) is satisfied for all u, V1,° * +, Vx, such that 


g (U, Vi’ : “s Une) < gm, n’ % “y nrar) >0. 
Set 


G (M, M: °°) ni) = Ka e Oy. 
Let us examine the terms Q'uvnvs.vı Which appear on the right side of 
equation (3). Each is a constant multiple of some term Qwy’,...0'%sq With 
Gg (wv: + Vin) Lg (mM, Ny + +5 Meer). 
Moreover, each of these constant multipliers does not exceed 
(na F p1)” (na + Po) + + (nie -F Pr)? 
On the other hand, there is a term d on the left side of equation (3) with 


d = Ni (nı — 1) Eee (nı — D1) No(s ae 1) oe (na — pa) cae (Mr — 1) (m: — Pr), 


where it is understood that, in the above product, each term which is <0 
is to be replaced by 1. Thus, the ratio of the maximum constant multiplier 
on the right side of equation (8) to 1+ Sid does not exceed 


ha (2p) (2p) na (Bpr). 


Further, no term Qy'v'...v'4. Can be involved on the right side of equation (3) 
more than 


q= pı! pe! > + px! 


times. 


314 LEON EHRENPREIS. 


From the above considerations and equation (3) we have, for any xe N, 


M+S maot Aoo REPE REA 
| Qnnnn(®)|SL+Mhgx] E E SS È E(u ry +P) 
uz0 %=0 v0 VEO VEW=0 
Mt+B8 onl Netia NETPR N+. 
+ > > > * 2 > G (U, Nyy V2," ` "y Ura) 
u=0 or0 Vz=z0 VORO Vrea 


mM+8 Pr- -l nI 


frr-t YM D BD Gt, n’ + +, Mery, Vr Vrn) 


U=0 HEEL VAY =O 


+8 hpgy i m-i 
+ > > G (U, nis’ j * y Niky Urar) +3 G (u, n ' i stam) |, 
u=0 VrO u=0 


because of (a), (B), (y), and (8) above. 
Thus, 


| Qmm..nra (T) | = L -+ MKqh xX [= i Gy" © "Apy MH 








+ q htstig t a oe | 





gig tei ; PTE i nati 
|. qintettg m Oy 22 I Aup r PEt k ptt 


k-i 
4,7 


a atl. ; 1 1}, 
-}- r + gintstt PIRE Qg”2+Pat (ynte Apy tt | 
i" 


We want to make this < Ka™a,™: + ap”. This will be the case if 








1 
astta, - asttq, zat 
SE e a : ügy — 1 


1 
at PETEN. 4- ast ay, PA i EE 4- qoP:+t z |] < K. 


L+MKhq X [— pas 





This can be done by choosing successively a, @1,' © *, äm all > 2 so that each 
summand above is =[K/(k+2)(L+ MKhgo). 

With this choice of @,@.,° * *,@x., the induction process can be com- 
pleted. Thus relation (4) is satisfied. This means that Q is analytic in a 
suitable neighborhood of the origin, which concludes the proof of Theorem 2. 


Let ae C and let f, g be functions which are analytic in the neighborhood 
of a. We shall say that the cospectrum of f contains the cospectrum of g at a 
if there exists a neighborhood N of a so that, for any be N and any non- 
negative integers ¢;,: © ', tn the conditions 


[ (@sst82t"'+8n /AZ 519Z 582 a a 02 5") g | (b) ae 0, 
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whenever s S in 12 S ta’ + +, 8, S Én imply 
[ (05132 "+80 /9Z, 510Z 252 - big 02,5") f | (b) = 0 


for all s, SS t 82 SS te,’ © *,8,2Sty. In part II of this series we shall discuss 
in detail the concept of the cospectrum of a local ideal at a (see [3]). 


THEOREM 2. Let aeC and let P,g be functions which are analytic in a 
neighborhood of a. Suppose that the cospectrum of g contains the cospectrum 
of P at a. Then there is a function h analytic at a such that g=hP ina 
suitable neighborhood of a. 


Proof. The theorem is trivially true in case that P == 0, for then we 
must have g=-0; we therefore assume P20. It is clearly no loss in 
generality to assume that a=0. If P(0) 0, then the result is obvious; 
we assume also that P(0) ==0. D,w,21,° © *,2r Z1 * *,%, are now defined 
as in the hypotheses of Theorem 1 (r+ k+ 1=n). 

By Theorem 1, there is a unique function § analytic at the origin such 
that 


(5) DIP (w, 2,2) 8 (w,2,0)] =w + SK,j(2, 2) wi, 
j=0 


where K; are analytic at the origin. It is shown in the proof of Theorem 1 
that $(0) = S>..o==1. Thus, the operator D and the function PS also 
satisfy the hypotheses of Theorem 1. Hence, by Theorem 1, we can find a 
function Q analytic at the origin and such that 


8-1 

(6) D[P(w,2,2)8(w, 2, 2)Q (w, 2,2) ]— Dg (w, z, £) = > A;(z, 2) wi, 
j=0 

where the H; are analytic at the origin. 


Let M be a ball in C of radius so small that all functions which appear 
in equations (5) and (6) are analytic in M, and such that S40 in M. Then 
we integrate equations (5) and (6) p, times with respect to 21, pa times with 
respect to 22," * <, Px times with respect to z,, where all paths of integration. 
begin at the origin and lie entirely in M. Then we obtain 


(1) P(w, 2, 2) 9 (10, 2,0) — > Kj (2,2) wi, 
(8) Pw, 2,2) 8(w,2,2)Q (1,22) —g(w, 2,2) = X HLy(z, 2) ws, 


Let us note that K;(0,0) =-0 for 7—0,1,---,s—1. For, were this 
not the case, the integer s would not have required minimum property of the 
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hypotheses of Theorem 1. It is fairly easy to see, moreover, using the 
properties of the operator D, that, for each f < s, 
lim (2,2) /K,(2, £) == 0. 
o 


230, 2> 

By hypothesis, the cospectrum of g contains the cospectrum of P at 0; 
since S (0) 540, the cospectrum of g contains the cospectrum of PS at 0. 
Thus, there exists a neighborhood of zero N C M so that, for any be N and 
any integers t,,:-: ', tm the conditions 


[ (98ta /0Z ` + %,%)PS](b) = 0, 
for s S 4,° tSn S Én, imply 
[ (081 +8 /0Z 8: s. 0Z 15") g] (b) — 0, 


whenever s S bh, * Sn SS pn 

Now, for a@5<0, the zeros of the polynomial a,X*-+-a,Xt?-+- © -+ a 
depend continuously on (4;/@o,@2/Q,° * *,@:/@)). Thus, by the above, we 
may choose a point (Zo, £o) such that K,(Zo, £o) 340 and such that all the 


So 
zeros ¢ of X, K;(Zo to)wi have the property that (c, 2,2.) lies in N. 
j=0 


We wish to show that all H;=-0. Assume this is not the case; then we 
may assume that (Zo, £o) is so chosen that H,(2o, to) 540 for some t. 
It follows from the above that if (b, Zo, £o) N has the property that b 


is a k-fold zero of SË i(2o, £o}wi, then b is also (at least) a k-fold zero 
j=0 


gel n S n 
of 5 H;j(2,%)wi. But, we have seen that $, Kj(%o,%)wi has s zeros 
j=0 j=9 
b,,:°°,b, counting multiplicity, with (bi Zoto) eN for all 7. Thus 
osl 
X H;(Zo tojw? has at least s zeros. This can only be the case if all 
3=9 


H,(Zo £o) =0. This contradiction concludes the proof of Theorem 2. 
We have the immediate 


COROLLARY. Let aeC, f, g be functions which are analytic at a and such 
that the cospectrum of f contains the cospectrum of g ata. Let L be a linear 
transformation of C-»>C. Then the cospectrum of fL contains the cospectrum 
of gL at La. 


Remark. Ifa proof of this corollary could be found which is independent 
of Theorems 1 and 2, then this corollary, together with the Weierstrass 
preparation theorem, could be used to give a simplified proof of Theorem 2 
without the use of Theorem 1. 


MBEAN PERIODIC FUNCTIONS. I. 317 


Let f, g be entire functions on C. We shall say that the cospectrum of f 
contains the cospectrum of g if, for any aeC, the cospectrum of f contains 
the cospectrum of g at a. It is clear that, if f and g are of exponential type, 
this definition coincides with the previous one (see Section 3). 


THEOREM 3. Let f, g be entire functions such that the cospectrum of f 
contains the cospectrum of g. Then there is an entire function h such that 


f=gh. 


Proof. f/g is clearly analytic outside of the set of zeros of g. According 
to the theorem of removable singularities (see [2]), it is sufficient to prove 
that f/g is bounded in the neighborhood of each point. This is an immediate 
consequence of Theorem 2. 


The passage from arbitrary entire functions to entire functions of 
exponential type is accomplished by Theorem 4 below; for n = 1, Theorem 4 
is a result of E. Lindelöf (see [10]). 


THEOREM 4. Let f, g, h be entire functions of n complex variables, with 
g=fhA0. Suppose that f and g are of exponential type. Then h is also 
of exponential type. 


The following minimum modulus theorem, which is itself of interest, 
is the key tool in the proof of Theorem 4: 


~ 


THEOREM 5. Let k be an entire function of exponential type of one 
complex variable with k(0)340 and |k(z)|SMeexp(A|z|), for all z. 
Then for any r>0 there is an 7 with rSr’S2r such that 


ming | Æ (2) | = exp(B log M + cAr’ + dlog | k (0) |) 
where B and c are certain constants, and where d is a positive integer. 


Let us assume the truth of Theorem 5 and conclude the proof of 
Theorem 4. We shall prove by induction on p the following proposition ap: 
Let H, K be constants, {540 an entire function of exponential type of p 
variables, and h an entire function on C (pn) such that, for any 
(aue Pg eC, 


| F (41, ° : ga) | h (z: : ‘,2n)| SK exp(H || zl). 


Then fh is of exponential type. 

Now, æ is trivially true, because for p—0, f is a constant 0. Let 
p > 0 and assume a, is true whenever q < p. Suppose that its ea ol 
S Lexp[M(|2.|+---+]2,|)] for all (z 52). Let (41° - +, 2n) 
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be any point in C such that f(0, 2° + *, 2p) £0, and also z:540. By Theorem 
5 we can find an 7” with |z| Sr S2|z,| such that 


min | f (2, 22,° ` 2p) | 

_ ILP |f (0,22: + +, 2») |¢exp[BN (| 22] +> - -+|2|) + oN], 
where B, c, and d are certain constants. (Because z—>f(z,22,' © *,2p) is an 
entire function of exponential type of one complex variable which is different 
from zero at the origin.) | 


From this it follows that, for any z with |2|—7’, 
LF | F (0, 225° i `, Zp) |texp (BN (| z2 |+: -H [2p |) + oN’) | A(z, 22 +, 2n) | 
S| f(z, 22,° i "s Žp)| | h (2, 225° " *54n)| 
< Kellele tleh, 
Thus, 
| F (0, 22, ° ; `, Zp) |? | A (2, 225° f `s Ža) | 
< KI? exp((H—BN) (| %|-+- +--+] |) + (E —cN)r) 
< KI exp((H—BN) (| |-+- -+ |e) +2(2—eN) ||), 


because 7&2 |z|. Hence, by the maximum modulus theorem 


| F (0, 22, í 2p) |2 | h (2i 205° ° *52n) | 
SKL exp(H—BN) (|z| + + |en) +2(H—eN)|4|). 


This inequality holds for all (21,* > -, Zn) such that 2,540 and f(0, 22,- > -, Zp) 
Æ 0; by continuity it holds without these restrictions. 

Now, (22,- - *,2p)—> f (0, 223° * *,Zp) is an entire function of exponential 
type in p—-1 variables. Thus, by our induction hypothesis, A is an entire 
function of exponential type, i.e., Proposition a, is established. This com- 
pletes our induction; Theorem 4 results immediately. 


Proof of Theorem 5. We claim it is sufficient to consider the case in 
which k is an even function. For, assume Theorem 5 is proven for even 
functions and set f — kk, where ie (a) ==i(--~x), so f is an even entire 
function of exponential type. Suppose that |&(z)|=Me4lel, so that 
| f(z)| SS Melel for all complex numbers z.. Then, by the assumed result 
for even functions, given r > 0 we can find an 7” with rr =2r such that 


min | f(z) | = exp (2B log M + 204 | 2 | + dlog | f(0) |), 


for some constants B, c, and d. 
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Let z» be a point on |z |==7 at which |>| attains its minimum. Then 
(20) |e) | (ae) | | (0) |max | (2) 
Thus, 
tes JES] (#0) | max | & (2) | 
= min | Erma | eLo == Mot min | &(2) |. 
le[=r’ z[=r’ al=r" 
We conclude that 
niig | (2) | Z Mer min | F(z) | 
= exp[ (2B—I)log M + (2c—1) Ar’ + 2d log | &(0) |], 


which is the desired inequality. 
Theorem 5 results immediately from the above and 


THEOREM 6. Let k be an entire function of finite order of one complex 
variable with k(0) 3&0. Call p the genus of k and assume that k is invariant 
under the linear transformation z—->wz of the complex plane into itself, 
where œ 1s a primitive (p+ 2)-nd root of unity. Then for any r> 0 there 
isan? with r Er S2r such that 


min | &(z)| = 2|%(0)|* exp[—2 5 2-42) (2P — 1 log M (2r) J, 
|z|=r’ 150 


where, for any y> 0, M (y) = | &(2) |. 
airy 


pre 
Proof of Theorem 6. From the fact that, for any k < p42, So —0, 
j=1 


we deduce easily that the Weierstrass-Hadamard product for k (see [16]) 
takes the form k(z) =8[][(1— 2?*?/a?*?), where §= (0). 
We write k(z) == 82, (2)2s(2)a3(2) where | 
a1(z) consists of all terms of J] for which | a| S 1/2, 
m2(z) consists of all terms of [[ for which 7/2 < | q| S 4r, 
a3(2) consists of all terms of [[ for which | a;| > 4r. 


(By convention, an empty product is to be replaced by unity.) 
For m, we use the trivial estimate that, for |z| Zr, 


| 1—2 ap” | = | 2/4 |? —1 = 29"? —_1>1, 


so that | 7,(z)| Æ 1 whenever |z| Zr. 
For r, and +, we shall need Jensen’s formula (see [16]). If m(x) 
denotes the number of zeros of k of modulus <a, then for any y > 0, 
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J a/ai = (1/2) Í, “Tog k(yetdð —log | £(0)| Slog M(y) —log | 8}. 


But, m is a non-decreasing function, so 


2 f (x) /a) da = m(y)2 f eave = m(y). 


Hence, 
2y 
(10) dm(y) S | (m(a)/2) de Slog M (2y) —log |8|. 
0 
From (10) we see that in r, there are not more than 


B= (2/p+ 2) (log M(8r) —log | 8|) terms a;. 


Now (see [11], p. 86, problem 66) we can find an 7 such that r&r <2r 
and such that 


(11) | IT | (| a |—27)| = 2 (r/4)8. 
AoE gee 
(12) | ar? — 2r | 
= (aj—2) (aj—w2) —> ` -— (a;—o? 42) Z| (| ay | — r) [P. 


Thus, if |2| =7, 


II | 1 -+ get /aje*? | = (4r) -ß(p+2) TI | apt? — got? | 


aj ETa arem 
= (4r)-B@) TT | (| a; |— r) |r 
Qs ETa 
= (49) -B@+2)Q (7/4) Bor?) > 2 (4) -2802 
by (11) and (12); that is, 
that this implies 
(13) | r2(z)| = 2 | 8 |ë exp(— 4log M(8r)). 





ma (2) | = 2 (4) 82 ' for |z| =7. Tt is clear 


For mg we use the estimate 


(14) | 1—22 aj? 





> 1— |z/4 |”? = exp(— | 2/4; |”?). 
This results from the fact that, for 0< u< 4, 
log(1 — u) = — u —u?/2? — u? /3 —- - ->—u 


so that 1 — u > exp(— u). 
For any j= 2, consider the annulus R;:2/r <z < 2r, In KR; there 


are not more than 8; = (2/p + 2) (log M (21r) —log | 8 |) terms a; by (10). 
For each of them, 


(15) | 1”/a; | S 2r/2ir = 27, 
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Thus, if |z| ==1, using (14) and (15), 
| ma (2) | Z exp(— X | 1°/a; |?*?) Z exp(— 2 (p + 2) Ppeerhe-n), 
j= 


Now, >) 200- — 1/297 —1<1. Thus, 
j=2 


(16)  |ma(2)| = exp(— 273 — 1) È (p +2) 8RODTI 
j=2 
= | è | exp[— 2 Z 2@G- (2 — 1) log M (2°r)], 
j=? 
for all z with |z|— 7’. Putting all our estimates together, we have 


min | &(2)| = | è | min |m: (2) | min | x2 (2) | min | ws (2) | 


= 2 | k (0) |= exp —5 2-03 (20 — 1)log M (22r) J, 
j=0 
which is the desired result. 


Combining Theorems 3 and 4 we have 


THEOREM 7. Every principal ideal in H’ is completely determined by 
its cospectrum, that is, if f,geH’ and if the cospectrum of g contains the 
cospectrum of f, then g les in the ideal generated by f in H. 


THroreM 8. Let fe H’ and let I == {fh}ney. Then I is closed, t. e., 
every principal algebraic ideal in H’ is an ideal in H. 


Proof. Let g be in the closure of J; it is clear that the cospectrum of g 
contains the cospectrum of f. Thus, by Theorems 3 and 4, gel. 


Remark. It is easily seen that the set I above is even closed in , 
and hence weakly in W (that is, if H’ is given the weak topology of the 
dual of W’). 


From Theorem 7 and the results of Section 3 we deduce 


THEOREM 9. Let V be a variety whose annthilator ideal is principal. 
Then V contains an exponential polynomial. Moreover, V is completely 
determined by its exponential polynomials, that is, every fe V is the limit 
of exponential polynomials of V. 


Theorem 9 is the generalization to n variables of the theorem of Ritt, 
Valiron, and others to the effect that every solution of a differential equation 
of infinite order with constant coefficients is the limit of exponential poly- 
nomial solutions of the equation (see [12]). 
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5. Extension to other spaces. In this section, we shall investigate 
rings © of entire functions with the following property: Let f,geS and 
suppose that the cospectrum of g contains the cospectrum of f. Then there 
is an He such that g==fh. Theorem 2 of Section 4 tells us that, for any 
aeC, if Pa denotes the ring of functions analytic at a, then every principal 
ideal in Pe is determined by its cospectrum at a (that is, if F, Ge%, and 
if the cospectrum of G contains the cospectrum of F at a, then G= FH for 
some HeS$,). Thus, the above property of © can be reformulated as follows: 
livery principal ideal in © is determined by its local ideals, that is, by the 
ideals it generates in Pa for all ae C (see [3]). Theorems 3 and 4 of Section 
4 show that we may take for © the ring of entire functions or the ring of 
entire functions of exponential type. In this section we shall show that we 
may take for © the ring of polynomials or, for any c= 0, the ring of entire 
functions of order & c, hence also the ring of all entire functions of finite 
order, and more general rings. 


THEOREM 1. Every principal ideal in the ring of polynomials is deter- 
mined by its local ideals. Equivalently, if P is any polynomial and Q a 
polynomial whose cospectrum contains the cospectrum of P, then Q=PS 
for some polynomial 8. 


Proof. According to Theorem 3 of Section 4, we must show the 
following: Let f and g be polynomials in n letters with {340 and let A be 
an entire function of n complex variables such that g = fh; then h is also a 
polynomial. The proof will be by induction on p of the following proposition : 
Let f 40 be a polynomial in p letters (p Æ n) and h an entire function of n 
complex variables such that, for all (21,- + +,2) £0, 


| f(415- j "sph (21, i an |S (1+ ]2]-+-: Pia | en [5 


for some k= 0. Then À is a polynomial. 

For p ==0, f is a non-zero constant and the result is immediate. Assume 
p > 0 and that the result is true for polynomials in fewer than p letters. Let 
(41,° © *;2n) eC, and write 


F(X1, Xo,° - Xp) = fot F hE +--+ fy 


where the f; are polynomials in Xo,- - +, Xp and where fos40. By the results 
of [9], we can describe a circle y of radius <1 about z, so that, for all zey, 


| f (2, 20, ° ° 529) | 2 L | fo( 22, ` Pp 


where 8 is a positive constant which depends only on the degree of f. Thus, 
for any zey, 
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| Bfo(Ze,* © +> &p)A(2, 2a" © *,2n)| S| FC 22" © +, Ap) A(2, 223° °°» Bn) 
S (i+ a +o tt) 
S (2+]a[+|e|+---+|a|)* 
Ss zc eee ee | eae 
Hence, by the maximum modulus theorem, 
| 2-*Bfo(za,° + +» Sp) h (21, %2,° °°, 2m)| SS (1+ la| +: - -+2n|)*. 


Now, 2°*8f, is a polynomial in fewer than p variables. Thus, by our induction 
assumption, 4 is a polynomial. Theorem 1 now results immediately. 


Let f 40 be an entire function of n complex variables. We say that f is 
of finite order if there is an A = 0 so that 


(1) | f(2)| = O(exp(|2[|4)). 


The greatest lower bound of all numbers A which satisfy (1) is called the 
order of f. In order to prove the analog of Theorem 1 for the ring of entire 
functions of finite order, we shall need the following form of the minimum 
modulus theorem (see [16]) 


THEOREM 2. Let f be an entire function of one complex variable, with 
| f(z)| S Mexp(.z|4), and such that f(0) 40. Then for any r>0 there 
san? with rr = 2r and 


ae) | = exp(alog M+ €|z|4+ ylog|f(0)]), 


where a, ¢, and y are constants which depend only on A, and where we may 
choose, for y, a positive integer. 


Proof. Call p the genus of f (see [16]). Then, as in the proof of 
Theorem 5 of Section 4, it is sufficient to consider the case in which f is 
invariant under the linear transformation z— wz of the complex plane into 
itself, where w is a primitive (p+ 2)-nd root of unity. The result now 
follows immediately from Theorem 6 of Section 4. 

Exactly as in the proof of Theorem 4 of Section 4 (except that we use 
Theorem 3 instead of Theorem 5 of Section 4), we deduce 


THEOREM 4. For any A > 0, denote by Da the ring of entire functions 
of order =A. If f, ge Qu and if h is an entire function such that fh =g, 
then we must have he Qa. Every principal ideal in Qa is determined by its 
local ideals, or, what is the same thing, if P,SeQ4 have the property that 
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the cospectrum of S contains the cospectrum of P, then S==PT for some 
T e Qa- 


We have the immediate 


COROLLARY. All the results of Theorem 4 for the rings Qa hold also for 
the ring Q of all entire functions of finite order. 


The results of Theorem 4 and its corollary extend to the following more 
general situation: Let ¢ be a positive, even, continuous function of one real 
variable, with ¢ monotonically increasing to infinity. We call ¢ an admissible 
function if 


(a) (£)=—O(|2|?) for some p. 
(b) There exists a p satisfying (a) such that, for all r> 0, 


(2) S 20de (2r) S d (r), 


where d is a constant depending only on ¢. A family @ of admissible 
functions ¢ is called an admissible family if there exists an admissible 
funtcion y (not necessarily in ©) such that, for every r and every ¢e®, 
$(r) = u(r). As examples of admissible functions we have the functions 
(r) ==7? for any p>œ>0. An example of an admissible aa is all 
funtcions ¢(7) = 7? for all p>q = 0. 
If is an admissible function, we denote by Qọ the ring of entire 
functions f-of n complex variables which satisfy 


(3) f(z) = Ofexp( (l 2 1))]. 
For any admissible family ©, we define Qa==[] Qọ and, for Y an arbitrary 
pe% 
family of admissible functions, we define Q*y == |] Q. Then we can easily 
wer 


generalize Theorem 4 and its corollary to 


THEOREM 5. Let ® be an admissible family. Then for any f,ge Qa, 
if h is an entire function satisfying fh =g, then we must have he Qs. 
Every principal ideal in Qe is determined by its local ideals, that is, if 
P,SeQe have the property that the cospectrum of S contains the cospectrum 
of P, then S=PT for some TeQs. These results also hold for the spaces 
Q*y for any family YX of admissible functions. 


Remark 1. Theorem 5 obviously contains Theorem 4 and its corollary 
and Theorem 6 of Section 4 as special cases. 


t 
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Remark 2. Theorem’ 5 itself can be extended to more general families, 
for the condition (b) in the definition of admissible can certainly be improved 
and even condition (a) can be slightly ameliorated. However, a recent 
result of Hayman on the minimum modulus makes it extremely unlikely 
that condition (a) can be entirely omitted (see Proc. Lond. Math. Soc., 1982, 
pp. 469-512). 


6. The case n==1. Throughout this section we shall suppose that 
n=]. We shall give a simplification of the solution by L. Schwartz [12] 
of problem 2 of Section 3. It is fairly simple to prove from this (see [12]) 
that every ideal in W is the ideal generated by two functions of H’, and that 
every variety in & is the variety generated by a single element. In Section 3 
it was shown how this solution of Problem 2 implies that the spectrum of 
the union of two varieties is the spectral union of their spectra. Thus, the 
results of this section will conclude the solutions of all the problems of 
Section 3. 


Proposition. Let I be an ideal in W and Fel, F340. Suppose that, 
for some acC, F has a zero of order m>0 and some Gel has no zero at a. 
Then F/(Z—a) el. 


Proof. Let W be the annihilator variety of the inverse Fourier trans- 
form of Z; denote by S the inverse Fourier transform of F/(Z—a), 
and call V the variety generated by {S*f}yew. From the formula 
T-S#f—T«S8-f for any fe, Te RH’, it follows immediately that T is in 
the annihilator ideal J of V if and only if TẸ is in the annihilator ideal 
of W. 

Call K the Fourier transform of J. The above shows us that PeK if 
and only if PF'/(Z—a)ef. Assume F/(Z—a) #1; then (2-—a) eK but 
1#K. Thus, V is not {0} and, in fact, consists exactly (see Section 2) of 
the solutions aexp(ta:) for aeC of the ordinary differential equation 
—t(df/dZ) —af—0 for fe&. Hence, exp(ia-)e W, which implies (see 
Section 3) that every QeJ has a zero at a. This contradiction completes 
the proof. 


THEOREM 1. Every variety contains an exponential polynomial, or, 
what 1s the same thing, every ideal in H’ has a zero. 


Proof. Assume I is an ideal in W’ with no zero, and let fel, f0. 
We may assume f is even (for if f is not even, we may consider ff eT ). Let 


f(z) = mT (1—22/a,2) 
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be the Weierstrass-Hadamard factorization of f. For each k œ> 0, set 


fr (2) =I (1— 2?/a;). 


Then by induction on the above proposition, we find easily that each fpe. 
Moreover, it is easy to see that we can find positive numbers A, Af so that, 
for all k and all zeC, 


fe@) ST Hll a 


Further, it is clear that f, >1 in &. Thus, by Proposition 3 of Section 2, 
fe—>1in W. Since I is closed, this means that lel which contradicts the 
fact that I is an ideal (since an ideal is H’). 





2) < MeAlel, 


THEOREM 2. Hvery variety is determined by its spectrum. Equivalently, 


if I is an ideal in H and if the cospectrum of f eH’ contains the cospectrum 
of I, then fel. 


Proof. Let V be a variety; call W the variety generated by the exponen- 
tial polynomials of V and suppose fe V, f£ W. By the Hahn-Banach theorem 
we can find an Se 4’ which is zero on W but such that S-f540. Consider 
the variety X generated by {S*g}gev (X 40 because S*fs40); we claim 
X has no exponential polynomials. 

Denote by F the Fourier transform of S, and by I, J, K the respective 
Fourier transforms of the annihilator ideals of V, X, and W. Assume there 
exists an exponential polynomial in X; then there is an ae C at which every 
GeJ vanishes. As in the proof of the above proposition, GeJ if and only 
if GFeI. Thus, the above implies that every multiple of F which is in J 
has a zero at a of order > m = order of zero of F at a. Now, by construction, 
the cospectrum of F contains the cospectrum of Z. Thus, there is a Gel 
whose order & of zero at a is =m. Then (G/(Z —a))F = G(F/(Z— a) £ I, 
but has a zero at a of order m. This contradiction proves that X has no 


exponential polynomials. This contradicts Theorem 1 and so completes the 
proof of Theorem 2. 


¢. General remarks. The methods of Section 6 apply also to other 
spaces (but still only for .n = 1), for example the space E€ of Schwartz (see 
[14], [12], and [8]) of indefinitely differentiable functions. In that case, 
the proof of the proposition of Section 6 can be carried out as before. The 
proof of Theorem 1 of Section 6 does not seem to extend to €; however, if I 
is an ideal in Æ’ (see [8]) which has no zero, then for fel, f40, and f 
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rapidly decreasing on the real axis, it is shown by Schwartz (see [12]) that 
also fel. From this it follows easily (see [12]) that leZ. This proves 
the analog of Theorem 1 of Section 6 for E. The analog of Theorem 2 then 
follows as before. 

There are two essential difficulties in extending the methods of Section 6 
ton>1. The first is the fact that the ideals in the spaces Pa (see Section 5) 
need not be principal for »>1. Thus, no analog of F/(Z—a) which is 
used in the proof of the proposition of Section 6 can be found. But even if 
this difficulty could be surmounted, the following difficulty remains: For 
n> 1, there exist functions in 9 other than exponential polynomials which 
are solutions of constant-coefficient partial differential equations. Thus, an 
entirely new approach is needed for the problem. This will be done in Part IT 
of this series. 

Each Se W’ defines an element of the space D’, or even of E’ (see [8]), 
namely the restriction T of S to D. It is clear that D is dense in 9, so that 
T determines S uniquely. We want to show now that the Fourier transform 
M of 8 defined in Section 2 is, essentially, the inverse Fourier transform U 
of T, as defined in [8]. Using the notation of [8], if Fe D, and if v is a 
measure of compact carrier which represents S (hence also T), then by an 
easily justified change in the order of integration, 


U- f= T-f—= fF (2)dv(z) = fdu(z) ff(x) eto eda 
= ff (a) dx fe‘ *du(2) = ([M(—2) f(x) =M: f. 
Thus, U == jM which is the desired result. 


THe JOHNS HOPKINS UNIVERSITY AND THe INSTITUTE FoR ADVANCED STUDY. 
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ON UNIFORM DINI CONDITIONS IN THE THEORY OF LINEAR 
PARTIAL DIFFERENTIAL EQUATIONS OF ELLIPTIC TYPE.* 


By PHILIP HARTMAN and AUREL WINTNER. 


1, Introduction. Since Hélder’s thesis [8] and the subsequent work 
of Korn and Lichtenstein (for references, cf. [14]) dealing with existence 
theorems for linear elliptic partial differential equations of second order, it 
has become standard practice to assume a uniform Holder degree of con- 
tinuity for the data. That is, it is assumed that the given functions (or 
suitable derivatives of them) satisfy a condition of the form 


(1) | FŒ) —F(@) | £ const. | PQ P, o<a <1. 


The proof of the existence theorems then depends on obtaining an a priori 
estimate for the degree of continuity of the second order derivatives of the 
solutions of the given, or of a related, partial differential equation. This 
a priori estimate is also of the form (1) (ef. [10], pp. 25-82) ; it allows the 
definition, and the proof for the convergence, of a sequence of successive 
approximations (cf. [11]). 

It will be shown in the present paper that, in some of the existence 
theorems, the uniform Holder degree of continuity for the data can be replaced 
by assumptions of a uniform degree of continuity, 


(2) |f(P) —7(@)| Sconst.a(| PQ |), . 


where a =a(r) is a monotone function satisfying Dini’s condition (cf. [4], 
p. 102 and [5], pp. 210-219), that is, 


(3) f a(r)dr<oo, da(r) = 0. 

+0 
The proof of the resulting existence theorems will not depend on successive 
approximations. They will depend on an a priori estimate of the degree of 
continuity of the form 
(4) |f(P) —f(Q)| SK - Const. 8(] PQ |) 
for the second order partial derivatives of solutions. In (4), B= f(r) isa 
function determined by a(r) and satisfying 


(5) B(r) 0 as r->0, 


* Received December 27, 1954. 
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Const. is a function of const. in (2), and K is a constant depending on 
the diameter of the domain under consideration. (In the case (1), 
a(r) == @(r) ==1', and K is a Korn constant.) The fact that 8(r) need not 
satisfy a Dini condition means that a sequence of successive approximations 
cannot in general be formed; cf. the example in Section 13 below. The 
existence proof can, however, be completed by using the method of equi- 
continuous functions. 

Dini’s results [5], involving a condition of the type (2), (3) in the 
theory of elliptic partial differential equations, antedates the work of Korn 
and Lichtenstein. But Dini only considers the simple equation Uss +- Uny 
+ Dits + Dou, + Du =E. Dini’s conditions are not expressed in the form 
(2), (8); instead of this, he merely requires that, uniformly in P, 


(2%) > È IF(P)—F(Q)|- | P—Q |" dQ->0 as +50, 
IPQi<r 
where n =? is the number of independent variables and dQ is the n-dimen- 
sional element of volume (area). This milder condition (2’) can replace (2), 
(3) below if it is assumed, in addition, that, uniformly in P, 


(3°) |f(P) —F(@)| log | PQ | +0 as QP. 


(For conditions, sharper than (2’), for the existence, but not for the 
continuity, of the second derivatives of a logarithmic potential, ef. [15].) 


2. Statement of the results. In this paper, the method described in 
connection with (2)-(5), a method which has other applications also, will be 
used to give a detailed proof of the following theorem: 


(*) Let (gin) = (Jal, y)) be a 2 by 2, positive definite, symmetric 
matrix defined in a vicinity of (x,y) = (0,0) in such a way that the matrix 
elements f= 911, 912 = Jat, Jog Satisfy (2), where a—=a(r) is a continuous 
monotone function satisfying (3). Then, in a vicinity of (2, y) = (0,0), 
there exist mappings u =u (x,y), v=v(x, y) of class Ct satisfying 


(6) O(u,v)/O(x,y) A0 
and transforming the Riemann metric 
(7) dS? == gud? -+-2g,.dady + goody" 


into the conformal normal form 


(8) ds? = r (du? +- dv’), T= rt(u, v) > 0. 
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In addition, the first order partial derivatives of u and v will satisfy a 
condition of the type (4)-(5), where @(r) is determined by a(r), the Const. 
in (4) is a function of the const. in (2) and of the bounds for gy, 
(911922 — gi) > and g1 7, finally K is a constant (depending on a(r) and 
the diameter of the (z,y)-neighborhoods involved). 

When a(r) ==1r\, the assertion (*) reduces to a result of Lichtenstein 
({13]; for another proof, cf. [2]). It is known ([7]; ef. [3], Appendix) 
that (*) is false if it is only assumed that the gi, are continuous. 

The partial differential equations connected with the problem of trans- 
forming (7) into (8) are of the form 


(9) Vg = — Bgg — Cly, Vy = Áus + Bytty, 
where 
(10) A=9o2/g, Bı = Ba =— 912/9, C= Gu/g, g= (det gu)’. 


Following the procedure of Lichtenstein [13] to obtain a solution u, v of 
(9), it will be shown that if È is sufficiently small, then the first boundary 
value problem of 


(11) (Atte + Bitty) t (Botte + Cy) y= 0 


on 2’ -+- y? S E? has a Ci-solution, provided that the assigned boundary func- 
tion is sufficiently smooth. By a C+-solution u—u(a,y) of (11) is meant a 
function of class C? on x? -+- y? <= R? which satisfies 


(12) J (Bs + Cuy) dx — (Aus + B,u,) dy = 0 
4 ji 
for every piecewise smooth Jordan curve J in z?+ y? S R (and which reduces 
to the given boundary values on 2? -+ y? == R?), 
In the considerations below, it will not be assumed that B, = Ba, as in 
(10), but only that the functions 


(13) a==zA, b=4(B,+B,), c—C 
satisfy 
(14) ac-—-b?>0 and a>0. 


In other words, it will be assumed that (9) is elliptic but not that it is self- 
adjoint; cf. [1]. It will be clear from the proof that the method can be 
applied to the inhomogeneous equation 


(15) (Aus + Buty) 2+ (Bots + Cuy)y + Du = E, 


r 
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which in an integrated form is equivalent to 


(16) f (Bathe + Cty) de — (Atty + Bitty) dy — f f (Du — F) dedy, 


J T 


where T is the interior of the arbitrary piecewise smooth Jordan curve J. 


(=) Let f=A(a,y), Bi(z,y), Ba(z,y), Clay) be functions on 
T +t. y® = RB satisfying (2)-(8), let D(a, y), EH (a, y) be continuous, and let 
(x,y) be of class C? there. Then there exists a number Ry (> 0), depending 
on const. in (2) and on the bounds of | A|, | Bil, |Bo|,|C], | D|, with the 
property that if BS Ko, then (15) (that is, (16)) has a C-solution u == u(x, y) 
on x? +y = R satisfying the boundary condition u =q on © -+- y? = R°. 

(This solution is of class C? if A, Bı, Ba, C are of class © and their 
partial derivatives satisfy conditions of the type (2)-(8) and if D, E and the 
second order partial derwatiwes of > satisfy conditions of the type (2)-(8).) 





The main interest in this theorem lies, of course, in the existence of 
non-constant solutions for (15), rather than in the solvability of a boundary 
value problem. For references to known results which depend on (1), rather 
than (2)-(8), cf. [14], pp. 1294-1927. The last (parenthetical) part of (**) 
will be seen (Section 14) to be a consequence of a modification of the proof 
of the first part; the conditions (2)-(8) on D, E and on the derivatives of 
A, B,, B,, C and ¢ can be relaxed to a uniform Dini condition (2’), where 
n == 2. 

The assertions concerning (11) and (15) can be extended to the case of 
elliptic partial differential equations of second order in more than two inde- 
pendent variables, In this case, the definition of a C*-solution of the analogue 
of (11) or (15) is not given by (12) or (16) but by an integro-differential 
equation involving Green’s functions; cf. Section 7 below. — 

The proof for the existence of C?-solutions of (11) will depend on 
variants of Korn’s procedures [10] (adapted to -(2), instead of (1)), as 
modified by E. Hopf [9]. While loc. cit [9], pp. 202-206, integrals depending 
only on the logarithmic singularity of the Green functions are dealt with, 
below it will be necessary to deal with the Green functions themselves, in order 
to obtain estimates which are valid inside (and on) the boundary curve of 
the domain. 

Although the ideas underlying the proof of (*), as indicated in Section 1, 
are quite simple, the details will be involved. The arrangement of the proof 
of (*) will be as follows: 

In Section 3, the main result (Lemma 1), dealing with a priori estimates 
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for the degree of continuity of the partial derivatives of C?-solutions of (11), 
will be stated, but not.proved. Assuming Lemma 1, the existence theorem 
(Lemma 2) for the first boundary value problem belonging to (11) will be 
stated and proved in Section 4. A proof of (*) will then be deduced from 
this result in Section 5. 

The proof of the main Lemma 1 will be given in Sections 6-12. In 
Section 6, the sheaf of Green functions will be introduced and their desired 
properties will be stated, but not proved, in Lemma 3. In Section 6, there 
will also be stated the analogues (Lemmas 4 and 5) of Hopi’s variants of 
Korn’s results. In Section 7, following Lichtenstein ([13], Section 2), the 
differential equation (11) will be transformed into an integro-differential 
equation involving the Green functions. Assuming Lemmas 3, 4, 5 of Section 
6, the main Lemma 1 will be proved in Section 8. Finally, Lemma 3 will be 
proved in Sections 9-11 and Lemmas 4, 5 in Section 12. 

Section 18 will contain an example mentioned in Section 1 in connection 
with successive approximations and (2)-(38). 


3. <A priori estimates. Let a—a(r), where 0=r<o, be a continuous 
monotone function satisfying (3). In terms of.a(1r) and a given R > 0, define 
(r) =8(r; R) as follows: 

; 4r 2R 
(17) B(r) = (r + a(r)) log (8R/r) + f Ttalrjdr +r f ra(r)dr 
0 T 
for 0 <r 2R (the choice of the factor 8 in log 8R/r assures that log 8R/r = 1 
for 0 <r S 2F). By virtue of (3), 


(18) B(r)—0 as r> 0. 


Let f=A(s,y), Bi(a,y), Bo(a,y), C(a,y) be real-valued functions 
defined on C -+ D, where 


(19) C: £t +y and D: Lpy < R, 
and let these four functions satisfy 

(20) |F(P)—FQ)| S ka(| PR |). 

Let the constant k, be chosen so large that 

(21) [F(P)| Sh. 


If a—=a(z, y), b(x,y), c(#,y) are defined by (13), suppose that (14) holds. 
Let k, be so large that 


(22) d —=ac—b 2 1/k, (>0),  a21/k, (>0). 
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Let ¢=¢(a,y) be a (real-valued) function of class C? on C+D. Let 
the constant ks be chosen so that if f denotes # or any of its first and second 
order partial derivatives, then ) 


(23) | f(P)| She. 


The main lemma will be the following assertion, supplying an a priori 
estimate for the degree of continuity of first order derivatives of C1-solutions 
of (11): . À 


Lemma 1. There exists a pair of functions of kı, say Ra(k,) and cı (k1), 
with the property that if RS Ry and if u= u(x, y) is a Ct-solution of (11) 
on C+D satisfying the boundary condition i 


(24) u==h on O, 

then the first order partial derwatwes f = us, uy are subject to the estimates 
(251) | f | = 0i (ki) ke, 

(252) | F(P) —f(Q) | Sex (ki) kB (| PQ |) 


on C+D, where B(r) =8(r; R) is gwen by (17). 
Remark 1. Note that cı(kı) does not depend on # (= Rp). 


Remark 2. It will be clear from the proof that conditions (2)-(3) on 
f= A, Bı, Bọ C can be relaxed to (2’), (8) in the following sense: Let 
E == E(r, P) denote the set of points Q in z? + y? = R? satisfying | Q— P | &r. 
Assume that 


a(r) Lub. ff IAP) IPQ (40 — dedy) 
. E 


exists, where the 1. u.b. refers to P in z? -+y RF? and f= A, Bı, Ba and O, 
and satisfies e, (7) —> 0 as r—> 0. Then 


a(t) =Lubr f f |f(P)—f@)|-|P—@ [a0 


D-E 
(exists and) satisfies e(r) —> 0 as r->0. Assume that 
e(r) =L u. b. (log | PQ |+) | f(PY—f (Q) |, 


(exists and) satisfies e(r)->0 as r—>0, where l.u.b. refers to P in 
a? +. y? = R?, Qin E(r,P) and f =A, Bp Ba C. Then Lemma 1 remains true 
if (17) is replaced by i 


B(r) =r log (8R/r) + a(r) + e(r) + e(r). 


- 
- 
"A 
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Remark 3. It does not follow from the statement of Lemma 1 that if 
a(r) =r, where 0 <A <1, then B(r) can be chosen to B(r) =r (Korn). 
That this is so follows, however, from the fact that if (17) satisfies a Dini 
condition, 


J mB rar <e, 

+0 
then Lemma 1 can be improved by omitting the term a(r) log1/r in (17). 
The proof of this fact is similar to the application (p. 209) of the Korollar 
(p. 204) in [9]. 

It will be clear from the considerations to follow that it is sufficient to 

prove Lemma 1 for the case that A, Bı, B,, C and ¢ are smooth; so that w is 
of class 0°. 


4, Existence theorem for (11). The existence theorem, mentioned for 
(11) above, is the following Lemma 2. The assumptions on A, Bı, Bz, Č and 
p are those mentioned in connection with (19)-(22) and (23), respectively. 


LEMMA 2. If RS Ro there’ exists one and only one C-solution 
u==u(z,y) of (11) on C+D satisfying the boundary condition (24). 


The existence assertion in this lemma will be deduced from the fact that 
Lemma 2 is known if A, B,, Ba, C and # are smooth (say, analytic) ; ef. [13], 
Sections 2-4 (where it is assumed that B,=B,, but this assumption is not 
actually used). 

There exist sequences {An}, {Bin}, {Bon}, {Cn} of analytic functions on 
C+D satisfying, as n—>0, | 


(26,) An-> A, By—>B,, Bao>B, Cr>C 


uniformly on C+ D and such that the inequalities (19)-(22), where k, is 
independent of n, are satisfied (the existence of such approximating sequences 
follows, for instance, from the theory of Fourier series). Similarly, there 
exists a sequence {¢,} of smooth functions in C +- D satisfying, as no, 


(262) Pn > h 


uniformly on C-+-D and such that , and its first and second order partial 
derivatives satisfy (23), where k» is independent of n. 

Let (11,) denote the partial differential equation -(11) in which A, B,, 
B», C are respectively replaced by An, Bin, Ben, Cn and let (12,) denote the 
integral relation corresponding to (12). Finally, let (24,) denote the 
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boundary condition in which ¢ is replaced by œn. If u—wnz(z,y) denotes 
the solution of the boundary value problem (11,), (24,) and if RS R, it 
follows from Lemma 1 and from (262) that the sequences {un}, {Uns} {Ung} 
are uniformly bounded and equicontinuous on C + D. 

Consequently, after a selection and a renumbering of a subsequence, it 
can be supposed that, as n-—>0, 


(27) u = liM Un, | Ug = liM tng, Uy = liM Uny 


exist uniformly on C+ D. It follows from (262) and (24,) that (24) holds. 
From (26:1), (27) and a term-by-term integration of (12,), as n—>œ, it is 
seen that (12) holds for every piecewise smooth Jordan curve J in D +0. 
This completes the existence proof. 

The proof of uniqueness follows standard procedures for the proof of the 
weak maximum principle. The identity (12) in J implies the Green relation 


f u{ (Botts +- Cuy,)da — (Aus + Bywy)dy} 
J 
= — J f (aUa + 2ugtly + cuy dedy, 
T 


where the double integral is over the interior T of J; cf. [6], Lemma, p. 761. 
Choose J — C and suppose that u= 0 on C. Then 


S f (aug? + 2bugt, + Cuy dedy = 0; 


so that, by (14), Us== u= 0 on C+ D, hence u==0. Thus (11) has exactly 
one C1-solution satisfying the boundary condition w==-0 on ©. In view of 
the linearity of (11), this completes the proof of the uniqueness in Lemma 2. 


5. Proof of (*). Assertion (“) can now be proved by arguments of 
Lichtenstein [13], Section 5; its proof will be given only for the sake of 
completeness. 

In terms of the gix, define A, Bı = Ba, C by (10). Then, by assumption, 
f = A,, Bı = Ba, C satisfy (20)-(22) on C -+ D for suitable choices of R and 
k,. Thus, if R is sufficiently small and ¢ is suitably chosen, the boundary 
value problem (11), (24) has a (unique) Ct-solution u ==u(g, y). It follows 
from the integrated form (12) of (11) that there exists a function v == v (g, y) 
(unique up to an additive constant) which is of class Ct on C-4+-D and 
satisfies the system (9). 

Hence, all that remains to be shown is that u and v satisfy (6) if R is 
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sufficiently small and #(2,y) is suitably chosen. To this end, choose a k: > 0, 
and let (x,y) be a function of class C? on C + D such that ¢ and its first 
and second order partial derivatives satisfy (23) and, in addition, the 
tangential derivative of ¢ at some point of C is not 0. For example, let the 
point (x,y) be (0,R) and let |¢a(0, R)| =k:540. Since (24) implies 
that the tangential derivatives of u and œ coincide on C, it follows that 
| us(0, R)| =k A0. Since cı(kı) in (252) does not depend on & (S Rp), 
it follows from the definition of 8(r) =8(r; R) that uz(z,y) £0 in C+D 
if R is sufficiently small. 

The inequality u.(z,y) 40 on C+D implies (6), in view of (9) and 
(14). This proves (*). | 


6. Green’s functions. In what follows, real- or complex-valued func- 
tions f(z, y) of (x,y) will be denoted by f(z). Correspondingly, fs(z), where 
s =x or s=y, denotes Af (s, y) /as. 


Let a, b, c, d be real constants satisfying (14). Let ¿E= é- tq, 2z =£ + ty 
and let G(f,2) = G (¢,z2;a,b,c) be the Green function of 


(28) AWan + 2bWay + CWyy = 0 

on the circle D belonging to the boundary condition 

(29) w=0 on C. 

Thus, if h—h(z,y) is a sufficiently smooth function on C+D, then 
(30) w(ay—2 f f AOGE edén 


D 
is the solution of 


(31) AWee H 2bWay F CWyy = h 


in D which vanishes on C. 


The proof of Lemma 1 will be made to depend on some properties of the 
sheaf of Green functions G({,2;a,6,c), where the constants (a,b,c) are 
subject to the inequalities 


(32) 1/k, = 4a, 6 S ky, d = ac — b? = 1/k,, 
in which k, is a positive constant. 


For the purpose of denoting partial derivatives of G in Lemma 3, let 
o=€ or o =n, and s, t= rv or y, finally e =a, b or c. 
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Lemma 3. There exvists.a constant co = cs(k:), independent of R, such 
that 





(33) | Ge | S ¢2/| €—z |, | Gee | S c2/| E — z l, 
(34) | Gas |S ¢2/ {—z |, | Gose | SSC2/|£—z |?, 
(35) | Goat |S 60/| £—z|°, | 


for | E| < RB, |z] <BR, z. 


Lemma 3 will be proved in Sections 9-11 below. 
The following two lemmas are analogous to E. Hopf’s variants ([9], 
pp. 202-206) of Korn’s results ([10], pp. 25-82). 


Lemma 4. Let H(£,2;2)) be defined for ¢ (3&2), 2, Zo subject to 
| E| <BR, |z| << R, |2o| < R, let H possess there continuous partial deriva- 
tives with respect to x and y, and let it satisfy, for some constant kes, 


(36) |H|<Sh,/|¢—2|, | H(625%) —H(6 252) Sbya(| m—2°|)/|¢—2|, 
(37) | Hs | Shs/|f—z 





* for s==x and s =y. 


Then, if h(z,y) is a continuous function on C+D and k, ts a constant 
satisfying 


the function 

(39) v (2) -ff h(E) H (E, 203 Zo) dédny 
satisfies j | 

(40) | v(Z0) —v(2°)| S Kkgk.B*(| 2 —2° |), 


where K 1s an absolute constant and 
(41) £ (r) = £ (r; R) = Ra(r) + r log (8R/r). 


Lemma 5. Let L(€,23;20) be defined for € (3&2), 2% Zo subject to 
|E] < R, |z| < R, | zo| < R, let L possess continuous partial derivatives with 
respect to x and y there and let it satisfy, for some constant ks, 


(42) | L| S ks/| >z |”, | D(C, 25%) — LCE 252°) | S ksal] 20. —2° |)/| E—z |?, 
(43) | La | Sh/|€—z2|* for sa and s =y. 


Let h=h(z,y) be continuous on C+D and let k, satisfy (88). Let 
l — l(x, y) be defined on C+D and satisfy 


(44) | 2(21) —-U (22) | S ea (| 21 — za |). 
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Then the function 


(45) o= ff CL) —U ee) Yh (LL (C405 40) dy 
satisfies j 
(46) | p(21) — u (22) | = Kkskskß?(| 21 — #2 D 


where K is an absolute constant and B°(r) = R° (r, E) is defined by 


2r dr 2R 
a(r) cf tr a(r)dr-+ log(2B/r)} + f raf(r)dr+r f ra(r)dr. 
0 0 r 
The proof of Lemma 4 is similar to, but simpler than, the proof of 
Lemma 5 and will therefore be omitted, Lemma 5 will be proved in Section 
12 below. 


Granting Lemmas 3, 4 and 5, the proof of Lemma 1 will be given in the 
next two sections. 


7. The integro-differential equation. In this section and the next, it 
is assumed that A, Bı, Bs, C and @ are smooth (say, analytic). Let 
u= u(t, y) be a solution of the boundary value problem (11), (24). Put 


so that (24) gives 
(48) w= 0 on Č 


and (11) becomes 


(49) (A(w+$)e+ Bi(w+$)y)o+ (Bo(w+$)o+C(w+$)y)y=0. 


Let 2) == To + iyo be a point of D. The differential equation (49) for w 
can be written as 


(50) AoW ex -+ 2DoWay -t CoWyy = h, 
where 


h == hy — hog — hay hy = — lopre — 2bodsy — Codyyy 
(51) ha = (A — Ao) (w + ¢)e+ (Bı— Bi) (w+ $)y, 

hs = (Bz — Bao) (W + $)o + (C—Oo) (w+ $)y; 
(the superscript 0 denotes that the argument of the function is Z = £o -+ iyo). 
In view of (48) and (50), 


(52) ee f f h(E) G (E, 25 doy bo, Co) dédn. 


D 
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Since G vanishes on the boundary of D, partial integrations of the terms 
involving həs, hs, transform the last formula into 


(527) drw (z) =f (hiG + hoGe + hzGy) déd 
D 


(the fact that the singularity of G at ¢==z is of logarithmic order assures 
that this partial integration is permissible). 

Since hy, ha vanish at z= z, and f= A, B,, Bẹ C satisfy (20), the Dini 
condition (3) and standard procedures in potential theory show that, if 
S=% OF $=}, 


(53) — RarWs (Zo) = Sf (hiGs + heGes + hsGns) dédn, 


D 
where the argument of hı, he, hs is £ and that of the partial derivatives of G 
is (f, Zo; do, Bo, Co). 5 | 


8. Proof of Lemma 1. For a bounded function f on D, let 


(54) ; lf] —lu.b.]f| on D. 


The symbol c, will denote a constant depending on k, and independent of 
R (& Ro), Cz a constant depending only on kı, and K an absolute constant 
From the definition of h, and from (21), (28) and (83), 


| fs hi Gdédy | <= Cok ko2arR. 
D 
From the definition of k, and from (21), (23) and (34), 


i 2R 
| S È hGssdédn | S cata (I wwa I+ I wy I + 2a) (27) f alr)dr. 
D Q 


A. similar estimate holds for the third term on the right of (53). Hence 
| wa | + || wy || does not exceed 


2R 


R : 
Qcektkto(R-+- 4 f rta(r)dr) + 2cek: (|| wa || + I wy ll) f ra(r)dr. 


Thus, if A is so small that 
2R 
(55) Zeek, J rita(r) drs 4, Co = Co(k,), 


0 
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it follows that 
R 


(56) — | Wa || + | Wy || SS 4czkika (E + 4 f ra(r)dr). 


If R=R,(k,) is a fixed positive number satisfying (55), then the 
assertion of Lemma 1 concerning (25,) follows from (47) and (56). 
Lemma 4 is applicable to the first term on the right of (53), that is, to 


(57) v(20) = | f Pal) OCE 205 to, bos co) déd, 
i D 


if Gs, hı are identified with H, h, respectively. In fact, the first inequality 
of (36) is a consequence of the first in (33), with ks = c2; the second in (36) 
follows, with k, = 3c.k,, from the second in (83), and from (13) and (20). 
The second line in (51) shows that k, in (38) can be replaced by 2kık2. 
Thus the assertion of Lemma 4 implies that 


(58) — |v(20) —v(2°)| S Kerkaßt (| zo — 2° |) S Keik:ß (| zo — z |). 


If ho, hg in (53) are replaced by their equivalent expressions given by 
(51), the last two terms of (53) become four terms, to each of which Lemma 5 
is applicable. For the sake of definiteness, one of the four terms, say the term 


(59) (zo) = f f (4—40) (w + $) oe (E 205 do, Dos €o) déd, 
D 


will be considered. If L in Lemma 5 is identified with Ge, it follows from 
(20), (84) and (35) that (42), (43) hold, with ks a constant (depending 
only on kı). Let 7 be identified with A, so that (44) holds with k= ky. 
Finally, let h in (45) be identified with (w +¢ẹ)s in (59), so that (88) 
holds with kg = ka + || w, ||. Thus Lemma 5 implies that 


| #(20) — e (2°) | S Key (kz + || we |) 8 (| 2%—* |), 


where c, = G (kı) = cı (kı, Ro) and B? (r) =c,8(r) for a suitable choice of 
Cı = Cı (kı). It follows from (56) that this can be written as 


R 
| u (20) — a (2°) | S Keika (R + af ra(r)dr)B (| zo— z2 |). 


Since the other terms resulting from (53) can be treated similarly, it is 
seen that 
(60) | Ws (Z0) —ws(2°)| S ek 2B(| 2%—2° |), 


10 
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if & = a (ki) = c (kı, Ro) and R= Eo. The inequality (23), when applied 
to the case in which f is a second order partial derivative of ¢, shows that 


| s (20) — ps (2°) | S ka | zo— 2° |. 
Since B(r) 2r when r& 2R, the assertion of Lemma 1 concerning (252) 


follows from (47) and (60). 
This completes the proof of Lemma 1. 


9. The inequalities (83;), (84;), (85;), j= 1,2. Lemma 3, that is, the 
properties (83)-(85) of G, will be deduced from properties of the Green 
function 
(61) y(Z,Z) =log | (R? — ZZ) /R(Z—Z)| 


belonging, in |Z| < R, to Laplace’s equation and the boundary condition 
u=0 on |Z| =R. 
The change of independent variables 


(62) U=2/i, V= (—br + ay)/ (œd) 

transforms (28) into 

(63) Wou + Wry =h, 

C into an ellipse C, and D into the interior D, of Co. Let g(Q,W) be the 
Green function belonging to (63) on Do. Then 


(64) G(é,z) =d>g(W (E), W(2)), where W=U +11, 

W= W(z) is the affine transformation (62), and d> =ô (U, V)/ð (x,y). 
Thus if Z=Z(W)=Z(W;a,b,c) is a conformal mapping of Do onto the 
circle |W | < R, it follows that 

(65) g(2,W) =y(4(2),4(W)). 


The formulae (64), (65) give Œ explicitly in terms of (61) and a 
mapping function Z—Z(W). The latter is expressible in terms of elliptic 
functions (cf. [16]) and can be chosen so as to be analytic in the real para- 
meters a, b, c, as well as in W. In view of (64) and (65), a formula for Ģ is 


(66) G(f,23;a,b,c) =d"y(Z,Z), 
where 
(67) 4=Z(W(z)), £=4(W()), 


and y is defined by (61). 
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The following notation is used below for the variables which occur: 
2z—=e+iy, W=U+iW, Z=X+iY, C=—E+y, Ze E+ tH. 


The symbol c, will denote a positive constant, not always the same, depending 
only on k, and independent of R. The letter K will signify some positive 
(absolute) constant. 

In order to follow the dependence of G on R, let Z==Z+(W) be the 
function Z(W) for the case R=1. Then Z(W), belonging to A, is 
Z(W) =RZ*(W/R). Note that the affine transformation (62) does not 
depend on R and is linear and homogeneous, so that W(z)/R = W(2z/R). 
It follows that 


(68,) cot | Zw | See; (682) |Zww| S 6/R; (683) | Zwww | S 62/R?. 
If e =a, b or c and Z=2Z(W,a,6,c), then 
(69,) | Ze Sook; (692) | Zwe| S c2; (693) |Zwwe | Se2/R. 


In particular, the ratio |Z2(Wi) —Z(W2)|/| Wı— W| is bounded from 
above and from below by cs, co, respectively. Hence (62) and (22) imply 
that 

(70;) cot S| Z(W(2)) —Z(W(L))|/|2—£ | So, 


(702) [Z.(W(2)) —Ze(W(£))|See|2—Cl. 





The inequalities (69) and (70), involving partial derivatives with 
respect e==a, b or c, were derived by considering Z==2Z(W,a,b,c) as a 
function of W and a, b, c. The function Z(W(z)) =Z(W (434, b,c), a,b,c), 
where W = W (z;a,b,c) is the affine transformation (62), depends however 
on a, b, c in a (slightly) more complicated fashion. The derivative of Z(W(z)) 
with respect to e =a, b or c is ZwW,-+-Z,. Since W, depends linearly on x 
and y, it follows that | We | & cR and | We(2) — Welt) | & c2 |z—¢ |. Hence 
(69,) and (702) hold if Ze is also an abbreviation for ZyW.-+ Ze It is in 
this sense that Z, will be used below. Similar remarks hold for (692) and 


(695). 
Let the function (61) be written as y == y: -+--y2—log R, where 
(71) y=—lg|Z—Z|, (712) yo==log| R?—ZZ|. 


Let the equations (66)-(67), where y = y, or y= ya define G, and Gz; so 
that G= d> (Gi + @a—log k). The proofs of (83)-(85) will be given 
separately for G,, Ga. The inequalities analogous to (88), (84), (85) for 
G, will be referred to as (33;), (34,), (85;), where j = 1,2. 
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10. Proof of (83,), (34,), (85,). If s==a or s—y, then (66)-(67) -` 
give 
( Y2 ) G js = yjz 8 + yY s, 
where, for 7} = 1, 
(%3) nwx=(E—X)/|Z—-Z),  yr=(8—Y)/|Z—Z 


Since (68,). implies that | X, |, | Fe |S ce, the first inequality in (38,) follows 
from (67) and (70,). The second inequality in (33,) follows from (69.) . 
and (702). 

In order to prove (34,), differentiate (72) with respect to o = £ or o = q. 
This gives 


(74) Giro = yixeX s(W (2)) X(W (£) ) + yixaăa(W(2)) YW) +° °°, 


A 
- 
a 





where t==@% or t==y according as o= é or o==7, and +: -- indicates two 
more terms. When j=1, the first factor of the first term on the right is 
(75) nz == 1/|Z—Z |?—2(2—X)*/|Z—4 |‘; 


the other factors yixn, yiv#, yiva are similar. Thus the first inequality in 
(34,) follows from (67), (68,) and (70,). If j=1 and if (74) is differ- 
entiated with respect to e= a, b, or c, then (702) shows that y:xwe,- >- have 
majorants of the form c./|z—£|?, while (69,) and (692) show that Xs Xse,° °° 
have majorants of the form c». This proves (34,). 

' In order to prove (35,), let 7==1 and let (74) be differentiated with 
respect to ¿=v or t==y. It is clear that the resulting terms involving a 
third order partial derivative of y (with respect to Y, FY, =, H) are majorized 
by ¢./2—£ |3, while, by (682), those involving a.second order partial deriva- 
tive of y, and a second order partial derivative of X or Y, are majorized by 
Cs/|2-—|*R. Since 2R > |z—¢¿ |, the inequality (35,) follows. 


‘11. Proof of (83,), (84,), (35.). The proofs of these inequalities will 
be similar to those of (83,); (841), (352) but they will depend, in addition, 
to (68), (69) and (70), on two elementary inequalities and on some remarks 
on the inequalities (70) for the case when |z|==R or |€|==R. Both of 
the required elementary inequalities, which can be interpreted in terms of the 
geometry of the circle, will be proved for the sake of completeness. 


The first elementary inequality is 
(76) R2 | R°? — ZZ | =| Z—Z |/4, |Z| < R |Z| <R. 
In order to verify (76), note that if Z, is the mid-point of the line segment 
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joining Z and R?/Ž, then |Z| >R. Hence, the perpendicular bisector of 
this segment does not intersect the circle | Z | =R. Consequently, 

| |Z—R?/Z|=|Z—Z|. 
But R+ | R?-—ZZ|=—|Z/R| -| Z— R°?/Ż |, = 
On the other hand, if |Z| << 4R, then R| R?—2ZZ|=]=4R= | Z—Z |/4. 
This completes the verification of (76). 


The second elementary inequality is 


(37) R(R—|Z|)/|R—2Z| £2. 





The proof of this is obvious if it is remarked that the left side does not 
exceed | R/Z |. 

The derivations of the inequalities (68)-(70) how that they are valid 
if the arguments z, £, W of the functions involved are on the boundaries 
C, C, Co of the appropriate circular or elliptical domain. This fact will 
now be used to derive the following consequences of (70,), (702), respectively : 


(78) tS (R—|Z2(W(z))|)/(R—|2|) Ses, 
(782) = | a(| Z(W(z)) |? — R*) foe | S e(R— |Z) (e =a, b, orc). 


In order to verify the second inequality in (78,), let 2 be fixed (|z| < B) 
and let zo be a point of C nearest z Thus |z—z|—R-—j|z|. Then 
| Z(W(2o))| = R, and so - 


|2(W(2)) —2(W(2))| = R—|2(W(z))|. 


The second inequality in (70,) shows that the expression on the left is 
majorized by ¢:|z—2|==¢c.(R—|2|). Hence the second inequality in 
| (7%8,) follows. The first inequality in (78,) is similarly proved. 

If R? is replaced by |Z(W(2,.))|?, then (78+) follows from the case 
E=== 2 of (702) (and the fact that ||f|.| =| fe |). ? 

The inequalities (77) and (78,) will be used together, in the form 


(79) R(R—|€|)/|B°—2Z| Sa, 
where Z and Z are given by (67). 

Finally, 
(80) R?— ZZ =f -+ iS, 


where R and & are real and are given by 
R= (R—|Z\?) +E(E—X) + H(H—Y), 
S= H(X — EZ) + B(H— VY) 


Paai 


(81) 
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or, equivalently, by 
R= |Z|) 4+X(X¥—#) + ¥(¥—H), $—X(A—Y) + ¥(X—2). 


The proof of (88,) can now proceed as follows: 
In the case 7== 2 of (72), 


(82) yax =(—ER + H9)/| B°—ZZ|*, yoy =(—HR—EQ)/| R? — ZZ |. 
` Thus | yee | S R/ R?—ŻZ|, where S=X or S—Y. Hence the first 
inequality in (83) follows from (76) and (70,). 

In order to prove the second part in (832), note that a differentiation 
of (72), where j==2, with respect to e (==a, b or c) leads to terms each of 
which is majorized by one of the expressions 


coR/|R?—ZZ|, oR?(R—|Z\)/|R?°—ZZ 


by virtue of (81), (82) and (69), (70), (78). Hence the second inequality 
in (33.2) follows from (76) and (77). 

This proof of (33.2) shows that (842), (352) can be proved in a manner 
similar to that used above for (84,), (85,), with R, J in (81) playing the 
rôles of the real and imaginary parts, =—X and H— Y, of Z—Z. The 
details of these arguments will therefore be omitted. 

Since the factor d> in (66) is simply the function (ac— b?) of a, b, c, 
it is clear that Lemma 3 follows from the inequalities (33;), (84;), (85;) 
for j= 1,2. 


2 eR? |2—£|/| R?— ZZ |, 





12. Proof of Lemma 5. The function (45) can be written as u (Zo, Zo), 
where 


(83) saa) — S È OE) 12) 6) L(G 2520) adn, 
D 


In order to prove Lemma 5, it is sufficient to verify inequalities of the type 
(46) for both 


(84) | # (2 z0) — p (2, 2°) | 
and 
(85) | p (22, 20) — a (21, 20) |. 


The second inequality in (42) and the inequalities (38) and (44) show 
that (84) is majorized by 


kek gkega (| 29 — 2° |) ff a(|€—2|)|¢€—2|-*dédy. 
D 
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2R 

The last integral does not exceed 2r f a(r)r^dr. Hence 
0 

2R 


(86) | (2, Zo) — u (2,2?) | S Brkakskea (| % — 2° |) f a(r)rtdr. 
| : 
In order to appraise (85), let 
(87) T = 2 | zı — 2s | 


and let E = E(r) denote the portion of the circular disc |z — 2 | < r con- 


tained in D, 


(88) E: |z—2,|<r,|2| <P. 
Then the difference whose absolute value occurs in (85) can be written as 
(89) pt ( 22,2) — p (21; 20) = L + L,— (Al) Is, 
with 

=A ff J (É, 2320) d&dn, 

E 
(90) . b= ff (I(E) —1 (21) )R(E)AD(E, 23 20) dédn, 
D-E 


L= J f WOLE 20520) ded 
D-E 


where J(¢,2}2 ) is the integrand in (83) and, for any function g(z,: - -) 
depending on z, the symbol Ag denotes the difference g(22,- © -) — g (Zu °°). 
By (88), (44) and the first inequality in (42), 


Sf | 7 (£, 2520) | dédy S kakske S f a(lg—#[)|g—2 | déd. 
E E 


If ¢ is on E and if z =z, or z= z», then |z—¿|& 2r. Hence 
2r 
(91) | I, | E 2 (kskske) (27) f rta(r)dr. 
0 P 1 
It follows from (43) that |AL|<4h.r/|2,—|%, where z, is some 
point on the line segment joining z, and zə» If ¢ is not in E, then 
| 2%—€|2la—¢|—|z2a—z,|. Since |z,—2,|S4rShl|2.—Z|, it 
follows that |z,—{|=4|2:—£|. Hence |AL|<4ksr/|z,—£|*. This, 
by (88) and (44), 
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2R 
(92) | I, | S4(kikske) (20) r f ra(r) dr. 


r 


Finally, (88) and the first inequality in (42) imply that 


2R 
| Is | E kaks f f | £— z | déd S (kaks) (27) f dr; 
= ar 
so that, by (44), ' 
(98) |(A1) Is |S (Kebabs) (27)a (8r) log (48/7). 
By (89), (91), (92) and (93), the difference (85) is majorized by 


2r 2R 
K (kakske) {a (47) log (4R/r) + f ta(r)dr—+r fr a(r)dr}, 
o ar 
where $r == | 2,—22|. Hence, Lemma 5 follows from (86), by virtue of the 
definition of £?(7) in the formula line following (46). 


13. An example. Let #=F'(r) be a continuous function on Sr & R 
satisfying 
(94) F(r) 20 according as r= 0 


and let S be the surface of revolution defined by 


(95) ` S: a—a(z,y)— | P(r)ar (r= (#2 + y*)8= 0). 


(In this section, z is real and (2,y,2) are coordinates in space.) Thus 9 
is a surface of class C1. The element of arc-length on S is given by (7), 
where 


(96) gu = 1 + Fa? / (a? +9’), Jı = FPay/ (2? + 4°), 
Joo = 1 + °y*/ (a? +y’). 


Let a ==a(r}) be defined, for 0 & r 4, by 


(97) a(r) =1/log?r or a(r) ==0 according as r= 0 
and let 
(98) F(r) =—1/logr or F(r) 0 according as r= 0. 


Then (97) satisfies (3) and f= F? satisfies (2) on 2? +y°= Rf? (1/4). 
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\ 
It is easily verified that f == gm, also satisfy (2)-(8) for i, k= 1,2, where gix 


is given by (96) and a(r) by (97). 

A mapping u == u(x, y), v=v(2,y) of class C* transforming (7) into 
the conformal normal form is given by 
(99) w=—=p(r)t, v=pl(r)y, r= (2? +y), 


where, for r > 0, 
R 


(100) p(r) =rtexp(— f ra + I(r) )Bdr) 


rT 


the conformal normal form (8) for ds? is 
(101) ds? == p° {r) (du? + dv?) ; 


cf. [3], Appendix. The definition of p(0) follows by continuity from (102) - 
below; the fact that u, v are of class C* can be seen from the derivation of 
(102) ; finally, 8 (u, v)/ð (x, y) £0 is a consequence of p> 0. 


R 
Note that (100) satisfies Rp (7) = exp f {rt (1 — (1+ F?(r))4}dr; so 


r 


that 


R r T R 
Rp(r) =exp( f — f ) = Const. exp — f , where Const. = exp f i 
0 0 0 0 


On writing (1+ F?)4 as 1-+49F°(r) +--+, it is seen that 


(Const./R) p-*(r) = exp f (rF? (r) +: + -)dr. 


Since f TF? (r)dr == —1/logr, by (98), it follows that 


0 


(102) p(n) = (R/Const.) {1 —$ (1 + 0(1)) /logr)}. 
Hence, the factor p-?(7) in (101) satisfies, for small r > 0, 
(103) p2 (1) —p2(0) = (4R/Const.)?(—1/logr). 


By the transformation rule for a metric tensor, there exists a constant 
c>0 such that at least one of the four partial derivatives f= ug, Uy, V2, Vy 
satisfies 


(104) | f(2,y) —f(0, 0) | = c/|logr |. 
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On the other hand, the 8(r) in (17) belonging to (97) satisfies B(r) S C/| log r | 
for a suitable choice of O == C(R). Hence, by Lemma 1, f= Us, Uy, Va, Vy 
satisfy 


(108) - |#(P) —#(Q)| S$ 0/1 log |P | |. 


This example shows that, in general, the function B(r) in Lemma 1 
cannot be replaced by a “smaller” function. It also shows that, while a(r) 
satisfies the Dini condition (3), the function 8(r) need not, and that B(r) 
cannot be replaced by a function which satisfies a Dini condition 


T g(r) dr <o. 
+0 
As observed in Section 1, it follows that when (1) is relaxed to (2)-(3), the 
usual method of successive approximations cannot supply existence theorems. 
The example of a ds? given by (96) is a modification of one given by 
Lavrentieff [12], p. 420, and used in [3], Appendix, for a related purpose. 
(In the last formula line of [3], p. 308, the term 7/2R should be 2?/2RK. | 


14, Remarks on the proof of (*"). It is clear from the proof of (*) 
that the terms Du, E, those which occur in (15), but not in (11), cause no 
complications and that the proof of the main (non-parenthetical) part of (**) 
follows from that of Lemma 2. In fact, the same is true even if Du in (15) 
is replaced by Fits + Fu, + Du, when D, F,, F, are continuous. In this 
case, however, Ro will depend also on the bounds for | F, |, | Pe |. 

Since analogous remarks apply to the last (parenthetical) part of (**), 
the proof of this part of (**) will be indicated only for the case (11) of 
(15), where D==H=0. It will be shown that, under the conditions stated, 
the proof of Lemma 1 can be modified so as to lead to an a priori estimate 
for the degree of continuity, and to a priori bounds, for the second order 
partial derivatives of C-solutions u==u(«,y) of (11). . 

To this end, consider the integro-differential equation (52) for w 
(=u—¢). Differentiation of (52) with respect to s ==<s or s==y leads to 

l ‘ 


(106) RrW,(Z) = ff h(t) Gs A Z 5 hoy bo, Co) déd. 
D 


( 
This step can be made, since it is assumed that A, Bı, B2, C are of class C* 
and that u, ¢ are of class O’. 


Since A, B,, Bs, C are of class C*, it follows from (*) that we, Wy re 
a uniform Hölder condition of any order A<1 (with a Holder constant 
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depending only on A, Ro and the bounds for the partial derivatives of A, B,, 
Ba, C). Hence, the motivation for (53) assures the validity of the formal 
differentiation of (106) with respect to t==« or t=y at the point z= Zo, 


(107) Rawal) =M f f Gatit | J MOH) Gude, 
D D 


where the argument of the partial derivative of G in the last integral is 
(E, 203 do, Bo, Co). In fact, this motivation is more readily seen if the terms 
hoe, hoy in h are written as 


has = Ae(w + )2-+(A—Ao)(w+ p) t is 
hay = Boy(w + p)e + (B2 — Bao) (w + ¢)ay +: ` 


Since Lemma 3 holds if c—2 or oy (as well as o==€ or o =ņ in 
(34)-(35)), the last formula and (107) show that, if R is sufficiently small, 
then the arguments leading to Lemma 1 supply a priori estimates for the 
degree of continuity and a priori bounds for w.. The proof of Lemma 2 
shows that under the assumptions of the last part of (**), (*-solutions of . 
(11) are of class C°. 


APPENDIX. 


Potential Theory and Lebesgue Constants. 


Let f—f(z,y) be uniformly continuous on an open bounded domain D 
of the (z,y)-plane. Then a formal solution ¢ = ẹ (x,y) of Poisson’s equations 
(1) pea + pu =f 


on D is the logarithmic potential 
(2) ploy) =£ | f fw) logr dudn, 
D 


where 7? = (z— u)? -+ (y—v)*. Actually, the second derivatives of the 
function (2) need not exist on D if f(x,y), instead of satisfying something 
like a Hélder condition, is just uniformly continuous. In fact, Petrini [15], 
pp. 132-133, has shown that the derivative ss of (22) will exist at a point 
(a,b) of D if and only if the limit 


(3) lim. ff f(u, v) (log?) wududv exists, 
E~> 0 


D-E (e $ a,b) 
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where H(e;a,b) denotes the interior of the circle of radius e about (a,b), 
and that a corresponding criterion holds for yy and day (or dy), with 
(logr)uu replaced by (log?) y, (log r)us = (logr)vu in (3). (Incidentally, 
this implies that ¢.,(a, b) exists if and only if ¢yo(a, b} does [and is dya(a, b)] ; 
in addition [ef. loc. cit., p. 184], the existence of ¢22(a,b) is equivalent to 
that of y,(a,6)). 

Petrini observes ([15], p. 188) that if D contains (0,0) and if 


(4) f(z, y) = 2°/(r? log r) (if (x, y) 4 (0,0), and f(0, 0) = 0), 


then (8) fails to hold at (a,b) = (0,0). This proves that the second 
derivatives of (2) need not exist when f is just continuous. 

Another turn to Petrini’s criterion (3) was given in [17]. This turn, 
which in [17%] made possible the passage from (1) to the homogeneous 
equation 


(5) Wao + Yuy + fy = 0 


(and which was further exploited in [7]), consists in the following observa- 
tion: Instead of finding an explicit example (such as (4)) which violates 
Petrini’s condition (3), it is sufficient to think of the limit (3) (if any) as 
a “singular integral” in the sense of Lebesgue, with 


(6) | | | f | f | Qog r)uu | dude 


D~-H(e;a,;b) 


as the“ «-th Lebesgue constant.” Since (6) tends to œo as e— 0, it is sufficient 
to appeal to Lebesgue’s classical “norm construction” (cf. hic Il Ze our les 
séries trigonométriques (1906), pp. 85-87) in order to obtain a uniformly 
continuous f(z,y) for which the logarithmic potential (2) fails to possess 
second derivatives. 

The object of this appendix is to point out the fact that there exist 
on D (say on x? 4-4? <1) uniformly continuous functions f(x,y) corre- 
sponding to which the second derivatives 


(7) Pan, zy — Pys Pyy 


of the logarithmic potential (2) exist on D but (2) fails to be of class C? 
in any neighborhood of certain points of D (so that the derivatives (7) exist 
but are not continuous). In addition, the steps leading to this fact will 
make it clear that it can be transferred from e to (5), if use is made of 
the considerations applied in [17]. 


The above-quoted passage in Lebesgue’s book is that which, from the 
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unboundedness of the Lebesgue constants of the partial sums of Fourier series, 
constructs the existence of a continuous function having a divergent Fourier 
series. But a later passage (Lebesgue, op. cit., pp. 88-89) constructs, on the 
same basis, a continuous (periodic) function having a Fourier series which 
is convergent throughout but does not converge uniformly. The statement 
italicized above follows by using this second construction of Lebesgue (instead 
of appealing, as in [17], to his first construction, that in op. ctt., pp. 85-87). 

It may be mentioned that, while (3) is necessary and sufficient for the 
existence of de2(a,b), the uniform existence of the limit (8) on all compact 
subsets of points (a,b) of D is necessary and sufficient for the existence of 
Q continuous dee In fact, this statement follows from the considerations of 
[15], pp. 181-133, leading to (3), and from the fact that a function of a 
single variable has a continuous derivative if and only if the difference 
quotients have a uniform limit. 


Similar remarks hold for the existence and continuity of dey == dy, and 
dy. The nature of these criteria for the existence and continuity of (7) 
is one of the reasons why, in contrast to a simple “explicit” example (such 
as (4)) for the non-existence of (7), a “construction” is needed to exhibit 
a case in which (7) exist but are not continuous. 


These criteria also show that the “construction” can be carried out so 
as to lead to bounded, but not continuous, functions (7). 


THe Jonns HOPKINS UNIVERSITY. 


REFERENCES. 


eomer an 


[1] L. Bianchi, Opere, vol. 1, (Rome, 1953), pp. 123-135 [1889]. 


[2] S. S. Chern, “An elementary proof of the existence of isothermal parameters on 
a surface,” (to appear in the Proceedings of the American Mathematical 
Society). 


[3] 





, P. Hartman and A. Wintner, “On isothermic coordinates,” Commentarii 
Mathematici Helvetici, vol. 28 (1954), pp. 301-309. 

[4] U. Dini, Serie di Fourier ed altre rappresentazioni analitiche delle funzioni di una 
variabile reale, Pisa, 1880. 





[5] , “Sur la méthode des approximations successives pour les équations aux 
dérivées partielles du deuxième ordre,” Acta Mathematica, vol. 25 (1902), 
pp. 185-230. 


854 PHILIP HARTMAN AND AUREL WINTNER. 


[6] P. Hartman and A. Wintner, “On the fundamental equations of differential 
geometry,” American Journal of Mathematics, vol. 72 (1950), pp. 757-774. 


[7] 





and A. Wintner, “ On the existence of Riemannian manifolds which cannot 
carry non-constant analytic or harmonic functions in the small,” ibid., 
vol. 75 (1953), pp. 260-276. 

[8] O. Holder, Beiträge zur Potentialtheorie, Inaugural-Dissertation (Tübingen), 
Stuttgart, 1882. 


[9] E. Hopf, “Über den funktionalen, inbesondere den analytischen Charakter der 
Lösungen elliptischer Differentialgleichungen zweiter Ordnung,” Mathe- 
matische Zeitschrift, vol. 34 (1932), pp. 194-233. 

[10] A. Korn, “ Über Minimalflächen, deren Randkurven wenig von ebenen Kurven 


abweichen,” Abhandlungen der Königlich Preussischen Akademie der 
Wissenschaft, Berlin (1909), Anhang II. i 

, “ Zwei Anwendungen der Methode der sukzessiven Annäherungen,” Schwarz 
Festschrift, Berlin (1914), pp. 215-229. 

[12] M. Lavrentieff, “Sur une classe de représentations continues,” Recueil Mathé- 

matique, vol. 42 (1935), pp. 407-424. 
[13] L. Lichtenstein, “ Zur Theorie der konformen Abbildung. Konforme Abbildung 
nicht-analytischer, singularititenfreier Flichenstiicke auf ebene Gebiete,” 
Bulletin International de VAcadémie des Sciences de Cracovie, ser. A, 1916, 
pp. 192-217. 
, “Neuere Entwicklung der Theorie partieller Differentialgleichungen 
zweiter Ordnung vom elliptischen Typus,” Encyklopädie der mathe- 
matischen Wissenschaften, vol. IIC (1924), pp. 1279-1334. 
{15] H. Petrini, “Les dérivées premières et secondes du potentiel logarithmique,” 
Journal de Mathématiques, ser, 6, vol. 5 (1909), pp. 127-223. 

{16] H. A. Schwarz, Gesammelte mathematische Abhandlungen, vol. 2 (1890), pp. 102- 
107 [1869]. 

[17] A. Wintner, “On the Holder restrictions in the theory of partial differential 
equations,” American Journal of Mathematics, vol. 75 (1950), pp. 731-738. 





[il] 


[14] 





ON ALGEBRAIC GROUPS OF TRANSFORMATIONS.* 


By ANDRÉ WEIL. 


In my Variétés abéliennes (Hermann, Paris, 1948; quoted hereafter as 
VA), I gave the rudiments of a theory of algebraic group-varieties. As these 
have become wholly inadequate to the present state of growth of algebraic 
geometry, a fuller treatment of this topic will be given here. 

To define a group in algebraic geometry, one simply takes over the 
usual definition and adds the condition that all the objects entering into it 
must have a meaning from the point of view of the algebraic geometer. This 
means that the elements of the group must be the points of algebraic varieties 
in finite number, that the mappings (s, y)—>sy and s—> s> which define 
the group-structure are mappings in the sense of algebraic geometry, i.e. that 
their graphs consist of algebraic varieties, and finally that these mappings 
are everywhere defined in the sense of algebraic geometry. ‘The same can be 
done in an obvious manner for groups of transformations and for homogeneous 
spaces. 

For simplicity, we consider only groups and spaces consisting of a single 
variety; this corresponds to the assumption of connectedness in the theory 
of topological groups. In §1, we shall deal with those properties of groups 
and transformation-spaces which are birationally invariant, giving what will 
eventually prove to be a birationally invariant characterization of such spaces; 
this is obtained by writing down the basic axioms for groups and trans- 
formation-spaces at generic points only. Our main purpose is, starting from 
such objects, to derive from them birationally equivalent objects which are 
groups and transformation-spaces in the full sense described above. The 
method which will be followed is very simple, and, I believe, the most natural 
one which could be imagined ; it derives from the observation that the varieties 
from which one starts, even though they may not be true groups or trans- 
formation-spaces, nevertheless contain large pieces or “chunks” (more pre- 
cisely, open subsets) of such spaces; to isolate these is the purpose of § II. 
In § III, they are pieced together, by the technique of “abstract varieties,” 
so as to achieve the desired result; the way in which this is done at first 
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requires an enlargement of the groundfield. Then a modified procedure is 
given whereby our spaces can be exhibited as varieties over the original 
groundfield ; according to an idea which was first applied to similar problems 
by Matsusaka, and again quite recently by Chow, this is done by building up 
suitable symmetric products by means of the Chow points of 0-cycles. Some 
auxiliary results, belonging to the foundations of algebraic geometry, which 
would have interrupted the treatment of the main topic, are dealt with in 
an Appendix. A further paper, to appear in this same volume, will contain 
various applications of the general theory. 


$I. Some birationally invariant results. 


The very convenient language of the Zariski topology will be used freely 
in the following manner. By a closed subset of a variety V, or by a closed 
set on V, we shall understand any union of subvarieties of V, other than Y; 
thus V itself is not a closed set on V; there is some impropriety in this (the 
proper words for our concept being “non-dense closed set”), but this seemed 
preferable to endless repetitions. An open set on V is defined as the comple- 
ment. of a closed set on V (this should properly be called a “non-empty open 
set”). If k is a field of definition for V, we say that a subset of V is 
k-closed if it is closed and its components are algebraic over k, and if more- 
over it is invariant by all automorphisms over & of the algebraic closure k of k. 

A k-open set on V is the complement of a k-closed set. 
| By a variety, we mean an abstract variety unless the contrary is stipulated. 
The final models for our groups and transformation-spaces will be constructed 
in §§ ITI-IV as abstract varieties; until then, little or nothing would be lost 
(and nothing would be gained) if we confined our attention to projective or 
to affine varieties. | 


1. Let V be a variety, defined over a field & Let f be a mapping of 
VX V into V, defined over k. Consider the following condition on f: 


= (G1) Ifa, y are independent generic points of V over k, and 2==f(a,y), 
then k(x,y) == k(x, 2) = k(y, 2). 


This is equivalent to saying that k(x) C k(z,y) and k(y) C k(a,2). 
It implies that any two of the points z, y, z are independent generic points 
of V over k and determine the third one uniquely. 

Let x, y, t be independent generic points of V over k; (G1) implies that 
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(f(z,y),t) and (a,f(y,t)) are two pairs of independent generic points of 
V over k. Thus, if (G1) is assumed, the following condition is meaningful: 


(G2) If a, y, t are independent generic points of V over k, then: 
(f(a), t) =f(2, f(y, t)). 


This is of course the associativity condition (but postulated only at indepen- 
dent generic points) for f. 

If (G1), (G2) are satisfied, we say that f is a normal (internal) law of 
composition on V, and that V, with this law, is a pre-group; f will then mostly 
be written as a multiplication, i.e. as zy instead of f(a,y). If V, with the 
law f, is a pre-group over k, it is so, a fortiori, over every field K containing k. 
Let a variety V” be birationally equivalent to V over such a field K; let x,y 
be independent generic points of V over K, put z= zy, and call 2’,y’,2’ the 
generic points of V’ over K which correspond to x, y, z respectively. Then 
K (a), K(y’), K(#’) are respectively the same as K(w), K(y), K(z), and 
thus, since K(2’) C K(a’,y’), we may write 7f =f (x,y), where F is a 
mapping of V’ X V’ into V’, defined over K. One sees at once that f satisfies 
(G1) and (G2); we say that it is the law of composition on V’, derived 
from f by transfer; and we say that V’, with the law f, is a pre-group . 
birationally equivalent to the pre-group V with the law f. This shows that | 
the concept of a pre-group is invariant under arbitrary birational correspon- 
dences; a pre-group can thus be studied on any model, e.g. on an affine or 
a projective model. 


Proposition 1. Let V be a pre-group, defined over k. There is a 
uniquely determined mapping p of V into V, which is defined over k and is 
such that, if we put s1==(s) for every s on V at which ts defined, the 


following conditions are fulfilled whenever x, y are independent generic points 
on V over k: 


(i) &(a*) =k(x); (ii) (at) t—2; (iti) y= (#") (zy); 
(iv) s= (sy) (y=); (v) (ey) = (y*) (r>). 


If we put z= zy, we have k(y) C k(x,z), and therefore there is a 
mapping À of V X V into V, defined over k, such that y =A (z, z) ; similarly 
there is a mapping » of V X V into V, defined over k, such that «= p(z, y). 
Take ¢ generic on V over &(a,y,z); put y = yt, z =zt; by associativity, 
the latter relation gives z’ = gy’. Put u= p(y,2); by the definition of p, 
this is equivalent to y = uz. By (G1), this implies that &(u,z) =k(y,2),; 
and so u, z, ¢ are independent generic points on V over k; therefore, by (G2), 
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we have (uz)t==u(2t), which can be written as y = uz; as this also shows 
that u,-2’ aré Beneric and independent over k, the latter relation implies, by 
(G1), that k(u) C k(y’,2’). Therefore k(u) is contained in k(y,z), i.e. in 
k(x, y), and also in k(y’,2’), i.e. in k(a,y’). But, by (G1), y and y —y! 
are generic and independent over k(x), and so k(z,y) and k(z,y’) 
are independent regular extensions of k(x); their intersection is therefore 
k(x), and so we have k(w) C k(x), so that we may write u = (x), where ¢ 
is a mapping of V into V, defined over k. As x, u are no other than p(z, y) 
and »(y,2), the relation between them is symmetrical, and we have s = ¢ (u) 
and k(x) C k(u), and so k(x) = k(u). We have thus verified (i), (ii), (iii). 
Also, by (G1), any two of the points x, y, z in z= sy determine the third 
one uniquely provided they are generic and independent over k; from this 
it follows that u = (s) is uniquely determined by the relation y= uz, and 
so the function ¢ is uniquely determined by (iii). From now on, write a? . 
instead of $(z). 

Let now v be generic on V over k(z,y); put s = (zy)v = s(yv). As 
x, yv are generic and independent over k, s = s(yv) is equivalent to yv = rts, 
by (ili); and again by (iii), this is equivalent to v—y"(a"s) since y and 
yv are generic and independent over k by (G1). By (i), the points s, y- 
and v are generic and independent over k, and therefore the last relation, by 
(G2) can be written as v = (y‘a")s. As s= (ay)v, and wy, v are generic 
and independent over k, this shows that ya? = (ay), which is (v). This, 
with z = zy, can be written as 27t = ya", which, by (iii), is equivalent to 
gt==y(z"); applying (v) to the latter relation, we get s= (27)7(y°%), 
which, in view of (ii), gives (iv). This completes the proof. 

With the same notations as above, we have A(a,z) 22 and 

p(z, y) =zy". One should observe, however, that the function àA may be 
defined at a point (s,¢) of V X V without the expression st being defined ;~ 
in fact, A may be defined at (s,¢) without ¢ being defined at s. A similar 
remark applies to up. 


COROLLARY. With the notations of Prop. 1, assume that the function 
f(y) ay is defined at (a,x). Then the function s—> (s>)r is a 
constant e, rational over k. If, moreover, f is defined at (e,x), then ex—2; 
af it is defined at (a, e), then te =c. 


With x, y and z= zy as before, the assumption implies that 2-12, i.e. 
(by Prop. 1(v)) (y*a")z is defined. In the relation (uv)z = u(vz), with 
u, v generic and independent over k(z), specialize (u,v) to (y*,a*) over 
k(z); by our assumption, the left-hand side is defined; also, u and vz get 
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specialized to y+ and sz, the latter being defined and equal to y by 
Prop. 1 (iii). Since, by our assumption, f is defined at (y1, y), this gives 
zizg=-y y; in other words, the function ss has the same value at z and 
at y. As y, z are independent generic points of V over k, this implies that 
the function is a constant; as it is defined over k, its constant value must 
then be rational over k. Putting e=-a2"2 and replacing x by r+, we get, 
in view of Prop. 1(i)-(ii), e=gs(s>). Taking t generic over &(z,y), 
specialize ¢ to a? in the relation (vy) = (tx)y; the left-hand side becomes 
y by Prop. 1 (iii), and the right-hand side becomes ey provided this is defined. 
Specializing y to 2? in the same relation, we get tet provided te is defined. 


2. Let V and W be two varieties, defined over a field k. Let f, g be 
two mappings, both defined over k, of V X V into V and of V X W into W, 
respectively. Consider the following conditions: 


(TG1) For a generic œ over k on V, the mapping u->g(a,u) of W 
into W is a birational correspondence between W and W. 


This is equivalent to saying that, if x, u are independent generic points 
of V and of W, respectively, over k, then k(x, g(v,u)) =k(2,u). 


(TG2) If a, y, u are independent generic points of V, V and W, 
respectwely, over k, then g(f(2,y),u) = 9(2,9(y,u)). 


If (TG1) is fulfilled, (TG2) is meaningful, since in that case g (y, u) 
is generic on W over k(x), while f(z,y) is generic on V over k(u) by (G1). 

When (G1,2) and (TG1,2) are satisfied, we shall say that g is a normal 
(external) law of composition on W with respect to the pre-group V, and 
that W, with this law, is a pre-transformation space with respect to V; g will 
then mostly be written as a multiplication, i.e. as g(x, u) = xu; then (TG1), 
(TG2) appear as k(x, su) =k(z,u) and (zy)u—a(yu). Just as before, 
we note that the concept of a normal law is independent of the field of 
definition, which may be enlarged at will, and that it is birationally invariant: 
if V’ is birationally equivalent to V, and W’ to W, the laws f, g can be 
transferred in an obvious manner to V’, W’; the pair V’, W’, with the laws 
f, g’ obtained from f, g by transfer, is said to be birationally equivalent to 
the pair V, W with the laws f, g. In particular, W, just as V, may be 
replaced by an affine model. 

Take v, y, u as in (TG2); put z—2y, v=yu. By (TG1), v is generic 
on W over k(t); so is av, again by (TG1); therefore 2-1(2v) is defined. 
But (TG2) can be written as zu = sv, and so we have 2? (zu) = g^ (xv). 
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As q, z and u are independent generic points of V, V and W over k, we 
can apply (TG2) to the left-hand side, which is therefore equal to (a*z)u, 
i.e. to yu by Prop. 1(iii), i.e. to v. This proves s> (sv) =v; as z, v are 
independent generic points of V, W over k, this must therefore remain true 
for any pair of such points. — 

The conditions stated above may be strengthened by assuming “ generic 
transitivity,” which means the following condition: 


(H). If z, u are mdependent generic points of V and of W, respectively, 
over k, then g(a,u) is a generic point of W over k(w). 


In that case, we say that W is a pre-homogeneous space with respect to 
the pre-group V. ‘This condition is equivalent to saying that the graph of 
g on VX WX W has the projection WX W on WX W (in the sense of 
my foundations; the set-theoretic projection then contains a open subset of 
W X W, by Prop. 10 of the Appendix). 


3. The following result shows that a normal law of composition may be 
obtained from a mapping satisfying much weaker conditions than those 
stated above. 


Proposition 2. Let V, W be two varieties, defined over a field k. Let 
g be a mapping of V X W into W, defined over k, satisfying (TG1) and the 
following condition: 


(TG2’) There are two independent generic points x, y of V over k and 
a generic point z of V over k such that g(z,u) =g(2z,9(y,u)) for u generic 
on W over k(2, y, 2). 


Let k(Z) be the smallest field of definition containing k for the mapping 
u—>g(s,u) of W into W, & being a generic point over k of a variety V. 
Then one can write == (x) and g(x, u) = G(2,u), where d is a mapping 
from V to V and ğ a mapping from V XW to W, both defined over k; 
putting j= p(y), Z== (2), we have k(z) C k(&, 9) and may write Z = f(&, 0), 
where f is a mapping from Y X V to V, defined over k. Finally, f and ñ 
satisfy the conditions (G1,2), (TG1,2) and define V as a pre-group and W 
as a pre-transformation space with respect to V. 


In the first place, the smallest field of definition containing k for 
u—>g(z,u) is contained in k(x) and is therefore, by Prop. 3 of the Appendix, 
a finitely generated regular extension of k; this may always be written as 
k(#), e.g. by taking ¢ as a suitable point in an affine space, which has then 
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a locus V over k and may be written as ¢(v). As g(s,u) is then rational 
over k(Z,u), it may be written as 7(4,u), or more briefly as fu; (TG2’) 
can then be written as g(z,w)-=2Z(Yu), which shows that the function 
u—>g(z,u) is defined over k(z, 9), so that &(Z) Ck(#,9); we may then 
write Z==/(Z,), or more briefly z= ğ. It is clear that 9, f satisfy (TG1, 2) 
we have to show that f satisfies (G1,2). By (TG1), if v==g(s,u), the 
mapping u— v is a birational correspondence between W and W, defined over 
k (2); its inverse must then be defined over the same field, so that we have 
k(u) C k(z,v) and may write u=-h(%,v). Notations being as before, put 
w=g(y,u); as this, by (TG1), is generic over k(x) on W, the relation in 
(TG2’), which can be written as Zu = Zw, is equivalent to w==/h(4, Zu). 
This shows that the mapping u— w is defined over k(@,Z) ; since its smallest 
field of definition is k(¥), we get k(y) C &(#,Z). Similarly, we have w = yu 
and therefore u—/)(9,w); then the relation in (TG?) can be written as 
tw == Zh(#, w), from which we conclude in the same manner that &(Z) C k(Z, 9). 
This shows that f satisfies (G1). 


Now, if @,, & are any two generic points of V over k, there is an iso- 
morphism o of &(#,) onto &(#,) over k which maps Z, onto ža} Take u 
generic on W over k(%,%2), and put u, = Žiu, Us = ïu. Then o maps the 
graph of u— u, onto the graph of w-—->u.. If u, = te, these two functions 
coincide, and therefore, by Prop. 4 of F-[Ve, o must induce the identity on 
the smallest field of definition of the first function. As this field is &(2,), 
we have thus shown that u,—u. implies 7,=—-%. Now let Žž, Y, t, u be 
independent generic points over k on V, V, V, W; put Z, = (#9)? and 
Ë == 4(Yt), these being defined because f satisfies (G1). We have to show 
that Z, = Za; by (G1), they are both generic over k on Ñ, and u is generic 
over k(t t2) on W, so that we need only show that žu == čau. By (TG1), 
#(¥(iu)) is defined; by (TG2), this is the same as (2%) (iu), which, again 
by (TG2), is the same as u since #9, f, u are independent generic points 
of V, Y, W over k by (G1). Similarly <(y(iu)) is the same as &((#?)u) 
by (TG2), and this is the same as Zu by (TG2) and (G1). This concludes 
the proof. | 


The external normal law of composition g constructed in Prop. 2 
satisfies, in addition to (TG1,2), the following condition: 

(TG3) If x is generic over k on V, k(x) is the smallest field of 
definition containing k for the mapping u-g(a,u) of W into W. 


Whenever (TG8) is satisfied in addition to (G1,2) (TG1,2), we wil 
say that V operates faithfully on W by g. | 
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If V, W and a mapping g of V X W into W are given, and g satisfies 
(TG1, 2’,3), then Prop. 2 shows that (x,y) —z (where z, y, z are the points 
of V which appear in (TG2’)) is a normal internal law of composition on V 
and that g is a normal external law with respect to the pre-group defined 
by f on V. In particular, if V, W, f and g are given and f, g satisfy 
(TG1, 2,3), then f satisfies (G1, 2). | 


§ II. Construction of chunks. 


4. Let V, W be a pre-group and a pre-transformation space and f, g 
the internal and external normal laws belonging to them, these being all 
defined over a field k; we will mostly write f, g multiplicatively, as has already 
been done in §I. Instead of saying that f is defined at a point (s,¢) of 
V XV, we shall frequently say that st is defined; similarly, when we say 
for instance that s*((st)a) is defined, for s, £ on V and a on W, this will 
mean the following: (i) f is defined at (s,t), with the value st; (ii) g is 
defined at (st,a), with the value (st)a; (iii) 2—>a71 is defined at s, with 
the value s*; (iv) g is defined at (s^, (st)a), with the value s-1((st)a). 
We recall that two expressions, built up from functions which are defined 
over k, coincide for all values of the variables for which they are both defined ` 
provided they are defined and coincide when the variables are given indepen- 
dent generic values over Æ. This applies for instance to the formulas in (G2) 
and (TG2) which express the associativity of f and g. 

We say that V is a growp-variety or a group if f is everywhere defined 
on VX V and r— s> is everywhere defined on V; then the corollary of 
Prop. 1 shows that there is a neutral element e on V with the usual properties. 
If V is a group, W will be called a transformation-space with respect to V if g 
is everywhere defined on V X W; if, moreover, V operates transitively on W in 
the usual sense, i.e. if to every pair a, b on W there is an seV such that 
b = sa, then W is called a homogeneous space with’ respect to V. 

In § III, it will be shown that, to every pre-group V, there is a birationally 
equivalent group V’, and that, to every pre-transformation space W with 
respect to V, there is a birationally equivalent transformation-space W’ with 
respect to V’. The proof of this will include a proof of the fact that W is 
biregularly equivalent to an open subset of W’ if and a if it fulfills the 
following condition : 


(C) If as any point of W, and x a generic oe of V over ii 
then za and (za) are defined. 
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A pre-transformation space W with respect to V which fulfills this con- 
dition will be called a chunk of transformation-space, or more briefly a chunk. 

For similar reasons, if W is a pre-homogeneous space, i.e. if g satisfies 
(HL), we say that W is a homogeneous chunk if it satisfies (C) and the 
following: 


(HC) If a and z are as in (C), za is generic over k(a) on W. 


Finally, V itself will be called a group-chunk if it is a homogeneous 
chunk with respect to left-translations and if <*> is everywhere defined on it, 
or in other words if it satisfies the following: 


(GC1) If sis any point on V, and x a generic point of V over k(s), 
then xs and x (xs) are defined and ws is generic over k(s) on V. 


(GC2) For every s on V, s% ts defined. 


PROPOSITION 3. Call Q the set of those points a on W such that xa 
and (xa) are defined for x generic over k(a) on V. Then Q is a k-open 
subset of W; Q and all k-open subsets of Q are chunks; if aeQ, we have 
ai(aa) =a, k(2,a) =k(2, ca), and a is a point of the locus of xa over 
k(a) on W. 


Call F the set of points on V X W where g is not defined; by Prop. 8 
of the Appendix, this is a k-closed subset of V X W. Let T be the graph of 
the mapping (#,uw) au of VX W into W, i.e. the locus of (a, u, gu) 
over k for z, u generic and independent over k on V, W. Call F the k-closed 
subset of VX WX W consisting of all points (a,u,v) with (a,v)«F; let 
F” be the union of the projections of the components of T N Æ” on the product 
of the first two factors of V X W X W (this being understood as in F-IV; 
and F-VII,; F” is the closure, in the Zariski topology, of the set-theoretic 
projection of rN on V X W; ef. Appendix, Prop. 10). It will now be 
shown that Q is the same as the set Q, of the points a on W such that V X a 
is not contained in FU F”. In fact, for za to be defined, it is necessary and 
sufficient that V X a should not be contained in F; let Q be the set of points. 
æ with this property; it contains both Q and Q. If @eQ,—Q, z?(2za) is 
not defined; as v is generic over h(a) at the same time as v, this is equi- 
valent to saying that z(z*a) is not defined; as s*a is defined, the point 
(z, a, 2ta) is then in T A F’, and therefore (x,a) is in F”, so that V Ka C P” 
and a¢Q,. Conversely, if ae Qo — Q, then (z,a) is in the projection of one 
of the components of TN F’, and so, if (y, u,v) is a generic point of that 
component over k, (x,a) is a specialization of (y,u) over &. As (y, u,v) is 
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on T and s*a is defined, v has then the unique specialization a*a over 
(y,u) —> (x,a) with respect to &; therefore (æ, a,oa) is in W, and so | 
«(xz a) is not defined and a is notin Q. This proves that Q == Q; the latter 
set being k-open by Prop. 7 of the Appendix, Q is k-open. 

As (su) =u for z, u generic and independent over k on V, W, we 
must have z+*(xa) ==a@ whenever the left-hand side is defined, and so for 
aeQ and x generic over k(a); this implies that k(a) C k(a,2a), so that 
k(x,a) == k(x,xa). Let y be generic over k(z,a) on V; then (<t, sa) is a 
specialization of (y, va) over k{z,a); as the former point is not in F, and 
F is k-closed, (y, xa) is not in F, and so y(va) is defined. As yx is generic 
over k(a) by (G1) and is therefore a generic specialization of x over k(a), (yx)a 
is defined and is a generic specialization of za over k(a). By associativity, 
we have y(za) = (yx)a since both sides are defined; as x +(wa) is defined, 
it is a specialization of y(za), and therefore also of (yx)a and of xa, over 
k(a). This shows that a is a specialization of va over k(a), i.e. that it is a 
point of the locus of za over k(a) on W. If now ’ is any k-open subset 
of Q, then the set C == W—0/ is k-closed, and so, if va is in C, a must be 
in Č; in other words, if a is in Q’, so is va; it is then clear that Q’ is a chunk. 

The locus of wa over k(a) could be described as the closure of the orbit 
of a under V on W. 


COROLLARY. Notations being as in Prop. 3, call Q, the set of the points 
a of Q such that W is the locus of xa over k(a). Then Qr ts k-open or empty 
according as W is pre-homogeneous or not. In the former case, Qr, and all 
k-open subsets of Q, are homogeneous chunks; and, if a, b are any two points 
of Qn, there are two generic points x, y of V over k(a,b) such that ca = yb. 


Except for the last assertion, this is an immediate consequence of Prop. 
11 of the Appendix, applied to the k-open set Q of Prop. 3. Let now a, b be 
in Q,; take v, y generic on V over k(a,b), and put u == za, v—yb. Then 
the loci of u and of v over k(a,b) are W, and so there is an isomorphism of 
k(a,b,u) onto k(a,b,v) over k(a,b) which maps u onto v; this can be 
extended to an isomorphism o of k(a, b,x) onto some extension of &(a,b,v) ; 
then 2? is generic on V over k(a,6) and we have uf == ga, i.e. £a == yb, sv- 
that 27 and y satisfy the conditions stated in the corollary. 

Finally, in order to construct a group-chunk from a given pre-group V, 
one need only observe that the graph V, of the function > is a sub- 
variety of V X V, birationally equivalent to V, and that, if we transfer that 
function to V;, we get an everywhere biregular birational correspondence 
between V, and itself since it is the same as the function induced on V, by the 
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mapping (z, y) > (y, £) of V X V onto itself. Therefore we may assume that 
we have started from a pre-group V on which s> was everywhere defined; had 
that not been the case, one would merely have had to replace V by V, to 
make it so. Call now Q, the set of the points se V with the property stated 
in (GC1) ; by the corollary of Prop. 3, this is a k-open subset of V; as z —> g?! 
is an everywhere biregular mapping of V onto itself, it transforms Q, into a 
k-open set 0,71; then Q, N Qa% is a group-chunk. 

Thus we have constructed chunks for the three kinds of objects under 
consideration, viz., transformation-spaces, homogeneous spaces and groups. 
If W is a pre-transformation space, defined over k, the set W’ of simple 
points on W is a k-open set on W; by applying Prop. 3 to W’, we obtain a 
non-singular chunk. Similarly, one would get an everywhere normal chunk 
by taking for W’ the set of points where W is normal, this being k-open by 
Corollary 3 of Prop. 8 of the Appendix. It will presently be seen that 
homogeneous chunks and in particular group-chunks are always non-singular, 
so that no special procedure is required to make them such. 

By Corollary 2 of Prop. 8 of the Appendix, if one has constructed a 
chunk, one can at once derive from it a birationally equivalent chunk which 
is an affine variety; this also applies to homogeneous chunks. As to group- 
chunks, starting from a pre-group which we take to be an affine variety, and 
replacing it by the graph of the function a on it, we get for our pre-group 
an affine model V on which a is everywhere defined. Let V’ be a k-open 
set on V which is a homogeneous chunk; let z= (a,° - *,%m) be a generic 
point of V over k; take a polynomial P with coefficients in & which is 0 
on V —V’ but not on V; as st and P(x) are everywhere defined functions 
on V, so is P(x*). Call V” the locus of 


(ri * +, %m,1/P(#),1/P(a"*)) 


over k in affine space; this is biregularly equivalent to the k-open subset 
determined on V by the inequalities P(x) #0, P (e-+) 40. This is a group- 
chunk. We have thus proved the following: 


Proposition 4. To every pre-homogeneous space (resp. pre-group) 
defined over k, there is a birationally equivalent homogeneous chunk (resp. 
group-chunk) which is an affine variety, defined over k. To every pre-trans- 
formation space W and every point a on W with the property stated in (C), 
there is a birationally equivalent chunk W’ which is an affine variety and 
is such that the birational correspondence between W and W’ is biregular at a ; 
af a is simple on W, W’ may be taken non-singular; if W is normal at a, W’ 
may be taken everywhere normal. 
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§. Proposirion 5. Let V be a group-chunk and W a pre-transforma- 
tion space with respect to V; let k be a field of definition for V, W. Then, 
if s is any point of V, and u a generic pont of W over k(s), su and s-*(su) 
are defined; the mapping u— su is a birational correspondence between W 
and itself; and k(s, u) =k(s, su). 


Take v, y generic and independent on V over k(s, u); put y = ys and 
w == au; by (G1) and (TG1), y and w’ are generic and independent over k 
on V, W, so that yw’ is defined; as we have shown aw to be defined and 
equal to u, we get, by associativity, yw == yu. We now show that the expres- 
sion obtained by substituting s for y in y'u’, i.e. in (yx*) (au), is defined. 
In fact, since V is a group-chunk, the mapping (4,¢) —>ttz-t, where z, ¢ are 
generic and independent over k(s) on V, is defined at (s,¢}, and its value 
tist at that point is generic over &(s) on V; this implies that the mapping 
(z, t) — (tz) is also defined there; as this is only another expression for 
the mapping (z, t) —2t, we conclude that the latter is defined at (s, t), i.e. 
that st is defined, and that st is generic over &(s); substituting s> for 7, 
this shows that « = sa" is defined and generic over k(s) on V, and a fortiori 
that the mapping y—> ya" of V into V is defined at s, with the value z’. 
The mapping ww’ is defined at u, with the value w’ which is generic 
over k(z,s) on W by (TG1). So a’ and w are generic and independent 
over k on V, W, and a’u’ is defined; more precisely, we have shown that 
the mapping (y,u)—>yw = (yr) (au) of VXW into W, which is 
defined over k(x), is defined at (s,u). As this is only another expression 
for the mapping (y, u)— yu, this implies that the latter is defined at (s, u), 
i.e. that su is defined, and that these mappings have the same value there, 
ie. that sw = su. By (TG1), x'w is generic on W over k(z,s) ; therefore 
su is generic on W over k(s). But then our assumptions on s, u are also 
satisfied by s77, su, so that it follows from what we have already proved that 
s (su) is defined; its value must then be u, since w?(xu)—u, and so 
we have k(w) C k(s,su), and therefore &(s,u) = k(s, su); this means that 
u—> su is a birational correspondence between W and W. 


COROLLARY. Assumptions being as in Prop. 5, assume also that V 
operates faithfully on W; let s, s’ be any two points of V, and let u be 
generic on W over k(s,s’). Then su== gu implies s =t. 


‘Take œ generic over k(s,s’,u) on V. Since V is a group-chunk, zs is 
defined and generic over &(w) on V; and su is defined and generic over k(x) 
on W by Prop. 5; by associativity, this gives (vs}u= s(su). Similarly we 
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have (as’)u==a(s'w). Therefore su—s’u implies (#s)u==(es’)u. But 
then we can repeat the argument used in the proof of Prop. 2; there is an iso- 
morphism o of k(as) onto &(#s’), mapping as onto as’; as this transforms 
the graph of the function w—> (xs)u into itself, and as &(xs) is the smallest 
field of definition for this graph because of the assumption of faithfulness, 
o must be the identity, and gs =z. As s==x" (ss) and s ==x> (xs), this 


gives s= f. 


Provosition 6. Let V be a group-chunk and W a chunk of transforma- 
tion-space with respect to V. Let s be any point on V and (a,b) any point 
on the graph of the birational correspondence u — su between W and itself ; 
then the latter is biregular at (a,b), sa and s*b are defined, and we have 
sa = b, stb a. 


We first show that sa is defined. Take x, y, u generic and independent 
on V, V, W over k(a,b,s); and consider the mapping (a,u)—>y" ((yv)u), 
defined over k(y), of VX W into W. By (GC1), tc yz is defined at s, 
with a value ys which is generic on V over &(s,a). By (C), the mapping 
(x,u) wu is defined at (ys,a), and so the mapping (#,u)— (yz)u is 
defined at (s,a), with the value (ys)a. At the same time, (ys)u is defined 
since wu is generic on W over k(y,s), and y(su) is defined because su is defined 
and generic over k(y) by Prop. 5; by associativity, this gives (ys)u—y(su). 
As (a,b) is on the graph of u— su, and (u,su) is a generic point of that 
graph over k(y,s), (@,0) is a specialization of (u, su) over k(y,s); but then 
the relation (ys)uw—y(su) implies (ys)a==yb. By Prop. 3, the mapping 
v—yiv is defined at yb, i.e. at (ys)a, with the value b. We have thus 
proved that (z,u)—->y*((yz)w) is defined at (s,a), with the value b; as 
this is but an expression for (#,w)— su, this shows that sa is defined and 
equal to b. Interchanging a, s with b, s>, and making use of Prop. 5, we see 
trom this that stb is defined and equal to a. This implies a fortiori that the 
mappings %—> su, w—>s wu are respectively defined at a, b, with values b, a; 
this means that the birational correspondence %—> sw is biregular at (a,b). 


COROLLARY. very homogeneous chunk is non-singular. 


Let W be such a chunk with respect to a pre-group V; replace V by a 
birationally equivalent group-chunk. For any a on W, take œ generic on V 
over k(a); then u— zu is a birational correspondence between W and itself, 
transforming @ into the generic point za of W over &(«), and biregular at a. 
As xa is simple on W, a must therefore be simple on W. 
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$ ILI. Construction of spaces. 


From now on, until the end of § III, V and W will denote respectively 
a group-chunk and a chunk of transformation-space with respect to V, both 
being at the same time assumed to be affine varieties; b will denote a common 
field of definition for V and W and for the normal laws gwen on them. 


6. Let n, w be the dimensions of V, W, and take N > 4n and also 
> 38n-+ 0’; take NV independent generic points t: ty over k on V; put 
K=k(t,,:--+,ty). Let u be a generic point of W over K; put Sa = W 
and Ua== tau for lSaN. Take the ua as the corresponding generic 
points of the varieties Sa over K ; this defines birational correspondences Tga 
between any two of the Sa; as we may write, by associativity, ug = (¢gta *) Ua, 
Tsa is the birational correspondence u—> (tgia*)u between W and itself. 
Proposition 6 of § II shows that Tga is biregular at any pair of points on its 
graph. ‘Therefore the varieties Sa (with empty “ frontiers”) and the Tga 
may be used to define an abstract variety S. Call & the generic point of $ 
over K with the representatives ua and write i=-D(u), u= W(t); ® is a 
birational correspondence between W and S, and Y is its inverse; both are 
defined over K. Let a be any point of W; by Prop. 4 of the Appendix, 
there is an æ such that ta is generic over k(a); as W is a chunk, taa is then 
defined; this means that © is defined at a, (a) being the point of S with 
the representative taa on Sg. As ta (tat) is then defined and has the value 
a, ¥ is defined at the point (a) with the value a. This shows that @ is a 
biregular mapping of W onto its set-theoretic image # (W) on S; as the 
latter is the set of points of S where ¥ is defined, it is K-open on S by 
Prop. 8 of the Appendix. Once and for all, we will agree to denote by @ the 
image @(a) of ae W by ® in ®(W). 

All this can be applied to the case when W is taken to be the same as V, 
V acting upon itself by left-translations. Let G@ be the abstract variety thus 
obtained from V; call ®, the birational correspondence between V and G 
which takes the place of the mapping ® defined above; and call Y, its inverse. 
We transfer to G the normal law on V by means of ®,; in other words, for 
v, y generic and independent on V over K and = ®, (x), Y —®, (y), we 
define #7 = o (zy), which implies #-1== (z1), and prove that this makes 
G into a group. In fact, the representative of + on Gg is tgv+ = (tgry*)t,; 
if § is a point of G with a representative Sa on Ga, we can choose 8 such that 
tg is generic on V over k(Sq,¢,). Then, since V is a group-chunk, tgse is 
defined and generic on V over k(Sq,ta), and so t—>(tga")t, is defined 
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at Sa; this means that 5t is defined and has a representative on Gg. 
Similarly, if we write t= tyta, the representative of @y on Gy is 
tycy = ((t@q)tg*)yg; let F, 5 be two points of G with representatives Ta, Sg 
on Gy, Gg respectively ; by Prop. 4 of the Appendix, we can choose y so that 
ty is generic on V over k (Ta 8g, ta, tg); the same will then be true of 7, and 
also of tr, and of (tr,)tg since V is a group-chunk; for a similar reason, 
this implies that (2, ¥) —> ((txv)tg*)y is defined at (fa sg), and this com- 
pletes the proof that G is a group. 

Now, going back to the space S constructed before, we transfer to G, S, 
by means of the birational correspondences ®o, 6, the normal law given for 
V, W; in other words, for v, u generic and independent over K on V, W, 
and for 7—®,(r), i—®(u), we define Zi=-@(au), and prove that this 
makes S into a transformation-space with respect to G. In fact, the repre- 
sentative of ža on Sy is ((t@,)tg*) ug, where t == tyta" as before; the rest of 
the proof is then quite similar to the proof given above. 

Naturally, if W is non-singular, S$ is non-singular; if W is everywhere 
normal, S is everywhere normal. Finally, if W is a homogeneous chunk, 
S is a homogeneous space. In fact, in that case, let 4, 6 be any two points 
of S, with representatives a,, bg in Sa, Sg respectively. Take x generic over 
K (a,b) on V; put & =a, == zb. For u generic over K(x) on W, we 
have (Z4) = (at,7)u,; as W is a homogeneous chunk, 2’ == (vig )aq is 
defined and generic over K(d,6) on W, and therefore we have a’ = Y (7); 
similarly we have a” = &(2") with a” == (xtg"*) bg generic over K(f, b) on W. 
That being so, there is an isomorphism of K (da, 6,2’) onto K (a, b,£”) over 
K(ā,b) which maps z’ onto %”; this can be extended to an isomorphism o of 
K (a, 6,@) onto some extension of K (4, b,x”). Then we have 24 = #’ = @b, 
and so b= %7Z°@. | 


7. From now on, it will be assumed that W and consequently S are 
everywhere normal. With this assumption, we shall construct an abstract 
variety S’, defined over k, and a birational correspondence F between S’ and 
W, also defined over k, so that the birational correspondence @o F, defined 
over K, between S’ and S is an everywhere biregular mapping of S’ onto S. 
This construction can then be applied to V itself, giving a variety G’ and a 
birational correspondence Fe between G’ and V, both defined over k, such 
that $0 Fo is biregular between G’ and G. ‘Transferring the normal laws 
for V, W to G’, S’ by means of F, Fo, we see that we have thus constructed 
a group G’ and a transformation-space S’, birationally equivalent to V, W 
over k; if W is pre-homogeneous and we have constructed S as a homogeneous 
space, S’ will be a homogeneous space. 
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In constructing $’, we may assume that V operates faithfully on W; 
in fact, if this were not so, one could replace V by another pre-group V 
satisfying’ this condition, according to Prop. 2 of §I, no. 3. 

Notations will now be the same as in no. 6, with the additional assump- 
tions that W and consequently S are everywhere normal, and that V acts 
faithfully on W, so that G acts faithfully on S. 


Let kW be any field containing k. Let 5 (s;) be a cycle of dimension 0 
421 


on V, rational over k’, and assume that s,s; whenever i>%j. Then, if we 
put k” == k’(s,,---,8,), k” is a Galois extension of k’, i.e. separably algebraic 
and normal over k’. Call K” the compositum of K and k”; let u be a generic 
point of W over K”, and put w,;==su. If m is the dimension of the ambient 


affine space to W, we write wi== (Wi,' © *, Wim). Put now 
rT m 
(1) y(T,U) =I] (T— È WuU a) 
qal pal 
where T,U,,---,Um are indeterminates; let y be the point, in an affine 


space of suitable dimension, whose coordinates are all the coefficients of the 
homogeneous polynomial y(7,U) except that of T"; this is the so-called 
“Chow point” of the cycle >! (w:), and y(T, U) is its “Chow form.” 

4 


As V acts faithfully on W, and the s; have been assumed to be distinct, 
the corollary of Prop. 5, § II, no. 5, shows that the w; are all distinct. We 
can therefore apply to them the following general result: 


Lemma. If wn (1) we take the w; to be any set of distinct points, and 
ko is the prime field, then the w; are separably algebraic over ko(y). 

By F-I;, Th. 1, we need only show that a derivation D of the field 
ko(wi,' © *,Wr) over ko(y) must be trivial. In fact, applying D to (1), 
we get: 

0 =» (T — D>) Win pn) D> Dow a; 

i=1 h j 
as the w; are all distinct, this cannot be an identity in T, U,,- - °, Um unless 
all the Dwi, are 0. 


PROPOSITION Y. Notations being as defined above, we have k (y) =k’ (u) 
provided the sı are all distinct and satisfy the following condition: 


(S) The set of points 5,==@)(s:). on G is not mapped onto itself by 
any right-translation. 


The cycle Ð (wi) is the image of the cycle X (s:) by the mapping 
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z—>au of V into W; it is therefore rational over k’(u). By the main 
theorem on symmetric functions (VA, no. 7, Th. 1), this implies that y is 
rational over k’ (u), i.e. that k’(y) C k’(u). On the other hand, the lemma 
shows that the w; are separably algebraic over k” (y); as we have u = sw, 
by Prop. 5 of § IT, no. 5, u is therefore separably algebraic over k” (y), hence 
also over k’(y). Let o be any automorphism over k’(y) of the algebraic 
closure of W’ (y); as it induces an isomorphism of w(u) onto k (u°) over K’, 
uf is generic on W over k’, so that sius is defined by Prop. 5. This gives 
(su) == su", i.e. wf = sur. But the decomposition of the homogeneous 
polynomial y(7’,U) into linear factors is uniquely determined; applying o 
to (1), we see thus that the w: must be the same as the w; except for a 
permutation, i.e. that there is a permutation 1—>o(1t) such that w: = waii). 
This can be written as su" = Sou; as the s; are the same as the s; except 
for a permutation, we can write them as s: = Sru where 1—7(t) Is a 
permutation. Then we have ®(8,(i)uw7) = Ẹ (Souu), which can be written as 
57 (i) (ur) = Foi, i.e. (u) = Sra Sout. As G acts faithfully on S, 
the corollary of Prop. 5 shows that all the elements 5r) tSo) of G, for 
117, must coincide; if ¢ is their common value, we have Sem = Sil, 
which shows that the right-translation £ maps the set 5; onto itself. By (S), 
this implies that f is the neutral element of G, so that ® (u°) =ù, and there- 
fore uv—u. As u is separably algebraic over k’(y), this shows that 
k (u) Ck’ (y). 


8. Proposition 7 shows that we may write y =f(u), where f is a 
birational correspondence, defined over k’, between W and the locus Y of y 
over k’ in affine space. If k’[y] is the ring generated over k’ by the coordi- 
nates of y, it is well-known that the integral closure of k’[y] in k’ (y) isa 
finitely generated ring over k’, i.e. that it can be written as W [y*], where y* 
is a point in a suitable affine space; call Y* the locus of y* over k’ in that 
affine space. As we have k’(y*) =k (y) =k (u), we may write y* = f* (u), 
f* being a birational correspondence between W and Y*, defined over K’. 
It is usual to say that Y* is derived from Y by “normalization” over KW. 
By Prop. 14 of the Appendix, since k” is separably algebraic over k’, k” [y*] 
is integrally closed in k” (y*). 


PROPOSITION 8. With the notations explained above, y* and ù are 
corresponding generic points over K” on Y* and S in a birational correspon- 
dence between Y™ and S which maps Y* biregularly onto the K’-open set 
Q=[)5,76(W) on S. 
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In the first place, we prove that the coordinaivs wi, of the w; are all 
in k’[y*]; as they are in k”’(y) because of the relations w;—sw and 
ki’ (u) =k’ (y), it will be enough to show that they are integral over the ring 
k’{y|, or in other words (e.g. by F-App. II, Prop. 6) that they are every- 
where finite on W. In fact, let + be any place of k” (y) such that y(r) 
is finite. Take + independent variables M,’ - -,A, over k” (y), and extend 
x to a place m of k” (y, àu’ ',àr) at which every one of the r points 
(Ap MWin © *,AWim) is finite and +4 (0,---,0). The relation (1), by 
which y was defined, can be written 


Ay Ary (T, U) = [Į (MT — È (Win) Un). 
įi=1 lad 


Taking the values of both sides at a’, we see that the right-hand side does 
not become identically 0 at that place; as y(r) is finite, this implies that 
no à; can become 0 at r’; but then wiz(ar) can be written as (Ajiz)(7’)/Ai(7’) 
and is finite. This proves the assertion about the Win 


We have thus shown that the mappings y* > w of Y* into W are every- 
where defined on Y*; as we have i—S5;16(w;), this implies that y* >ñ 
is everywhere defined and maps Y* into the set Q defined in Prop. 8. Con- 
versely, the definition of y can be written 


y(T, U) -I (TE, (5e0)U,) 


if we call Y(t) the coordinates of (4). As WY is everywhere defined on 
$(W), this shows that the mapping ŭ—y is defined at every point of the 
set Q. As k’[y*] is the integral closure of k’[y] in k’(y), it is therefore 
contained in the integral closure of the specialization-ring of every point 
of Q on S$. But we have assumed that W and consequently S are normal, 
i.e. that the specialization-ring of every point of S (over any field of definition 
for S) is integrally closed. This proves that ŭ—>y* is everywhere defined 
on the set Q. In view of what we have proved above, © is therefore the set 
of points of S where this mapping is defined, and is K’-open by Prop. 8 of 
the Appendix; more precisely, it is K’-open if K’ is the compositum of K 
and k. This completes the proof. 


9. Denote now by S any cycle X, (s;) on V, rational over the ground- 


field k, consisting of distinct points s; and satisfying condition (S). From 
such a set S, and taking k’ = k, we can derive as above a point y, which we 
now write as yg, and furthermore a point ys* such that &[ys*] is the integral 
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closure of k[yg] in k(ysf, as above, we call Yg” the locus of ys* over k; we 
write Qg for the open subset of S denoted by Q in Prop. 8. If we allow S 
to run through any finite set of cycles with the properties stated above, then 
all the varieties Yy* will be birationally equivalent to W and to each other, 
and we can take the points yg* to be corresponding generic points of these 
varieties over k. It is then an immediate consequence of Prop. 8 that the 
affine varieties Ys* (with empty “ frontiers”), and the birational corre- 
spondences between them for which the yg* are corresponding generic points 
of the Ys* over k, determine an abstract variety S’, and that this is biregularly 
equivalent over a suitable field (as a matter of fact, over K itself) with the 
union of the open sets Qg on S. In order to prove that S’ will be biregularly 
equivalent to § itself for a suitable choice of the cycles S, it is therefore enough, 
in view of the well-known “compactoid” property of open sets in the Zariski 
topology, to show that the family of all open sets Qg îs a covering of S. In 
other words, we have to prove the following: 


PROPOSITION 9. Gwen any point & on S, there is a cycle S = > (s) 


on V, rational over k, consisting of distinct points si and satisfying condition 
(S), and such that 5«6(W) for all i. 


Assume that @ has a representative a, on Sa; take x generic over 
K (a) =K(a,) on V, and put u= (ata *)a., this being defined because W 
is a chunk. If we put, as usual, = ®o(£) and #—®(w), we have then 
ü= va, so that u = Y (#0). As the mapping ~—>Zé is everywhere defined 
on V, this shows that the mapping z—wu of V into W is defined at the 
points s of V such that Sé@e@(W), and at those points only. Let F be 
the closed subset of V where the mapping +—>w is not defined; by Prop. 12 
of the Appendix, there is a maximal k-closed subset F, of V contained in F; 
then an algebraic point of V over k is in F if and only if it is in Fẹ. Call 
F- the union of the conjugates over k of all the components of F,; this is a 
k-closed set on V, and its definition shows that the cycle S on V will satisfy 
the last one of the conditions stated in Prop. 9 if and only if it lies in V — F. 

Now assume first that the field k is infinite. Applying Prop. 13 of the 
Appendix to the variety V’ = V — F, and to the empty subset of V’ X V’, 
we obtain a separably algebraic point s, over k on V’; call s,,- © -,8g all the 
distinct conjugates of s, over k; if this set satisfies condition (S), which will 
be the case in particular if d = 1, then it solves our problem. Suppose that 
this is not so, and therefore that d>1. For any r> d, let Sam,’ - -,s, be 
any set of r—d points on V—F,, distinct from one another and from 
Sy't, 8a5 pul S = {5;: 7 ySg}) and S” = {5an « *;5-). IÉ the set 


12 


374 ANDRE WEIL. 


S’ U 8” is mapped into itself by a right-translation 7 other than the identity, 
one of the following circumstances must occur: (i) + maps each one of the 
sets 9’, S” onto itself; then + is of the form sY, with s’, ¥ in S’, and there 
must be two elements s”, t” of S” such that i” = s”r; (ii) r maps S into 8”; 
as d@ > 1, we can choose two distinct elements s’, t in 8’, and then s” = s'r, 
t” = tr are in 8”, so that we have t” == (t’s’+)s”; (iii) + maps some s’« 8’ 
onto some s” e5” and some teg onto some teg; then s” = gti. Thus, 
in order to satisfy the requirements of Prop. 9, it is enough to take as 
Savi," ° `, 8, the conjugates over k of a point s = San of V — F, separably alge- 
braic over k, satisfying the following conditions: (a) no ï, for d+1S/s7, 
coincides with any of the points 5; or 5,575, for 11,7,h Sd; (b) no pair 
of distinct conjugates of s over & lies on the graph of any of the birational 
correspondences > Y (#5;75;), cv (5,5;7%) for 1Si,jssd. As to (a), 
it will be satisfied provided we take s on V -—— Fa, where F, is the union of F, 
of the set s,,- - -, Sa and of the set of all conjugates over k of those algebraic 
points on V whose image on G coincides with one of the points 5,5;75,. Then 
our result follows at once by applying Prop. 13 of the Appendix to the 
variety V — F, and to the union of the graphs of the birational correspon- 
dences in (b). 
If k is finite, we have to proceed differently. Take any algebraic point 
S, over k on V — F; call s - +,8q@ its distinct conjugates over k; if this 
set satisfies condition (S), it solves our problem. If not, we use a result 
of Lang-Weil (this JOURNAL, vol. 76 (1954), p. 819) which says that, if / is 
sufficiently large, there must be a point s on VF — F, which is rational over 
the (unique) extension of k of degree 1. We take / prime and > d. If s is 
rational over k, the cycle (s) solves our problem; if not, it is of degree / 
over k; call Sam’ © *, San its distinct conjugates over k; they are distinct 
from $,,: * *,Sa, since the latter are of degree d over k. The set Sam,’ © *, San 
may solve our problem. If it does not, the group g of right-translations 
mapping the set {Sa1,° "© * Sanu} onto itself is of order y>1; as that set 
must be the union of cosets with respect to g, v must divide 7, and so g is 
cyclic of order l; call 7 a generator of g. Let 7’ be a right-translation mapping 
onto itself the set {5,,: < -,5a.}. If 7’ is not the identity and maps some 
element of the set {5a.1,- - °, Šan} into an element of the same set, it must 
be of the form 7t, and therefore of order l; but this cannot be, since d-+-1 is 
not a multiple of l. Therefore r must map the set {Sa.1,° © *, San} into the 
set {51,---+,5a}. As d<l, this is also impossible. Therefore the set 
Si,° * *, San Solves our problem. 
. This completes the proof of the results announced at the beginning of 
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no. 7%. Writing now G, S instead of G, S’, we may restate them in a some- 
what more complete form as follows: 


THEOREM. (i) To every pre-group V, defined over a field k, there ts a 
birationally equivalent group G, also defined over k; this is uniquely deter- 
mined up to an isomorphism. 


(ii) To every pre-homogeneous space W with respect to V, defined over k, 
there is a birationally equivalent homogeneous space with respect to G, also 
defined over k; this is uniquely determined up to an isomorphism. 


(ili) Let W be a pre-transformation space with respect to V, defined 
over k; let a be a point of W such that W is normal at a and that, if x is 
generic over k(a) on V, wa and x*(aa) are defined. Then there is a trans- 
formation-space S with respect to G, birationally equivalent to W over k in 
such a way that the birational correspondence between them is biregular at a; 
S may be taken everywhere normal, and it may be taken to be non-singular 
of a is simple on W. Moreover, S is uniquely determined up to a birational 
correspondence which ts biregular at every point of the form Sa, where & is 
the point corresponding to a on S and § is any point of G. 


Except for the statements about unicity, all this has been proved above. 
As to unicity, the statements in (i) and (ii) are special cases of the state- 
ment in (ili); and the latter is an immediate consequence of the fact that 
the operations of G are everywhere biregular mappings of § onto 9. 


Appendix. 





If X is any cycle, we denote by | X | the support of X, i.e. the closed set 
which is the set-theoretic union of the components of X. 


Proposition 1. Let k(x) be a regular extension of a field k, and k(x, y) 
a regular extension of k(x). Then k(2,y) is a regular extension of k. 


This is an immediate consequence of F-I;, Th. 5. 


Proposition 2. Let k(x) be a regular extension of a field k; let K be 
an overfield of k, linearly disjoint from k(x) over k; let k be the algebraic 
closure of kim K. Then k(x) is the algebraic closure of k(x) in K(x). 


Let y be an element of K (a), algebraic over k(x); we may take x to be 
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a generic point over K of a variety V, defined over k, in an affine space; and 
then we may write y == F(s), where F is a function on V, defined over K; 
call T the graph of F. As y is algebraic over k(x), there is a polynomial 
Pek[X,Y] such that P(#, Y) 540 and P(2z,y) ==0; then P induces on the 
product V X D of V and of the affine space D of dimension 1 a function 
which is not 0 on V X D and is 0 on T. AsT has the same dimension as V, 
it must be a component of the divisor (P) of P, and is therefore algebraic 
over k. The smallest field of definition of T containing k must then be 
contained in k’, so that F is defined over k’; this implies that y is in &’(z). 


COROLLARY. If K is primary over k, K(x) ts primary over k(x). 


In fact, the assumption means that k’ is purely inseparable over k; this 
implies that k’(x) is purely inseparable over k(x). 


PROPOSITION 3. Let k(x) be a finitely generated extension of a field k; 
then every field K such that k C K C k(x) is finitely generated over k. 


Let ¿= (t,,:--+,¢,) be a maximal set of algebraically independent 
elements of K over k; then K is algebraic over k(t). Replacing k by k(t), 
we see that it is enough to prove our proposition in the case when K is 
algebraic over k. This being assumed, call k’ the smallest field of definition 
containing k for the locus of v over the algebraic closure k of k; then k’ is a 
finite algebraic extension of & and is algebraically closed in k’(#) since k’ (2) 
is regular over k’. But then kW’ is the algebraic closure of k in k’(«) and 
therefore contains the algebraic closure of k in ke (2), so that K is contained 
in K. 


COROLLARY. If k(x) is regular over k, so is K. 


PROPOSITION 4. Let t be a point, k a field, and let t,,---,ty be N 
independent generic specializations of t over k. Let x be a point of dimen- 
sion d < N over k and such that k(x), k(t) are linearly disjoint over k. Then 
there is an a such that ta is a generic specialization of t over k(x). 


Call n the dimension of k(t) over k. By F-I,, Th. 3, every ta is a 
specialization of ¢ over k(x}; if none is generic, every ta must have over k(x) 
a dimension & n— 1; but then (7,4,,:--,t%) has over k a dimension 
=d-+N(n—1) <Nn, which is impossible, since (t'> >, ty) has the 
dimension Nn over k. 


Prorosrrron 5. Let V be a variety, defined over a field k; let K be an 
overfield of k and xa point of V. Let A and A’ be the prime rational cycles, 
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over k and over K respectively, with the generic point x. Then A ts the 
same as A’ if and only if K and k(x) are linearly disjoint over k, 


We may replace V by any representative of V on which æ has a repre- 
sentative, so that it is enough to prove our result for cycles in the afne 
n-space. For A to be the same as A’, it is at any rate necessary that they 
should have the same dimension, so that K and &(z) must be independent 
over k; assume from now on that this is so. Among the coordinates of q, 
let (%1, - +, 2) be a maximal set of independent variables over k and there- 
fore also over K ; write y for the point (° + -,2,) and z for (rms + 32n) 
By F-VIL, Th. 12, A= if and only if A- (yx S"*) is the same as 
A’: (y X 8"); by F-VI;, Th. 12, this is so if and only if z has the same 
complete set of conjugates over K(y) as over k(y), and therefore, by F-I,, 
Prop. 12 and F-I,, Prop. 6, if and only if K(y) and k(y,z) =k(@) are 
linearly disjoint over k(y). The latter condition means that there is no 
relation > u,@;(y) =-0 in which the u; are linearly independent elements 


of k(x) over k(y) and the ;(y) are in K[y]| and not all 0. Assume that 
there is such a relation; we may write 4;(y) = X Pi(y)£;, where the £; are 


I 
linearly independent elements of K over k and the Pij(y) are in k[y] and 
not all 0. Then we have X vé;—0 with v= X u;:Py(y); as the v; are in 
i 


k(x) and not all 0 because of the assumptions on the u; and Py(y), this 
shows that, when that is so, K and k(z) are not linearly disjoint over k. 
Conversely, assume that there is a relation $, vj;é;==0 in which the & are 


k) 
linearly independent elements of K over k and the v; are in k(x) and not 
all 0; as the é; are then also linearly independent elements of K (y) over k(y), 
this implies that K (y) and k(x) are not linearly disjoint over k(y). 


COROLLARY. Let V be a variety, defined over a field k. Let A bea 
prime rational cycle on V over an overfield K of k. Then, if K’ is any field 
such that k C K'C K over which A is rational, A is prime rational over K’; 
of all such fields K’, there is one smallest one Ky; and an automorphism o 


of K over k transforms A into itself if and only if it induces the identity 
on Ko. 


As in the proof of Prop. 5, it is enough to consider cycles in an affine 
space. Assume that A is prime rational over K and rational over K’ C K, 
and write it as A == > mA;, where the A; are distinct prime rational cycles 


t 
over K’. Let Z be a component of A,; it is algebraic over K’, and so every 
conjugate of Z over K is a fortiori such over K’, so that every component of 
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A is a component of A,; therefore we must have A==7,A;. By F-Is, Prop. 26, 
the coefficient of Z in A is at most equal to its coefficient in A,; therefore 
we have A==A,. That being so, it follows from Prop. 5 and from F-Ig, 
Th. 8 and F-I,, Lemma 2, that there is a smallest field K, with the properties 
stated in our corollary; in fact, if æ is a generic point of A over K, and if 
%3 is the prime ideal in K[X] consisting of all polynomials in K[X] which 
are 0 at x, K, is the smallest subfield of K such that $ has a set of generators 
in K,[X]. As $8 is also the ideal in K[X] whose set of zeros is the support 
| A | of A, the last assertion follows from F-I,, Lemma 2. 


Proposition 6. Let V be a variety, defined over a field k, and A a cycle 
on V; assume either that A is a divisor on V or that the coefficients in A of 
all the components of A are 20 mod p, p being the characteristic. Then, of 
all the overfields of k over which A 1s rational, there is one smallest one ky, 
ko is finitely generated over k; and an isomorphism o of k, over k onto some 
extension of k leaves A invariant if and only if it leaves every element of ko 
invariant, 


Except for the last statement, this result is due to Chow. Let A be any 
cycle on V; for every representative V, of V, call A, the sum of the terms 
in the reduced expression for A which pertain to components with repre- 
sentatives in Va; then A is rational over an overfield K of k if and only if 
every A, is rational over K; and an isomorphism of K which leaves A 
invariant must leave all the A, invariant. Therefore it is enough to deal 
with cycles on an affine variety V. For such a cycle A, put A == >) nAn, where 


A, is the sum of the terms with the coefficient n in the reduced expression 
for A; then A is rational if and only if every cycle nA, is rational; and an 
isomorphism which leaves A invariant must leave all the A, invariant. 
Finally, if n = ppw’ with w prime to p, nA is rational if and only if pA is 
rational. Therefore it will be enough to deal with the following two cases: 
(i) A is a cycle in affine space, consisting of a sum of distinct components; 
(ii) A is a divisor on an affine variety V and of the form A =qAo, where q 
is a power of p and Ap is a sum of distinct components. 


(i) Let X be the ideal of all polynomials (with coefficients in the 
universal domain) which are 0 on the support |A| of A; this is the inter- 
section of the prime ideals determined similarly by the components of A. 
The first assertion in our proposition will then be a consequence of F-I,, 
Lemma 2, if we prove that A is rational over a field K if and only if % has 
a set of generators in K[X], i.e. if it is the extension to the universal domain 
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of the ideal X N K[X]; the second assertion in our proposition also follows 
from the same lemma, provided one observes that, if kọ is the smallest field 
such that Y% has a set of generators in ko[ X], an isomorphism which leaves A 
invariant must map ky onto ko i.e. it must induce an automorphism in Kos 
so that the lemma in question is applicable. 

If A has a set of generators (P,) in K[X], the support | A | of A is 
the set of zeros of the P, and is therefore K-closed. On the other hand, | A | 
must also be K-closed if A is rational over K. In order to prove the equi- 
valence of those two properties, one may then begin by assuming that | A | 
is K-closed. Consider first the case in which all the components of A are 
the conjugates of one of them, say Z, over K; let x be a generic point of Z 
over K; then A is rational over K if and only if K (s) is separable over K. 
Put K’ = Kr”, this being the smallest “perfect” field containing K. Put: 


B=UNK(XI, PHU KX], 


and call & the extension of 8 to K’[X]. By F-IV., Th. 4, and F-II,, 
Prop. 3, P and P consist of the polynomials, in K[X] and in K’[X] 
respectively, which are 0 at 2; they are prime ideals; moreover, if P’«’, 
some power P’ of P’ is in W and hence in 0’; as 0’ C P, this implies that 
& is primary and belongs to the prime ideal W. By F-I,, Th. 3, and F-I,, 
Prop. 19, we see that W == O if and only if K(x) is separable over K, and 
therefore, as we have shown, if and only if A is rational over K. But, if Y 
is the extension of $$ to the universal domain, W must a fortiori be the 
extension of P to K’[X]|. Conversely, if OQ — P, the extension of $ to the 
universal domain is the same as that of W; but it is well-known and easily 
verified that the latter must be a “radical” ideal, i.e. one consisting of all 
the polynomials which are 0 on a closed set; then one sees at once that it 
must be the same as W. This completes the proof in the special case we were 
considering. , 

Now assume that | A | is any K-closed set; then we can write A as the 
sum of cycles A; such that the components of each A; are mutually conjugate 
over K, and YW is the intersection of the ideals W; similarly determined by 
the A; Put: 


B= hN K[X] P= uN KA], 


and call Q the extension of P; to K'[X]. If A is rational over K, all the 
A; must be so, so that, as shown above, the M; must be the extensions of the 
P; to the universal domain. Tt is then easily seen that Y is the extension 
of the intersection of the Pi, i.e. of WO K[X]. Assume, on the other hand, 
that A is not rational over K ; then we have Q’ Æ% for at least one i; from 
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the unicity of the decomposition of an ideal into an intersection of primary 
ideals, it follows then that the intersection of the 0,’, which is the extension 
of WN K[X] to K[X], cannot be the same as the intersection of the $, 
which is X N K’[X]. A fortiori, X cannot then be the extension of X N K[X] 
to the universal domain. This completes the proof for case (i). 


(ii) Let V be a variety, defined over k, in an affine space; let A, be a 
divisor on V and the sum of distinct components; let g be a power of the 
characteristic p340; put Á = qA. If P is any polynomial which is not 0 
on V, denote by (P)y the divisor of the function induced by P on V. Call 
MY the ideal of all the polynomials P, with coefficients in the universal domain, 
such that either P—0 on V or (P)y >A. If A is rational over an overfield 
K of k, Y is then the extension of AW N K[X] to the universal domain, as 
follows at once from F-VITII;, Th. 10. Conversely, assume that 2 is the 
extension of X N K[X] to the universal domain; we will prove that A is then 
rational over K; our proposition will then follow from this as in case (i). 
As a polynomial P is 0 on |A | if and only if some power P” of P is in A, 
our assumption on A implies that A is K-closed, and therefore that Ay is 
rational over K’ —K?™. Let Z be a component of A. As well-known, there 
is a polynomial P such that (P)y—A,.+8B, where B has no component in 
common with Ay; write P as P = X, &P., where the é are linearly independent 

4 


over K’ and the P; are in k’(X|; by F-VITI;, Th. 10, we have (Pi)y > Ao 
for all 1+; and Z must have the coefficient 1 in at least one of the Pi, since 
otherwise it would occur in B; if we call that polynomial P’, P’ is then in 
K'[X], Z has the coefficient 1 in (P’)y, and we have (P’)y > Av. But then 
P’4 is in A, and therefore, by hypothesis, may be written as 3i7;Q;, where the 


j 
Q; are in XN K[X]. The latter fact implies that Z has at least the coefficient 
q in all the (Q;)y; as it has the coefficient q in P’%, it must have the coeff- 
cient q in one at least of the divisors (Q;)y; as these divisors are rational 
over K, this implies that, if A, is the sum of Z and its conjugates over K, qÅ, 
is rational over K. As this is so for every component Z of A, A is there- 
fore rational over K. 


PROPOSITION Y. Let U, V be two varieties, defined over a field k; let F 
be a k-closed subset of UX V. Then the set A of the points a on U such 
that aX V CF is k-closed. 


Let W1,: - +, Wm be those components of F which have the “ projection ” 
V on V (in the sense of F-IV;, F-VII,) ; if v is a generic point of V over k, 
W, has a generic point over & of the form (u,v); and ae A if and only if, 
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for v’ generic over k(a) on V, (a,v) is a specialization of some (u,v) over k. 
Let V, be any representative of the abstract variety V; let v, be the repre- 
sentative of v on V; the ambient affine space for V, being embedded in a 
projective space, let Vo be the locus of v, over k in that projective space. 
Let F, be the union of the loci of the points (ui vı) over & in U X Vo; Fo is 
k-closed on UX Vo. Then A is the set of the points a on U such that 
Fo N (aX Vo) has a component of dimension = dim (Ve). As Vo is com- 
plete, our conclusion is now contained in Lemma 7 of my paper in Math. 
Ann., vol. 128 (1954), p. 104. 


Proposition 8. Let ¢ be a mapping of a variety U into a variety V; 
let k be a field of definition for U, V and ¢. Then the set of points of U 
where p is defined is k-open. 


(i) Assume first that U is an affine variety and V is the affine space of 
dimension 1. Let x be a generic point of U over k; put y =¢(z). Let N 
be the set of all polynomials P in &[X] such that P(x)y is in k[a]; this is 
an ideal in &[X], containing the ideal Y of those polynomials which are 0 
at z and therefore on V. Since y may be written as Q(x)/P(a), with P,Q 
in k[X] and P(x) 0, we have W548. As the points where ¢ is not 
defined are the zeros of Y, the set of such points is k-closed. 


(ii) Take V as in (i), and assume that U is an abstract variety, with 
the representatives Ua, on each of which a “frontier” Fa (i.e. a k-closed set) 
is given, according to the definitions in F-VIJI,. Call Fẹ the &-closed subset 
of Ua where œ is not defined; the set F of the points of U where ¢ is not 
defined is then the union of the images of the sets Fa N (Ua— Fa) by the 
canonical birational mappings of the U, into U. It is easily seen that F must 
be k-closed provided the following assertion is true: if x is a point of U 
with a representative z, on some Ua which is a generic point over & of a 
component of F«, then every specialization z’ of x over k is in F. In fact, 
let 8 be such that x’ has a representative æg on Ug; then x must also have 
a representative vg on Ug, and, from the biregularity of the correspondence 
between Ua, Ug at (£a £g), it follows that zg must be in Fg; as sg is a 
specialization of xg over k, and as Fg’ is k-closed, xg’ must then be in Fg’, so 
that z’ is in F. This proves our result for this case. 


It follows trivially from this that our result remains true when J is an 
abstract variety and V is an affine space or more generally an affine variety. 


(iii) Let U be an abstract variety and let V be a k-open subset of an 
affine variety V,; let V, be the projective variety whose part “at finite dis- 
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: tance ” is V,; then V)»—V is a k-closed subset Fy of Vo. Call T the graph 
of ¢ on UX Va; the set # of the points of U where œ, considered as a 
mapping of U into V, is not defined, is then the union of the set F, of the 
points of U where ¢ is not defined as a mapping of U into V, and of the 
set-theoretic projection of TN (U X Fo) on U. As V, is complete, the latter 
set coincides with the “ projection” in the sense of F-IV, and F-VII, and is 
k-closed (e.g. by F-VIJ,, Prop. 10 and 11); and F, is k-closed, as shown 
in (ii). Therefore F is k-closed. 


(iv) Let U, V be arbitrary abstract varieties; let x be a generic point 
of U over k; let the Va be those representatives of V on which (x) has a 
representative a(z), and let Fa be the “frontiers” on the Vy. Then ¢ is 
defined at a point of U if there is an « such that ġa, considered as a mapping 
of U into Va— Fa is defined there. Therefore the set where ¢ is not defined 
is the intersection of the sets where the ¢, are not defined; as the latter sets 
are k-closed by (iii), this completes the proof. 


COROLLARY 1. Let V be an abstract variety, defined over k, with the 
representatives Va. Then, for each a, the set Qa of the points of V which 
have a representatwe on Va is k-open; and the canonical correspondence 
between V and Va is an everywhere biregular mapping of Qa onto Va—Fe 
if Fa ts the frontier for Va. 


Let x be a generic point of V over k, and let £a be its representative 
on Va; 1f we put %—¢da(@), a is the “canonical correspondence” between 
Vand Va. Then Qa is the set of points where a, considered as a mapping of 
V into Va— Fa is defined; it is k-open by Prop. 8. The rest is obvious. 


ce 


COROLLARY 2. Let V be an abstract variety, defined over a field k. 
Then there is a finite covering of V by k-open subsets of V, each of which 
is biregularly equivalent to an affine variety. 


Corollary 1 says that V has a covering by the k-open sets Qu, each of 
which is biregularly equivalent to the k-open subset Va— Fa of the affine 
variety Va It is therefore enough to prove our assertion for a k-open subset 
V —F of an affine variety V defined over k. Let W be the set of all poly- . 
nomials in &[X] which are 0 on F; it is an ideal in &[X], and, as F is 
k-closed, it is the set of zeros of Wf. Let Pi,---,Pm be a set of generators 
for X; as FAV, they are not all 0 on V, and we may assume that P,,- © -, P, 
are not 0 on V while Paa © °, Pm are 0 on V, with 1&r& m. For 
1& p&r, call Qp the k-open subset of V consisting of the points where Pp 
is not 0; the Qp are a covering of V — F. Let x= (a,,: - +,2,) be a generic 
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point of V over k; let Vp be the locus of the point 
(Tis * +, En, 1/Pp (E1 ` +, &n)) 


in the affine space of dimension n+ 1. Then Vp is biregularly equivalent 
to Qp. 


COROLLARY 3. Let V be a variety, defined over a field k. The set of 
points of V where V is normal (resp. relatwely normal with respect to k) 
is a k-open subset of V. 


Let V* be the variety derived from V by normalization with reference to 
the smallest perfect field k’ =k? containing k (resp. with reference to F); 
let x be a generic point of V over k; let x* be the corresponding point of V*, 
which is generic over k’ (resp. over k) on V*. We may then write z* = ¢ẹ (z), 
where ¢ is a mapping of V into V*, defined over k’ (resp. over k). Then 
the points where V is normal (resp. relatively normal) are those where œ 
is defined. As any k’-open set is also k-open, this proves the corollary. 


Proposition 9. Let V be a variety, defined over a field k; let F be a 
closed subset of V. For F to be k-closed, it is necessary that it should 
contain all the specializations over k of all its points; it is sufficient that 
it should contain all the generic specializations over k of all its points, or 
also that it should be invariant under all isomorphisms over k of a common 
field of definition K D k for its components. 


The necessity of the first condition follows from F-IV., Th. 4; we first 
prove that this condition is sufficient. In fact, it implies that, if z is a 
generic point over K of a component Z of F, the locus Z’ of z over & is 
contained in F; as Z is the locus of z over K, Z’ contains Z; as z cannot be 
in any other component of F than Z, we get Z’=Z; thus all components of 
F are algebraic over k, and then F-IV2, Th. 4, shows that all the conjugates 
of Z over k must be contained in F. Now we show that the second condition 
implies the first one. Let x be any point of F and let z’ be a specialization 
of x over k. Then if V is the locus of æ over k, F-IV2, Th. 4, shows that z’ 
must be on a conjugate V’ of V over k. Let x” be a generic point of V’ 
over K; then x” is a generic specialization of x over k by F-IV2, Th. 4, and 
is therefore in F by hypothesis, and 2’ is a specialization of z” over K and 
a fortiori over K and so is in F since F is K-closed. Finally the last con- 
dition implies the second one; for let 2’ be a generic specialization over k of a 
point s in a component Z of F; then the isomorphism of &(a) onto &(2’) 
over k which maps v onto 2’ can be extended to an isomorphism o of K (a) 
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onto a field K" (x), and then a is on Z7 by F-IV., Th. 3, Coroll. 2, and is 
therefore in F if F is invariant under oc. 


Proposition 10. Let W be a subvariety of a product U X V, with the 
“ projection” U on U; let k be a field of definition for U, V, W. Then the 
set-theoretic projection of W on U contains an open subset of U; and the 
union of all such sets is k-open. 


The assumption means that, if (u,v) is a generic point of W over k, 
u is generic over k on U. Let V, be a representative of V on which v has a 
representative vı; F- being the corresponding frontier, put V.’=V,—F,, 
so that v, is in V7’; let W, be the locus of (u,v) over k on UX Vi’. Let 
Vo be the projective variety whose part “at finite distance” is Vi; put 
Fy == Vo— Vy’; this is a k-closed set on Vo. The set W, N (u X Vi’) can be 
written as u X X, where X is either V,’ (in the trivial case W =U X V) or 
else a &(w)-closed subset of V,’; as v, is in X, X is not empty, so that we 
can choose in it a point w which is algebraic over k(w). Let W” be the locus 
of (u,w) over & on U X Vo, which has the same dimension as U; call n that 
dimension. Then the set C=W’N (UX F.) is a k-closed subset of W’, 
so that all its components are of dimension =n—1. As V, is complete, the 
set-theoretic projection C” of C on U is then a &-closed subset of U. Let a 
be any point in U—C’; as F, is complete, there is a point (a,b) on W 
with the projection a on U; as æ is not in C’, b cannot be in F, and is 
therefore in V,’, so that (a,b) is in Wy. Therefore the k-open set U —(’ 
on U is contained in the set-theoretic projection of W, and a fortiori in that 
of W. The last assertion in our proposition is then an Immediate consequence 
of the sufficiency of the last condition in Prop. 9. 


Proposition 11. Let U, V, W be three varieties and f a mapping of 
Ux V into W, all defined over a field k. Assume that, for every ae JU, 
f ws defined at (a,x) for x generic on V over k(a). Let Q be the set of 
those aceU such that, for x generic over k(a) on V, f{a,x) is generic over 
k(a) on W. Then Q ts either empty or k-open on U. 


Let r be the dimension of W; for z generic over k on W, let 2,,- - -, 2; 
be r algebraically independent elements of &(z) over k; put 2;==¢;(2), where 
i is a function on W, defined over k. It is clear that a point 2’ of W is 
generic over an overfield K of k if and only if the ¢; are all defined at 2’ 
and their values ¢;(2’) are independent over K. Let u,x be independent 
generic points of U, V over k; we may assume that f(u, x) is generic over k 
on W, since otherwise Q is empty. Put f,—;,°f; Q is then the set of 
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those points a on U such that, for æ generic over k(a) on V, the fi(a, 2) 
are all defined and are algebraically independent over h(a). 

Take u, z as above; assume that u is not in Q; we prove that Q must 
then be empty. In fact, the assumption on u means that there is a polynomial 
P with coefficients in k(u) such that 


P(fi(u,@),* > -,fr(u, E) ) == 0. 
Write P = $, t,M,(Z), where the M,(Z) are monomials (with coefficient 1) 


in the indeterminates Z,,- © -,Z,, and the ¢, are in k(u) and not all 0. Let 
a be any point of U, and take x’ generic over K == k (a) on V. Take a variable 
quantity À over k(u,x) ; extend the specialization u — a over k to a K-valued 
place a of the field &(w,A) such that the elements At, of k (u, A) are all finite 
and not all 0 at ~r; call ży the value of At, at m. As k(u,rA) and k(a) are 
independent regular extensions of k, the place ~ of k&(u,A) and the iso- 
morphism of k(x) onto k(x’) over k which maps x onto 2 make up a 
specialization of the set of quantities k(u,rA) U k(x), which can be extended 
to a place x’ of k(u,A,2) at which u, x and the At, have respectively the 
values a, z’ and t,’. If the f;(a,2’) are not all defined, a is not in Q; if they 
are all defined, they are the values at ~” of the elements f;(u,z) of k(u, à, £). 
In the latter case, the relation 


AP (fifu, s), © +, fr(u,v)) =0, 


taken at «’, gives an algebraic relation between the f,(a,2’) whose coefficients 
t; are in K and are not all 0; this implies that the f;(a,2’) are not inde- 
pendent over K==k(a), so that a is again not in Q. This shows that, for 
uQ, Q must be empty. From now on, therefore, we may assume that u 
is in Q. 

We prove now that Q must contain a k-open set. Since the assumptions 
and the conclusion of our proposition are not affected if V is replaced by 
any birationally equivalent variety to V over & (the mapping f being trans- 
ferred to the latter in an obvious manner), we may take for V an affine 


variety ; put s == (%,° ' `m). Then we can write the f; as 
fi (u, x) == Pi(£)/Po(2), 
where Po Pat © +, P, are polynomials in the indeterminates 1Y,,---,Xm 


with coefficients in k(u), and Pi(£) 0 for OSixr. Call M,(X), with 
O0SvSN, all the monomials in ¥,,- - -,X, which either are of degree 0 
or 1 (i.e. equal to one of the monomials 1, X,,: + -,X,) or occur in one at 
least of the P;; call & the point in the projective space PY with the homo- 
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geneous coordinates (M/,(a#)), and call V the locus of Z over k. We may 
replace V by the birationally equivalent V; then, writing V, x instead of 
V, #, and calling (@%,: + *+,%y) the homogeneous coordinates for x, we see 
that the f,(u,2) are expressed as 2;/2), with 


N 
Zi = > bay Ly (0 47); 
y=0 


where the t are elements of k(u). If V is contained in any linear subvariety 
of PY, then the smallest linear subvariety of PY which contains V is defined 
over k; if this is of dimension N’, we can express N — N’ of the coordinates 
xy linearly in terms of the others, with coefficients in Æ; thus we may assume 
that V is not contained in any linear subvariety of PY. 


We may write ti = (wu), where the ip are functions on U, defined 
over k; as 2 is not 0, we may assume that to ==1. By Prop. 8, the subset 
U” of U where all the ¢; are defined and finite is k-open. Call n the 
dimension of V; as n is then the dimension of &(u,2) over k(u), and the 
fi(u,v) are independent over k(u), we have r&n. Put z; = $ Wt, for 


r+ i<] n, where the wy, forr- 1 <j<Sn, 0s v= N, are (n—r)(N +1) 
independent variables over k(u,2); call S the affine space of dimension 
(n—-1)(N-+-1). By F-II;, Prop. 24, the n—r quantities 241/20, © +, Zn/Zo 
are algebraically independent over the field 


K == k (u, W, 21/20, ° i “s %r/Bo)- 


Now take any ae U’; take , w generic and independent over k(a) on V, 8; 
put ty = diy (a), %== X ip, for 0S iS r, and Z= > Wë, forr+1Sjen. 


AS fy = 1, and V is not contained in any linear variety, Zọ is not 0; there- 
fore, if we put fj== 2;/2o for r+1jn, the functions fı: ',fn on 
U’ X 5 are defined at (a, w) and have the values 2,/%,° © +, Žn/Žo respectively. 
If one assumes that 2,/2,- ++, Zn/Žo are algebraically independent over k(a, w) 
this implies a fortiori that 2,/%,° + *,Z-/Žo are so over h(a), i.e. that aeQ. 
Therefore, if we prove that there is a &-closed subset O of U’ X 8 such that, 
with the notations just introduced, the quantities 7,/Z,- © °,%n/% are alge- 
braically independent over k(a,w) whenever (a,#) is not in O, it will 
follow that contains the set of those points a on U’ such that aX S is 
not contained in C; and this set will be k-open by Prop. 7. In other words, 
as long as we merely wish to prove that © contains a k-open set, it is enough 
to prove it for U” X S and the functions fi = 2/2. for 1 isn instead of 
for U and for f,,- --,f, This means that, writing U instead of U’ X S, 
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it is enough to prove our assertion under the additional assumption r= n, 
the $i, being now everywhere defined on U, with poo =1. 
This being now assumed, put Zn = X Wty, where the w, are N-+1 
y 


independent variables over k(u,s). As k(u,w,s) is of dimension n over 
k(u,w), there is a homogeneous polynomial P, with coefficients in k(u, w) 
and not all 0, such that P (Zo ' - -s Zn Zn) = 0, and P is uniquely determined 
up to a factor in k(u,w). As 2:/20,° * *,2n/Zo are algebraically independent, 
there is at least one term in P where Z,,, occurs with a non-zero exponent; 
after multiplying P with a suitable element of k(u,w), we may assume that 
the coefficient of this term is 1. Write all the other coefficients in P as 
Wp(u,w), where the wp are functions on U X 8", defined over k. We now 
prove our assertion about © by showing that © contains the set of all points 
a on U such that all the wp are defined at (a, w) for w-generic on S”** over 
k(a); this is a k-open subset of U by Prop. 8 and 7. In fact, let a be a 
point with that property; take # generic over k(a,w) on V. Put ty = ġi (4), 
these being all defined, according to our present assumptions; put Z;== 2, lity 
for SiS n, and Zni = zw Wyty. If we specialize the relation 


P (Zo,° ' "s Znati) == 0 


over the specialization (4,w,#) of (u,w,z) with respect to k, we get, 
since the wp are all defined at (a,w), a homogeneous relation between 
Zo,’ © Ža With coefficients in k(a,w), containing Z,,, with a non-zero 
exponent in a term of coefficient 1. This shows that 2,,,/% is then algebraic 
over the field L(w), where we have put 


D = k (a, 21/Zo,° a * By / By). 


Now take n(N +1) independent variables Wip over k(a), for 1SiS&n, 
OSvN; put y= 2 Wyk, for 117; what we have proved above shows 


that, for each 4, jie. is algebraic over L(Wio' - +, Wi), and therefore a 
fortiori- over the field 


== L(W49,° i "s Wav) = k (a, Wr, ° f +; Wany 21/2oy * ' ", Žn/Žo). 


On the other hand, one sees just as before, using F-II,, Prop. 24, that 
the 4:/%, for 1=tn, are algebraically independent over the field 
l(a, Wy," © *,Waw); as they are algebraic over DL’, this implies that Z’ has 
at least the dimension n over the latter field, so that the 2,/z,, for 1 Sin, 
must be algebraically independent over it. But then they must a fortiori be 
so over k(a), which means that a is in Q. 
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This completes the proof of the following statement: the assumptions 
being again those of Prop. 11, Q must either be empty or contain a k-open 
subset of U. Now we prove Prop. 11 by induction on the dimension of U, 
the conclusion being trivially true if that dimension is 0. Assume that Q 
is not empty; put X = U —Q; we have proved that XY is contained in a 
k-closed subset C of U. Call U; the components of C; they are algebraic 
over k, and of dimension <dim(U). By the induction assumption, Q N U; 
is either empty or a k-open subset of U;; in both cases its complement C; on 
U; is a k-closed subset of U. As X is the union of the C, this shows that 
X is k-closed. As it is obviously invariant by all automorphisms of & over k, 
it must then be &-closed. 


Propvosrrion 12. Let U be a variety defined over a field k; let F be a 
closed subset of U. Then, among all the k-closed subsets of U contained in F, 
there is one maximal set Fy. 


Let K be the smallest common field of definition containing k for all 
the components of F; let o run through all the isomorphisms of K over k 
into the universal domain. As such an isomorphism oa leaves all k-closed sets 
invariant, every &-closed subset of U which is contained in F is contained 
in all the sets F* and therefore in their intersection F,; Fp is closed, since 
it is the intersection of closed sets; and it is k-closed, by Prop. 9. This 
proves the proposition. 


Proposition 13. Let U be a variety defined over an wmfiute field k; 
let F be a closed subset of UX U. Then there is a point a on U, separably 
algebraic over k and such that no pair (a’,a’’) of distinct conjugates of a 


over k is in F. 


Applying Prop. 12 to U X U, F and the algebraic closure & of k, we see 
that there is a k-closed subset Fe of U X U such that a subvariety of U X U 
which is algebraic over & is contained in F if and only if it is contained 
in Fo; this applies in particular to algebraic points over k on U X U. By 
replacing F by the union of all conjugates over k of all the components of Fe, 
we see that it is enough to prove our result in.the case in which F is k-closed. 
We may assume that no component of F' is contained in the diagonal of 
U X U, since the omission of such components does not affect the content 
of our proposition. - Furthermore, we may, in order to prove our proposition, 
replace U by any k-open subset of U; in view of this, we first replace U by 
the set of its simple points, and then use Corollary 2 of Prop. 8 to replace 
U by an affine variety. Thus we may assume that U is a non-singular affine 
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variety, defined over k, and that F is a k-closed subset of U X U, no component 
of which is contained in the diagonal of U X U. 


Let n and N be the dimensions of U and of the ambient affine space, 
respectively. The case n = N is trivial, since in that case any rational point 
of U over k, e.g. 0, would solve our problem; therefore we assume n < N. 
Consider all sets of n linear equations: 


we 
(1) È, bX y = tio (1Sisn), 
yzl 


and identify the set (1) with the point t= (tio, ti) in the affine space T of 
dimension »(N +1). In the space T, we consider the following sets: 


(a) Call A the set of those points ¢ for which the left-hand sides of (1) 
are not linearly independent; as A can be described as the set of zeros of 
certain determinants, it is ko-closed, kọ being the prime field (one could 
easily see that A is in fact a variety, defined over ko). Put 7’ —=T—A; for 
teT’, (1) defines a linear variety L(t) of dimension N —n. 


(b) Take ¢ generic over k on T; by F-V;, Th. 1, UN L(t) is not 
empty, and, if u is a point in it, u is algebraic over k(t) and is generic on U 
over the field K=k(ti1,- + -,tny). As the ti are then in K(u), we have 
k(u,t) =K (u), so that k(u,t) is a regular extension of k. Let W be the 
locus of (u,t) over k on U X T; by F-V;, Prop. 4, if t eT’, a point w’ is in 
UO L(t’) if and only if (w’,t’) is in W. By Prop. 10, there is a k-closed 
subset B of T such that T— B is contained im the set-theoretic projection 
of W on T; then, if #%’«7’— (AUB), UN L(Y) is not empty. 


(c) Let Pp(X) =0, for 1& p&r, be a set of equations for U with 
coefficients in k; put Ppr OP p/0X,. Let D be the subset of U X T consisting 
of the points where the matrix 


biy 
Poy(u) 


is of rank < N; since this can be expressed by the vanishing of determinants, 
D is a k-closed subset of UXT (as U is non-singular, it could be shown 
that D is actually a variety, defined over k). As W is not contained in D, 
DOW is a k-closed subset of W (also, in fact, a variety), so that its com- 
ponents have a dimension < n(N +1). Let D’ be the “projection” of 
DOW on T (i.e. the closure of the set-theoretic projection); this is a 
k-closed subset of T. Let w be a point in UN L(t’), for eT; then, if 
L(t’) is not transversal to U -at wu’, (w,t') must be in D and therefore in 


(1SiSn1SpSrj;1SvSN) 
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DM W, and ë” must be in D’. Therefore, if t’eT—-(AUD’), L(Y} is 
transversal to U at every point of UN L(t’). 


(d) Let X be any component of F; let (u,v) be a generic point of X 
over k. As X is not in the diagonal of U X U, we have u=s4v and may assume 
for instance that u,541,. Take the fọ independent over k(u,v) for 
LSS n, 2SvN; asn<QN, t will then be in T’ for all choices of the 
tin, tio. Determine the fn, tio by the condition that L(t) should contain both 
u and v; this determines them uniquely. As X is at most of dimension 2n — 1, 
(u,v, t) is then of dimension < n(N + 1) over k; therefore the locus Y of ¢ 
over k is not T. For any t’e 7’, assume that UM L(Y) contains two distinct 
points w’, v such that (w’,v’) is in X; then there is y such that wu,’ ,’, 
which implies that u,=4v,. It is easily seen that the ti, for lin and 
all »=4v and £0, must then be independent over &(u,v), and furthermore 
that (wv, t) must be a specialization of (u,v,¢) over k, so that ¢’ is in Y.- 
Therefore, if ¢’ is in T’ and is not in the union C of all the varieties Y 
corresponding in this manner to the components XY of F, there cannot be a 
pair of distinct points (w’,v’) in UN L(t) such that (w’,v’) isin F. To 
conjugate components X, X’ of F over k, there correspond conjugate varieties 
Y, Y’ over k in T; therefore O is a k-closed subset of T. 


Now let P(t) be any polynomial other than 0 in the coordinates of ż, 
with coefficients in k, which is 0 on the union of the k-closed subsets A, B, D’ 
and C of T. As k is infinite, there is on T a rational point ¢ over k such 
that P(t) 0. As t is not in A, it determines a linear variety L(t); as t 
is not in B, UN L(t) is not empty. Take for a any point in UN L(t); 
as ¢ is not in D’, L(t)-is transversal to U at a, so that a is separably algebraic 
over k. As all the conjugates of a over kare in U N L(t), and as t is not. 
in C, no pair of distinct conjugates a’, a” of a over k can be such that (a’, a’) 
isin F. This completes the proof. 

If k is a finite field, the conclusion of Prop. 13 need not be true. In 
fact, take for U a variety without rational points over & (e.g. the plane 
non-singular curve vt + yt -+ zt ==0 over the field with 5 elements); q being 
the number of elements of k, and (a,---+,%,) being a representative of a- 
generic aie of U over k, call z” the point whose corresponding representative 
is (2,9, © +, %,%).’ Then the conclusion of Prop. 13 is false if we take = F 
the locus of (z,2’) over kon UX U. 


Proposition 14. Let V be an affine variety, defined over a field k; let 
a be a generic point of V over k; assume that the ring k{x] is integrally 
closed in k(x). Then, if k’ is any separably algebraic extension of k, k’[a] 
is integrally closed in k’ (x). 
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Put n= ([k’:k]; as k’ is separably algebraic over k, there are n distinct 
isomorphisms o of & into the algebraic closure of k. Hach o can then be 
extended uniquely to an isomorphism, which we also denote by o, of k’ (s) 
onto k’*(2) over k(x). Let z be an element of W (s), integral over k'[z] 
and therefore also over k[a]; then'all the 2° are'also integral over k[a]. 
If é,- -é are n linearly independent elements of k’ over k, it is well- 
known that det(é) is not 0; therefore all the 2°, and z among them, can be 
expressed as linear combinations of the n elements w;== >) éz"; but these 


g 
are integral over k[s] and are traces over k(x) of elements of W(x), so that 
they are in k(x); as k[x] is integrally closed, the w; are therefore in [x], 
so that z is in k’ [a]. 


THE UNIVERSITY oF CHICAGO. 


CORRECTIONS TO THE PAPER "LINEAR GRAPHS OF DEGREE = 6 
AND THEIR GROUPS.” * 


By I. N. Kaeno. 


D. W. Crowe and Frank Harary in a paper “ Linear graphs through seven 
points . . .” which they are preparing for publication, call attention to a 
graph which was omitted by the author in his paper mentioned in the above 
title (this JOURNAL, vol. 68, 1946, pp. 505-520, and vol. 69, 1947, p. 872). 
The author finds that this was inadvertantly omitted in preparing his paper 
for publication, and now wishes to call attention to the following corrections 
to cover this omission. 

On page 514, after line 16 add: 


H’, == [ab, ac, ad, ae, af, bc, bd, be, bf, ce, cf |. 


On page 515, after Theorem 3.6 add: 
THEOREM 3.6*. H’; has the group (abc)all(def)all. 


On page 520, Theorem D.11 should read: 
Soe has the graphs P==[---] and H’. 


New York Cry. 


* Received February 21, 1955. 
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ON STRONG SUMMABILITY OF FOURIER SERIES.* 


By R. SALEM. 


Introduction. Let f(x) L have period 27 and denote by s,(x) the 
partial sum of order n of the Fourier series of f(x). Write 


ga(t) = f(a + t) + f(e—t) — 3f (2). 


It is now a classical result that, if fe Lr (r > 1), then at every point æ where 


(1) f "| be(#) |" dt = o (h), 


(relation which is true for almost all x), one has 


(2) È |54() —f(@)|"/(m-+1) 0 


for all positive exponents g. See Zygmund [3] and the references quoted 
there. This theorem has been generalized by Marcinkiewicz [1] and by 
Zygmund [4] to the case in which one supposes only that fe L. 


In the case q= 1, the result can be considered as an extension of the 
classical Fejér summability theorem, to which it reduces if instead of the 


average of the absolute values 5, | s,—f|/(n +1), we consider the average 
0 
without absolute values Ð, (s, — f)/(n + 1) =o,—f where o, denotes the 
: 0 


Fejér sum of order n. Hence the name of “strong summability.” 

It is natural to ask the question whether the average (2) tends to zero, 
if instead of considering all sums s (s) (v==0,1,2,- > +), we consider only 
indices forming a subsequence of the sequence of natural numbers. 


The first result in this direction is due to Zalewasser [2] who proved 
that, if fe L, 


> (sie—f)/(n +1) 30 


* Received December 27, 1954. 
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at every Lebesgue point, and in particular at every point of continuity. This 
result was later extended to indices k? or k*t. All proofs are based on number 
theory methods using the arithmetical properties of the particular kind of 
sequence involved. : Besides, the'averages'are-not taken-in' absolute value. 


In a different direction, some results where the averages are taken with 
absolute values have been obtained for more general sequences of indices 
by Zalewasser and Zygmund ‘but they are only known to hold almost every- 
where (even for continuous f), the exceptional set of measure zero depending 
on the particular sequence {np} of indices considered. 


The main purpose of this paper is to show Gin Theorem 1) 4 that if 
ferr (r> = and if the condition (1) is satisfied at a point x, then at 
this point 2 | Sn, (£) —f (7) lika 0 for an arbitrarily large exponent q, and 


for a no eT kind of sequence {n} which does not increase too rapidly 
and possesses some weak kind of regularity. Arithmetical properties of the 
sequence do not enter in the argument. 


In the remarks following the proof of Theorem I we show that if {nr} 
increases rapidly enough, the theorem becomes false. We also show that 
some hypothesis about the regularity of the sequence can not be avoided. 


Theorem II, although not directly connceted with the previous results, 
is somewhat related to them; its object is to show that, denoting by Ma the 
maximum of | s (x)| with respect to v, there exist continuous functions for 
which (M, +> + -M,)/n is unbounded. 


THEOREM I. Let {nų} be an increasing sequence of ‘positive integers 
satisfying the following conditions: 


1) There exists a constant A such. that n,=O(k4) 
2) There exists a constant «>0 such that (nrs —nr)/ny > e/k 


3) There exists a lacunary sequence ky (kya/kyZ=R>1) such that 
Nicya/ Mey, < B, B being a constant.* 


Let f(x) with pi 2r belong to Ls (s > 1), and denote by s»(ax) the 
partial sum of order m of its Fourier Series. Write 


a(t) =f (2 +t) +f(e«—t) —2f (2). 


1 Condition 2) is certainly verified if {ną} is convex, and condition 3), if for a 
positive c, ny/k° decreases. i 
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Then at every point x where J i a(t) | dt = 0(n) one has, as k—>o, 
0 


(sa (2) — f(a) [PE > +] Sm (2%) —F (2) |"}/b 0 


the exponent r being fixed, but arbitrarily large. 


Preliminary remarks. a) It is well known that if the theorem is true 
for the exponent r, it is also true for any smaller exponent. Let g be the 
exponent complementary to r (1/qg-+1/r=—1). Taking r large enough we 
have q <s, so that we can assume r2=2, 1<q 5&2, fe Lt and 


S 140) [2dt = o). 


b) In the hypothesis 3) about the sequence {ny} we shall assume that 
ky = 2”; the changes in the proof for the general case are trivial. 


c) We remark that 


f lge ledt— ot) implies f'l 4e(#)| dt = ol), 
hence by a classical result 
stmt f telt) sin nt dt/t+0(1) 
as m—>oo, provided that 8 = 0 (1/n). 


Proof of the theorem. We shall assume temporarily that in the hypo- 
thesis 2), «> 2, and we shall lift this restriction at the end of the proof. 
j=2h-1 
Consider now an h == 2”. We shall prove first that X | s,,—f |" o0(h) 
as h—>œ. From this the theorem will follow easily. 1” 
By remark (c), and since nən/nn < B it will be enough to prove that 


2h~1 


T 
f=) | felt) sin nyt dt/t |"==o(h). For this purpose we shall consider 
ity 


zh 
the sum 
2h-1 oT i T 2h-1 
S= Bay f gelt) sinnt dt/t= J. (t) (X asin nt) dt/t, 
=h NINA Th ht 


where the coefficients a; are arbitrary, and where we write z(t) =¢(t) 
since x is fixed and no ambiguity can arise. 

We can write n,==/?*? where P=P(h) is an integer and p=p(h) is 
such that 0< p21. Obviously P=0;alsoP=A. But P=0 only if p =1. 
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The integrand being the same as in S, we write, if P>0, 


h/t, Th? / 13, Th? /ny r 
s= e fo tet E, 
TÅR? 


TAa Th3/n, NRP ny, 
=U,-+:-:+U,+-::+Up+Y, say; if P=0O we have merely S=V, 
with p= 1. 


By a change of variable, 
T 2h71 
Uis f b(h?6/m,) (X asin (njh?/m,) 0) d0/0. 
fh j=h 
We shall find a convenient bound for |U,|. We remark that 


(nja — ni) hP/m, = (nja yj) h/njg > (nja — ni) 9/2; > €/2 > I 
so that all integers [n,h?/n,] are different (we denote as usual by [z] the 
integral part of z2). To simplify the writing we shall study the integral 
| T Zhai 
jem f $ (Ad) (X asin n,A9)d0/8, 
w/h h 


where O<A< 1, (nı —n;)à >l, and nA h. (All three conditions are 
satisfied by À = h?/ny.) 


We write 8; == (njA— [njA])/2, N; = (njà + [nr])/2, so that 0S 8; < 4, 
and N; [h]. We have sin n,A@—sin[n,A|0 = 2 sin 8,6 cos V6, and we shall 
study separately the integral 

T hol 
y= -Í p (à0) ( Sa; sin [nr ]6)a0/6 
a fh h 
and the difference U — U*, 
We have 
T q 2h-1 
|0] = f 1800) eao f TE osin [nao |r a0} 
T/R } h 


Denoting by 1, J the two terms of this product, we have 


TÀ T 
r= f |o (i) /éladt-aet <a f |e(t)/t |1 dt. 
TÀA/ħh TAJR 
The last integral gives, by a classical process of integration by parts, and 
owing to f o(t)|¢ dt = o(y), a result which is o(h/A)**. Hence I4 = o(h@*) 
0 


and [==o0(f*-/4). As for J, since r= 2 and all [nA] are different, it is 
less, by the theorem of Hausdorff-Young, than the product of (> | a; |*)*/¢ 
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by an absolute constant. Hence 
2h-1 
| U* | = o (h0) { È | a; | 97%. 
h 
Now we consider 
2h-1 T 
U — U* == 2 $ f (AG) sin 8,6 cos N;0 d8/0 
zh wih 
2h-1 l 
and we shall show that | U—U*|—{>||a,|}-0(1) as hoo. 
h 
For this purpose we consider the integral 
À 
W= f $ (A8) sin 86 cos m8 d0/0, 
a i 
where OC a<b<2r, 0<A<1, 0<8< 4, m= [h] and we proceed to 


find an uuper bound for | W |. 
Write 


vA b 
Wes f $ (t) sin (8/A)tcos (m/A)t di/t = f p(t) sin (8/A)t cos Mt dt/t, 


where aà =a, bA=0’, 0< a <b’ < da, and M=m/rA>m. 


Let y(t) = (t) (sin 8/At)/t—(t)g(t). Then y(t) eZ. As it is well 
known, 


| f WO cosMe dt | 34 f yEy) at | 
a’+7/M b’+r/M p’ : 
af ataf Tylaess f E/O at 
a’ +a /M b’ +r /M 
HEA) fT Telat +38 {Tal ae 
We have f | ġ |dt=é(| E|) where £0 with | E|, measure of #. Thus 
E 
v v” 
| f “y(t) cos Mt dt | <4 f [YCE 2/M) —y(t)| dt + (8/a)E(n/M). 
Now 
v(t + 2/M) — p(t) 
= [e(t + r/M)— oe] g(é+2/M) + o@ [9 (6 + 2/1) —9 (4) I. 


g | is bounded by 8/A, and | dg/dt | by ¢(8/A)? where 
c = max | (d/dt) (sin t/t) |. 


Now 
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Hence 
+ S EHM) — MO] a 
S (8/4 f 1807/0) — 90) dt + (1/20) 0(8/)? f 1e [at 


Denoting by (q) the integral modulus of continuity of the given func- 
tion f we have, collecting results 


| f W) cos Mt dt | << (8/d)E(a/M) + (8/Xo(r/M) + 082/02, 


C being a constant (depending on the value of f(s) only). Since è< 4, 
and AM =m, and M >m [h], we have 


| W | SC(E(a/h) +o (m/h) +1/h)/A=u(h)/, 


C being independent of a, b,A,-6,m; and u(h) tending to zero as h—> œ, and 
depending on h only. 
Now, if A> »(h)3 then | W|<Cp(h)4. On the other hand, if A < p(h)4 


2m 2TA 
[W] <8 f [808] do < (1/21) f 190| at—0(1) 
0 ‘ 0 
for h—>œ. Hence | W | ==0(1) uniformly as h—>oo and thus, as stated 
2h 
[0—0 |= {Fla} 000). 
Since S| a; |/hS {F | o; |9/h} 74, | U — U* | = o (h14) {5 | a; |1}/9, hence, 
taking into account the result about U%, 
2h~l 
| U | = o (P8) { Z | a; (9347/9, 
k 


and this result is obviously valid also for |U,|-+---+]| Up]. 
To find a final result for § it remains to appraise V, which is done in a 
classical way: 


IVi< fl $(t)/é|-| Z asin nyt | de 
wih h 
= Cf p(t) /t la di}t/of fiz aj sin nyt |” diy" 


== 0 (h14) { > | q; |1}/a, by the Hausdorff- omg theorem. 
Gcllecting results, we have § == o0(h1-/2) { 5 | a; |934, But it is well 


t 2h-1 


known that T™"==§ for some a; satisfying {J ]|o;]9}/4=1. Hence 
R 
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T1lr — 0(hi-/2) —o(h7), that is to say, T= o(h), as stated. Hence also 


2h-1 


= | Sny—f |" =o0(h).. 


To prove now our theorem it is obvious that it suffices to consider the 
case k= 2°"—1. Write 


k omy 2m+1l—1 22M] 
Slt = Bt E H, 
1 1 om  92m-—1 


7 
Consider separately the first sum; since 2”—-1—~ kè, and since f | d2(t) | dé 
0 


= 0 (7), z 
> | sa, —f |" = 0 (kt log" ny) = o (kè log" k) = 0 (k). 
1 


Now the sum of the other terms is, by the result just proved, 


0(2”) -+ 0 (2r + oe -+ o (22m-1) = 0 (2°) = 0 (k). 
This completes the proof. 
It remains now to get rid of our hyppothesis e œ> 2. This can be done 


easily by breaking the sequence {n;} in a finite number of complementary 
sequences, since there exists an integer C such that (nro — Nx) /Ny > 2/k. 


Remarks on the hypothesis about the sequence {m;}. It is certain that 
if ny increases too rapidly with k, the theorem cannot be true any more. 
(Consider classical examples of a continuous function whose Fourier Series 
diverges at a point). But it is not excluded that n,—O(k4) can be replaced 
by a better condition. We wish only to prove here that the theorem is not 
true for ny = O (2¥), and not even for n,—O(2**) if a>4. More precisely, 
the theorem is false if n, increases sufficiently rapidly to have log ny/kì —> œ. 

The proof is rather simple. Consider a continuous function f(x), with 
period 27, and its partial sums s, at the point x0. One has 


F500) =} [F0 sin nt dt/t + 0(1). 
Now i | | 
Re = (| Sm | + | Sno] +> + + | Sr |) 7% 
> (dh: (1) Su, to (18) Supt +t N 


where ¢1,¢9,° © - are the Rademacher functions. Hence, if we want to prove 
the unboundedness of Fy it is sufficient to prove the unboundedness—for some 


f (t)—of 
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w T 
f f(@){¢1(u) sin mt +: - -H prlu) sin nyt} dt/kt = f FEH r alt)dt. 
r ~T 
The kernel H;,,(¢) depends on two parameters k,u. It will be enough to 


show that f | Hi,u(t)| dt cannot be bounded independently of k, u. But, 


if this integral were bounded, we would have 


T 1 
f di f | Hna(t)| du=0(1) 
0 D 
independently of k. We know that 


fi Hra(t)| du > A (1/kt) (sin? nmt + — sin? nit)? 
> (4/kžt){| sin nyt | +: -+ | sin nat |}. 


But the integral of this expression with respect to t, in 0, =, is of order 
(1/k2) (logni +: -+ logn), hence unbounded if log ng/k?—> o. 

If we come now the condition of regularity (2) of our theorem, we shall 
show that some condition of this kind is necessary to prove the theorem. 


We shail base the proof of this remark on the following lemma 


Lemma. Consider the integral 


Jno f Isina +16 +--+ +--+ sin(n + p)6 | d0/p6 


(in which we think of n, p, and n/p as being large) ; this integral is larger 
than A log (n/p), A being a positive constant.* 


Proof. We have 
Anp = (feos (n -- p+ 4)8— cos (n+ 4)6| d/{2p0 sin (0/2) } 
n/p 
> f, |2 sin p(6/2) sin (n -+ (p + 1)/2)8 |/ p8? 


=f 2 sin (¢/2) sin (n/p + 4 + 1/2p)t | dt/t > A log (n/p). 


Take now the sequence ny in the following way. n,== 2?" for k = 2, 
p being a fixed integer. For k==2"-+-h where h==1,2,---,2"-—-1 
Ny = QPY L hr -2, 

Obviously nr == O (kP). 


? This has certainly been known to many authors. 
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Let now f(z) be continuous, and s, be the partial sum of order n for 
==), 
Let k =2”. We have 
(sft | see ot | Soma [)/(*— 1), 
> ( = eas -p | Sova |)/ (2—1). 


Hence, to prove unboundedness, it is enough to consider the integral 


Sov 








f TECE) {sin ket + sin (ke -+ br-2)t + sin (k? + 2h) 1 
A J: -p sin (k + kr- — ke?) t} dt/ket, 


and to prove the unboundedness of 


fi | sim fd + sin (ler + Br *) t -+ sin (k7 4 eke) 
j +. -+ sin (ke + kr- — kr-2)t | dt/kt, 


or, setting k?-°t— 0, the unboundedness of 


im sin k20 + sin (k? -+1)0-+- > -+ sin (k? + &—1)0 |d0/0, 


which is > Alog k, by the Lemma. 


We could as well have taken for k=? +h and h=—1,2,- ° >, 2¥—1, 
ny = 2” + [heer], In all those examples (ng, — Mx) &/Mx does not 
remain above a positive number. 


THuorem II. Let f(a) be continuous, with period Rr, Sn(v) be the 
partial sum of order n of its Fourier Series. Let M, denote the maximum 
of |sn(w)| for OSS. There exists continuous functions for which 
(M,-+M,.+---+M,)/n +s unbounded. 


Proof. Write, D, denoting the Dirichlet kernel, 
T(m, p, £) = (Smalt) + Sme (£) + -+ Smp (2) )/P 


=i SFO Dan (e—t) H + Daole —t))dt/p, 


and denote by L(m,p,@) the kernel (1/p) [Diner (9) +> + + Disp (9) J. 


Let n be given, and k the integer such that 23k? S n < 2(k4+1)?. One 
has r 


(M+: +--+ Ma)/^ 
SAM yE -+ Mor) /2(k + 1)? > (Mira t: -+ Mare) /2(k + 1)”. 
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It will then be sufficient to prove the unboundedness of 
| Ry = (Mea ++ + ++ Mow) /k. 
Let aj==92r/k (7—=0,1,--°,4—1). Denote by ol(u), ġı(u);,; +- the . 
Rademacher functions. Then, obviously, for any value of u, 
(1/k) (Magar +: + Mren) Z polu) T (k, k, xo) 
(1/6) (Misa + > * + Misr) Z p (U) T(E k ka) 
(1/k) (Mrena + e + More) Z pra lu) T (k? + k (k — 1), l, tr). 
Hence 
Ry = (1/k) {po (U) T (k7, k, £o) + pi (U) T (k + k, k, t) 
f+ + pra(u) T (2h? — k, k, €r) } 
= (1/rk) fF {po (u) Lren (t— T0) + pi (U) Lrg, e(t — 2) 
-e i e bp (U) Dort-r,r (E — Tr-1) } 
—=4 f FO) Hna(t)dt say, 


The argument already used above shows that it is sufficient to prove the 
unboundedness of 


2r 1 2r 
f dt Í | Hra (t) | du > f (L?ya ,(t— a) p: )êdt/k. 
0 : 


But the last integral is larger than 
k-i aitik k~1 Tjk 
k> | Drejer (t — z) | dt = k7! 2 S. | Presne (8) | dð, 


j=0 J xy~t/h 


and by the last lemma one has 


mik 
f © | Loss2(8)| d9 > O log(k +j) = C logt. 


Hence for suitable choice of the bounded function f(t) (depending on k) 
Rr = Alog k, which, by a classical theorem, proves our result. 

More precisely, w(n) being any function increasing less rapidly than 
log n, there is a continuous f(a) such that 


(1/o(n))> (Mi +M: +: HM) y 


is unbounded. 
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P. Hartman and A. Wintner, “Asymptotic integrations of linear differ- 
ential equations,” this JOURNAL, vol. 77, pp. 45-86. 


On page 62, formula (67), and on page 72, formula (119), read e(a) 
in place of the factor (e(j) + e(a) — 1) in the exponent of t. 


On page 63, formula (70), read > instead of < (twice); in place of 
the two lines following (70), read “In this case, y(t) is unique.” 


On page 64, line 11, read [6] in place of [5]. 


On page 66, formula (80), read (b(q) —#) in place of the factor 
(g) —h). 


On page 68, formula (91), read (e(a) —e(j)) in place of the factor 
(e(a) — 1) in the exponent of ¢. 


ON THE FORMS OF THE PREDICATES IN THE THEORY OF 
CONSTRUCTIVE ORDINALS (SECOND PAPER).* 


By S. C. LEENE. 


In the first paper of this title, the author presented a technique for use 
in attempts to reduce inductive definitions to explicit definitions, and claimed 
by means of it to show that the predicates ae O and a <ob of the system 8; 
of notation for ordinal numbers are expressible in the respective forms 
(a) (Hy) R(a,2,y) and (x) (Hy)S(a,b,x,y) where R and § are primitive 
recursive predicates. To apply the technique, the inductive definition of a 
predicate P is first rewritten as an equivalence, and then a solution of the 
latter for P as an unknown predicate is sought. 

A fallacy occurs in the preliminary step:* the equivalence does not fully 
express the inductive definition, but may admit other solutions for P than the 
predicate defined by the inductive definition. It is thus necessary to supple- 
ment the application of the technique by a proof that the particular solution 
obtained is not “extraneous”. It appears now that this supplementary 
reasoning can be given for the applications of the technique in which the 
proposed solution has only an existential quantifier, but fails in the final 
application (to ae Q in 14) where there is also a universal quantifier. 

In the present paper we shall show that the result claimed in the first 
paper becomes correct, if a variable a for a 1-place number-theoretic function 
is substituted for the number variable æ; i.e, ae O and a<ob are expressible 
in the respective forms («) (Hy) R(a,a,y) and («) (Hy) 8(a,b,a,y) where R 
and S are primitive recursive (29 Theorem II).2 Conversely, every predicate 

* Received December 4, 1953. The references to [13] and [15] were added June 3, 
1954. The ideas for the proof of Theorems I and II were obtained in March 1950 while 
the author was on research leave supported by the University of Wisconsin Graduate 
School and held a John Simon Guggenheim Memorial Fellowship. The first paper of 
this title appeared in this JOURNAL, vol. 66 (1944), pp. 41-58. 

* This is the error noted in the bibliographical references to the first paper in [10] 
and [11]. 

* A function or predicate with variables for l-place number-theoretic functions as 
well as for natural numbers we call primitive recursive (as in [12]), if as a function 
or predicate of its number variables it is primitive recursive uniformly in its function 
variables in the sense of [11] p. 234. Like terminology has already been used in the 
case of general recursiveness in [10] pp. 681-682 and in [12]. 
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‘of the form (a) (Hy) (a,a,y) where E is general recursive is expressible in 
the form é(a) £O where é is primitive recursive (25 Theorem I). It follows 
by the theory of arithmetical predicates and function quantifiers? that ae O 
and @< b are not expressible in the dual forms (Ha) (y)R(a,a,y) and 
(Ha) (y)S(a,b,a,y) with recursive R and S, respectively; a fortiori,* they 
are not arithmetical, so in particular the result claimed originally is false. 
Most of the work done in the first paper is utilized in proving the present 
results. We give an example of a primitive recursive linear ordering of the 
natural numbers which is a well-ordering with respect to the arithmetical 
functions but not with respect to all the number-theoretic functions (26 (J)). 
Classical methods are used in this example and to some extent elsewhere. The 
results hold also for the relative version of the theory of constructive ordinals 
(in 30). 

Some of the numbering and symbolism is continued from the first paper. 
Sections 18 and 19 indicate in detail what can be kept and what must be 
rejected in that paper. Readers not having that paper at hand may begin 
with 20. For their convenience, information from that paper will be repeated 
here as needed ; and they can choose from various sources cited in the footnotes 
for the notations and results of the theory of recursive functions which are 
employed. 


18. The reduction technique. On p. 46 of the first paper, we rewrote 
the inductive definition 1-4 as an equivalence (18), assuming uncritically 
that the latter is equivalent as a definition of P(a) to the former. 

But suppose that the formal deductive system, for which the P({a) of 
1-4 is the arithmetized provability predicate, includes among its symbols D 
and among its rules of inference modus ponens 


A, ADB 
B. 
Also suppose the arithmetrization to have been carried out (as is usual) so 
that A(a), B(a,b) and C(a,b,¢) are each true only when a is (the Gödel 
number of) a formula. In this case, (18) can have as solution for P(a) 
not only P(a) = {a is provable}, which we intended, but also P (a) = {a is 
a formula}. For each formula A is inferable from two other formulas, e. g., 
A and AD A, by modus ponens. Hence, when P(a) = {a is a formula}: 
For each a which makes the left side of (18) true, the third disjunctive 


* [12] Theorem 3. 
4 [12] Theorem 5. 
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member (Hx) (Hy) [P(x)& P(y)& C(a, x, y)] of the right side, and hence the 
right side itself, will be true. Conversely, for each a which makes the right 
side true, and hence makes either A (a), or B(a,x) for some x, or O(a, x,y) 
for some v and y, true, the left side will be true. . 

What is lost in rewriting the inductive definition 1-4 as the equivalence 
(18) is part of the effect of the extremal clause 4. The predicate P (a) 
defined by 1-4 (write it now Py(a)) is that predicate P(a) satisfying (18) 
for which the set âP (a) of the œs which make P(a) true is the least. In 
other words, Po(a) is the solution of (18) such that, for any solution P(a) 
of (18), 

(18.1) Po(a) > P(a). 
This implication can be proved by induction, in the form which corresponds 


to the inductive definition 1-4 of Po (a). 
In particular, then (18.1) holds when P(a) is our solution 


(23) P (a) = (Ex) R (a, x) 


of (18). But also, by course-of-values induction on œ (using (13)), we can 
show from the definition (22) of R(a,x) that 


(18. 2) (a) [E (a, £) > P,(a)], 
Whence (via (%) (@)[R(a,%) > Po(a)] and (a) («)[R(a,2) —> P,(a)]) 
(18. 3) (Lx) R(a,v) > Po(a). 


So, by (18.1) (applied to (#x)R(a,x) as the P(a)) and (18.3), our solu- 
tion P(a) = (x) R(a,x) ((28) with (22)) of (18) is in fact P,(a). 

Thus with the help of the supplementary argument given now, we do 
establish that {a is provable} is expressible in the form (Hx) R(a,e) with a 
primitive recursive R. 

Likewise, at each place in the paper where we rewrote an inductive 
definition as an equivalence, we lost part of the effect of the extremal clause. 
But in every case where we solved that equivalence by a predicate of the 
form (#v)R(a,x) or (#x)R(a,b,x), we can show by induction on v that 
our solution is the predicate defined by the inductive definition. 


19. Conclusions from the first paper. In this manner the conclusions 
of the first paper can be upheld, except those of 14 and 15 including Theorem 
1. and (41) in 16.5 By 25 Corollary to Theorem I, we see now that Theorem 1 


“On p. 43 omit the stars on (4) and (11) (ef. [11] *86 and *95 pp. 162-163). 
On p. 52 after (V) and (VI) the “(Use (IV).)” is unnecessary. On p. 53 in (380) and 
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and (41) are false. By 25 Theorem I with [12] Theorem 5, likewise 
Theorem IX of [9] Section 15, our “proof” of which depended on Theorem 
1, is. false. 


20. The predicates ac O and a<ob (recapitulated).* In this paper 
we are writing T'(z,7,y) for T,(z,7,y), and ®(z,v) for @,(2,2) (=U (py 
Ps (4,%,y)))-" 

Let 09 = 1, (1-+1)o—2%. By saying that y defines y, recursively as 
a function of no, we mean that (n){®(y,no) is defined and==y,}. The 
‘predicates ae O and a<ob of the system S$, of notation for ordinal numbers 
(of the constructive first and second number classes) were introduced by the 
following inductive definition : 8 


O1. i0. 02. Tf ye0, then 2%cO and y <9 2% 03. If, for each n, 
ynéO and Yn Lo Yau, and if y defines Yn recursively as a function of no, then 
3°54eO and, for each n, 4¥,9<093':5% O4. If ved, ye O, ze 0, &<oy and 
Y <o% then z <o. 05. aeO anda<ob only as required by 01-04. 

We recall the following lemmas (I)-( VIII) from 12. Here C(b) is a 
class of numbers depending on b (defined in 12), such that (as shown in 13) 


(32) aeC(b) = (Hx) V (a,b, 2) 


for a certain primitive recursive V. We write aXob for a <o b V a=b, 
a>ob for b<oa, ete. 


(I) If ae0, then a0. (II) If a<ob, then b41. (III) C(1) 
is empty. (IV) If a<ob, then ac O and be O. (V) If a<o24, then 
aSoy. (VI) If a4<93-5%, then, for some n,a So Yn, where Yn = P(Y, no). 
(VII) If be0, then agC(b)—>a< aob. (VOI) If beO, then a<ob 
—aeC(b). po 


(31) read “b = 3.8” for “@a—=3-5"”", On p, 54 in (35) read “a = 3 . 5%” for 
“e= 3.5%” (an adaptation of 14 is used in 27). In order that 16 Theorem 2 give 
the full force of (41)-(44), it should be added in each part that the function also map 
one-to-one the complement of the one set on a subset of the complement of the other; 
this being added, the first part becomes false. Theorem 3 (which should have been 
indicated as classical) is now included in the much stronger Corollary to Theorem I 
(also classical}. 

e The reader may wish to follow the modifications outlined in 30 for the relative 
version of the theory as he reads 20-29 giving the absolute version. : 

710; or [9] Sections 4, 7, 10; or [11] pp. 225, 279, 281, 288, 327, 330, 340. 

3 The theory of constructive ordinals in various versions appears in Church-Kleene 
[4], Church [3], Kleene [8] (cf. Section 3 for nọ, Section 5 for 8,) and Turing [20] 
Section 7. 
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We add several further lemmas. Some of these are proved, as were 
preceding ones, by induction in a form which corresponds to the inductive 
definition O1-05. This is illustrated by the proofs of (VII) im 12 and 
(XX) in 22, which are given in full. 


(IX) If aeO, then aZtol. (By induction.) (X) Jf aeO, then, 
for . each mnumber-theoretic function a(n) such that a(0)=a and 
(n)[a(a) Al a(n) >oa(n+1)], there is a number k such that 
a()—=1. (By induction. For example in the part where it is assumed 
that a = 24 with ye 0, by (I), a1, so a= a(0) >o2(1). By (V), either 
y= a(1) (Case A) or y >oa(1) (Case B). We apply the hypothesis of the 
induction in Case A to 8(n)==a(n-+ 1); in Case B (then by (IL), y341) 
to B(n) =y if n—0, =a(n) if n3£0.) 

(XI) For each a, a<oa. (By reductio ad absurdum, from (II), 
(IV), and (X) applied to a(n) =a.) (XII) Ifa<ob,thenb<oa. (By 
(IV), O4 and (XT).) (XII) If ce 0, aoc and b Soc, then a<oeb or 
a=b or a@>ob. (By induction on c.) 





Together 04, (XI) and (XII) give that O is partially ordered by <o. 
Then by (XIII) the members of O which are <o a given member b are 
linearly ordered, and indeed by (X) with (IT) well-ordered, by <o. Thus 
far we have not had to mention the classical second number class. 

Letting | 1| =0, |2¥|==|y|+1 for yeO, and |3-5|==lim, | Yn | for 
3-50 and yn =F (y, no), each member b of O represents an ordinal |b | 
of the first or second number class, in such a manner that whenever 4 <ob 
then |a| < |b | and that for each «< |b! there is a member a of O such 
that |a|—a and a<ob.° By this with (XIII), the ordering of the set 
é(a<ob) by <o is of the type |b]. The least ordinal > |b| for every 
beO is called w. 


21. A digression concerning recursive well-orderings. A partial recur- 
sive function enm(b,m) which for each fixed b >» 1 enumerates the numbers 
<o b is constructible by the method used in the earliest version of the theory.*° 
However it is worth noting that the result is immediate from 12 and 13. 
It is easily arranged that enm be primitive recursive and that the enumera- 
tion be without reptitions when b represents an infinite ordinal. . In detail: 


° Cf. 11, [3], [8], and for an earlier version [4]. “Also for (XIII), ef. [3] pp. 
229-230. = 4 aa 
1° [4] p. 20 enm, and [8] p. 154 end Section 3. Also ef. [20] pp. 188-189 Inf. 
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Combining (VII) and (VIII) with (82), 
(21.1) be0— (a<ob =(L£2) V (a,b, x)). 


Let Fin(b) = (£n),.0[b =no], so Fin(b)=={be0 by Oi and O02 only} 
== {b represents a finite ordinal}. Let nat(b) == pnn b ==no], so that 
nat(no) =n. (When Fin(b), nat(b) is |b] as a natural number.) We use 
(x); in the sense of [11]. Now in the case Fin(b) (whether or not be 0), 
let enm(b,m) be (m)o, i£ V((m)o b, (m)1) and (m), is not among 
enm(b,0),- - -,enm(b,m—1), and otherwise let enm(b,m) be the first 
among 09,- - -,mo which is not among enm(b,0),- - -,enm(b,m—1). In 
the case Fin(6), let enm(b,m) = (nat(b) —(m+1))o."% This gives a 
course-of-values recursion on m for enm(b, m), so enm is primitive recursive. 


(XIV) If b&O and Fin(b), then (n)[mo<ob]. (By induction.) 
(XV) There is a primitive recurswe function enm(b,m) such that: (i) If 
b = no, then enm(b,m) = (n— (m +1))o. (ii) If be O and Fin(b), then 
enm(6,0), enm(b,1), enm(b,2),: >- is an enumeration without repetitions 
of a(a <ob). 


In Cantor’s theory, ordinals arise on the one hand as the order types 
of well-ordered sets, and on the other as the objects generated by certain 
principles. In the present theory of constructive ordinals, it is the latter 
version of the theory which is made constructive. We inquire now into the 
relation between this and the result of making the first version constructive, 
i.@., of requiring the well-ordering to be recursive. 


(A) There is a partial recursive ternary relation m <yn such that, for 
each fixed b: If be O and Fin(b), then the binary relation m<yn is a 
general recursive well-ordering of the natural numbers of order type |b |.4 


Proof. Suppose be O and Fin(b). The numbers <9 b are well-ordered by 
<o with the order type |b | (end 20). But enm(d, 0), enm(é, 1), enm(d, 2),-- - 
is an enumeration of them without repetitions. So it will suffice to define 





11 [11] p. 230, viz, (æ), = {the number of times æ contains the i-+ l-st prime 
number as factor} if v x 0, = 0 if x = 0. The author originally introduced (@),,> > +, (#)m 
in [9] (1943) p. 50 for an unspecified m-tuple of functions with certain properties, and 
then in the first paper of this title (1944) 5 defined (æ); so that the (#),,, there is the 
{@}; now; but since 1946 he has undertaken to standardize the notation {œw}; in its 
present meaning (e. g., it was so used at his suggestion in Nelson’s [16] (1947) ). 

12 n =. m = n — m if n= m, = 0 otherwise (cf. [11] p. 223 #6). 

13 Péter [17] Section l or [18] Section 3, Kleene [11] Section 46. 

14 A related result is given by Turing [20] p. 183 (vi). 


PREDICATES IN THE THEORY OF CONSTRUCTIVE ORDINALS. 414 


m <n partial recursively so that, for the b in question, m <, n == enm (b, m) 
<oenm(b,n). To determine whether enm(b, m) <oenm(b, n), we first 
check that m&n. If mn, then either enm (b, m) occurs in the enumera- 
tion enm(enm(b, n), 0), cenm (enm (b,n), 1), enm (enm(b, n), 2), °°, which 
happens if enm(b, m) <o enm(b, n) and only then (since enm(b, m) == enm(b, n) 
= 1 isexcluđed), or else enm(b, n) occurs in the enumeration enm(enm(b, m}, 0), 
enm(enm(b, m), 1), enm(enm(b,m),2),- > +, which happens if and only if 
enm(b, m) > genm(b,n). So we take 


m Ln =m n &enm(enm(b, n), T) = enm (bd, m) 
where 


T = pi [enm(enm(b, n), t) = enm (b, m) V enm(enm(b, m), t) == enm(b, n) |. 


(B) To any general recurswe well-ordering of the natural numbers, 
there is a primitwe recurswe well-ordering of the natural numbers with the 
same order type. 


Proof. The construction which follows will lead from a given general 
recursive well-ordering < of order type « to a primitive recursive one <’ of 
typew-+a. But for a Z o, o +- a =g; and for « < w°, a. primitive recursive 
well-ordering of type æ is easily defined. . 

Let e be a Gödel number of (or define recursively) the general recursive 
ordering predicate m< n; so (m)(n)(£la)Ts(e,m,n, x) and 


To({e,m,2,%) -> [m< n== U (x) = 0].1° 


For any natural number n, let the image of n be 2%- gmarnsnmollemnor) Jf } is 
the image of some number (in symbols, Im (?)), that number is (7). In the 
new well-ordering <’, the non-images in order of magnitude among them- 
selves shall precede the images ordered among themselves as the numbers of 
which they are images were ordered in the original ordering <. Since the 
class of the non-images is infinite, the new ordering <’ is of order type 
o-+a. The following formulas show that the new ordering <’ is primitive 
recursive. 


Im (1) =1 = 20-301 & (Em) mac Tele, m, Oo, (1)1) 
& (7) msc o( 42) os T's (e, M, (1) 0, v), 


*® By [11] pp. 285-287 Example 1, ‘primitive recursive’ can be strengthened here 
to ‘elementary’ in the sense of P. Csillag and L. Kalmar (ef. [6], [18] Section $, 
or [11] p. 285). 

76 [9] pp. 52-53 Theorem IV, [11] p. 288 Theorem IX, or (briefly) 10. “(#!a)” 
means “ there exists a unique æ such that”. 


~~ 


412 S. C. KLEENE. 


k</les {Im(k) &Im(1) && <D V {Im(k) &Im(1)} 
-V {Im(k) & Im(1) & {I (Bo < (Do &U (utsal (e, (k)o (1) o,0)) = 0] 
VECk)o > (l)o & U (utral o(e, (2) 0, (4)0,%) ) 0] }}- 


(C) There is a primitwe recursive ternary relation m <y n such that, 
for each fixed b; If beO and Fin(b), then the binary relation m <y n isa 
primitive recursive well-ordering of the natural numbers of order type |b]. 


Proof. We apply the method of proof of (B) to the m <n of (A) as 
the m< n. But now we can distinguish primitive recursively which elements 
in the given ordering are infinite; namely {n is infinite} = Fin (enm (b, n) ). 
So by letting all numbers not images of infinite elements precede the images 
only of infinite elements, we avoid the increase for «<w* from a to w+. 
As a Gödel number e of the ordering m <n, we have S+ (d, b), where d is 
a Gödel number of m <an as predicate of b, m,n. 

By (A), the order types of general (and hence by (B), or directly by 
(C), of primitive) recursive well-orderings of the natural numbers include 
all transfinite ordinals <w, That they include only such ordinals was 
shown by Markwald [15] (and independently by Clifford Spector, from 
whom the author first learned the result in February 1954 shortly before [15] 
was received in Madison). 


22. Sums of ordinal notations. The addition of ordinal notations 
was treated briefly by Church and Kleene.** We redo the treatment, in order 
to secure an additional property of the sum function which we shall need 
now ((XX) below). l 

We seek a recursive function ¢+ 90 such that 


aifb—1&a0 (Case 1), 
2¢+o¥ if b = 2" where y0 (Case 2), 
3-54» if b—=3-54 (Case 3), 


7 otherwise (Case 4), 


(22.1) a -+ ob == 


where (in Case 3) day defines recursively a -+o ® (y, no) as a function of ng.2 
We obtain such a function a-+ọb as follows. Let 


O(2, 4, yY n) = Ba(z, a, (y, 2) ).7 


17 End 10, or [8] p. 153, or [11] p. 342 Theorem XXIII.” 

18 [4] p. 18, [8] p. 154. Also Turing [20] p. 188. 

19 Here, since a -+o ®(y, no) may be undefined, we mean that (n){®{(da y no) 
at € +o OY, 0) }- 
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Let p define 6(2, a, y, n) recursively. Let???" 
Y(z, a, b) = pt[ {b = 1 &a 0 & t= a} 
V {b = 20 & (D)o 5 0 & t = BË 0 } 
V {b = 3 - 502 & t = 3 - BSPP m a0) ) 
V {(b £1 V a = 0) & (b £ 20 V (bo = 0) & b 3 - 50 & t =— 7} I. 


(22.2) 


By the recursion theorem,” there is a number e which defines y(e,a, b) 
recursively, Let a +ob = y(e,a,b). This gives a-}-ob as a partial recur- 
sive function, but in fact it is primitive recursive.** 


(XVI) If acO and beO, then (a) a+obeO and (b) 
(c)[¢<ob>atoc <oato dl]. 


The proof is by induction on b with a fixed. Parts 1 and 2 (for be O by O1 
and 02, respectively) are straightforward. For 3, assume that b = 3-5’ where 
y is as in 03, and as hypothesis of the induction that (AVI) applies to each 
Yn as the b. (a) By Case 3 of (22.1), a +ob = 3:5 where for each n, 
(d, no) is defined (call it dn) and dn =a +o Yn. Applying the hypothesis 
of the induction, we have by (a) (for y, as the b) d,eO and by (b) (for 
Yn Yas. aS the c, b) dna Lodna Hence by 08, 3-5¢e0 and dy <03- 5%, 
i.e, d+obe0O and atoyn<oa+eobd. (b) Assume c <ọob. By (VI), for 
some n, either c=—= yn (Case A) or c<goy, (Case B). Case A. atoc 
=At+oyn<oa-+ob. Case B. By the hypothesis of the induction (applied 
to c,y, as the ¢,b), a+o¢<oa+o Yn. But a +o Yn Loa Fob. By 04, 
a -0 € Kotte b. 


(XVII) Jf aeO and b>ol, then a-+ob>oa. (Use (IV), (XVI) 
(b), (I), (22.1).) (XVIII) If ae0, then atolo>ol. (By (22.1), 
(1), O2 and (IX).) (XIX) Jf aeO and beO, then a+ob Zoa. (Use 
(TX), (XVII), (22.1) and (1).) 


(XX) If atobeO, then aeO and beO. In fact, for every c which 
eO: (a) If a+ob =c, then acO and beO. (b) If a-+ob: =a +0 b: =c, 
then bı =b, (c) If b1&aSof <oa+o0b—c, then 


(Eg) [g <ob &f =a +0og]. 


Proof is by induction on c, as follows. 


°° [8] p. 153 the last result of Section 2, or [11] p. 352 Theorem XXVII. 
7+ For upon using the resulting value 8,°(p,e,a,y) of day in (22.1), we have a 
eourse-of-values recursion for a -, 8.7 
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1. Assume that c= 1. (a) Assume a+ob—c. Now Cases 3 and 4 of 
(22.1) are excluded. Also Case 2 is excluded, since this could only apply 
if a+oy=-0, and in none of the cases of (22.1) (for y as the b) can 
a+oy=0. So Case 1 applies, with a == b==1. But 1leO. So a,beO. 
(b) Assume @-+o9 b, = 4 -+-ọo ba =c. By (a) applied to a-+ b, and a + bz, 
a= bı = b= 1. So bı=b, (c) By (II), f<oa+ọob =c cannot hold 
when c= 1. 


2. Assume that c== 24 where de O, and as hypothesis of the induction 
that (XX) applies to d as the c. By 02, d<oc. (a) Assume a +o b =c. 
Now only Case 1 or Case 2 of (22.1) can apply. In Case 1, a==c and b = 1. 
But c,leO. So a,beO. In Case 2, d=a+toy and b== 3. By (a) of 
the hypothesis of the induction, then «,yeO, so using 02, a,beO (and 
y<ob). (b) Assume @-+0b:=a+ob.==c. If Case 1 applies to both 
a+ob, and a -+o bs, we have b,=b.—1. If Case 2 applied to a -+o b, but 
Case 1 to a-++ob2, we would have bı = 2» where yA~0 so 6,1 (and by 
(a) a,b,¢0, and by (IX) 6;>01), but ac. Thus we would have 
a =c =A +o bı >00 (by (XVII)), contradicting (XI). So this pair of 
cases cannot apply; and similarly vice versa. If Case 2 applies to both a+, b; 
and a+o be, we have by = 2", b.—=2% and c= 24 = 30 toni == 24+o%, whence 
d=a+oy.—a+0y2. By the hypothesis of the induction, yı =y» So 
bı =b. (e) Assume 6341&aXof <oa+ob—c. Since 641, Case 1 
does not apply to a+ob; and by Case 2, d=a-+toy and b= 2”, whence 
using (a) yeO and y<ob. Now by (V), either f—d (Case A) or fod 
(Case B). In Case A, y isa g. In Case B, y541, as otherwise we would 
have f <pa+ol—a (since by (a) ae 0, so by (I) a0), contradicting 
the hypothesis a So f (by (XI), (XII)). By the hypothesis of the induction 
there is an A such that h <oy&f=a-+oh. By O4 (since y <0 db), h Sob. 
Thus % is a g. 


3. Assume that c==3: 5%, where, for each n, ®(d, no) is defined (call 
it dn), dne O and dy, <o day, and as hypothesis of the induction that (XX) 
applies to each d, as the c. By 03, d,<oc. (a) Assume a -+-ọb= c. Only 
Case 1 or 3 of (22.1) can apply. In Case 1, a—c and b==1, so a,beO. 
In Case 3, b==3- 5" and, for each n, ®(d,no) =a+o(y,no). But since 
(d, no) is defined (= dn), «+0 ® (4, no) and hence $(y, no) is defined (call 
it Yan) so that d,=a-+oYn. By (a) of the hypothesis of the induction, 
a,yne€O. By (XIX), aSo dr. Were Ynı = 1, we would have dı = 4 So dp, 


22 Under the weak sense ([8] p. 152 ll. 20-22, or [11] p. 327), a+o(y, no) can 
be defined only when @(y, no) is defined. 
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contradicting dy <o dau. Thus yanl. Also dy <o dma == 4 +o Yan. Using 
the hypothesis of the induction to apply (c) (with dy, dit, Yair a8 the fc, b), 
there is a g such that g <o Ynn & dn = 4 +09. But da = 0 +-0Yn. Using the 
hypothesis of the induction to apply (b) (with d, as the ¢), g == Y». Hence 
Yn Lo Yna Now by O3 we can conclude that 3-5%eO (and for each n, 
Ya Lo 3'59 =b). Thus a,be0. (b) Assume a +ob, = 4 +0ob:=0. If 
Case 1 applies to both a -+ob, and a-+obe, or Case 3 to either and Case 1 
to the other, we can argue as under Part 2. If Case 3 applies to both, then 
b, = 8: 57 and ba = 3- 5 for some numbers yı (= (61)2) and Y2 (= (b2)2), 
and by the actual construction of the function +o, @ -+00 == 8 + 585i (psea:(@1)2) 
and a -Hob: = 3; §S°@cal)) Hence 8, (p, e, a, (b1)2) = E: (P, £, a, (bo)o). 
By the construction of the function S,” (2, Y1s° © °, Ym) now (bi) = (ba)o, 
i.e, Yı == Yz SO bı =b. (c) Assume D341 &aSof <oa+ob—c. Case 1 
does not apply; and by Case 3, b == 3-5" etc. (cf. under (a)). By (VI), for 
some n, either f= d, (Case A) or f <od, (Case B). The proof that there 
is a g is completed in the same manner as in Part 2. 


23. Finite sums. For any number-theoretic function y(a), let 
0 y(x) ET l, 
a< D 


(23.1) 
do Y (2) = Yo Y (£) +oy (m). 
eine ao 


Then $o y(x) is a function of m primitive recursive in y. Similarly with 
oem 4 


Y(T, Q ° * Gn) instead of y(x). 
(XXI) If (f)sen[y(z) 0], then Moy(x)eO. (By induction on m, 
em 
using (XVI) (a).) Conversely: (XXII) If So W(x) © O, then (2) zem[p(a) e O}. 
ot 


(Similarly, using (XX).) (XXII) If (2)ecm| Y£) 0] and v(m) >01, then 
20 W(x) <o 2o (a). (Use (XVIT) and (XXT).) 


24. Securability. We can represent a finite sequence a(0), + -, a(s — 1) 
of numbers («= 0) by the single number a(v7) = [[ p,**.24 There is 
iLe 


a particular primitive recursive predicate 7'(v,z,a) such that, for each 
general recursive predicate R(a,a,x),? there is a number f such that 


23 [11] p. 342. Erratum (1952 printing): 1. 7 from below, replace “ de- --” by 
“ds(2exp---]”. 

24 As in [10] p. 680 and [12] Footnote 2; p; = {the i + 1-st prime number} ([11] 
p. 230 #18). ° 
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(Lx) BR (a, av) = (Ex) T (a(x), f,a).> Thus any predicate of the form 
(Ha) R(a,%,«) with E general recursive can be taken to be of the form 
(ic) h(a, é(x)) with R primitive recursive. 

Define Seq(w) =w 0 & (iJin | (w) 54 0],75 so Seq(w) is mi 
recursive and Seg(w) == {w =y(x) for some y and gz}=={w represents a 
finite sequence y(0),; ©- ,y(a—1)}- Here y(i) = (w) —1 (î=0, >, 
— i). 

Consider any predicate R(a,v) and any such number w =} (zT). 

We say w (or the s-tuple y(0),- -+ ,y(æ— 1) which w represents) is 
secured (with respect to & and a), if (Ht) i<,f (a, 7(t) ). 

We say w (or y(0),---,y(t—1)) is immediately secured (with 
respect to R and a), if os -,y(t—1) but no proper initial segment 
of it is secured, i.e., if R(a,7(z)) & (£) ce R(a, y(t) ). 

We say w (or y(0),- > -,y(e—1)) is past secured (with respect to R 
and a), if w is secured but not immediately so, i.e., if (Ht) ts, (a, 7(t)), 

We say w (or y(0),- + -,y(@—1)) is securable (with respect to B 
and a), if w is secured or (a) (Ht) R(a,wxa(t)), ie, if no matter how 
y(0),: --,y(e—1) (if it is not already secured) is extended as y(0),-- +, 
y(a—1),@(0),a(1),---, a sequence y(0),---,y(t—1),@(0),---,a(¢—1) 
will eventually result which is secured.?° 

Applying this notion to the case w=-1—y¥(0), (a) (Lz) Rk (a, aa) 
= {1 is securable with respect to R and a}. 

Any number w not of the form (2), i.e, such that Seq(w), we take 
to be not secured, immediately secured, past secured or securable. 

Now let “securable;” express the notion of securability as just defined 
explicitly, and “securable:” the notion we define next by an inductive 
definition S1-S83. For brevity we are omitting the words “with respect to 
FR and a”. 


S1. If w is secured, then w is securable. 82. If Seq(w), and w-is 
not secured,” but, for every natural number s, w«28 is securable, then w is 
securable. 83. w is securable only as required by 81-82. 


(D) If w is securable;, then w is securablen. 


2* From [11] Theorem IV* pp. 281, 292 (with pp. 231, 291, where a(a#) and 
T (v, z,a,g) are defined) by putting 
T° (v, wy, a) — Ty (ILgerncyy Pi exp (v) i_ l, Z, a, lh(v) J 
noting that lh(«(#)) =æ p. 230 #20 (as in [10], or [12] Footnote 2).1112,24 
20 wxa(t) represents the latter sequence; cf. [11] p. 230 #21. 
*7'We could omit “w is not secured” in S2, but we prefer to keep it, so that the 
inductive definition analyzes securability into two exclusive cases Sl and S82. 
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This is easily proved by induction in the form corresponding to the 
inductive definition 91-83. Conversely: 


(E) If w is securablep, then w is securabley. 


We establish this classically. Brouwer argues (in substance) that it is 
the case intuitionistically (in [2] Footnote 7). 

Suppose that Seq(w) but w is not securabley. Then by S1, w is not 
secured (so R(a,w*a(0))), and by S2 for some number so, w2*o** is not 
securabler (put @(0) = so, so 2%*+==4%(1)). Then by S1, w*a(1) is not 
secured (so R(a,w*&(1))), and by 82 for some number sı, w*&(1)*2*** is 
not securabley (put «(1) =s, so &(1) #251 = 4 (2)). Then by S1, w*a(2) 
is not secured (so (a, w*a(2))), etc. Thus we obtain a function «œ such 
that (t)R(a, wa(t)). Hence (a) (Ht) R(a, w*d(t)), besides which w is not 
secured, 1.e., w is not securableg. 

The remarks in this section apply similarly with a,,---,@, for any 
fixed n = 0 in place of a (then T, becomes 7’,*). 


25. Classification of as O and a <o b from below. 


THEOREM I. Given any general recursive predicate R(a, a,x), a primitive 
recursive function E(a) can be found such that (a)(H2)R(a, a, ©) = é(a) e 0.78 


Proof. By 24, after choosing a primitive recursive A(a,v) so that 
(Ex) R(a, a, £) == (Ex) R(a,&(x)), it will suffice to choose ¿£ so that £(a) £ 0O 
if and only if 1 is securable with respect to this È and a. We begin by 
defining é(a, w) so that é(a,w)eO if and only if w is securable with respect 
to È and a. Then we can take é(a) —€&(a,1). 

We choose the function (a, w) to satisfy 


0 if Seq(w) (Case 0), 
(25.1)  &(a,w) 41 if w is secured (Case 1), 
3: 5few if Seq(w) but w is not secured (Case 2), 
where (in Case 2) few defines recursively 20 (E(a, w=?) +619) as a 
s<n 


function of no. 


*8 Qur proof of the implication (a) eO > (a) (Ha)R(a,a,#) makes use of the 
classical second number class.—Putting &(a@) = &(a@)-++od@o, & has the properties of £ in 
the theorem, and a + b —> (a) x &(b); so the decision problem for (a) (Hw) R(a,a,a@) . 
is 1-1 reducible (Post) to that for O (ef. [19], [11] p. 343 Example 2). 
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We obtain such a function é as follows. Let 
0(z,a, w, b) = Xo (B2(4, a, w121) +910) 
s<nat{b} 
(cf. 21). Let p define @ recursively. Let 
0 if Seq(w), 
lif S & (Lt) ts R il, for . 
(25.2) (z, a, w) = if Seq (w) & (Ht) ssn (w) k ( ip ) 
3- Semea) if Seq(w) & (Ht) mu R (a, Tf p). 
ict 


Then y is primitive recursive. Choose e by the recursion theorem so that e 
defines y(e,a,w) recursively.2° Let é(a,w) =y(e,a,w). 

Now we prove by an induction of form corresponding to the inductive 
definition 81-93 of securability that, if w is securable, then (a, w) £0. 


1. Assume w is secured. Then by Case 1 of (25.1), é(a,w) =1. 
So by O1, €(a,w) £0. 


2. Suppose Seq(w), w is not secured, but, for every s, w#28*! is securable, 
and as hypothesis of the induction that, for every s, €(a, w#2**?) sO. Then by 
(XVI) and (XXI), for each n, Xo (€(a, w*2**) -+o 1o)£0. Moreover by 

j sLn 


(XXIII) and (XVIII), for each n, 
So (éla, w#2) -o10) <o Xo (Ela, w21) + olo). 


s<n  SLNn+L 


Hence by (25.1) Case 2 with 03, €(a,w) £0. 


Conversely, we prove that, if é(a,w) =c and ce O, then w is securable. 
We give the proof by transfinite induction on | ¢|.2° The cases in the proof 
correspond to the clauses 01-038 by which c can eQ. 


1. Assume c= 1. Then é(a,w)—1; it is Case 1 of (25.1) which 
applies to €(a,w) ; and so w is secured, a fortiori securable. 


2. Assume c= W where ye O, so by (I), y340. But then é(a,w) =c 
is Impossible under (25.1). 


2° Several attempts to get by with induction on c instead of on |c | were unsuccess- 
ful. A difficulty is that @-+ b is not necessarily =, b. Indeed there is no function o 
such that, for all a,b 0O, both a ob = g¢ and a ob =,b. For if e and f define recur- 
sively nọ and {n -+ l)o, respectively, as functions of no, and a = 3- 5° and b = 3- 5f, 
then |a| = |b |= «w, but a b; so by the linearity. of the ordering by <o of the 
members of O which are <4 a given one and the consistency of this ordering with that 
of the ordinals represented (end 20), a and b cannot both occur among the numbers 
<p» 249%, Another difficulty is that the associative law (a+o b)+ 9c = a+o(b+oc) 
fails, e. g., when a = 1, b = 2, e = 3° 5%. 
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3. Assume ç= 3-5" where, for each n, ®(y, no) is defined (call it yn), 
y,eO and Ya LoYn (and by 03, ¥n<oc). Now it is Case 2 of (25.1) 
which applies to é(a,w). Thus Seq(w), but w is not secured; moreover 
(as y= few), for each n, Yn = 20 (E(a, w=28+1) -+o 10), so 

S< Nn 


So (E(a, w=2*t) +o10) £0 and žo (E(a, w#28**) +Ho10) <o c. 
Bn sn 


Using (XXII) and (XX), for every s, (a, w#2*") eQ. Furthermore, since 
(taking n above =s + 1) 


c>œ>o Do (E(a, w#2™*"*) olo) 


mst 
— So (E(u w2*) +010) +o (E(a, 092") bole), 
| e(a,a2e™)| < |E(a, m2) toto |S] Bo (E(qw2"") +ol0| < Le!) 
M<strl 


So by the hypothesis of the transfinite induction, since (a, w#2***) e O, we28* 
is securable. This is for every s, and Seq(w), so w is securable. 


COROLLARY. The predicates aO and a <ob are not expressible in the 
forms (Ea) (£)R(a,a,£) and (Ha) («)S(a,b,4,%) with general recurswe 
R and S, respectively; a fortiori, they are not arithmetical. 


Proof. Were ae Os (Ha) (x)R(a,a,x) with R recursive, by applying 
the theorem to 7',°(a,a,7) as its R(a,a,2), we would have 


(a)(Ex)T (a, a, £) = (Ha) (a) R(E(a), «, 2) = (Ea) (x) Ri (a, a, 2) 


with recursive R,, which is impossible. The statement for a <o b follows, 
since aeO =a <o 2t by 02 and (IV). 


26. A digression concerning recursive linear orderings. Let us examine 
further the construction used in the proof of Theorem I. 

We use > to denote the linear ordering of the set ®Seq(w) of the 
numbers w of the form &(#) which is established by ordering the finite 
sequences «(0),- - -,a(z—1) lexicographically with the infinite alphabet 
--++,2,1,0. In this ordering, 1 (which represents the empty sequence) is 
the highest element. If Seq (u) or Seq (v), u >v shall be false. Then the 
predicate u >v is primitive recursive. 

Now, for any given predicate R(a,v) and numbers a and w, we define 
a set S®2,,, or briefly 8%, or Sw, as follows. If w is secured (with respect to 
R and a), Sw shall be the unit set {w}. If Seq(w) and w is unsecured, Sw 


30 [12] Theorem 3 Proof for n œ> 0. Also cf. [12] Theorem 5. 
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shall consist of all w+&(t) which are unsecured or immediately secured. 
If Seq (w) , Sw shall be the empty set. Then we S84, as predicate of u, w,a 
is primitive recursive uniformly in R. 

If weSy, then Seq(w). So if Seq(w), Sw is neatly ordered by > 
with w is highest element. 


(F) The set Sy ts well-ordered by >, if w is securable, im which case 
the ordinal number of Sy is | €(a,w)| -+ 1.5 


We prove this, as follows, by an induction of form corresponding to the 
inductive definition of securability. l 


1. Assume w is secured. Then Sp is {w}, which is well-ordered with 
ordinal number 1. But by Case 1 of (25.1), €(a,w) a tLe So 


| é(a,w)| +1=0-+1—=1. 

2. Assume Seq(w), w is unsecured, but w*21 is securable (s == 0,1, 2,- - -), 
and as hypothesis of the induction that Sw.: is well-ordered by > with 
ordinal number | (a, w#28*1)|-++-1. Then under the ordering >, Sw is the 
sum of {w}; - >, Swe Ows Sweat, and so is well-ordered with the ordinal 
number $ (| €&(a,w*2*)|41)4-1. But by Case 2 of (25.1), 


$=0,1,2, >> 


D (JEC, we) | + 1) +1 =| é(a,w)| +1. 


$=0,1, 2, »*+ 


(G) If Seq(w), and Sy is well-ordered by >, then w is securable. 


For we can show by transfinite induction on the ordinal number of Sw 
that, if Seq(w), and Sw is well-ordered, then each member wa(z) of Su 
is securable; so in particular, then w (== w*a(0)) is securable. 

Now we return to (F), and give another argument for the part not 
concerning é in which we show that, if Sẹ were not well-ordered by >, 
w would not be ‘securable. 

Accordingly suppose S, is not well-ordered by >, so there there is an 
infinite descending sequence 8(0) > B(1) > B(2) >: - - within Se. Of course 
then Seq(w) and w is unsecured. Write w=-y(v) (then a= Ih(w)). 

Now we shall infer by induction on ¢ that, for all sufficiently great m 
(say m= mz), Ih(B(m)) >v-+t and (B(m))a—1,: © -, (B(m) )zt— 1 are 
fixed in value (call their values then a(0),- --,a(¢), respectively). Let 


31 That 8, is well-ordered by > if w is securable was argued in substance by 
Brouwer [1] Section 1 or [2] Section 2. For w securable, S, consists of w and, if w 
is unsecured, those numbers w«a(t}) coming below w in the lexicographic ordering `> 
which under the inductive definition of securability must be recognized as securable 
before w itself can be so recognized, 
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m=. if t>0 (=0 if t=0), so that, using the hypothesis of the 
induction, for all m= ni B(m) represents a sequence the first v+ t values 
of which are fixed as y(0),- © -,y(w—1),@(0),- --,a(¢—1). . Then by 
the lexicographic ordering, for m >, B(m) must represent a sequence 
(0), ae y(a— 1), a(0), ar. (les 1), (BUM) ) ast — Dert (BOn) )in (Bom) eee 
of length > x -+ t, and with increasing m (m > n) (B(m))a4.—-1 is mono- 
tone non-increasing. But since (8(m))ew—-1 is a natural number, starting 
with its value for m == n; -+ 1, it can decrease only a finite number of times, 
so beginning with a certain value m; (> n) of.m, (B(m))su——1 remains 
fixed, call its value then a(t). 
' We can express œ in terms of 8 and w by the formula * 


a(t) = (€5 (1) mse(ayol (B(M) )an(w) st = = (8)1])i. | 


So a is arithmetical uniformly in £8.’ 

Since B(m,) is of the form wxa(t+1)#v, and (m) € Sw, w a and 
w are unsecured; a fortiori, R(a, w! CACADE 

Thus (Ba) (t) R(a, w+ä(t)), whence (a) (Ht) R(a, wsä(t)); besides which 
w is unsecured; so w is unsecurable. 

So we have another proof of (F). In the course of this we have shown: 


(H) For each w, there is a function a arithmetical uniformly in B such 
that, if B(0),8(1),B8(2),° ` `€ Sw and B(0) >B(1)> BQ) >: >, then w 


is unsecured and (t)R(a, wea(t)). 


C These results, of course, hold with a,,---,@, (for any fixed n 220) in 
place of a. Now we give an application with w—1 and n=0. 

Elsewhere we have shown that there is a primitive recursive predicate 
R(v) such that (a) (Ha)(x)R(a(x)), but (b) for no arithmetical a, (2) B(a(ax)).34 
Consider ‘the set 9%, or briefly S. By (a), (¢)(#x)R(a(z)), i.e 1 is not 
securable, so by (G), S; is not well-ordered by >, so there is a 8 such that 
B(0),B(1),B(2),: > -eS,; and B(0)>B(1) B(2)>---. But were there 
such a 8 which was arithmetical, the corresponding « of (H) would be an 
arithmetical function such that (#)R(é(x)), contradicting (b). 

The set 8, is primitive recursive and infinite, and 0¢8, but le Sj. 


323 Asin [7] or [11] p. 317 (following Gödel) esA i = {the least s such that A(s)} 
if (Hs)A(s), = 0 otherwise. 

33 [11] pp. 289, 291, 292, or [12] Section 2. A function œ is arithmetical (arith- 
metical in 8), if its representing predicate a(x) = w is arithmetical (arithmetical in 
B). Cf. [11] pp. 285, 318. 

%4 [12] Corollary to Theorem 7. We are rewriting the (a) R(a,@) nen as 
(x) R(&(a) ) (ef. beginning 24 above and [11] p. 228 #D). 


9 
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Let o(0) =1, o(n+1)=n+1 if nies, and o(n+1)=o(n) if 
n+1¢8,. Then o is primitive recursive, and «(0),o(1),o(2),: © < is an 
enumeration of S, with only consecutive repetitions. Now define 


i >R j = [o(i) Zo(j) &oli) >o(f)] V [o@ —a(j) &i> j]. 


Then 1>7 is a primitive recursive linear ordering of the natural numbers, 
and members of S, are ordered by >E as they are by >. 

So for any infinite descending sequence 8 (0) > B(1) > B(2) >- - + within 
Sı, B(0) >*B(1) >® B(2) >E- --. Thus there is an infinite descending 
sequence in the ordering >” of the natural numbers. 

But there is none which is arithmetical. For given any y such that 
y(0) >#y(1) >Py(2) >®-- +, let y(0) =0 and 


y(n +1) = wtovim[o(y(t)) Aoly(w(n)) ) I, 


and let B(n) =o(y(¥(n))). Then 8 is general recursive, a fortiori arith- 
metical, in y, and 8(0) > B(1) >B(2) >- - -is an infinite descending sequence 
within S,. Thus we have established: 


(J) There is a priumitiwe recursive linear ordering > of the 
natural numbers such that, for some number-theoretic function y, 


yO) om y(L) SP ye) tes 
but, for every arithmetical y, (Hn) [y(n) SE y(n +1) ]. / 


In other words, >* is a well-ordering of the natural numbers with ` 
respect to arithmetical sequences y(0),y(1),y(2),° >- -, but not with respect 
to arbitrary sequences.*® 


In fact, the primitive recursive R(v) can be chosen so that >E is a 
well-ordering with respect to a much larger class O of sequences y(0),y(1), 


y(2),: + + than the arithmetical sequences, but not with respect to arbitrary 
sequences.*° 


55 G. Kreisel raised (in a different formulation) the question whether this is the 
case in a letter to the author dated December 9, 1952 (in reply to a letter from the 
author dated November 13, 1952, in which the result of [12] which leads here to (J) 
was stated), and also in a communication received by Leon Henkin November 20, 1952. 
Kreisel formulated the question in relation to the formal system Z, of Hilbert-Bernays 
[5] and some w-consistent formal system S of analysis including Z,, while here we have 
considered the matter only informally. The arithmetical functions are however exactly 
those expressible by terms of “4, under the usual interpretation of the symbolism, and 
our arguments about arbitrary number-theoretic functions can presumably be formalized 
in a formal system § of analysis of a usual sort. 

se We need only start from Theorems 7 and 9 of [12] (instead of. from Corollary 
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27. Reduction of ae Q (amended). Now we begin the proof that 
ae O= (a) (Hy) R(a,a,y) for a suitable primitive recursive Æ. As before, 
we start from 


(28) | acO=aeQd 


(end 12) and (82) (in 13, 20). But now we amend the former treatment 
(cf. 14) so that we shall be able to give (in 28) the necessary argument to 
supplement the application of the reduction technique (cf. 18). 
The inductive definition of Q (in 12) can be restated as follows (cf. 
beginning 14%). | 
Q1. If a@==1, then aeQ. Qi2 If a—2%& (a),eQ, then aeQ. 
9,3. If 


a = 3-52 & (xo) (Hyo)T( (a) 2, (0) 0, Yo) 

& (Xo) (2) [T (a) 22 (2o)o, Tı) —> U (x1) € Q] 

& (To) (£1) (£2) [T ((a)2, (0) 0, 21) 

&T((a)a (20 + 1)o, 82) > (Ey) V (U (21), U (z2), 41) |, 
then aQ. Q4. aeQ only as required by Q,1-Q,3. 

By writing a corresponding equivalence (as we did for various inductive 
definitions in the first paper; cf. 18 here), and then substituting in it for 
“aeQ” the predicate expression “(a)(Ey)R (a, a(y))” where R(a,v) remains 
to be selected, we obtain 
(a)(Hy)R(a, a(y)) =a = 1V {a = 20 & (a)(Ey)R((a)o, ey))} 

V {a= 3+ 502 & (x) (Lyo)T((a) 2, (o)o; yo) & (E) (#1) [T((a)2, (%o)o, %1) 
-> (a) (by) BCU (21), &(y))] & (%o) (a1 X2) [T((a)2, (Zo)o, 21) 
& T (Caz, (£o + 1)o, %2) —> (Ey) V(U (a), U(#2), 1) ]}- 
We shall presently define R(a,v) so that it will be primitive recursive and 
(27.1) will be true. When this has been done, it will follow from (27.1) 


by an induction of form corresponding to the inductive definition Q,1-Q,4 
(cf. 18) that 


(27. 2) aeQ—> (a) (Ly) Ra, a(y)). 


(27.1) 


to Theorem 7) to obtain as O, for any fixed ye O, the sequences recursive in the 
predicate H, of [12] Section 6; we apply Theorem 7 to H,, >, to allow for the definition 
ot « from 8 for (H). In [13] XXVI we obtain (with the aid of Theorem II below) 


an improvement over [12] Theorem 7, using which C can be the sequences recursive 
in H, for any ye0, 
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- Note'that, if C and Dare independent of «, 
| OV D- {(a) (C&A(a)) V (a) (D&EB(a)) 


(27.3) 
= (a)[(C&A(a)) V(D&B(a))]}. 


To find a primitive recursive R(a,v) satisfying (27.1), we begin by 
observing that in the right member of (27.1) (call it (a)) the quantifiers 
can be advanced (using (27.3) to bring both (@)’s across the second v as 
one (%))** to give an equivalent of the form 


(b) (t0) (#1) (@2)(@) (yo) (Bys)( By) MP (a, to, t1, t2, AY), Yos Y1) 
where M*(a, £o, i, Xos ACY), Yo. Y1) is exactly (a) with its quantifiers omitted. 
Next (b) is equivalent to ?S 


(c) (a) (By) {* (a, a (0), a(1), a(R), 
(nae 8)} (y= 3)2), (= 3)o, (y~-3)1) &y = 3}. 
But y =lh(ä(y)), and for y= 8, | 
(0) = (4(y))o — 1, a(1) = (4(y))s — 1, a(2) = (ä(y)):— 1 
and (since y=3&i<(y—3)>i+3 <y) 
{iia (iF 8)} ((9= 8): = H, , Beexp (a LY) Jis: 


using’ which (e) takes the form (a) kee (call it (d)). Now 
we propose to define RB by 


(27. 4) R(a,v) =N*¥ (a,v). 


This does define a predicate R(a,v) by course-of-values recursion on v, since 
for Ih(v) <3 it makes R(a,v) false outright, while for lh(v) = 3 it makes 
R(a,v) depend primitive recursively on R(6, w) oniy for 


w= [I piexp(v)m < Y. 
i<(h{o)=3)s 


The predicate R (a, v) thus defined is primitive recursive.*° Saver nune: into 
(27.4) and quantifying, 


(27.5) (a) (Hy) B(a, @(y)) = (a) (By) N” (a, a(y)), 


3T See 14 p. 54 for justification of the advances intuitionistically. 

38 By [12] Footnote 7, and a modification of § (16),** [9] (15) or [11] p. 285 (17). 
Following Church, Mif (i) is f(4) as a function of i (ef. [11] p. 34). 

2° One can eliminate both the course-of-values character of the recursion on v and 
the substitution for the parameter a by the methods of Péter [17] Sections 1 and 2 or 
[18] Sections 3 and 5. Actually by beginning 24 it would suffice for our results to 
observe merely that W(a,v) is general recursive, which is obvious. 
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whence by reversing the steps from (a) to , (a) ‘we now „prove (27.1) and 
thence (27.2) for the R defined by (27: 2 


28. Supplementary argument to the reduction of àe Q. We prove 
that 


(28.1) (a) (Hy) B (a, a(y)) >a £Q, 


conversely to (27.2). So assume for a given a that (a) (Hy) R(a,a(y)) for 
the £ defined by (27.4). Then by 24, 1 is securable with respect to (R and) 
a; and by 26 (F), the set SEs, or briefly 8%, is well-ordered by >, say with 
the ordinal number | 8%, | (=| é(a,1)| +1). We use transfinite induction 
on this number. By our assumption and (27. 1), one of three cases applies. 


1. a=1. Then &eQ, by Qıl. 


2. a= 2 & (a) (Ly) R((a)o,a@(y)). By 24, 1 is seeurable with respect 
to (@)o. For any To, Tı %2,%, let y* be the least y such that R((a@)o,a(y)), 
so &(y*) is immediately secured with respect to (@) 9; and consider some 
function 8 with B(3 + y*) == [£o %,%.]*&(y*), where [Zo + +,@,] abbre- 
viates potet: - : p,%*t, For 2 <3, R(a,B(z)) immediately by the definition 
of R(a,v), and for 352<3-+y* because R(a,B(z)) would imply 
R((@)o,%((2+3)2)) with (2—3): <y" contradicting the choice of y*; 
but we can choose 2 = 8 -+ y* so that (z2—-3).=y*, and then R(a, B(2)). 
Thus there is a w such that [£o t1, v.]*é(y*)*wu is immediately secured with 
respect to a (namely B(p2R (a, B(2))) /B(3 + y%)). So S%ras2,22] includes 
all the numbers [Zo tı zo]sw for weg, hence | 84 reac} | =z | SM, |. 
Moreover, under the ordering >, Stie] is the sum of {[a,%,]} and the 
sets S*tr,2,,0,1 for Te =: > +, 2, 1,0, hence | Stana | Z o | 8 ,|+1; etc. So 
finally | S% | 2 o(o( | 9, | +1) +1) +1> | 8», |. So by the hypothesis 
of the induction, (a)o£ Q. By Q2, aeQ 


(3.6 = 8-52 & (9)(Lyo)T((a)o, (#o)o, Yo) & (2) ITO» (oos) 
_ > (@) (By) RU (an), &(y))] & (NE (2) LTCC), (0) 05 11) 
& T((a)o, (Zo + 1)o, #2) —> (Ey) V(U (a), Ue), 9). 


Tn - particular, for.each x and a, such, that T((a)s, (xo)o; Tı), 1 is securable 
with ‘respect to U(a,). For any such 2,2, fixed for the moment, and any 
to, a, let y* be the least y such that Re), d(y)), so d(y*) is s immediately 





40 There i is a longer proof, which avoids the use of the classical second number class, 
and uses instead (E) and an induction corresponding to the inductive. definition of 
seeurability. basi 


ab awry 
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secured with respect to U(«,) ; and consider some function 8 with 8(3 + y*) 
= [£o 21, 2.]*a(y*). Forz <3, R(a, B(z)) obviously, and for 3 S2 < 3+ y* 
because R(a,@(z)) would imply R(U (2), 4((2+3).)) with (2—3): <4" 
contradicting the choice of y*; but we can choose z= 3 + y* so that (z — 3): 
—y", T((a@)z, (%)o, (2—3)o) and 

T ((@)o, (zo + 1)o, £2) > V(U (z1), U (z2), (@--8)1); 
and then R(a, 8(2)). Thus there is a u such that [2 21, 2] *a(y*)*u is imme- 
diately secured with respect to a. Hence | 8% | =| SP2, | +3 > | SU, |. 
So applying the hypothesis of the induction, 
(zo) (#1) [T ((a)2; (€0) 0, 1) > U (21) € Q]. 


By Q8, ae Q.“ 


99: ‘Cigssitiéation of acO anda Lab trom abore: 


THrorEeM I]. For certain primiiwe recurswe predicates R and Ñ, 
as O= (a) (Hy) R(a,a,y) and a <o b= (&)(Ey)S (a, b, &, 4). 

Proof. Letting R(a, «, y) = R (a, a(y)) for the R(a,v) defined by (27. 4), 
and combining (28) (12 or 27) with (27.2) and (28.1), 


(29.1) ae O= (a) (Ey)R (a, %4). 
By (IV) (12 or 20) with (21.1), 
(29.2) a<ob=be0& (Hz) V (a,b, 2), 


which with (29.1) by advancing and contracting quantifiers gives 


(29.3) = a<o b= (a) (Hy) [B(b, a, (y)o) & V (a,b, (y)1) I. 


30. The predicates ac OP and a <o? b. The definitions of the predi- 
cates ae O and a <oọb and the representation of ordinals can be relativized 
by using recursiveness in a given predicate P(a) in place of recursiveness.*? 
To do this, we simply read throughout the first three and last paragraphs 
of 20 ce TP as ce TP ie BP? “pP”, ce recursively from P7; ce OP Ke ce Lof”, 
a E7 E E” for aa be ce cS af “Dp”, “<P, se cc recursively ae =O". cç <o”, 


| 1%, “w”, respectively. The resulting notions OP, <o?, | |P, oP (e. g., 


By this proof and 27, ae 0 > | 8,|=] aI. 

+ Or indeed in any given list ¥ of l functions and predicates of m,,-.-+,m, 
variables, respectively. 

13 For T,?, ®,?, or what is the same 7',", $,” where r is the representing function 
of P, ef. [11] pp. 227, 292, 341. 
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for P(a)=ae0) are discussed in [12] 6.4fË. and. [13] Section 7 (also 
cf. [14] end 3.5). 

The above arguments carry over to these relativized notions. For the 
most part, the changes required in the text are only the supplying of super- 
scripts “P”? on the symbols for various functions, predicates and sets, and 
the reading of “recursive in P” (which can often be “recursive uniformly 
in P”) in place of “recursive ”. 

Thus in 20 and 21, then TP, VP, enm? and m <,/'n are primitive, and 
P and m<,Pn partial, recursive uniformly in P (but no, Fin(b) and 
nat(b) do not change). In 22 and 23 we have a function -+o and opera- 
tion 3'o*,** which are still primitive recursive (in Case 3 for (22.1), day 
defines recursively a+ o'®@?(y,o) as a function of no uniformly from P; 
6° (2, a, y, n) = Be(zZ, a," (y, n)); pt is a uniform Gödel number from P of 
6? (za, y, n); in (22.2) S,3 becomes 8,%"). In 24, using (Hx) RP (a, a,x) 
= (Hr)T,)1 (a(x), a(@),f,a@) for m~ the representing function of P, any 
predicate of the form (Hr)R?(a,a,v) with RP general recursive in P is 
expressible as (Hx) R?(a,a(r)) with an RP primitive recursive in P (uni- 
formly so, if RP (a, œ, x) was); and the definitions of ‘secured’ etc. are con- 
sidered with respect to RP and a (but Seq(w) does not change). In 25 
Theorem I becomes: Given any predicate R?(a,a,xv) general recursive in P 
(uniformly in P), a function EP (a) primatwe recursive in P (uniformly in P) 
can be found such that (a) (Hv) R?(a,a,7)=€(a)eO?. In 26 > is 
unchanged; and replacing R by RP in our arguments, (J) gives a linear 
ordering > £”, primitive recursive in P, which is a well-ordering with respect 
to sequences y(0),y(1),y(2),° - + arithmetical in P, but not with respect 
to arbitrary sequences. In 27-29, starting from ae OP =a s QP, we obtain as 
the relative version of Theorem II: For certain predicates R? and SP primitive 
recursive uniformly in P, 


ac OP = (a) (By) RP(a,a,y) and a<o? b= (a) (Hy) SP (a,b, a,y). 


THE UNIVERSITY OF WISCONSIN. 


+t The superscript “1” is for the number 1 of the arguments of P; were we rela- 
tivizing to ¥% we would have +ọ"7oe"u, SoM 4? 
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LIE GROUPS AND LIE HYPERALGEBRAS OVER A FIELD 
OF CHARACTERISTIC p> 0 (IV) 


By Jeax DIRUDONNÉ 


1. Introduction. In this paper, we develop to their full generality the 
methods introduced in [4] and [5], which enable-us to round off, in a way, 
the theory of abelian Lie groups over a field K. More precisely, we show that 
this theory is entirely equivalent to the study of finitely generated modules of 
a certain type over a certain ring N and of their homomorphisms (Theorems 3 
and 5). If, for simplicity’s sake, we suppose K perfect, then % is defined 
in the following way: let 9t be the ring of integers in the complete unramified 
p-adic field & having K as its field of residues; then Wf is the ring of non 
commutative power series ro-+ Try -Htc + Pry, ++ +, where r,eR and 
rT = Tr" for every ref, o being the automorphism of R which corresponds 
to the automorphism > & of K in the usual way. The ring M is not a 
principal (noncommutative) ideal ring, and this accounts for the faet that 
the theory cannot yet be considered as complete, there being, as far as I know, 
no satisfactory theory of finitely generated modules over such a ring; but 
at least the kind of difficulties which lie in the way is now clearly delimited. 

The main technical tools, as in [5], are the hypereaxponential group and 
direct products of finite numbers of such groups; their role as “universal 
groups” stems from the fundamental fact that their hyperalgebra is free (in 
other words, it is an algebra of polynomials). For technical reasons, it is 
sometimes easier to work with the (additive) Witt growp, which is isomorphic 
to the hyperexponential group, but is more convenient for some computations. 
It may he hoped that these tools will also one day be useful in the, apparently 
much more difficult, study of noncommutative formal Lie groups over a field 
of ‘characteristic p. 


2. The ring of endomorphisms of the Witt group. Owing to the close 
relationship between the (additive) Witt group and p-adic rings, it will be 
technically more convenient to determine first the endomorphisms of the Witt 
group; the determination of the endomorphisms of any group of hyper- 


exponential type will then be quite trivial, since such a group is isomorphic 
to the Witt group [5, no. 7]. 


© * Received January 20, 1955. 
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We do not repeat here the definition of the additive Witt group W 
(see for instance [5, no. 7], or [6, no. 2]); it is a recursive group over the 
weighted variables zı (10), z; having the weight pê. We shall write 
p = (dbo, pu © tput © +) its group law, ¢;(#,y) being an isobaric polynomial 
of total weight pt in 2,- - +, 2; Yo.’ * ‘> Yi; more precisely, one has 


bi (x, y) = Ui, za Yi a Yi (Lo, Yoo Cis Yrs © Ty i; Yim ); 


and the coefficients of y; are in the prime field F,. 

We can of course consider W as a group over any field K of characteristic 
p; but the notion of endomorphism of W depends on K, and we will say that 
U = (Up, Ui © °, Uy © *) is a K-endomorphism of W if the coefficients of the 
formal power series w; are in K. We will write €(K), or simply €, for the 
set of K-endomorphisms of W which are recursive, that is, such that u;(x) 
only contains the indeterminates £o, %1, © -,%; on the other hand, we depart 
here from the conventions made in [5, no. 2] in that we do not assume that 
the minimum weight of u; tends to +-co with 1; this can be done here, due to 
the fact that ¢; and u; contain a finite number of indeterminates. The set 
€(K) can then be made into a ring in the usual fashion, uv meaning the 
composite endomorphism x—>u(v(x)), and u -+v the endomorphism w such 
that w(x) is obtained by taking the “product” in W of u(x) and v(x); 
in other words, we have 


w(x) = gi (to (£), i *, Ui(*) 5 Vo(x), E *,U;(%)) (t= 0, aes 
3. In order to study the structure of the ring €(K), we first consider 
certain special types of endomorphisms of W: 


1. The “Frobenius homomorphism” p, such that 


(1) pi(x) =a? (i= 0,1 °°). 
2. The “shift” homomorphism t, such that 
(2) to(æx) = 0, ty(x) == Uy (i= 1,2,-- -). 


It is well-known [7] that the product 
(3) 7% —= tp == pt 
is the “p-th-power endomorphism ” of the group W, and we have 
(4) mo(%) == 0, m(x) = ti? (t==1,2,- °°). 


3. Let W(K) be the ring of Witt-vectors A = (do, @1,° * +, a° °°) over 
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K; it is a commutative ring of characteristic 0 without zero divisors, with 
unit J=(1,0,---,0,---) [7]. To each such vector A corresponds an 
endomorphism 

(5) x> Å'x 


of the additive group W, the “product” being taken in the sense of the Witt 
multiplicative group; y= (A-x); is an isobaric polynomial in Zo’ > -,%, 
of weight pt, with coefficients in K. If in y; we substitute 1 for x, 0 for all sy 
of index j = 1, we obtain the i-th component a; of 4; therefore there is a 
one-to-one vorrespondence between the Witt-vectors A and the endomorphisms 
(5) they define in W, and this correspondence is in fact a ring-isomorphism 
between W(K) and the corresponding subring of €(K). We shall from now 
on identify these two rings. The endomorphism % is then identified with 
the element »:I==(0,1,0,---,0,-- +) of W(K); W(K) is a complete 
valuation ring, the valuation w(A) being the smallest index t such that a; 0; 
the field of residues is K, and when K is perfect, W(K) is isomorphic to the 
unique unramified complete valuation ring having K as its field of residues 
[7]. We define a ring-endomorphism o of W(K) by putting 


(6) AS == (aP, aP, > +, aP, + +) 
With this definition, it is readily verified that we have the commutation laws 
(7) pA = A’p, At =t", 
We also notice that the series 
(8) dotAp t Hp 
(9) By + tB, +B, +: -HEB + 


represent meaningful endomorphisms, when the Á» and B, are arbitrary 
elements of the ring W(K); indeed, the 7-th component of (App) x is an 
isobaric polynomial in %,- + ',@p of weight p/**; it follows that, if sẹ is the 
sum of the first & terms of (8), the terms of weight < p* in any component 
of s(x) are the same as in the component of Sp, (æ) of the same index. On 
the other hand, any component of (#*B,)-x of index =k is 0; therefore, 
if uy is the sum of the first k terms of (9), the components of u(x) of 
index = are the same as those of tx, (x), and this proves our assertion. 
It follows from (7) that the series (8) (resp. (9)) is invertible in €(K) 
if and only if A, (resp. By) is invertible in W(K), which means that 
w({Ao)=0, or equivalently that if Ao == (Goo, Go’ * *,;@,'° +), We have 
@o £0 in K. The inverse is computed in the usual way, as another power 
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series of type (8), whose coefficients are determined recursively by those of: (8). 
The results are similar for (9). 


4. We can now characterize the elements of €(i): 


THEOREM 1. Jf K is perfect, every endomorphism uceE(K) can be 
written in one and only one way in the form 


(10) u = > Arp" + X eB, 
k=0 k=1 
where the Ay and By are elements of the ring W(K). 


Writing that u is an endomorphism, we obtain first the relation 


Uo (Lo + Yo) = Uo (To) + Uo (Yo) 


from which the form of us follows trivially: 


Uo (Xo) = loto -- hy Lo? + TEA Ae -|- Ayo?" -F Doe 2s 


Let A;= (a@,0,0,---) for each 2, and consider the endomorphism 
: Vo = Ao +Aip+::-+Anp +--+; it Is clear that uo(z£o) = Voo (Xo), and 
therefore the endomorphism w = u — vp is such that wo(a%) =Q. 

As a basis for an inductive argument, let us now suppose that-we have 
u(x) = 0 for 7 <t, and let us determine u(x). We must have 


(11) Ui (Lo, ` ` "y Ti) + Uil Yo; ` "3 Yi) 
= Wh (To + Yo, g(x,y)” i *, i(%, ¥) ). 


On the other hand, we have mu = uz, and this, using the inductive 
hypothesis and relations (4), gives 


(12) i ui(0, ToP, nO. 41”) E 0, 
in other words | 
(13) u,(0,2,,° + +, 2) = O. 


Therefore every monomial in u; contains zo; let us show that u; does not 
contain Tı,’ © *,%; Indeed, suppose w(x) = Sar fr(@o,* * *, ra); and 


suppose A is the smallest value of 7 > 0 for which P Æ 0; kana in both 
sides of-(11) the terms in q; gives 


fr (To, i 3a) = fa (2o + Yo’ : apela y)) +F 


where F is a polynomial ID Zo, Yo,* © *> Lia, Yer Yi, each term of which con; 
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tains either y; or an x, of index kSi—1 (due to the fact that every 
monomial in y; contains at least such an x). If we replace to’ ~, Ti by 0 
in this identity, we get therefore l 


= Ao vaia) F È pge (Yos s Yi-r) 


whose cp 18 the E E term in f,, and this shows hat fa is a constant. 
But as we have seen before that each monomial in fa must contain to we have 
fa = 0, hence u; cannot contain s; Suppose then that k is the highest index 7 


such that u, contains z; and let again u(x) = È La Gr (To * *, Cg-1) 3 sUppose 


k > 0, and that h is the smallest value of r>0 ae which g, Š 0. Identifying 
on both sides of (11) the terms in z", we see by the same argument as above 
that g,==0. Equation (11) reduces therefore to w(t» + yo) = Ui(%o) + (Yo), 
hence 


ui(x) == Coto ~- Cato? + Sna + Chto” +~ anes 
Let Ci== (¢,0,0,-- -) in W(K), and consider the endomorphism 


(14) vi—=t(Co+ Cp +: «+ Opi: °°). 


It is clear that the 7-th components of w(x) and v:(x) are the same for 
jst (and 0 for 7 <21). The inductive argument can then be:carried on in 
an obvious fashion, and shows that 


UW== Vy) fv, + toto: 


the infinite sum having a meaning in €(4). Therefore, we see that we can 
write u == X tCypi, where Cice%(K). If we now assume that K is perfect, 
if 
we have 
tCypi za tiG ni if j= a 


a of « r . . `. « 
tC jp) = Cy? mt prt if 7==4, 


from which (using the fact that (K) is complete) it is easy. to deduce 
that œ has the form (10). . 

To prove uniqueness, suppose t is equal to the right-hand side of (10) 
and is 0; we have to show that all the A, and Bz are 0. Suppose the contrary, 
and let us prove first that it is impossible that w(A,) 0 or w(B,) =0 for 
some k. Indeed, suppose first »(A;,) 0 for some A, 340, and let k be the 
smallest of the indices k having that property; then if A, == (aro © `), Gro £0 
and the component of index 0 of u(x) would be &ro£ -+ - -, the terms 
omitted having degree > p*, contrary to assumption. If on the other hand 
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w(B,) 0 for some B,+0, let again h:= 1 be the smallest index having 
that property; then, in the component of u(x) of index h, there would be only 
one term broto of weight 0, with b,,.5£0, which is again contrary to the 
assumption u==0. Suppose now we have proved that the minimum value 
of the w(A;) and w(B,) (for the non zero coefficients) cannot be <j, and 
let us prove it cannot be equal to 7. Let us write Áp = Arf, B; = BR, 
where the minimum value of the w(Ax) and w(Bx) is therefore j— 1. 
As %==tp, and the relation wp = 0 implies w = 0, we have 


EBK + tAd + Ala p 3 Anp = 0. 
k=2 


z1 
This already implies contradiction if w(A) or one of the w(B;,’) is 7—1; 
if not, we can again divide by p on the right and after a finite number of 
steps, we reach the desired contradiction. 
Theorem 1 is thus completely proved. In what follows, we shall use only 
the endomorphisms of type 


(15) Byes ch RE 


which (without any assumption on K) constitute a subring €*(K) of €(K). 
The preceding argument shows that an endomorphism of €*(K) has only one 
development (15). 


5. Abelian groups associated with endomorphisms of H”. There exists 
a recursive isomorphism h of the additive Witt group W on the hyper- 
exponential group H, such that hi(x) is an isobaric polynomial sm; -+> - - of 
weight pê for each 120, ho(x) =, hi(x) =z, ([5, no. 7], and [6]). 
Any K-endomorphism of H (in the same sense as in no. 2) can therefore be 
written huh, where ue €(K). In what follows, we will identify u and 
huh; this will certainly lead to no confusion regarding the endomorphisms t£ 
and p, for hph-' and hth- are respectively the Frobenius homomorphism and 
the shift homomorphism in the group H. 

Consider now the endomorphisms of the group H”, direct product of n 
groups isomorphic to H; we will denote by x == (aol,- - -,a,(,- - -) 
(11%) the systems of indeterminates corresponding to each of the 
factors. A recursive endomorphism u of H” will therefore consist in n 
systems uf = (uwo), - -u,{,- + -) of power series in the 2, (1Si<n), 
such that u,® contains only the 2, such that k Sh and 1<j<n). The 
standard argument determining the endomorphisms of a module which is a 
direct sum of n isomorphic submodules proves in addition that the endo- 
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morphisms u correspond, in a one-to-one fashion, to square matrices (JCP) of 
order n, where the fD (1Sixin,1Sj<n) are elements of the ring of 
endomorphisms of H (identified to E(K)). More precisely, one can write 
symbolically 
(16) u(x,- el) =D FED (xl) 
j=l 

the “sum” in the right hand side being understood as taken for the group 
law of H. 

From now on until no. 10, œ == (¢p)a-oi- will always designate the 
group law of H, so that, with the notations of [5, no. 5], we have 


bn (Zo, ° "yt Yor ° "s Yn) = 2n F Yr + 2 Ey, (%) Byrn (y) 
ik<ph 


where Ey is an isobaric polynomial of weight k. 


6. With the preceding notations, we now suppose given an endomorphism 
u of H” such that the endomorphisms fC) of H belong to the ring E& (K) 
(no. 4); owing to (16), this implies that in the power series u,®, all 
monomials have a weight <p", and in particular the terms containing the 
indeterminates s,” (17) are of the first (total) degree. Generalizing 
the method introduced in [5, no. 9], we are going to define, with the help 
of u, the hyperalgebra of an abelian group of dimension n (over K). 

In order to do this, we consider the algebra P of polynomials with 
respect to n sequences of indeterminates Su (1 S1 Sn, h —0,1,- - -), having 
coefficients in A, and in this algebra, we consider the ideal a generated by 
the polynomials 


(17) DnP — up, (So: E E EE 
(S&S n; h=0,1, 
For each index %==(@,' © *,@„) (æ; integers = 0), let 
Baon Sm AB e i a a A N o a 
== Pa, (8o 3 Sam * *) Ba (So t ey Br °)* e Balon a Saa e). 
Let Xr: be the class of Sm in the quotient algebra P/a, and 
(18) Ža = Eal Xo * +) AXniy °° Eon * peo As 


THEOREM 2. The elements Za form a basis of the algebra P/a, such 


that, with this basis, P/a is the hyperalgebra of an abelian group G of 
dimension n. 
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It is clear: that the algebra. P/a is cee by the Xm, and more ae 
from: the relations 


(19) | Xu? = uy (Xoay- : *,AXon3° ea Re A pn) 


it follows, by an easy inductive argument on h, that the elements of P/a 
are linear combinations of monomials XY, in the X;; where the exponent! ‘of 
each Xm is <p; moreover, relations (19) also show that the linear com- 
binations of the XY, of height h(a) <r constitute a subalgebra 8, of P/a. 
From the-definition (18), it follows that the Za belong to 8, for h(a) <r; 
we are going to prove that the Za of height h(a) <r constitute a basis of 8,5 
the family (Za) (without restriction on œ) will then of course constitute a 
basis of P/a. -7 
The first step consists in proving that the 


Xa = Xora se X pn PX 4422 “ee Xip” s. Xr Vhl»s à En 


P gi A ie. 
(where «x; = X vyp” is the p-adic development of a, and h <r) constitute a 
k=0 


basis for 8,: This will be proved by induction on 1, as a consequence “of the 
fact that all‘the monomials, in the ‘Polynomial un, have a igen < pr; ‘and 
of the elementary lemma: 


Lexma 1. . Let A be a commutative ring with unit element, ia let D 
be the ideal in the ring. of a A[ Y, --,¥Yn], generated by the 
polynomials 


"Q= re— Sour j— G. (Sisi) 


m being an integer > 1, the by and c; elements of A. Then if Y, is the 
class of Y;mod b, the monomials ¥,4¥%- - - Önt with 0 S u < m, constitute 
a basis of the quotient ring A[ Y: -,Y r1/6 aver the ring A. 


To prove the lemma, let us assign weight 1 to the Y;, weight m to each 
polynomial Qi. Then it is readily seen by induction on k that every monomial 
in Y, © +, Yn, of total degree =k, can be expressed as a linear combination 
of monomials in Y;,-- -,¥n,Q:1,° > -,Qn, of total weight <5 k, the exponent 
of each Y; in these monomials being <m. As the number of these last 
monomials of total weight = is exactly equal to the number of monomials 
in Y,,-:-,Y¥, of total ea =k, they constitute a basis for the set of 
polynomials in Y,,--:-,¥, of total degree =k; the lemma follows imme- 
diately from this ae 

The fact that the Xa with h(a) <r constitute a basis for 8, is ion 
proved by applying the lemma in succession to A = K, A=38,,: > -,A=S,p4. | 
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7. Next we remark (see [5, no. 8]) that if k == mn + np +: sb mp" 
(p-adic development, », > 0), there is in (2° > +,%,) the monomial 


gh OQ; Wp. es Tp’ 


manm enrm e =e e 





4 m; moreover, if we order the monomials In o > -..2, In the 
es ee 7 


inverse lexicographic order, the preceding monomial ix the “first” in Sr 
Let us next order the Sp; in a linear sequence: 
jie i DS diis Sits: i o l Ses i o Ts 
If we put g; = È mip! (p-adic development), the preceding remark shows that 
k 
if we order the monomials in the Sw; in the inverse lexicographic order, the 
“first” monomial in Va is the monomial = Sa (with notation similar to 


that of the Xa). Consider now the expression of Za as a linear combination 
of the monomials XY), and let us order these monomials in the same order as 
the corresponding monomials in the Sa We observe that if in a monomtal 
Sof + > Sap in Fa there is an exponent pz; = p, then there must be an 





index ¿> k such that we will have my < vy, owing to the fact that the Fy are 
isobaric; considering the largest index k for which there is a j such that 
paj = p, We see therefore that in the expression of the corresponding monomial 
Vo Mets + eN pee as a linear combination of the Xy, every monomial A) is 


a . I ~ . . + + k 
afler the monomial =a « (which itself comes from the replacement of the Sn 
(rA * 
i NE l — | 
by the Xz in— Sq), due to relations (19). Jn other words, in the expression 
g! 


Xa Erom the 


of Za as a linear combination of the Xh, the “first” term is —, 
Z + 


linear independence of the Xa it follows at once that the Z, are linearly 
independent over K. 

This result ends our proof of the fact that the Za with h(a) <7 con- 
stitute a basis for 8,, for their number is the same as that of the X, with 
WAG ae 

8. We can now write 

Y 
and by definition. these relations can be interpreted as polynomial congruences 
(21) Eag = X, dagy y (mod. a) 

y 


in the ring P. To prove Theorem 2, we apply the existence theorem [5, 
Prop. 1]; replace in P and in the polynomials (17) the indeterminates Sri 


3 
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by new indeterminates Ta, obtaining thus a ring P, of polynomials and an 
ideal a, in P,, and let Y; be the class of 7’,,;mod.a,. We then form the 
elements 


Le = > Hig (Xo1,° ` eA hi f \ Ba p(Y o1,° i el as f -) 


0=8=a ; 
and we have to prove that these elements satisfy the same relations (20) as 
the Za But from the expression of the œ, in terms of the Fy and the definition 
of the hyperexponential series, it follows that we have [5, no. 8] 


(22) Loo = Ealo’ f 5 Pris’ ie 7 an 5 Pon,’ : s Phn i -) 
where 


7 7 7 
Pri = bn (Xor Voi Xin Yin’ © +» Xnr Ym). 


Now, if in the polynomial congruences (21) we replace each Sri by @np, we 
see that the difference 
ZL Zp? — >, dapyZy° 
y 
is a linear combination (with coefficients which are polynomials in the ),, 
and therefore in the Xn and Y;;) of the polynomials 
(23) By i? — uy, (Bo, PEO tS Por; Peres 5 Pj, ss Pin) 
and therefore our proof will be ended if we establish that the expressions (23) . 
all vanish. But as the œ, have their coefficients in the prime field Fp, we have 
Pr? = pr( Ko, Y oi, eas X nP, F nP) 
and if we equal the expression (23) to 0, we obtain the relation 
pan (X oP, Yo, © +, XniP, Yn?) 
= U (do (Xos Yoi), "+ "yo (Xon Yon) ss 
, ae 3on(Xo1, fe ag Yur), aoa bn (X on; a a rae 


But if we replace the X»? by their expressions (19), and the F by the 
corresponding expressions, the relations we obtain follow from the asstimp- 
tion that w is an endomorphism of the group H”. The proof of Theorem 2 
is thus complete. 


9. We will say that the abelian group G, the existence of which follows 
from Theorem 2, is associated to the endomorphism u of H”. Our proof 
gives an “explicit” determination of that group when wu is known; more 
precisely, the translation operator in G is given by 7 


via 
, ae I 
hy = [J Hez (yX on YP Xii: ` YP A ni i i 
i=1 
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where in the development of the right-hand side, the powers of the Ap; must 
be reduced to exponents < p according to the relations (19). Moreover, the 
algebra P can be identified with the hyperalgebra of the product U" of n 
groups isomorphic with the “universal group” U [5, no. 8], the Sy; being 
the invariant semi-derivations which generate that hyperalgebra; the proof 
of Theorem 2 shows then [5, Prop. 2] that the natural mapping of P onto 
P,a is the derived homomorphism wv’ of a homomorphism v of U” onto C. 


10. Some examples. It is easy to reformulate in terms of matrices 
(with elements in €*(4)) the definitions of the particular groups considered 
in [4] and [5]. For instance, to the null matrix (of order n) corresponds 
the direct product W,” of n additive groups; to the unit matrix. the direct 
product (1,*)" of » multiplicative groups. The group Gy... defined in 
[5. no. 9] corresponds to the matrix 


0 Z 0 Be at i) 
0 0 7 sano 9 
0 0 0 PES a 
0 ee ae EE ->> 0 


where in the last row, the element t” is in the (m + 1)-st column. 
Similarly, the “streak”, “tree” and “braid” types of groups of dimen- 
sion 2 defined in [5, no. 10], correspond respectively to the matrices 


( Ov 0 r 
0 0r is 
11. The structure of abelian formal Lie groups. The construction of 


abelian Lie groups given by Theorem 2 is in fact general enough to give all 
abelian Lie groups, up to an isomorphism; in other words: 


THEOREM 3. Hvery abelian formal Lie group G of dimension n overa 
field K is isomorphic to an abelian group associated to an endomorphism of H”. 


We start by remarking that the invariant derivations Y. (1SiSn) 
of G satisfy relations of the form 


n 
X oi? = > AiK o7 (1 StS nv, yeli). 
ja 


We consider the Witt vectors Aj; = (@y,0,0,- - +), and the endomorphism u© 
of H" defined by the matrix (Ay) (whose elements are identified with endo- 
morphisms of H, as explained in no. 5). Let L® be the abelian group asso- 
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and 


rat l 
auh = S, Jir lefip -k p- 6j 
k 


for any p such that 0 < p< p and any è such that 0 << pt; in other 
words, the b’,, for |u| > 1 are entirely determined by the gmp. But from 
our assumptions it follows that we also have . 


(28) Lise? = > GixpZ p (1S1 Sn, 0 << pt) 
p 
with the same coefficients. On the other hand, we have by [4, Lemma ?] 


(29) Ars? (f9) =f; X rs149 “| g "Araf 
Eg 2 (ZrePf) (Z iprt)e?g) ' 
Oh prtt 
Replacing the Zņe? by their expressions (28), and using relations (27), we 
see that in the expression of Yi(fg) as a sum X lyy(Z)f) (Zag), there is no 
Aap ace 


term in which both A and u are 3&0 and this proves our assertion. 


13. We can therefore write 


n 
Y; se ` yX oj i (1 Sit It, qj» € K) ` 


=1 
Suppose the endomorphism w of H” corresponded to the matrix (f4), where 
fF” belongs to E*U). Consider the Witt vectors Ajj) = (ay, 0.0,- + -), 
and the matrix 


(30) (fart) ass (fear) +4 tAn ) eins 


This matrix corresponds to an endomorphism ut} of H”, to which in turn 
correspond an abelian group LO); if we recall the definition of LO by 
means of relations (19), we see that we have finally reached the following 
conclusion: the image of G under the isomorphism q, and the group LO, 
satisfy conditions 1., 2., 3. where r has been replaced by r-- 1. 

Jt is now easy to bring our inductive argument to a close. From -the 
last remark of no. 11, it follows that the “infinite product ---g@- - -q%gq@ 
is meaningful and represents an isomorphism of G on a group G. On the 
other hand, formulae (80) show that the matrices (f@7”) “converge” to a 
matrix (f) with elements in €*(K), corresponding to an endomorphism u 
of H”. If Ē is then the abelian group defined by that endomorphism, our 
construction is such that the constants dagy in the hyperalgebras of G and È 
are the same, and therefore these two groups are tdentical, which concludes 
the proof of Theorem 3. . 
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We add two remarks: the first is that, forming (according to Theorem 2} 

abelian groups corresponding to endomorphisms of H”, we can always limit 
on 

ourselves to the case in which the matrix (f@”) is such that, if fOD == $ #A,,, 
k-0 

the Witt vectors 4; which are 0 are such that «(A;) = 0; this follows 

from (30). 

Qn the other hand, Theorems 2 and 3 yield, for abelian groups, the 
following result, which is analogous to the well-known theorem in classical 
Lie theory, asserting that one-parameter subgroups “fill up” the group 
locally: for anv element X = SEX) 560 (¢;¢€&) of the Lie algebra gy of an 

i=l 

abelian group G, there exists a homomorphism w of the hyperexponential 
group M into G such that w (Soo) =. (Sn being the usual generators of 
the Lie hyperalgebra of H, noted Ap; in [5, no. 5]). One has merely to 
make a linear transformation on the indeterminates in G. which transforms 
A mto Voo for instance; we have then a homomorphism of U” onto G (no. 9), 
and the restriction of that homomorphism to the first factor of the product, 
composed with an isomorphism of H onto U, satisfies the required conditions. 
It would be very interesting to know if this result extends to non-abelian 
formal Lie groups. 


14. Homomorphisms of abelian groups. It follows from theorem 3 
that the study of abelian formal Lie groups can be reduced to that of the 
groups associated with cndomorphisms of groups H"; we are going to study 
the homomorphisms of such groups. 

Let G and G be two such groups. of respective dimensions n and m, and 
suppose they are respectively associated with an endomorphism u of H” and 
an endomorphism v of F”; u and v can respectively be represented by square 
matrices U = (fC) and V = (g0) of order n and m respectively, haying 
their elements in the ring €*(K). We shall designate by P and Q the 
algebras of polynomials, by a and b the ideals in these algebras determined 
respectively by u and v, so that the hyperalgebras of G and G are respectively 
isomorphic to P/a and Q/b (no. 6); Sy; and Ta; will be the indeterminates 
in 2 and Q respectively. X»; and Y,; their classes mod.a and mod. b 
respectively. 

We will first consider the following question. Let w = (w) isisn be a 
homomorphism of H™ into H”, w® = (wo, > >, W®, - -) being n systems 
of power series in the a“) (17m) such that w, contains only the 
t; such that kh. To this homomorphism is again associated an n X m 
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_ matrix W = (hD) 1Sisnisjsm) with elements h in €(K), 
such that (with the same conventions as in no. 5) 


w(x,- , x) = ŞS Alii (x0) (1<ix<n). 
jal “4 


We will always suppose, in addition, that the h@?) belong to €*() (which 
insures that the w, are in fact polynomials). 
We now ask under which conditions on W the formulae 


(31) s (Xm) H Wr (Yo, 1) Ta Fom, D as Fms TOO Ty Tino 
(Sin; h=0,1, ©) 
define the derivative s’ of a homomorphism of G into G. 


THEOREM 4. Suppose K 1s a perfect field. In order that formulae (81) 
define a homomorphism s of G into G, it is necessary and sufficient that there 
exist an nX m matrix L with elements in E*(K), such that 


(32) UW —WeV =L(n-I—t-V) 


(I being the mm unit matrix, and W° being the matrix ((h())?) the 
isomorphism o being defined by a= Ao -tA p:e o HtA if 
a=A,+tdA,-+- i val Agt: ° aye 


15. The system of polynomials 
i 0, (Tos T Sy iss Toim PoS ea Tms, ne Lind 


can be represented by the “one-column matrix” W x, the indeterminates 
i 

2, being replaced by Tu. If there is a homomorphism s verifying (31), 

we must have 


(33) S (AnP) iir (wi)? (Ya”, eas o at Sack an? 25 Yam”) 


(w,)* being the polynomial obtained by raising all the coefficients of w® 
to the power p. But considering the definition of G by means of the matrix 
V (no. 6), we see that the right hand sides of (33) are obtained by replacing 
Ta; by Yn in the system of polynomials represented by the one-column matrix 
(WeV)-x. On the other hand, the definition of G by means of U and 
formulae (31) show that (if s exists) the left hand sides of (33) are 
obtained by replacing Ta; by Ya; 1n the system of polynomials represented by 
the one-column matrix (UW)-x. Therefore, a necessary condition is that . 
the matrix C= UW —W-°V be such that, when each Ta; is replaced by Yn; 
in the system of polynomials represented by the one-column matrix C-x, the 


7 
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expressions obtained all vanish. This can also be expressed in the following 
way: the polynomials of the system represented by C-x must belong to the 
ideal D. 

This is certainly the case if C=L(a:I1—t: V), for m-I—t-V 
=t(p:I—-V) (from (8)), and relations (19) (or rather the corresponding 
relations for G) show that the polynomials of the system represented by 
(p-I—V) -x belong to 6; moreover, if y is a one-column matrix representing 
a system of polynomials of 6, M-y is also such a matrix, for an arbitrary 
nXm matrix M with elements in €*(4). Let us now prove the converse; 
we can write C=T,+érP,+---+#T,+---, where Ty = (0,0) is an 
nXm matrix with elements in the ring YW (A) of the Witt-vectors. If we 
denote by ¢,{0( Ty: + +.Zn) the polynomials of the system represented by 
Cex. and if C07 = (eyo), Cat, + +) Cem eI), we have 

m 


Cy (Tos S a Tom) = p> Coo PT oj. 
j=l 


Now we have seen in the proof of Theoren 2 (no. 6) that such a polynomial 
cannot belong to 6 unless all the Coo =0; but, as K is perfect, this means 
that there is a matrix Ag with elements in Y8(), such that [p> = Apr. We 
can therefore write C = \)(@-P—#-V) +4£-€,, and (#:€,)-x must belong 
to the ideal 6: in other words, we are reduced to the case in which I, = 0. 





More generally. suppose Ty, is the first coefficient in C which is 40; we 
then have 


m 


i Uae i IDT 
6) (Tois ans Loma i LE OTa Trn) = > ce ae 
j=1 


a 
Pa 


and the same argument as before shows that all the elements Cr must be 0. 
By an easy inductive argument, it follows that C—L(n-E—e#-V) with 
L=A,+#A,+---->+#A,+:-.--, the A, being nXm matrices with 
elements in WC’). This concludes the proof of the necessity of condition (32). 


16. To prove that the condition is sufficient, we consider the homo- 
morphism r of the algebra of polynomials P into the algebra of polynomials 
Q, defined by 


(34) r(Sni) = wy, (To, ° i sl i naii ; re hit) 
(TSS h= GAE) 


Condition (32) insures that the image of the ideal a under the homo- 
morphism r is contained in b; hence r defines a homomorphism s’ of P/a 
into Q/b, satisfying (31). It remains to be seen that this homomorphism 
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is the derived homomorphism of a homomorphism s of G into G; this will 
‘be done by showing that the conditions of [5, Prop. 2] are satisfied. 
Introducing new sequences of indeterminates Sry Tn, and using the 
notations of no. 6, we first remark that, as r is a homomorphism of P into Q, 
the image by r&r of the element 
2 Be (Sor rd E T I E ae © eae oO) 

is obtained by replacing in that expression each Sw: (resp. Smi) by its value 
r(Sm) (resp. r(S'm)) given by (84). But from the fact that w is a homo- 
morphism and the arguments in no. 8, it follows that we obtain in that way 
the expression 

Balou c, Ean: ege Mons © °, Van) 
where 
Pr: = w? (Tois ae ke dake: Be T” ms TER ney Tim) 
and 

T” mi = pr (Toin T'ou Tio Tiot * > Tm Tm) 


(¢ = (n) now stands, as in no. 8, for the group law of the hyperexponential 
group H). We thus obtain a polynomial in the T”, which (by the argu- 
ment of no. 7) can be expressed as a linear combination of the polynomials 


2 1 wre, oer who, 
(35) Ly (T 00 ely Ooms) ’ pe! he his’ ` ou hm?" ae 


Let us now go over to the quotient algebras P/a and Q/b; let Xn Y'm 
correspond to S'n Tm by the natural mapping, and, changing slightly the 
notations of no. 8, let us write 

Ln = > Eg(Xos’ , ak E " >) Eag (Xo, ° j so OS ` ) 
0=f=a 


= ; , 
= Ea(Y o: ` 5 m ; +) Bryan (Y 01s ° 7 sade hms’ 7 ar 
A 


Sas 
Then the image, by s&s’, of Z,°, is obtained as a linear combination of the 
elements (35) in which Tm and Tr: have been respectively replaced by Yui 
and Y'm; but these elements are merely the elements %°, by the argument 
of no. 8. The conditions of [5, Prop. 2] are thus satisfied, and the proof 
of Theorem 4 is brought to an end. 


17. We will say that the homomorphism s of GŒ into G, defined above, 
is associated to the matrix W. We now prove (with the same notations) : 


THEOREM 5. Suppose K is a perfect field. Every homomorphism s of 
G into G is associated to an nX m matric W with elements in E*(K). 
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We are going to construct a matrix W for which relations (31) will hold. 
We can write first 


m 


S' (Xoi) = D yY oj (1SiS n). 
j=l 
We consider the Witt-vectors A; = (ai;,0,0,---), and the matrix VW = (4;;): 
we have therefore 
s (Xo) =w (Loi * +, Lom) (Us) = 1): 
As a basis for an inductive argument, suppose we have constructed a 
matrix WO such that 
(36) Py SOY a eo ee a 
for 1=i=n and OSh=r. As s is a homomorphism of hyperalgebras, 
we have, by (18) 
(37) S (Za) = Faf (Xoi) + +58 (Xar) > +). 
We prove that the differences 
C= 8" (Var) wre? (Yon © 5 Loma * 03 Key * oa Leste) 
are deritulions in G (1Sissn). We have by definition 


(SOs) (Nya?) =B (Xr) + 8’ (Xm) OT. 


+ >» S (Zra) OS (Z pranje). 
OL k<p"tl 


(38) 


Now in the sum in the right hand side of this formula, we can replace s’(Z;¢;) 
by its expression (37), and as k < p+, only terms s (£r) with ASr will 
intervene. These can then be replaced by their expression (36). Now, using 
(22) with a== pte; (and therefore #, (x) —=2,,,), we see that we have 


Dan (Yo°, ms Drs ‘Saas eater. ST Vc) 
(39) =1® pg le? (Yoi; pm Tia Yran) + Wra (Yor, HR Tesian) Ol 
+ DD (Zra) OS (Zipre) 
Ock<prtt 


since WW‘) defines a homomorphism w of H™ into H”. As computation: 
with tensor products and with “ Leibniz formulae” are “dual” to each other 
(see for instance [4, proof of Lemma 2]), comparison of (38) and (39) shows 
that Ui(fg) =f: Uig + 9° Ur. 

We can therefore write 


m 


U; == > aj DY oj (1 <4 n) é 
j=l 
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Consider the Witt vectors Ajj?) == (a%*),0,0,---), and the matrix 
We a PO + tt (AO), It is then clear that we have the relations 


g i f “ oe, Be tee A « # - 
s’(Xni) = Wyte) (Yo, Cr Ta Yom ? > y Als ; Yarm) 


for 1SiSn and O=hSr+1. The induction is then concluded in the 
’ obviously towards a matrix W 
for which relations (31) are verified for every 4. Theorem 5 is therefore 
proved. 


usual way, the matrices W0 “ converging’ 


18. The result embodied in Theorems 4 and 5 can be put in a much 
more suggestive form. Multiplying on the left both sides of (32) by £ gives 
an equivalent condition, since the ring €*() has no zero-divisors; using 
the commutation rules (7), we see therefore that (32) is equivalent to the 
relation 


(40) (ml, —tU)W = (W + tL) (x, — tV ) 


(In and I, being the unit matrices of order m and n). Conversely, suppose 
there is an n X m matrix W, such that 


(41) (mi, —iU)W =W (7i, — iV). 


From such a relation, it follows at once that W and W, are congruent mod. t, 
in other words we can write W, = W -+ tL, and we see therefore that (41) 
implies (40), hence also (32). The existence of an nX m matrix W, over 
€*(K) satisfying (41) is therefore (when K is perfect) the necessary and 
sufficient condition for W to represent a homomorphism of G into G. But 
this can also be formulated in different terms: consider the left-modules 
E = (E+(K))*, F = (€t(K))™, direct sums of n (resp. m) modules identical 
to €*(K) (considered as a left module over itself). In Æ (resp. F), let M 
(resp. V) be the submodule which is the image of Æ (resp. F) under the 
endomorphism represented by the matrix #I,,—#U (resp. sfn — tV). Relation 
(41) is then the necessary and sufficient condition for the matrix W to 
represent an (€*(i())-homomorphism of the module Æ into the module F, 
which sends M into N, and therefore to define a homomorphism of #/M into 
F/N. We thus see that, by associating with the group G the €+()-module 
E/M, the theory of abelian formal Lie groups over a perfect field K is 
essentially reduced to the theory of left €*(K)-modules. 


19. Applications: I. Classification of abelian Lie groups. If s is an 
isomorphism of GŒ onto G (for m =n), the matrix (ay) (with the notations 
of no. 17) must be invertible, and from that remark it is very easy to con- 
clude that both matrices W and W, in (41) must be invertible. Therefore: 
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THEOREM 6. Let K be a perfect field. In order that two abelian Lie 
groups G, G over K, respectively associated to two square matrices U, V of 
order n, with elements in E*(K), be isomorphic, it is necessary and sufficient! 
that nl -—tU and nE— tV be equivalent. 


In the language of modules, this (with the notations of no. 18) means 
that the modules F/M and E/N associated to G and G are isomorphic. The 
classification of abelian Lie groups over a perfect field A’ is therefore equi- 
valent to the classification of the €*(#)-modules having a finite system of 
generators to which they correspond; as mentioned in the Introduction. no 
satisfactory theory is known at present for such modules, due to the fact 
that €*(4) is not a principal ideal ring. 

Tt follows of course from (32) that G and G will be isomorphic if there 
exists an invertible matrix W such that WUW =—= V, hut this condition is 
by no means necessary. as we shall see below, and the problem of classifying 
matrices under this stronger equivalence relation does not appear to be much 
easier, even when A’ is algebraically closed. When U is invertible and K 
algebraically closed. there is always an invertible matrix W such that 
WUW == F. as was essentially proved in [4, no. 13]; the corresponding 
groups are therefore all isomorphic to (W,*)*. A similar proof would show 
that. when X is algebraically closed and U==t'U,, with U, invertible. there 
exists W such that W°UW = t'I, and the corresponding groups are there- 
fore isomorphic to the direct product (J,)*. 

In particular, for the groups of “symmetric braid” type [5, no. 10]. 
we have 


kd 


and therefore (as announced in [5]) if K is algebraically closed, these groups 
are isomorphic to products J, Zn Similarly. the groups of the “tree” type. 
corresponding to matrices 


do not yield new types of groups for += s, for the matrix is then 


0 pe 
— Zs 
u-"() 7 ) 
and it is readily verified that the matrix w=; K) is such that 
0 0 
WUW -( 0 A so that the group is isomorphic to W, X I, (as was 


conjectured in [5. no. 10]). 
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Going now to the other extreme, let us consider the case in which K is 
the prime field F,, and let us investigate the classification of one-dimensional 
abelian groups over K. As o is then the identity, €*(K) is a commutative 
ring, and the problems amounts, according to Theorem 6, to classify elements 
of that ring under the equivalence relation 





(42) 7% — ta—ec(n— tb) 


where ¢ is invertible. We have of course 
a=Ajpt+td, +--+ -ttAp+--- 


where the A; = (xo, @x1,° © `) ave Witt-vectors with components in F,, and 
similarly for b and e. It is then easily verified that, given b, it is possible 
to determine c in one and only one way, such that all the elements ar = 0 
for +>0. The “first” elements @ro are then invariants of the class of 
abelian groups; as they can be chosen arbitrarily in Fp, we see that the set 
of classes of non isomorphic abelian groups (isomorphism being meant in the 
sense of F,-isomorphism) has the power of the continuum (in sharp distinc- 
tion to the corresponding situation in the case of an algebraically closed 
field K). We may also observe that in this case, the relation W°UW == V 
would reduce to a= b instead of (42). | 


20. Applications: II. Analytically simple abelian Lie groups. We 
now want to show that there exist abelian Lie groups of dimension > 1 
which have no nontrivial subgroup, and can therefore be called “analytically 
simple” groups. More precisely, we will exhibit a group G of dimension 2 
such that there exists no non zero homomorphism of a group of dimension 1 
into G. G will be a group of the “dissymetrie braid” type, corresponding 


od 


t- ” l : ; 

Al We may suppose that K is algebraically closed, and 
then a one-dimensional group will correspond to a one-element matrix of 
type #7. The existence of a homomorphism of this last group into G means 


that there exist elements a, a’, b, b’ in €*(K), such that 


to the matrix (| 


(43) (a— ea) (a a) = (6 h 7, 2) 


t- an 


which is equivalent to 





\ (x 


| (n — td = b'a 


Ea = bn — b’t 
bt’. 


We write a == X tAr € = DEA’, b= $ tBu bD => #B’,, where the 
k 


k k k 


(44) 
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Ar Eu Br, BY are Witt vectors. It follows from the proof of Theorem 5 
(or by a direct argument from (41)) that we can suppose Ay == (do, 0,0,-- +), 
A’ == (no. 0.0, +); on the other hand, we can suppose that b and b’ are 
not both divisible by a power of #, since otherwise a and a’ would also he 
divisible by it. and we would then be reduced to the first case. We remark 
finally that we have g > 0, since there are no homomorphisms of the multi- 
plieative group into G which are not trivial, the hyperalgebra of Ẹ@ being a 


nilalvebra. 


1. Suppose By == (boo. bou’ © c) 40. Identifying the coellicients of ° 
in the first equation (44) gives Ao = Bo, hence aoo = bon 0 and boi =O 
for i> 0. We cannot have q = 1, for in that case, identifving the coefficients 
aB’. hence 





of # in the second equation (44) would give mls — A'o 
ay, = 0. and La =0; but then, the same equation would give B's = A’, = 0, 
and identifving the coefficients of # in the first equation (44) would give 
a1.—.1,==2B.. which contradicts a> 40. The identification of the coeffi- 
cients of @ in the first equation gives then (since q > 1), A. = 2AB — B'i”, 
and if B’y == (boo Vot °°), this vields bw =0. As AL’) = B'o, we have 
also v.g==0. Now. if g=, we obtain by identifying the terms in # In 




















the second equation (44), 


Boe 


wl’, — dy == AB’, 





and this vields bns 0, contrary to assumption; if on the other hand g > 2. 





we obtain similarly wl’, = 7B’, — Ba, and we reach again a contradiction. 
. > 2 7 


2. Suppose now By 540; then we have in the same way .1’) = B'o, hence 
Cao == yo SO and b’9;==—0 for i> 0. We see as in 1. that we cannot have 








3» 





q==1: but if g¢g>1, the relation «A. B’? gives D'o == 0. hence 
again a contradiction. It is therefore impossible to satisfy (48) when a and 


a are not both 0. 


t 


_— TE ; ; : 0 ts 
A similar argument shows that if G is associated to the matrix & i 


with r < s. then G is analytically simple if s+ r is odd; but if s+ r= 2h. 
there is a nontrivial homomorphism of the one-dimensional group corre- 





sponding to tt into G. These examples seem to show that the determination 
of all abelian analytically simple groups is a problem of great complexity. 


21. Applications: ITI. Duality of abelian Lie groups. Suppose that 
K is the prime field Fp; then the ring E€ (K) is commutative and the trans- 
posed matrix of any matrix with elements in that ring is again a matrix 
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with elements in €*() (whereas in general it is a matrix over the opposite 
ring). If, to each square matrix U with elements in €*(I), we associate its 
transposed matrix tU, we are defining a pairing between the associated 
eroups, which we can call dual to each other. If the matrix W represents a 
homomorphism of G into G, then it follows from (41) that ‘W, represents a 
homomorphism of the dual G* of Ë into the dual G* of G; we will say that 
this homomorphism is transposed of the homomorphism represented by W ; 
the usual rules concerning transposed homomorphisms are then valid. 

One-dimensional groups (over F,) are obviously isomorphic to their 
dual; so are two-dimensional groups of the “streak” or “braid” type; it is 
an open question whether an abelian Lie group is always isomorphic to its 
dual. . 
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ON THE LOCAL BEHAVIOR OF SOLUTIONS OF NON. 
PARABOLIC PARTIAL DIFFERENTIAL EQUATIONS. 


III. Approximations by spherical harmonics.* 


By Partie HARTMAN and AUREL WINTNRR. 


In this paper. the analogues of the theorems of [4]. [5] on solutions 
of elliptic partial differential equations will be obtained for the case where 
the number of independent variables exceeds 2. For the sake of notational 
simplicity, it will be assumed that the number of independent variables is 3. 
The equation to be considered is of the type Au: -+==(, where Aw 1s the 
Euclidean Laplacian of u, and no second order partial derivative of u occurs 
in the rest of the equation. The replacement of Aw by a more general lnear 
combination of second derivatives of u will not be considered at this time. 
(In the plane, this more general case can he reduced to the special case by 
conformal mappings under suitable smoothness assumptions on the coefficients ; 
in space. perturbation methods of Korn and Lichtenstein can be used.) For 
simplicity, the partial differential equation to be considered will be assumed 
to be linear (the methods are applicable to non-linear equations of the type 
(5)-(6) below). 

The first part of the paper deals with solutions near a zero, the second 
part with solutions near an isolated singularity. 


Part 1. The zeros of a solution. 


l. Statement of the theorems. Jn the linear elliptic partial differ- 
ential equation 


(1) Au +a: Yu + yu=0, 


let Au denote the (Euclidean) Laplacian, Yu the gradient of u, a—a(.r) 
a vector and y==y(z) a scalar function of the position vector wv, finally 
a: Vu the scalar product of a and Vu. It is known ([4], pp. 449-450) that 
if the number of independent variables in (1) is 2, say += (2,22), if 
a(x) and y(x) are continuous in a vicinity of e=0 and if u—u(z) is a 
C*-solution (or even a C'-solution in an appropriate sense) vanishing at 
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z= 0, then either u(x) =0 or there exist an integer N > 0 and constants 
(¢1,¢2) 5£ (0,0) such that, as r= |z |—0, 


(a) = cr cos Ng + cor sin NG + o(r®), 
Vu(r) = V (er cos Ne + car” sin No) + 0(9"*), 


(2) 


uniformly in ġ, where g= (2,,%2) = (reos¢,rsing). The proof of this 
fact depended on an adaptation of a proof of a uniqueness theorem of 
Carleman [2]. 

The object of this chapter is to obtain similar asymptotic formulae in 
case the number of independent variables in (1) exceeds 2. The methods 
used to prove (2), depending on function theory, cannot be applied in this 
situation. They will be replaced by procedures depending on Fourier analysis 
and on a generalization of the argument used by C. Miiller [6] to obtain an 
extension of Carleman’s uniqueness theorem in the plane to a uniqueness 
theorem in space. 


The analogue of (2) will be 


u(x) = 1" Sy(e) + 0(r%), 
Vu(z) = V (Sy (e) ) + 0 (>), 


(3) 


where Sy(e) is a spherical harmonic of order N. Here and in the sequel, 
v == re, where r= |æ]; so that e is a unit vector. 


THEOREM 1. Let v be a 3-dimensional vector, a—a(x) a 3-dimen- 
sional continuous vector and y= y(x) a continuous scalar function in u 
sphere about x = 0, sy 0S] s| S1. Let u= u(x) be a C-solution of (1) on 
|z| <1 satisfying 
(4) u(0) = 0. 


Then either u(x) =0 on |x| S1 or there exist an integer N>0O and a 
spherical harmonic Sy (e) 0 of order N on the unit sphere |x| =1 with 
the property that the relations (3) hold uniformly in e, as r= |! x| — 90. 


A function u =u(7) is called a C-solution of (1) on |s| S1 if it is 
of class C* and can be represented as the sum of an harmonic function and 
the Newtonian potential of (a- Wu -+ yw) /4x. 


pr 


Remark 1. It will be clear from the proof that Theorem 1. remains 
correct if the dimension number 3 is replaced by any dimension number. 
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Remark 2. It will also be clear that Theorem 1 remains true if (1) is 
replaced by a non-linear equation 
(5) Au + g (x,u, Vu) =0, 
where g(w.u, Yu) is a continuous function of its (seven) variables on a set 
wi, |u| S const., | Vu|& const. and is subject to an inequality of 
the form 


(6) |g (a, u, Vu)| S Const. ((u| + | Vu j). 


Remark 3. The o(r)- and o(r-')-terms in (3) can be replaced by 
(r2 |logr|} and O(rN |logr |), respectively. This improvement of (3) 
follows by repeating the arguments of Sections 6 and tł below with (61) 
replaced by the estimates, u == O(t) and Yu==O(74-'). supplied by (3). 
A similar remark applies to Theorems 1bis and 4 below and to the corre- 
sponding theorems of [4], [5]. 


As a consequence of Theorem 1, there results the following corollary 
which is an analogue (and extension) of Carleman’s theorem [2] for two 
independent variables: 

COROLLARY 1. Lel a(x), y(&) and u(x) satisfy the condition of 
Theorem 1 and. in addition, let 
(7) u(x) =0(1") for n=0,1,; -> 
ax r—>0. Then u(x) =0 on |s| S1. 


Another consequence of Theorem 1 is the following: 


COROLLARY 2. Let a(x). y(x), u(x) satisfy the assumptions of Theorem 
1. Then the zeros of Vu(e) cannot cluster at r=0 unless u(r) =0 on 
Ease 


In another direction. Theorem 1 can be extended as follows: 

THEOREM Ibis. Let a=a(w) and y==y(x) be, respectively. n vector 
and scalar function of class O? in a vicinity of e=0. Letu = u(r) s£0 be 
a (7-solulion of (1) in a vicinily of x0 satisfying (4) (so that there 
erisl un integer N >0 and a spherical harmonic Sy(e) £0 satisfying (3)). 
Then the Hessian matrix of u, say tr,» satisfies, as r— 0. 

(3 bis) Ure = (18x (€) ) ex + 0(7N-), 
The details of the proof of this theorem will be omitted. It can be 


obtained hy considering the inhomogeneous system of equations, 


Au, + a> Vur + yur + ap Yu t+ yu = 0, (i = 1, 2,3) 


a 
La 
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for the components of the gradient Vu = (U, Us, Us), obtained by differen- 
tiating (1), and modifying the proof of Theorem 1 in a manner analogous 
to that used in [4], pp. 467-469. 


2. An estimate for || u — u” ||. In what follows, v will denote a 3- 
dimensional vector. When it is necessary to deal with components of 2, 
these will be denoted by (x,y,z); there will be no confusion over this double 
use of « The geographical coordinates of a point e on the unit sphere 


(8) B: |e|=1 

will be denoted by (0,¢). Hence x= (r cos ẹsin 0, r sin ¢ sin 8, 7 cos 8), where 
r==|a@{. A function w==u(a) can be considered as a function of r and e, 
say u = u(r,e). The symbol ||: - - |] will refer to the L°-norm on (8); thus 


| u(r, e)|| becomes a function of r. The element of area on (8) will be 
denoted by dø. 
Let Sa;{e) be the spherical harmonic 


(9) Snj = CnP a} (9) COS Ib or Si jin = Cnil nj{8) sin. ab 


for 7==0,1,---, or j=1,:--+,”, respectively, and n=0,1,---, where 
the P,;(@) are the Legendre functions and the ca; are normalizing factors. 
Thus §,,;, where 7==0,- + -,2n and n—0,1,- ~+, is a complete orthonormal 
sequence on (8). | 

‘Let a function u=u(x) of «re, where r=] s], be written as a 
function u(r,e). Tf, for a fixed +> 0, the functions f(v) ==f(r,e) and 
u(x) = u(r,e) are of class L? on (8), let 


(10) Fas(r) = f f f(r, e)Su ledo, (11) Unj(r) = f f ulr, e)S,j(e)do 
. “B 


B 


denote the respective Fourier constants. Thus, u(r,e) has the Fourier series 


(12) u(t, @) —~ & 3 Uni(r) Sn; (e); 
n=0 j=0 


u (r,e) will denote the partial sum 


. 


n=0 }= 


N 2p 
(13) u (r,e) =} X Un(£)Sa(e). 
: o 


Let f(z) be a continuous function on |s| S1 and let u=u(x) be a 
C*'-solution of the Poisson equation | 


(14) Au =f. 
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The main equalities will furnish estimates, as r—0, for U,j;(r) and 
| u(r,e) —u(r, e) ||? in terms of 
(15) a(r) = | f(r, e) P. 

LeĮmMa 1. Let f(x) be a continuous function on |s| S1 and let u(x) 
be a C'-solution of (14). Let Abe a (non-negative) number and N an integer 
satisfying 
(16) N>dA-+4. 

Then there exists a constant C (independent of N and A) with the property 
lhal. forO <r, 
(17) || w—u |? S Cx(r), 


where 
1 
(18) y(r) == rN 1 M3 (2N — 2) — 1)-3 f sap (s)ds (S). 
0 
The constant C' depends only on bounds for |u|, | Yu} on | e|= 1. 


3. Proof of Lemma 1. If u= wu(v) is of class C?, then differentiations 
under the integral sign show that, by virtue of (14) and (10), the function 
(11) satisfies the singular inhomogeneous differential equation 


(19) (PUY —n(n+1)U =F, where ’=d/dr, 


U =U, and F= Fa; The general solution V =U (r) of (19), continuous 
at r=(, is 


(20) U(r) = (Rn + 1) {r*(A -Í Si" E{s)ds) — yo" f BPTI Cds). 


0 


where -l= Apn; 1s a constant. Since u is of class C', it follows that the 
derivative 


(21) Uni (r) = Sf u(r, e) Sx3(e) do 
B 
exists, 1s continuous and can be obtained by a differentiation of (20): 


(22) U’ (r) = (2n + 1) {nr (A — f si» E (s)ds) + (n + 1)?” f st? F (s)ds}. 


The formulae (20) and (22), just derived under the assumption that 
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u—u(#). is of class C®, are valid if u==u(x) is only of class C+.: This 
follows, for example, by approximating f and u by smooth functions. 

By letting r=1 in (20) and (22), 
(23). © - A= (m4+1)U(1) +01) (A= Anj U = U i). 
Hence, by Bessel’s te | 
(24) 3 5 A'/ n+ 1? const eure + | tr |’) <. 

n=O 7-0 


The relation (20) shows that, 


L i À 
(25) (Qn +1)°U? S Are L720 f mario tre f mes iy. 
r 9 


In view of Schwarz’s inequality, 
1 %9 La ie 
(f s-"F(s)ds)? S cf stands) ( f sAP?(s)ds), 
r t r 
if 2(n—A—1) > 1, that is, if n>A+ 4. Similarly, 
f s"*2F(s)ds)* < ( f pads) ( f s-AP?(8)ds). 
0 Q 0 
The last three formula lines give 
(26) p(2n 4 1)*U? SAP 4 78 (2n — 2A—B)- J s-Ap?(s)ds 
a re (2n + 2A gi 5) j sA F? (s)ds, 
if n> A43. If this relation is divided by (ĉn -}- 1)? and the resulting 
inequality summed over n= N +-1,N -4+-2,:> > and j= 0, < ,2n, where 
N > A+}, then Parseval’s relation shows’ that 


(27) Ju—w Ps 3 Bry? / (Rn +1)? 


n=N41 j= 1 


-4 grans (IN —2A-—-1)" j s-?4b(s)ds. 


In view of (24), this leads to (17)-(18). 
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4, The derivatives u, us. Note that, in the deduction of (27) from 
(26). the factor (2n + 1)-* in the expressions leading to the last term in (27) 
was replaced by 1. Since (22) and (25) show that 


= Pnt 10S (+1), 


where {- - -} is the expression on the right side of the inequality (25), the 
proof of Lemma 1 implies 


LEMMA 2. Letu, f, N, A satisfy the conditions of Lemma 1. Then there 
evisl a constant C (independent of N and X) with the properties that, for 
Oi pee 
(29) * || teu |S Cy* (ry), 
where 


1 


— 


(80) xë (r) = NaNe] — r?) E82. — 24 1) f sp (s)ds. 


0 
In fact, the analogue of (27) is 
1 
um [FS 3 SS rA + 80°8(2N — 2A— 1)" j sA~b(s)ds, 
n=N 41 J=0 e 
0 


since (u-+-1)7/(2n +1)? 1. In view of (24), 
2n 
Z A, = o(n*) as noo, 
j=0 
Clearly, (29)-(80) follows from the last two formula lines. 
A statement analogous to Lemma 2 will be obtained for the case where 
ru, is replaced by the partial derivative wg. 


LemMa 3. Lel u, f, N, A satisfy the conditions of Lemma 1. Then 
(here exists a constant C (independent of N and X) with the properties that, 
fOr Oe TP eds 
(31) | g (7, e) — ug (r, e) |? SS Cx* (r). 


In order to see this, let V,; denote the Fourier constant 
(32) Vaj(t) -ff uo (r, e) Sn; (e)do 
B 
of us. Since ds = sin 0 déd, a partial integration shows that 


(33) oS ff u(r, e)Snj 9 (e) do. 
“B 
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It is clear from (9) that Sryj¢——JSnjin iÈ 7=0,1,---, and that 
Inj p = (J — n) Saja if g—n+1,:--+,2n. Thus 

(34) Vag —jUnnn OL Vaj (j—n)Unjn 

according as OS j&i n or n+155752n. The factor j or j— n, which is 


- majorized by n, is immaterial (as was the factor (n+ 1)? on the right of 
(28)); so that the proofs of Lemmas 1 and 2 imply Lemma 3. 


5. The principal lemmas. Let N be an integer and / a number (not 
necessarily an integer) subject to the inequalities 


(35) SNELA? 
The estimates to follow will be based on the assumptions that, as r->0, 
(36) |u(r,e)| —o(r), (87) &(r) = 0(7*). 
These hypotheses, Schwarz’s inequality, (10), (11) and (15) show that, as 
r—> 0, 
(88) | Fn (r)| = 0(r"), (39) | Un (r)| = o0 (r=). 
Since the last part of (20) is 
(40) re f s"? i (s)ds=o(r?) as r— 0, 
0 
it follows from 1+ 22 N, (39) and (20) that, as r— 0, 
| 1 
(41) I—o(1) ifn<N, where I= I(r) = A — f s-"P(s) ds, 


r 


Thus, if n < N, 


(42) (2n + 1)Un (r) =7" f sS» EF (s) ds — r” f s™3F (s)ds, 


where the (conditional) convergence of the first integral is assured by (41). 


Schwarz’s inequality, as used in obtaining (26) from (25), shows that 


(43) (2n-+1)9U? S (B—2n+ a)r È sape8) ds, 
i 0 


if (42) holds (for example, if n< N) and if n<p+ 3%. Omitting the 
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factor (2n +1)? 21 on the left and summing over n = 0, 1,; - :, N — 1 and 
j= 0,1.: + 2n, it follows that, if N — 1 <u-+ž, 








r 
(44, ) | ud- e < (5 — 2N + 2p) rms f s?a (s) ds. 
Similariv. i 
r 

(44. ) r? uD |? SS (5 —2N + 3p) ru f sh (s) ds, 

0 

A 

(44, ) Hug! |? S (5 —2N + Qu) tr? f sue (s) ds. 

0 


For later reference, this result will be stated as a lemma: 


Lemma 4. Let lhe conditions on u, f in Lemma 1 hold. In addition. 
let there exist an integer N and numbers l, u satisfying (85)-(37) and 
(45) N—1<pt+ 9 <l4+2. 

Then (44,)-(44,) hold. 


It is clear that the convergence of the integral in (44) is implied by 
(37) and the last part of (45). 
It will be convenient to have also the following results on u^: 


Lemma 5. Letu, f, land N satisfy the conditions of Lemma 4. Then. 
as r—>Q. 


(46) | a || =o (rN) af e > 0. 

If, in addition, it s supposed that (85) is replaced by 
(47) LAN LRR, 

then (46) can be improved to 

(48) | w — 8y | = 0 (7%), 

where Sy = Sx (e) is some spherical harmonic of order N. 


Since N 1-4-2. it follows that if n =N, then the expression J = I(r) 
in (41) is O(|logr|) —o(r*) as r—0, for every e>0. Hence, by (20) 
and (40). Unj=o(7r"*) if n=N. Jn view of (44,), this proves (46). 
The last estimate for U,; can be improved to the statement that 
(49) lim rUn (r) = By; exists if n—N, 


TO0 
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provided that limJ(r) exists (when n== N). This is the case, for example, 
| ag 

if (47) holds. Hence, if Sy(e) =X ByjSy;(e), then (48) follows from (44,). 
j=0 


This verification of Lemma 5 and the arguments leading to Lemmas 2 
and 8 have the following consequences: 


Lemma 6. Let the assumptions of Lemma 4 hold. Then, as r—>0, 
(50,) | up || = o(r¥-©) if «> 0. 
If, tn addition, (47) holds, then 
(502) | up — (18x) | = o (7%). 


LemMa 7. Let the assumptions of Lemma 4 hold. Then, as r— 0, 


(51,) ru’ | == o(r'-*) of e> 0. 
If, in addition, (47) holds, then 
(512) r | ue’ — (78x )r | = 0(7%). 
6. luij and || Vull. The lemmas just proved will be used to obtain - 


estimates for |] ul] and | Vul] under the assumptions (35) and/or (47), 
(36) and (87). 
In view of (37), the integral in (18) is finite if 


(52) A+3$<142 | (that is, A<7-+4). 
Hence, if (16) and (52) hold, then the function in (18) satisfies 

(53) Rr) Oe) 

Then, by (17), | 

(54) | w— a || = O (1?) as r—> 0. 


This estimate and (46) imply that, for every «> 0, 


(55) | w || = o (r°) + O(r2), 
when (16), (85)-(87) and (52) hold. If, in addition, (47) holds, then 
(55 bis) | u — rN Sy || == 0 (r7) + O (rÈ), 


for some spherical harmonic Sy == Sy(e) of order N. 
‘If, in the arguments leading to (55), (55 bis), Lemmas 1 and 5 are 
replaced by Lemmas 3 and 6, one obtains 


(56) | up | = o (r=) + O (r3), 


y 
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for every e > 0, when (16), (35)-(87) and (52) hold. If, in addition, (47) 
holds, this can be improved to 
(56 bis) | eg — (~ Sx) | = 0 (1™) + O(r?). 

Similarly, Lemmas 2 and 7 give l 
(51) rf ur | = 0 (%8) -+ O (%8), 
for every e > 0, when (16), (35)-(37) aud (52) hold. If, in addition, (47) 
holds, then (57) can be improved to 
(37 bis) r || ur — (Sy), | = 0 (r) + O(m). 


It will now be shown that if (16), (85)-(37) and (52) are satisfied, 
then, for every e > 0, 


(58) | Vu |= O (==) 4 0 (%3). 

If (85) is strengthened to (47), this can be improved to 

(58 bis) | Vu— V (r^ Sy (e) ) i| =o (1-1) + O(7™4), 

To this end, note that 

(59,) Uy = Ust + Uyy + Uz, (59) Up = — Usy + Uye, 
and put 

(593) Uy = UZ — Ug. 


[t is clear that uy satisfies the same type of inequalities, (56) and/or (56 bis), 
as ug. If the equations (59) are solved for us, one obtains 


1p = Lr'Ur — Yop + zuy; hence r? | ue |? S | ru, |? + | we |? + | wy |°, 


by Schwarz’s inequality. Thus (56), (57) and the analogue of (56) for wy 
show that r || ts | = O (r51) + O(r**2) for every «> 0. A similar estimate 
holds for || w, || and |[w, |. Thus (58) follows. The relation (58bis) is 
obtained in the same way. 


T. Proof of Theorem 1. The partial differential equation (1) can be 
written as (14), where 
(60) f= Gyula. 

The assumption (4) and the fact that u is of class ©! imply that, for 
-V = 1, there exists a spherical harmonic 8, (of order 1) satisfying (3). If 
Sı (e) 0, then the proof of Theorem 1 is complete. If $,(e¢) ==0, then, 
for N = 2, 

(61) w= o(rX-1), Vu = o (t=). 
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Tt will be shown that if (61) holds for some integer N(= 2), then there 
exists a spherical harmonic Sy(e) of order N such that (3) holds, where 
Sx (e) =Q is not excluded. 

In view of (60), the assumption (61) implies that (35)-(87), but not 
(47), are satisfied when 1 N—2. Thus, if à is any number satisfying 
(62) Wut Sas); 


then the relations (55) and (58) are valid for every e> 0. Let 0<e<1 
and à+ ł=— N —e Then (60), (55) and (58) show that (87) holds if 
[== N—1—e. 

Thus, the conditions for (55 bis) and (S8bis) are satisfied if 
(63) A+35<14+2=N+1—«; 


ef. (16) and (47). Hence there exists a spherical harmonic Sy of order N 
satisfying (55bis). Since «>0 can be chosen arbitrarily small in (63), 
this means that 


(64) | u(r, e@) —rVSy(e)] = o0(7%) as r 0. 
Also, (58 bis) gives 
(64 bis) | u(r, e) — V (158x (e)) | == 0(7") as r— 0. 


It will be shown that (61) and (64) imply (3). To this end, let 
G=Gp{x,&) denote the Green kernel belonging to Laplace’s equation and 
the boundary condition w= 0 on the sphere of radius R. Thus, 


(65) . dort = dor Gp (x, é) = | E— 2 7 — R | é" — zgr le | É 2, 


where &* = R*£/| £ |? is the image of é under inversion of the sphere | é| = R. 
Let P = Pp(x, Re) denote the Poisson kernel belonging to the (surface of 
the) sphere of radius F; so that 


(66) P = Pp(x,Re) = (4rR)(R?—| z |?) | s — Re |. 


Since w—u(az) is a solution of (14), where f(x) is given by (60), it is 
seen that, for 1r==|2| < R, 


(67) u(x) =He(x) + ue(z) and Vul(e) = VAr(2) + Vor(s), 
where Hr(z) is the harmonie function 


(68) Hay = ff P(x, Re) u( Re) R?de 


B 
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and vg(w) is the particular solution 


(69) nos f f f G(r, £f (E) dr 
IEI<R 
of (14). In (69), dr is the element of volume in the sphere | é| <BR, 
Since rYSy(e) is an harmonic function, it follows that 


(70) Hyp (v) — rY Sy (a/r) = ff P(x, Re) {u( Re) — RXSy (Re) } fede. 
B 


If [e| S }R. then | P(x, Re) R? 
| He(r) —r¥Sy(r/r)| S Const. | u(Re) —B’Sy(e) | if |r] S48. 


< const. Hence, by Schwarz’s inequality, 





Consequently. (64) shows that, as R—>0, 

(71) Wp (rv) — rY 8y (a/r) =0 (1) uniformly for | e| SR. 

A sah argument shows that, as œ —> 0, 

(12)  YHpr(x)— V (8y (£/r)) = 0(1) uniformly for | z| S 48. 


The assumption (61) shows that the function f(x) in (60) is o(r°®-) 
as r—> 0., Hence, by (69), 


(13) or =o fff (a8) dr 


[sick 
The inequality ff f | é— r | dr SS8erR*, where |s| SH, and (65) 
<BR 
imply that, as R— 0: 
(74) vp(%) = 0(RY) uniformly for | 7 | S 4R. 


Thus, the first relation in (3) follows from (71), (74) and the first relation 
in (67). 


In order to obtain the asymptotic relation for Yu m (3), note that 
(75) | Vee) =o (Ry) f È È | VOE | dr; 
[EIR 
cf. the remark leading to (73). The inequality f f | E€— x |°dr S 80k 
and (65) imply that, as E— 0, CR 
(76) | Vur(z)|—=o0(R'*) uniformly for |s| S 48. 


Hence, the assertion in (3) concerning Vu follows from (67) ind (7%). 
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This completes the proof of the fact that (61) implies (3) for some 
Sy(e). Thus, in order to complete the proof of Theorem 1, it remains to be 
shown that if ws0, then it is impossible that 


(77) u =0 (7), Vu=o(r™?) for n = 0,1,- 


In other words, Corollary 1 remains to be verified (and it is clear, from the 
result just proved, that there is no loss of generality in g the 
assumption (7) of Corollary 1 to (77)). 


8. Proof of Corollary 1. If! and N are any pair of numbers and if 
(77) holds, then (386) holds and (87) is a consequence of the definition 
(60) of f. Let A be the integer satisfying 


(78) A+4oN<N+3 


and let »==A; so that 2N—2A—3 = 1 and 5—2(N4+1)+2n21. Then 
the inequalities (17) in Lemma 1 and (44,) in Lemma 4, with N — 1 replaced 
by N in the latter, are applicable and give 


1 
(79) | u 2S Cfo pees f sp (s) ds}, 
l 0 
where C is a constant independent of N and à and depending only on the 
bounds of u and Vu. 


The inequalities (29), (81) of Lemmas 2, 3 and the inequalities (442), 
(44,) of Lemma 4, with N— 1 replaced by N, imply that 


i t 
(80) | Vu {| < C{N r N-a 2 —7?)3 +. perel f gg (s)ds}, 
9 
by the argument involving (59). 
The definition of f in (60) and the relations (79), (80) show that, if a 


constant c is suitably chosen (depending only on the bounds of u, Vu, a, y), 
then | 


2 
(81) ®(r) Sc{ N?N- (1 — 72) 8 4 ran f sg (s) ds}. 
o 
If this inequality is multiplied by 777^, a quadrature gives 
4 7 
f SAP (s) ds SS c{N? (2N — RA — 1) Iren- 4. dp? f e*\h(s) ds}, 


0 . 6 
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if urs (1—e)4. Thus, 2N—2A—-1> 2 implies that 
i 


r 
(82) (1 — $cr?) f sp (s) ds S c{ N/E + ir f sae (s) ds}, 
0 


T 
if OSrs (1—ec)4 


Note that if f(a) =:0 in (14), (60), then u(x) =0, for otherwise u is 
harmonic and satisfies (77). Hence u(x)==0 implies ®(r)==0 and con- 
versely. 

Tt will be shown that (77) implies that u(x) =0 on every sphere 
with a radius r satisfying 1— dcr? > 0. Since c is constant, independent of 
NV, A and depending only on the bounds of u, Vu, a, y on || 5&1, it will 
follow that u(x) s=0 on | aj 1. 

Suppose, if possible, that w(z)s<0 on |a|Sr. Then (7) 0 for 
some = Tya Where 0&7 <r. Let ¢>0 be chosen so that rs (1—e)4. 
Then (82) is applicable. Since (7) > 0, it follows that the left side of 
(82) is minorized by const. ro^, where const. > 0. But the right side is 
majorized by Const. (N°r? -+ r^). In view of (78) and m <1, this leads 
to a contradiction if A—>0o0. 

This completes the proof of Corollary 1 and of Theorem 1 (hence of 
Corollary 2 also). 





pT 


Part 2. Solutions having a singularity. 


9. The nature of the singularity. This part of the paper will deal 
with functions w==u(z) which are C'-solutions of (1) on a punctured 
vicinity of ¢ == 0, say on 


(83) O< |e = 1. 

The theorems to follow will consider the three cases in which the solution 
u= u(x) satisfies one of the following conditions, as 7—=|a|—0: 

(84) u(x) =0(1/r), 

(85) uls) >, 


(86) u(x) =o(r*-*), Vu(2z) ==o(r) for some integer V = 0. 
The theorem concerning (84) is a theorem on “removable singularities”: 


THEOREM 2. Let æ, y(@), a(x) satisfy the conditions of Theorem 1. 
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Let u(x) be a Ct-solution of (1) on (83) satisfying (84) as r—>0. Then 
u(0) can be defined in such a way that u(x) becomes of class CO on | x [Soi 


It will be clear from the proof that the analogue of this theorem is true 
in the plane. This two-dimensional analogue is an improvement of what 
follows from the results of [4] on removable singularities, inasmuch as there 
is no condition on Yu as «->0 in Theorem 2. Following Bécher [1], the 
theorem on removable singularities is obtained as a consequence of theorems 
on the existence and uniqueness of a solution having a Green singularity at 
a given point. 

If (84) is replaced by (85), Theorem 2 is altered to 


THEOREM 3. Let x, y(x) satisfy the conditions of Theorem 1. Let u(x) 
be a C*-solution of (1) on (83) satisfying (85), as r—>0. Then there exists 
a constant c >0 such that, as r— 0, 

(87) = w(a) =e/r + O(| logr]), Vu(2) = F (c/r) + O(1/r). 

Bécher [1] has proved theorems similar to Theorems 2 and 3. In his 
analogue of Theorem 3, the assertion (87) is considerably improved. Bécher 
assumes that the coefficient functions a, y are analytic, but his proof does 
not use the full force of this assumption. It requires merely that (1) has 
an adjoint and that both (1) and its adjoint possess Green functions (for 
some sphere |x| < R). 

The proof of Theorem 3 will be similar to the proof of its analogue in 
the plane; cf. [5], pp. 351-352. Note that the assertion of the two-dimen- 
sional theorem (*) in [5] is to the effect that Yu = — cV (logr) + 0(1/r), 
but the proof given there shows that this can be improved to 


Vu=—cV (logr) + 0(] log |), 
cf. [5], p. 358. 

Theorem 3 is a uniqueness theorem on Green’s singularity. There is an 
existence theorem analogous to the (two-dimensional) theorem (**) in [5], 
pp. 360-361. 

Theorem 2 will depend on Theorem 3, the existence theorem just men- 
tioned and the methods of Part 1 above. 


THEOREM 4. Let x, y(r), a(x) satisfy the conditions of Theorem 1. 
Let u(x) be a C-solution of (1) on (83) satisfying (86), as r>0. Then 
there exists a spherical harmonic Sy(e) of order N (possibly Sy(e) =0) 
satisfying, as 770, 

u(#) = X8x (e) + oC), Yule) = Y (Sy (e)) + 0(r), 


uniformly in e. 
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The proofs of Theorems 2, 3 and + will be applicable if the linear 
equation (1) is replaced by a non-linear equation (5) for which (6) holds. 
Although the notation of vector products is used in the proof of Theorem 3, 
it will be clear that this does not affect the validity of the method if the 


dimension number 3 is increased. 


10. Proof of Theorem 4. ‘Ihe proof is similar to that of Theorem 1 
and will only be indicated. Since U == U,; need not be continuous at the 
origin, (20) must be replaced by 

L 1 


(88) (Qn 4+-1)0 =r" (A — f sF (s)ds) — re" (B — f sve? (sds), 


vr 7 


where A = -1,;. B= B,; are integration constants to be determined. Note 
that the first part of (86) implies that 


(89) U == o (10-2) as r—> 0. 


The assumptions (86) imply that f in (14), (60) satisfies 


(90) f= o(1-) as r—0, 
hence 
(91)  =0 (r0) and F = Fpj = 0o(1-), 


This estimate of F shows that 


1 
(92) mf sf (sds == 0 (r071) for n==0, 1; °°. 
r 
In fact, the expression on the left is o(|logr|) or o(17Y-+) according as 
(V.n) is or is not (— 1,0). 
Tn view of (89) and (92), the coelficient of 717» in (88) is o(1). as 
r—0, if n> NN; so that 


(93) (88) reduces to (20) ifn >N. 


The (absolute) convergence of the integral which is the factor of r» in 
(20) is assured by the last part of (91). 

Tt follows that Lemma 1 remains valid if the conditions \ 20 and (16) 
are replaced by 
(94) —§>AaA>—V— 3 
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and (18) is replaced by 
i 
(95) y(r) = rN 4 p48 (2N -H 2A H5) f s > (s) ds. 


0 
Corresponding analogues of Lemmas 2 and 3 hold. 


In order to examine the analogues of the lemmas of Section 5, assume 
that 
(96) a(r) = 0 (12), where 1S N +2. 


This corresponds to (37); the analogue, | w(r,e) |] ==o(r%-*), of (35) 
is a consequence of (86). It follows that. 


1 
pon f st? (s)ds is o(r2-!) or o(77” ] log r |) 
J | 
according as n </—2 or n==J—2. Also 
1 
lim (B— į s"*?F(s)ds) exists if n > 1—2. 


Thus, (96) implies that, as r— 0, 
| w ||] = o(rN-te) if N= 0 and «> 0, 
and this can. be improved to | 
| uN —irt-VGy(e) | = 0 (rN) if 1<N+2, 


where Sy is some spherical harmonic of order N. These assertions correspond 
to Lemma 5. It is clear that assertions analogous to Lemmas 6 and 7 hold. 
~ 


Thus, the arguments in the first part of Section 7 imply the existence 
of a spherical harmonic Sy of order N satisfying, as r->0, 


(97) ula) — NICe) = ol), | Vala) — V(r *Sy(6)) | = 00-2) 


if N= 0. The proof of Theorem 4 can now be concluded by a modification 
of the arguments of the second part of Section 7. The Green kernel (65) 
of the sphere | s| SR must be replaced by the Green kernel of a region of 
the type R/45 |v | 48, and the Poisson kernel (66) by the kernel used 
to determine an harmonic function on R/4<|2|<4R when its values on 
the two concentric spheres | v | = R/4 and |w|=4RF are given; cf., e. g, [3]. 
The analogues of (71), (72), (74), (76), when |æ] S 4ẹR is replaced by 
4R S |r| =2R, can then be deduced. ` 


A 
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li. Proof of Theorem 3. The proof will be similar to the proof for 
the analogous theorem in the plane; cf. [5]. Assume first that 


(98) y(v) =0 


in (1). Then. by Theorem 1, the zeros of the gradient of u can cluster only 
at v= 0. since (98) shows that Corollary 2 of Theorem 1 is applicable to 
u(r) — u(x) at any point £ = z, of (83). It follows, by arguing as in [5]. 
p. 395. that there exist arbitrarily large constants C such that the locus 


(99) L = Lo: u(x) =C 
is a closed (Jordan) C'-surface surrounding s==0. Furthermore, 
(100) Up =p: Vu on L, 


where p is the inward unit normal vector to L (and up is, therefore, the 
corresponding normal derivative of u). 

If T is a suitable region bounded by a surface S and p is the unit 
outward normal on 9. finally v is a suitable scalar function. then Green’s 


identity is 


(101) f Cu: pd = f (vAu + Ve: Yudt. 
Sfer- SS 


Also. if w is a smooth vector function, Green’s identity gives 


f f (w X Vu): pds = fff Vu: (V x wat, 
a vgs 


where X denotes vector multiplication. If the second of these relations is 
subtracted from the first, one obtains 


(102) f i Vu: (vp + (wX p))dS = f f f vAudT, 
J Jas 


S 
provided that 


V X w= Vv. 


For a given v, the last equation has a solution w if and only if v is harmonic. 
If u is a -solution of a Poisson equation (14) and if S and w are sufficiently 
smooth, then (102) remains valid. 

Let € be a 3-dimensional vector and let «—-é have the components 
(X, Y.Z). Choose 
(103) v—=X/p*, where p= | «—é| 
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(so that v is the first component of — Y(1/p)). A vector w satisfying the 
equation following (102) is 
(104) w= (0, 2/p*, —Y/p’). 


Apply the relation (102) to the region T bounded by the sphere B: 
| é| = 1, the locus (99) and a small sphere | «—£| = e about a fixed point 2 
(between B and L). On the sphere |a—é€|=e, the outward unit normal p 
is (w—€&)/e. Hence, vp -+ (w X p) = (1/, 0,0), and so 


lim ff Vio (op + (w X p)) dS = 4ru, (£) 


|2-£|=¢ 
(here u,=du/dx is the first component of Yu). Also, note that 
Vu {wX p)=0 on L. Hence (102)-(104) lead to 


(105+) Aru) = 


si JJ vu,dS + JJ Ju: (vp -+ exme f fS vaudr. 


where T == T7(C) is the region bounded by B and L = Lo. 
The relations (105,), the corresponding relations (105,), (105,) for 
Uy, (T), Uy(«) and Green’s identity 


(106) ff uds—=— f f Updo -++ fff Audr 
Js x Jos 


are the exact analogues of formulae (22), (28) used in [5] for the proof of 
the planar case of Theorem 3 (when (98) is assumed). A modification of 
the arguments of [5], pp. 356-357, leads to the result that 


(107) dre = lim f f UpdS exists — 
L 


CU æ 
and to the asymptotic relation 
(108) Vues cV (l/r) + 0(1/r) as 70. 


The relation (108) and a quadrature of (108) give Theorem 3, in the 
case (98). Finally, the general case can be reduced to (98) by a senianon 
of constants ; of. [5], pp. 359-360. 


12. Proof of Theorem 2. The existence theorem mentioned after 
Theorem 3 is to the effect that if R>0 is sufficiently small, then (1) 
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has a C?-solution u == G(s) on 0<|a!| SR satisfying G(x) as »— 0. 
By Theorem 3, 

G(r) =c/r + 0(| log? |), VG) = V(c/r) + 0(1/r), 
as r> 0. where c > 0. 

LE (84) holds, then u(x) + (f(e) is a Ct-solution of (1) on 0 <le] Sk 
satisfying u(w) + G(v)-0 as «0. It follows from Theorem 3. (84) 
and the last formula line that 
(109) u(x) = O(| logr |), Vu(a) = O(1/r), 
as r—>0. Thus 
(110) U=C.=0(|logr|), (111) @=—O(r") and F= Fy = 0(+). 

One of the terms on the right of (88) is 

z i 
(112) =f sF (s)ds=0(1), O(r|logr|) or O(r) 
r 
according as n=0, n==1 or n>1. In view of (110), the coefticient of 
rin in (88) is o(1) as r—>0. Tence 


L y 


B — { sP (s) ds = f stp (8) ds, 


r Q 


where the absolute convergence of the last integral is assured by (111). Thus 
(113) (88) reduces to (20) if n Æ 0. 


Analogues of the Lemmas 1-3 give |w—u® |F = O07 4+ r) if A < — I, 
The case n=0 of (20) and the estimate for F in (111) show that 
(4) = Const. + O(r). Uence || w— Const. || == 0(r) as r> 0. 

The proof of Theorem 2 can now be completed along the lines used to 
prove Theorem 1. In fact. the proof of 


u(r. e) — Const. == 0 (r) 


ix identical with the proof of the first formula of (3) in Theorem 1; cf. the 
derivation of (71). (74). The analogue of (72), namely, VHr(v) = O(1) 
uniformly for |z| S 4R. is clearly valid. In order to obtain the analogue 
of (76), namely, Ver(e) = O(1) uniformly for |s| 4h, replace (75) by 
Gerre): SI, +, where 7,. I, are the integrals of | VG(2,)| | Yul over 


hd 
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the domains | ¿| S #/4 and R/4 S | é| S R, and let | z | = 4%. Then, since 
| Vu | =0(1/r), by (1) and (109), f 


n= oR) f f f ea =00, 
I, = 0 (R5) SSS | z —¿|-*dr= 0 (1). 


Consequently, | Vu(s)| == 0(1) as |z| =R —0. Thus f(x) in (14),.(60) 
is bounded. From this, it follows that u(x) is of class 0? (at x= 0 also). 
This proves Theorem 2. 
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ON THE ASSIGNMENT OF ASYMPTOTIC VALUES FOR THE 
SOLUTIONS OF LINEAR DIFFERENTIAL EQUATIONS 
OF SECOND ORDER.“ 


By PHILIP HARTMAN and AUREL WINTNER. 


Let both coefficients of the homogeneous, linear differential equations 


(1) wu” +g (t)a’ + f(t)a—0 
be given as continuous functions for large positive t. 


Suppose that, corresponding to every given value, c, the differential 
equation (1) has a unique solution «== r(t) satisfying 
Cs) zC 
“initial condition “` and this 
single integration constant determines the solution #(¢) uniquely, even though 
(1) is of second order). Then (1) will be called of type (*). Clearly, (1) 
is of type (*) if and only if (1) has exactly one solution satisfying the case 
c= 1 of (2) and, in addition, the case c == 0 of (2) is satisfied only by the 
trivial solution (==0). It is also clear that, since the general solution of (13 
contains two arbitrary constants, (co) cannot exist (as a finite limit) for 
all solutions æ(4), if (1) is of type (*). 

If w(oo) exists (as a finite limit) for all solutions and if (œ) 0 
holds for some solution, then (1) will be called of type (**). Clearly, this 
will be the case if and only if there exist a solution satisfying the case c== 1 
of (2) and a non-trivial solution (£0) satisfying the case c==0 of (2). 
By adding to the former any constant multiple of the latter, it is seen that 


mPa ate 


as ¿—> (so that r(o) can be assigned as an 


two, linearly independent, solutions w(t) satisfying (2). 
The following theorem will first be proved: 


(I) In order that (1) be of type (*), it is sufficient that 


(i) the coefficient functions of (1) satisfy the conditions 


(3) f tIF(|dt<e, (3:) g(t) $0, 
and it is also sufficient that 


* Received January 3, 1955. 
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(ii) condition (8,) of (i) be reduced, but condition (32) of (i) be 
strengthened, as follows: 


(4,) f | F(E) | dt <, (42) g(t) Sconst. < 0. 


Condition (8,) of (i) cannot be relaxed to (4,) if (42) is relaxed to (82), 
as in (i). Otherwise it would follow that (1) is of type (*) whenever (4,) 
holds and g(¢)==0. But this is not true. ‘In fact, it is known that if f(t) 
is real-valued and does not change sign, then (8,) is not only sufficient 
(Bécher) but necessary (Weyl) as well in order that the case g(t) =0 of (1) 
be of type (*) (for a simple proof, cf. [6]). 

It will be clear from the proof of part (1) of (1) that the assumption 
(32) of (i) can be generalized to 


(5) f gi(t)dt <œ, where g* = max(0,g)}); 


so that (8,) and (3) (hence either (3,) and f | g(t)| dt <% or (8,) and 


(82) ) are sufficient in order that (1) be of type (*). Note that g (but not f) 
is here assumed to be real-valued; cf. the remark preceding the proof of 
(I) below. 

The proof will show that, under the conditions of (1), it is possible to 
assert much more than the fact that (1) is of type (*). As will be seen 
from the proof of (1), condition (8) or (4) implies that (1) has a pair of 
linearly independent solutions «== s, (t), v(t) satisfying, as t>o, 


æ, (t)—>1, z '=0(1/s); T(t} ~s, Gol ~p, 


where u == u(t) and s= s(t) are defined by (10) and (11) below. 
A simple illustration of part (ii) of (I) is the following known fact: 
Whenever (4,) is satisfied, 


(6) e — {1+ f(t)}2—0 


has a (unique) solution z(¢) which is asymptotically equal to e~‘, that is, for 
which the function z(t) — etz (t) satisfies the case c = 1 of (2). In order - 
to see this, it is sufficient to observe that substitution of z = e-s into (6) 
leads to the case g(t) =— 2 of (1); so that part (ii) of (I) becomes 
applicable. 

A criterion which belongs to aap (**) in the same way as part (ii) 
of (I) belongs to property (*) is as follows: 
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(IL) In order that (1) be of type (**), i is sufficient that the coefficient 
functions of (1) satisfy the conditions 


(ia) f | F(t)di <a, (Ta) Re g(t) Z const. > 0. 


Note that, while (7;) is identical with (41), condition (ts) is a dual of 
condition (42), if g(t) is real-valued (which is not assumed m (I1)). Since 
(II) corresponds to part (ii) of (I), it is worth mentioning that what would 
correspond to part (i) of (I) as a (**)-criterion is false. In other words, 
(3,) and g(t) = 0 together fail to assure that (1) is of type (**). This 4s 
seen by choosing f(t) ==0 and g(t) =0. 

It should also be remarked that (I) becomes false it g(/) is allowed 
to be complex-valued and g(é) is replaced by Reg(/) in (82) and/or (t). 
in order to see this. consider the case f(t) =0 of (1) (so that f satisfies 
(3,)). The general solution of the corresponding differential equation (1) 
ix ¢y + eus(1). where ci, C ave arbitrary constants and s(¢) is defined by 
(10). (11) below. Thus the desired example results if Reg(/) =—~1 and 
s(% })=]lims(£) exists as a finite limit (for, in this case. (1) is of type 
(=) not (*)). If g(l) =— (1+ itet), then 

t u 


s(t) = f u(ujdu and p(w) =e" expt f ver de. 


u 
Define w = w (u) = f re’ dv, so that et du = dw/u. The change of integra- 
tion variables u— w gives for s(¿) the formula 
w(t) 
s(t) = f (e"/u(w)) dw, 


where u =u(w) is the inverse of w=w(u). It is clear that w(l) > as 
{—>co and that 1/u(w) tends monotonously to 0 as w—œ. Hence s(o) 
exists (as a finite limit). Thus the case f=0, g——(1-+1e‘) of (1) 
is not of class (**). 


Proof of (1). Jt is known that, if A(s) is defined and continuous for 
large positive s, then the condition 


oo 


(8) f s{h(s)|ds<eo 
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(and even a somewhat weaker assumption; cf. [5], [8]) is sufficient in order 
that the differential equation . 


(9) #-+-h(s)¢ == 0, 
where ¢ = da/ds, has two solutions, say v =g, (s) and —2.(s), satisfying 
,($)—>1, t2(s) ~s (and ¢,—o0{1/s), ta—>1) as so. Hence (8) is 
sufficient in order that (9) be of type (*). Both assertions of (I) will be 
reduced to this fact. 

First, whether (4) or just (82) is assumed, it is clear that p= p(t), 
where 


t 
(10) p—exp— f g(u) du, 


is a positive function, hence s == s(t), where 


(11) ds = pdt, 


is an increasing function, and that s—>oo as t->0 (the choice of the integra- 

tion constants in (10) and (11) will be immaterial). On the other hand, if 

the independent variable ¢ is replaced by s in (1), it is readily verified from 

(10) and (11) that (1), where 2’ = dæ/dt, goes over into (9), where ¢ == da/ds 
and 


(12) h = f/p? 


Since (8) implies that (9) is of type (*), it follows that (1) will be proved 
to be of type (*) if it is shown that, whether (3,) and (82) or (4,) and (42) 
are assumed, the function (12) of s will satisfy (8). Since s—« corresponds 
to t==oo, this requires that 


S SOIFO ds (t) <o 


or, what in view of (11) and (10) is the same thing, that 


(13) SOS p(v) dv) /p(t)dt <a. 


Ad (i). It is clear from (32) and (10) that u(t) Increases with t. This 
implies that the indefinite integral of a(t) is majorized by a constant multiple 
of tu(t). Hence (13) follows from (3). 


Ad (ii). If only (4,) is assumed, (13) will hold if the quotient 


(14) (f a(v)a) /(2) 
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is bounded as ¿—>c. On the other hand, in view of an applicable “ O-variant” 
of PHopital’s rule, (14) will be bounded if the quotient p(¢)/p’(1) is. 
But (10) shows that the latter quotient is identical with the function — 1/g(/). 
Finally, the boundedness of this function is assured by (42). 


Proof of (II). It is known ([4], pp. 55-56) that if p(t) 0 and q(/) 
are, for large positive t, continuous functions satisfving the pair of conditions 


Göd flad a8) SOS Ip) duyal <x, 
t a oF 
then the differential equation 


(16) (pH Y + qalt) == 0 


has a pair of linearly independent solutions, sav e ==., (4) and x=—v.(1). 
satis[ving 2,(¢4)->1 and x,(¢4)—>0 as t->0%. This means that(15,) and 
(152), where p(¢) 540, imply that (16) is of type (**). 

On the other hand, if (1) is multiplied by the (non-vanishing) function 
eiD, where 


t 
(17) i) = f gludu, 
then (1) appears in the form (16), where 


G8) p(t) =e, (18:) g(t) =f). 


lence (11) will be proved if it is shown that (7,) and (7.) imply (15,) and 
(15.) by virtue of (17)-(18.); in other words, that 


(19,) J fei | di ceo, 
(19s) f Fe | ( f [ei | du)dt <. 
t 


lf ¢> 0 denotes the constant occurring in (7a), it is clear from (17) 
that | e40 | is majorized by a constant multiple of e~t, which implies that 
(19,) is satisfied. But it is also seen from (f) and (17) that 


we ox 
f |e FO) | du Se f | Re g(u) | | ew | du S£ o | e0], 
7 A 
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Hence (192) is satisfied if f | f(t) e# | o+| eI | dt <o is, that is, if 
(71) is. 
A theorem of somewhat different nature will now be considered. 


(IIT) In the differential equation 
(20) a + f(t)z=0, 


let f(t), where OS t <0, be a complex-valued, continuous function having 
a non-positive real part. Then (20) has a solution z(t) 40 corresponding 
to which |2(t)|® is a non-increasing, convex function on OSt<%. In 
particular, the limit of |2(t)| as too exists as a finite limit (20). Any 
solution z =w (t) of (20) linearly independent of this solution z(t) is subject 
to the condition | w(t)|—>œ as to. 


lf f(t) is real-valued, then (III) reduces to a well known theorem of 
A. Kneser. In order to prove (III), let z =s -+ iy and f(t) =a(¢) + (2). 
Then (20) can be written as a real system, 


7 T a —b 
a + F(t) (" )—0, where P—(; a 


Since a & 0 by assumption, the symmetric part of the matrix F is non-positive 
definite. Hence (III) can be concluded from a result of [5]. 


Appendix. 


When confined to the real field, both (I) and (II) refer to cases 
in which (1) is non-oscillatory (cf. below). This Appendix deals with the 
general class of non-oscillatory differential equations (1) under the assumption 
that the #’-term is absent from (1). 

For large positive ¢. let f(t) be a real-valued, continuous function, and 
consider only those solutions s(t) of the differential equation 


(1) e” + f(t)e=0 


which are real-valued and distinct from the trivial solution (540). Thus, 
since the values of 2 and 2’ at a given t determine a solution of (1) uniquely, 
z and a cannot vanish simultaneously, and so s(t) must change sign wherever 
it vanishes. If there exists a particular solution z(¢) which does not vanish 
for large t, say for 4) = t <0, then (1) is called non-oscillatory, and other- 


wise oscillatory. This classification of the differential equations (1) is inde- 
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pendent of the choice of the particular solution x(t), since. in view of Sturm’s 
separation theorem, every solution of (1) must have zeros clustering at | = ù 
if one solution has such zeros. 

Tt (1) is non-oxcillatory, then, for reasons which will be apparent from 
the results to be proved below, a solution e(t) of (1) will be called principal 
or non-principal according as the (continuous) function 1/.(/) is not or is 
of class L on the half-line [to, 0) when fy is large enough (namely. larger 
than the last zero of æ(t)). 

If (4) is a non-principal solution, that is, if the second factor of the 
product 


(2) v(t) f (u(s))? ds 


can be formed (for (= lo). then two differeniations of the product show that 
the. function (2) is a solution of (1), since z(t) is. These two solutions are 
linearly independent. since their ratio is not a constant. Actually, the solu- 
tion (2) can be obtained by solving for y—y(t) the case c =— 1 of the 
differential relation (8) below. 

Let v==x(?) and w—y(t) be any two solutions of (1). Then their 
Wronskian is a constant, 


(3 ) vy S yr 0, 


and the constant ¢ is distinet from 0 if and only if the two solutions are 
linearly independent. Suppose that they are, that (1) is non-oscillatory, and 
that ¿ is large enough. Then (3) can be written, on the one hand. as 


(+) (log y)’— (log xy = ¢/ (xy). where c0., 
and, on the other hand, as 
(5) (y/v)’ =c/a?, where c0. 


With the aid of these formulations of (3) (and of its formulation (2), 
specified above). the following theorem will be proved: 


TiteoreM. Zf (1) is non-oscillatory, then il has a principal solution. and 
the latter is unique lo an arbitrary constant factor (40). 


This contains the following corollary (which corollary of the theorem 
wil, however, be needed in the proof of the theorem) : 


COROLLARY. If (1) is non-oscilatory, then one (at least) of any two 
of its linearly independent solutions is non-principal. 
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This, in turn, implies the existence of a non-principal solution. A proof 
for the existence of such a solution is between the lines of [1], p. 703 (and 
the properties of non-principal solutions are further analyzed in [2], p. 633). 
The following proof of the Corollary is a simplification of the proof just 
mentioned. 

Let e(t) and y(t) be the two solutions referred to in the Corollary. 
Then, since (5) holds for large t, the function y(t) /x(t) is ultimately mono- 
tone. Hence 


(6) y(t) /æ(i)—C, as t>o, | i 


holds for some limit C, provided that C =% and C == —oœ are allowed. The 
latter two possibilities can, however, be reduced to the case C = 0, since «(¢) 
and y(t) can be interchanged. But if (6) holds for some finite C, then it is 
seen from (5) that an indefinite integral of the square of 1/a(t) must tend 
to a finite limit as t—>0o. Since this means that ia is non-prinetpal, the 
assertion of the Corollary follows. 

` Besides the Corollary, part of the following Lemma will be needed in 
the proof of the Theorem. 


LEMMA. If (1) is non-oscillatory and if s(t) is a fixed non-principal 
solution of (1), then every solution of (1) is of the form 


(7) Cx(t) + 0(|#(t)|), tere: 


where the constant C is or is not 0 according as the solution (7) ts principal 
or non-principal, 


In order to prove this, suppose that y(t) is a non-principal solution. 
Then, since s(t) is supposed to be non-principal. and since the product of 
two functions of class L? is of class L, it follows from (4) that log y — log x 
tends to a finite limit as t—>œ, which means that (6) holds for a finite 
C=40. This proves that assertion of the Lemma which concerns the case 
C40 of (7). In the remaining case, the assertion of (7) is that every 
principal solution must be o(|x(¢)|) if s(t) is non-principal. 

If x(t) is non-principal, then the solution (2) exists (for large ¢) and 
is of the form a(¢)0(1), which is o(|æ(t)|). Hence, by that part of the 
Lemma which has already been proved, the solution (2) cannot be non- 
principal. Consequently, the proof of the Temma as well as the proof of 
the Theorem will be complete if it is assured that there cannot exist two 
linearly independent solations both of which are principal. But this is assured 
hy the Corollary. 
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ApMank. (Added 4.8.1955). The notion of a principal solution has a 
curious application to the general case of (1), the case in which f(t) is 
real-valued and continuous for large positive ¿ but (1) is not required to be 
non-oscillatory. 

First, it is easily verifed from (8), (1) and the case ry of (1) that 
pes (g? -+ y?)2 > 0 is a solution of 


(3) 1” + g(t)r==0, 


where g(t) =f (1) —e*/ri(t), c? > 0. Since r=r(t) is positive throughout. 
(8) is non-oscillatory and has therefore both principal and nen-principal solu- 
tions. To which of these two types will the particular solution r == (e? + y°)- 
belong? The answer turns out to he as follows: r= (° y°)2 is a non- 
principal or principal solution of (8) according as (1) is nol or is non- 
oscillatory. 

Tn order to see this, consider the complex-valued solution z==.«-+ ty of 
(1). Then z540 and 2’540, by (3), where c0, and it is also seen that 
the imaginary part of 2’/z is c/r?, where r=| z|. Hence (argz)’=¢ 7. 
This implies that arg (x + ty) is a strictly monotone function of ¢ and that 
| r(é) is of class L° if and only if arg (e -+ iy) is hounded as /—->%. Since 
the latter condition is satisfied if and only if 2 (and/or y) fails to acquire 
an infinity of zeros as 1—>0o, it follows that 1/r(t) is of class L? if and onb 
ii (1) is non-oscillatory. This proves the last italicized statement. 
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MAJORANTS IN SPACES OF INTEGRABLE FUNCTIONS.*? 


| By G. G. LORENTZ. 


1. Introduction. Let f(x) denote an integrable function on the interval 
(0,1). The Hardy-Littlewood majorant of f(z) is the function 


(1) (x) =o (2f) sup ff (t)at/(y—2), 


provided it exists almost everywhere (a.e.). Hardy and Littlewood have 
shown (see for example [5], p. 244) that if fe L’, then @(f) is defined and 
also belongs to L”. More generally, if X is a certain space of integrable 
functions over (0,1), we shall say that XY has the Hardy-Lattlewood property 
(or shortly that Xe HLP) if feX always implies @(f)eX. The most 
general spaces X which we shall consider are the Kéthe-Toeplitz spaces X (C) 
defined as follows (compare [8]). Let C be some class of integrable non- 
negative functions ¢(#) on (0,1), which contains a function greater than 
a positive constant. A function f(x) belongs to X(C) and has norm |f|) if 


1 
(2) Ifl sup {| f(a)| o(a)da < +o. 
.V(C) is a Banach space [3]; its dual X’ is the space of all integrable func- 


z 
tions g sueh that f fg dx exists for all fe X. In this case the suprema 
0 4 


of Jf fg dz for all f with |f] Æ 1 and of f f| g|de for all fZ 0 with 
9 8 


i f || <1 are equal and finite, and by definition equal to the norm of g in X’. 
Thus our “dual space of X” is different from “conjugate space of X” in 
Banach’s terminology (i.e. the space of all bounded linear functionals on X). 
The use of dual spaces rather than conjugate spaces is justified by the fact 
that the former are simpler and that the second dual of Y may be X even 
if A is not reflexive. Actually, the relation ©” ==.Y holds for any Köthe- 
‘Toeplitz space. 

The importance of Kothe-Toeplitz spaces is underlined by the fact that 
they are identical (as has been shown by the author in a paper under prepara- 
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tion for publication) to an apparently more general class of spaces ([2], p. 415) 
described in terms of lattice operations in Y and the norm | f || only, without 
reference to the class C= {c}. Essentially identical with these are spaces 
discussed by Ellis and Halperin [6], p. 576. 

Our problem will be to give necessary and sufficient conditions for C in 
order that a Kothe-Toeplitz space X(C) should have the Hardy-Littlewood 
property. 

We shall assume that C is rearrangement-invariant, that is, with each 
c(z) any of its rearrangements [3] c-(v) also belong to C. (Then X(C) 
will also be rearrangement-invariant.) In this case the answer is easily 
given (see Section 2): for each ceC, the function 


1 
(3) t(s) = f v(t) /t dt 
should belong to X’. 


* Special cases of spaces X(C) with rearrangement-invariant C are spaces 
A(d), M(@) [8] and Orlicz spaces Le (for an exposition of the theory of 
Orlicz spaces see [4]). Here the condition just given may be simplified so as to 
bear directly on ọ or &. This is carried out in Sections 3-5. Spaces A(¢, p) 
and M(¢,p) (see [3]), with p > 1, are not very interesting in our problem, 
since the original argument of Hardy and Littlewood is sufficient to show 
({1], [2]) that they have the Hardy-Littlewood property. 

The importance of the Hardy-Littlewood property hes in the fact 
that it is equivalent to the dominated convergence a.e. of the quotients 
fal) =A'{F (ce +h) —F(x)}, where F(x) is the indefinite integral of 
f(z), to the latter function, whenever f(z) lies in X, the common majorant 
for the f, being 6(a;f). In lattice-theoretic terms, this dominated conver- 
gence may be shown to be equivalent to the order convergence of f, to f in 
the Banach lattice X endowed with its natural partial order. The dominated 
convergence of fa to f implies dominated convergence to f of many types of 
singular integrals; for example, the Fejér and Poisson integrals (compare 
[5], p. 247). These facts justify our interest in the Hardy-Littlewood 
property. 


2.  Hardy-Littlewood property of the spaces X(C). For a positive 
and decreasing function f(x), the majorant 6(c;f) is obviously equal to the 
function 


(4) Pa) = f F(é)dt/e. 
It is therefore natural to consider the properties of a space X(C), which 


6 
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we call HLP’ and HLP”, defined by the requirements that fe X(C) for all 
feX(C) or that fe X(C) for all positive decreasing f in X(C). 
Since f(x) is contained between @(z;f) and 


@ 
—0(a3—f) =int f 7 (#)dt/(y—2), 
Yy yY 
it is clear that HLP implies HLP’, and this in turn implies HLP”. 


LEMMA. Jf C is rearrangement-invariant, then all properties HLP, 
HLP’, HLP” are equivalent, and each implies 


(5) e(ISAIFI and (6)  IPISANFI 


with some constant A. 


Proof. If HLP” holds and feX(C), then f*, the decreasing rearrange- 
ment of | f |, also belongs to X(C), and hence f* —@(f*)eX(C). By [2], 
pages 420-421, 0*(a;f) < 26(a;f*). (This means that 


f epas [oaa 


for all <= 0.) Therefore 
1 1 l L 
f code =< f rese f o* (a) O(a; f*)de S2 | 0(f*) |, 
Q a’ 0 0 


so that 6(f) eX (C), and we have established HLP. Also, if (6) is satisfied 
for all positive decreasing f, then (5) must hold. It will now be sufficient 
to show that HLP implies (6). Let 7,f =f, be the sequence of operators 
from X(C) into itself, defined by placing f (£) = f(«) or fale) = 0 according 
as 1/n5S r&i or 0& s< 1/n. By [3], Theorem 3.8.3, Tan are bounded 
linear operators. For 2 > 1/n we have —6(%;—f) S falx) S0(x;f), hence 
there is a function F in X(C), eg, F=—|6(f)|+[|6(—f)|, so that 
| fn(w)| SS F(a) for all x and n. -Also, fx(w) >f(x) as n—>co. This implies 
that f,—>f in the norm of the space X(C). Since the limit of a convergent 
sequence of linear bounded operators is bounded, we see that the operator 
Tf =f has a bound. This establishes (6) and completes the proof. 
For fe X(C), f 20 we have, with the notation (3), 


| If lx=sup f e(e)do/z f FO) 
v) 
=sup f; f(a)de {c(t)/tdt—sup f f(@)ë(2)äz. 
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The necessary and sufficient condition for V(C)e HLP is, by the Lemma, 
that | f |S Alf, fe X(C). Remembering the definition of the dual space, 
we see that Y(C) e HLP is equivalent to | él, <A. In this argument we 
could have restricted fe X(C) to be positive and decreasing. Let C* denote 
the subclass of C consisting of all positive decreasing c*eC. Then instead 
of (7) we get, since f(z) is positive and decreasing, 





1 g 1 2 
lf lx = sup Í, o*(x)dx/x f f(t)dt == sup f f(x)c(a) da. 
cfs C*./ 0 0 eec*/ 0 


Ilence we obtain: 


TukoreM 1. Jf C ws rearrangement-invariant, then X(C)eHLP of 
and only if for some constant A, 


(8) [elxS4 
for all ce C, or, equivalently, for all ce C*. 


We note also another condition for X(C)eHLP. For 0Sa=1, let 
fu denote the function falx) ==f (axr). Since 


Fi —sup f c(e)da/e| f “jQat| Soup f olode [| flas)| da 
Sf sup f flaa)| o(a)aeda— f” Nfe lx da, 


we obtain by Lemma, that for X(C)eHLP it is sufficient that for some 
constant A and all feX(C), 


(9) f Telica A Uf bx. 


3. Spaces A(y) and ME(¢). Let d(x) be a decreasing positive inte- 
grable function on (0,1), which we shall assume zero for +> 1, and let 


P(r) = f edt, The space A(¢ġ) consists of all functions f(x) such that 
GO fla f Edessu f Olode +00; 


the supremum is taken over all rearrangements ¢, of ¢ Dual with A(ẹ) 
is the space M(¢) of functions f with 


(11) | fllu—sup (1/8 (a)) f d< +e. 


Obviously A (ġ) aud M(¢) are spaces X(C) with rearrangement-invariant C. 
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For A(@), C* consists of the single function ¢. Applying Theorem 1 and 
formula (11) to this C*, we see that A(¢) e HLP exactly if 


fide f otsa f Eat, Zazi. 


Changing the order of integrations. we see that this is equivalent to the 
existence of a constant M such that 


` (12) OI de = Ma f $@)ds, l | O0Sa<l. 


This condition will be simplified. 


THEOREM 2. A space A(¢) has the Hardy-Littlewood property if and 
only if 
(13) lim sup ®(2a)/®(a) < 2. 
a0 ' 


Proof. If (13) holds, there is an a and an e>0O such that 
(2a)/ (a) <2—e for 0< aa. This quotient is a continuous func- 
tion of a for a= a, which can assume the value 2 only if (2) is constant, 
which is ruled out by (13). Hence we can assume that the inequality holds 
for all 0 <a1. Then we shall have 


(14) OLE Ga f9(o)de, 0<aX<l, 
(15) J tosa 4a) ae. 


These two inequalities give 


f Oras f g(a)de/(e+a)— fS 


2kg 
+ f $de/(@ +a) +: 


k-lg 


S1/a f bdo + (1—9/a f ode +--+ 9/00) f gdt: 
S(1t (19+ (1912) + 


+ (1-91 —e/2)* + + }(1/a) f dz 
= (M/a) { ode, 


with M = (2—e)/e. This proves that (13) is sufficient. 


% 
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Now assume that (13) does not hold. We shall show that (12) is 
false for an arbitrarily large M. 
For M chosen, take a natural number n > 2M and an e > 0 so small that 


(16) 3(1—2%)n > M. 
By hypothesis, there is a b with 0 <b <1 such that 

2B b 2b b 
(17) Í gdr = (2—e) f jäs f pdz = (1—e) f adn. 

0 0 b 0 
Then 

a bfe 
(18) f pda = (1—26) Í. oda, 
b/2 o 


for otherwise we would have 
2b b b b/2 fro 
gaes | <f +0—2) f Sa—o f is, 
b b/2 b/2 9 0 


which contradicts (17). Repeating this argument several times, we obtain 
for k==1,2,---,n, 


b/28-1 b/2* b/2* 
(19) f pda = (1 — 2e) f gdz = (1—8) f sda, 
0/2 0 0 


k 


where ô= 2"e. Furthermore, 
$ /2¥5+1 


+ 4/28 ajan 
f $(«)da = (2—8) ( gdr=- -= (2—8) f ode. 
(8) 0 0 


After these preparations we obtain for our special choice of b, by (18) 
and (19), 


4 p/2n-1 bf/an-2 b 
f $a) /a dz = 2"-*/b f pda + 2"-2/ f EET, 
p2” b/2" b/2n~t b/2 


> el iy 8) /b {271 ("+ Qn-2 -_ yo SS -|- e 
z G 0 af G 


Sama —ayyo( "+ —32) f Hoota ("5 


b/2% 


> 4(1— 8)" 2"/b Í gdz. 
0 


Because of (16), we see that for the chosen M, (12) is violated for 
== h/2" < 1. Thus (13) is necessary. 


THEOREM 3. A space M(¢) has the Hardy-Initlewood property if and 
only tf, for some constant A, 


(20) f 8(@)/ear £ Av (a), for 0SaK 1, 
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Proof. The functions c(x) of the class C* are here e(z) == (a) or 
c(z) 0 according as OS ea ora<#1. Since the dual to M(¢) is 
A(@), the condition (8) becomes 


1 1 
f (2) f o(t) /t dida SA, 
Q g 
and this is equivalent to (20). 


4. Orlicz spaces. Let 0=¢(u)=-+o be a function defined for u = 0, 
increasing to infinity with u and vanishing for u= 0, but not identically 0 
or -+æ for all w>0. Let y(u) be its inverse, defined in a familiar way 
everywhere, except perhaps on a countable set of points corresponding to 
the discontinuities of ¢. Let (s) and &(a) be integrals of @ and y over 
(0,%); ® and Y are called conjugate functions (in sense of W. H. Young). 
The Orlicz space Lẹ consists of all functions f(z) on (0,1) such that 


1 
f fg dx exists for all g with 
0 


Is(g9)= f ¥(|g|)do < +0, 
and we define 0 


kS 
Ifle= sup f  fgde. 
Ty(g)S1 7 0 


This space Lẹ is a Banach space; it contains all functions f with J»(f)<+, 
but in general also other functions. For example, if ¢(w) =0 for OS ul 
and ġ (u) +o for u>1, Lẹ is the space M of. bounded functions, but 
Is (f) <-++co means that |f(v)|1 a.e. However, Lẹ may be described 
as the set of all functions f such that for some A> 0, Ia (àf) <+% ; indeed, 
it may be shown [4] that Je(f/|f lle) 1. It follows that the spaces Le, 
Ly are dual to each other. Under the additional hypothesis that &(2u)/#(u) 
is bounded, a stronger result is true: Dy is the conjugate space to Lẹ. For 
the information of the reader we note that the boundedness of 6(2u)/®(1) 
is also necessary and sufficient for the space Lẹ to be separable. While the 
sufficiency of the condition is well known, its necessity seems to have 
escaped the attention of the writers on this subject until recently, when it 
was discovered independently by Mr. W. Luxemburg eee Sobolev and 
Krasnosel’skir, and the author. 


THEOREM 4. A space Le has the Hardy-Littlewood property if and 
only if the conjugate function Y satisfies 
(21) (2b) <Mw(b), b= bo, 


for some constants M and b, > 0. 
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Proof. It is easy to see that (21) implies the existence of two positive 
constants «, O such that 


(22) Y (ab) S Cart (b), bZ b,a> 1. 


To prove that the condition is sufficient we shall show that it implies 
(9). For fa(v) =f (ax), fe Le we have with ce(s) = 0, 


| fe lo = fem Í, | f (ax) | c(x)dz. 


We shall begin by replacing arbitrary positive functions c(@) by others such 
that, for each v, either c(a) = by of c(x) = 0. To achieve this, assume that 
c(<) 20 and Iy(c) =1, and decompose the interval (0,1) into two sets 
E., E. defined by the inequalities ce(s) < bo, and ce(s) = bo. Since 


MECCS MOCE 


(the last inequality follows from the fact that a small constant c(<) =A > 0 
satisfies Zy (c) 1), we have 


[foleSALflo+ sup [f(ax)|o'(a)ds, 


wie Ele 


where the c’(a) are such that either c (x) = bo, or ce’(t)=0. On substi- 
tution ax ==¢t we obtain that the last supremum is 


sup i/o f | f(t) |e’ (4) at 

f “Wo')atSa ° 

(23) i 
<= sup 1/a f | F(E)! e (t)dt. 


Iyl) Su 
Assume first that Ca S< 1. Because of (22), Iy(c') Sa implies Iẹ((Ca) ec") 
<1. Applying this to (23) and replacing (Ca) Yee (t) by e(t), we obtain 
in this case 


IfoloSAlf 





wd 
lp + sup 1/a(Ca)1/* ( | f (edt 
Iyl) E Jo 


= (Cale A) | f lo. 


For Cu21, (23) readily gives || fel SCl fila, and we obtain the con- 
dition (9). | 

We shall prove the necessity of (21) by means of Theorem 1. Assume 
that (21) does not hold. Taking into account the properties of Orlicz spaces, 
it wilt be sufficient to show that there is a function ¢{.) 20 which belongs 
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to Ly and such that Iy(Aé)=-++o for each A> 0; this will imply that 
c Ly. If (21) does not hold and ¥(u) is finite for all OS u<-+o, there 
must exist a sequence by—>œ such that ¥(2b,)/¥(b,) —>œ. Let the integers 
ny be defined by 

(24) Rki L Q-mb (by) S RE, AET 


We may assume (passing, if necessary, to a subsequence of the bp) that 
nyna > Ng +k and that &(2d;,)/¥(b,) Z277, so that 
(25) QM (2b,) = 2, 


Now we define c(v) ==}; for Zouk < 7 < 2i, k=1,2,---, and e(z) =) 
elsewhere. Then, by (24), 


1 
f SOE Emen) SE2*< +o, 
0 
and therefore cely. On the other hand, for each A>0O we have by 
definition of ¢, " 


bi co 27n, k+l 2-n), 
f ¥08)de2 BAY b,/t dt) dx 
Q kzi 2-n -E+ 


2-1k 
— E mty (Abp (k —1) log 2). 
kzi 


For all sufficiently large values of k, say for k Z= ko = ko (A), the argument 
of © in the last sum is greater than 2b}, and by (25), the series diverges. 


Hence | WAC) de = +0. ' 
0 


In the case when (21) is violated in such a way that (u) becomes 
infinite for finite u, the proof is similar, but somewhat simpler. 
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ON ALGEBRAIC GROUPS AND HOMOGENEOUS SPACES * 


By ANDRÉ WEIL. 


In a recent paper in the same JOURNAL ([4] of the bibliography ; quoted 
hereafter as AG), I gave some results on algebraic groups and transformation- 
spaces, wliich supplement those in my Variétés abéhiennes ([3]; quoted as 
VA). Applications will now be made of that theory to somewhat more specific 
questions. In no. 1, a rather general procedure is described for obtaining, 
from a given transformation-space S with respect to a group G@ and from a 
suitable cycle on S, another transformation-space with respect to the same 
group. As shown in no. 2, this includes as a special case the construction 
of -coset-spaces and of factor-groups; thanks to the.main theorem in AG, 
these can now be defined without enlarging the groundfield, whereas such an 
enlargement was required in their construction as previously given by 8. 
Nakano ([2]); except for this, we have substantially followed his method. 

The rest of this paper is chiefly devoted to “principal homogeneous 
spaces,” i.e. to those homogeneous spaces on which the group operates in a 
simply transitive manner. ‘The pair consisting of such a space and of one 
point on it does not differ materially from a group; thus there is little incentive 
for studying those spaces as long as one is not paying any attention to the 
groundfield or if the groundfield is algebraically closed. But it can happen 
that a principal homogeneous space contains no rational point over the 
groundfield over which it is defined; an example of this is given by the plane 
curve X°? + pY? = p° over the rational number-field, where p is a rational 
prime; this may be considered as a principal homogeneous space with respect 
to its jacobian variety, which is the plane curve Y?=4XY%—27. More 
generally, Chow’s work (cf. [1]) has shown that it is not always possible to 
map a curve “canonically” into its jacobian variety by a mapping defined 
over the groundfield, but that the curve can always be so mapped into a 
suitable principal homogeneous space with respect to its jacobian variety. 
This, among other results, will be proved again here by a different method, 
which can be extended at once to a variety V of higher dimension and to its 
Albanese variety, provided the groundfield is one over which the latter is 
defined. It will also be shown that the classes of principal homogeneous 
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spaces with respect to a commutative group can be arranged into a torsion- 
group, i.e. a group whose elements are all of finite order; and it follows at 
once from the results of no. that this group must be countable if the 
groundfield is finitely generated over the prime field. There seems to be no 
reason why it should be finite, even if the groundfield is the field of rational 
numbers; a more detailed investigation of its structure, e.g. for the case of 
an elliptic curve over the field of rational numbers, would be of considerable 
interest from the point of view of the theory of diophantine equations. 


1. Let G be a group and S a transformation-space with respect to G, 
both defined over a field k. Let Z be either a divisor on 9S or a cycle on S 
whose components have coefficients which are prime to the characteristic of 
the universal domain. We denote by sZ, for any se G, the transform of Z 
by the mapping u— su of S onto itself. Let K be an overfield of k over 
which Z is rational. Let x be generic over K on G; by Prop. 6 of the 
Appendix of AG, there is a finitely generated extension k(t) of k which is 
the smallest overfield of k over which zZ is rational; as zZ is rational over 
K(x), we have k(t) C K(x). If 2’ is also a generic point of G over K, 
and ø is the isomorphism of K(z) onto K(x’) over K which maps g onto 2’, 
o will transform zZ into 2’Z; if t is the image of ¢ under oa, k(t) will then 
be the smallest overfield of k over which 2’Z is rational, and, by Prop. 6 
of the Appendix of AG, the cycle 2’Z depends only upon t; in other words, 
if o, is an isomorphism of K(x) onto a field K(x,’), mapping z onto z,’ and 
t onto é’, we have 2’Z==<2,’Z if and only if =t’. In particular, take 
w= yz, with y generic over K(x) on G; then k(t) is the smallest overfield 
of k over which yzZ is rational; as yzZ can be written as y(zZ), it is 
rational over k(y, t), so that k(t’) C k(y,#) ; similarly, zZ can be written as 
y*(yxZ) and is therefore rational over k(y, t), so that k(t) C k(y, t). This 
shows that k(y,t) =k(y, t). 

Put now z= yz, so that we have k(t’) C K(z); take y’ generic over 
K («,y) on G, and call r the isomorphism of K (z) onto K(y’z) over K which 
maps z onto y’z—y'yz; let t” be the image of t under 7. Then ¢” is the 
image of t under the isomorphism ros of K(x) onto K(y’yx) over K which 
maps x onto y’yx. 

If Z is such that k(t) is a regular extension of k, then we may call T 
the locus of ¢ over k and, with the above notations, we may write t = g(y, t), 
where g is a mapping of GX T into T, defined over k. Then the results 
we have just proved mean that g satisfies (TG 1,2) of AG, no. 2, i.e. that 
it is a normal law between G and T. Applying now the main theorem of 
AG, we get the following result: 
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Proposition 1. Let G be a group and S a transformation-space with 
respect lo G, both defined over a field k. Let Z be either a divisor on 5 or a 
cycle on S whose components have coefficients which are prime to the charac- 
teristic. Let K be an overfield of k over which Z is rational; and assume 
thal, if x is generic over K on G, the smallest extension k’ of k over which 
TZ is rational is a regular extension of k. Then there is a transformation- 
space T with respect to G, defined over k, and an everywhere defined mapping 
F of G into T, defined over K, such that the point t = F(x) is generic over k 
on T, that k = k(t), and that F(ss’) =sF(s’) for all s, s on G. For any 
s, s in G, we have F(s) =F (s’) tf and only if sZ—=<s'Z. If Z ws algebraic 
over k, one can take for T a homogeneous space with respect to G. 


The existence of a transformation-space T with a generic point @ over & 
such that hk’ =k(1) has been proved above; moreover, with the same notations 
as above, we have A(t) CK (2), k(’) CK (yr), t =yt; as K(x), K (yx) 
are independent extensions of K, this shows, if K is algebraic over k, that 
k(t), k(t’) are then independent extensions of k, i.e. that T is pre-homo- 
geneous, so that, by the main theorem of AG, we may replace it by a 
birationally equivalent homogeneous space. As k(t) C K(x), we may write 
t = F(x), with F defined over K ; then we have yt = (yz), i.e. F(yx) = yF (x), 
for y generic over K(z) on G. This may be written as F(@) =y'F (yr), 
which shows, if s is any point of @ and y is taken generic over K(s) on G, 
that F is defined at s. .\s F is everywhere defined, the relation F(yx) = yF (x) 
implies F (ss) == sF'(s’) for all s s on G. Now, for any s, s on G, take 2 
generic over K (s,s) on G; then as, vs’ are both generic over K on G, and 
therefore, if o is the isomorphism of K (as) onto K (es) over K which maps 
zs onto ws’, o will map F (es) onto F(s) and the cycle sZ onto «sZ ; then, 
as we have seen above, we have #sZ—ws’Z if and only if FP (vs) = F(x’); 
as the latter relation can be written af (s)=af'(s’), so that these two 
relations are respectively equivalent to sZ==s’Z and to M(s) =F (s’), this 
completes our proof. 


2. We first apply Prop. 1 to the construction of the homogeneous space 
defined by a group Œ and a subgroup of G. 


Proposition 2. Let G be a group, defined over a field k; let Z be a 
rational cycle over k on G, consisting of components with coefficient 1, and 
Z\ îs a subgroup of G. Then there is a homogeneous 
space IT with respect to G, defined over k, and a rational point a over k on H, 
wilh the following properties: (1) if we pul, for a generic œ over k on G, 





such thal ils support 
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F(z) = za, the mapping F of G onto H determines a one-to-one mapping of 
the cosets of |Z| in Gonto the points of H; (ii) k(x) is separable over 
k(F(x)); (ii) tf ọ is a mapping of G into a variety V, defined over an 
overfield K of k, and such that ġ (zs) (2) whenever se| Z| and x is 
generic over K(s) on G, there is a mapping y of H into V, defined over K, 
such that p==yoF. If |Z| is a normal subgroup of G, then one can define 
on H a group-law, defined over k, such that F is a homomorphism of G onto H. 


The “support” of a cycle. was defined at the beginning of the Appendix 
of AG. The assumption on |Z | implies that Z has one and only one com- 
ponent Zo containing e, that this is a subgroup of G, and that all the com- 
ponents of Z are cosets of Zo in G. We apply Prop. 1 to the cycle Z on 
S= G, G acting on itself by the left-translations, and to the field k; if v is 
generic over k on G, the smallest extension of & over which Z is rational 
is contained in k(x), and hence, by AG-App., Prop. 3, Coroll., it is regular 
over k. Therefore, by Prop. 1, there is a homogeneous space with respect to 
G, which we now call H, defined over k, and a mapping F of G into H, 
defined over k, with the properties stated in Prop. 1; in particular, F is 
everywhere defined, t = F (x) is generic over k on H, and k(t) is the smallest 
extension of k over which Z is rational. If we put a = F (e), a is rational 
over k, and we have, for all se G, F(s)=sa. If s, s’ are any two points 
on G, we have sa = sa if and only if sZ = 9’Z, i.e. if and only if ss Z =Z; 
by the assumption on Z, the latter relation is equivalent to s*s'e| Z|. Thus 
the points of H are in a one-to-one correspondence with the cosets of |Z | 
in G. 

Call Tr the graph of F on GX H. For any beH, TN (GX |b) is the 
set of those points (s,6) which are such that sa==6; in particular, if æ is 
generic over k on G and if we put t= F(z) 2a, rN (GX t) is the set 
of the points (s,¢) such that sa == za, i.e. «4se|Z|; this set can be written 
as |#Z| xt. AsT- (Gt) is the prime rational cycle over k(t) on GX H 
with the generic point (x,t) over k(t), this shows that the prime rational 
cycle Z” over k(t) on G with the generic point æ has the same components 
as the cycle xZ; as the latter is rational over k(t) and its components have 
the coefficient 1, this implies that Z’ = zZ. As the components of the prime 
rational cycle with the generic point x over k(t) have the coefficient 1, k(x) 
must be separable (i.e. “separably generated”) over k(t). 

As to (iii), let z be generic over K on G; put t= F(x) and w= 4(2); 
let w be any generic specialization of w over K(t); this can be extended 
to a generic specialization a’ of x over K(t); we have then w = ¢(2’) 
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and ¿= F(z’), and the latter relation implies that 2’ is on |Z |, i.e. that it 
is of the form as with se| Z]. Let & be generic on G over K(s); we have 
o(Hs) = (2) ; specializing @ to x over K(s), we get (xs) =¢(2), since 
both sides are defined, i.e. w =w. This shows that w is purely inseparable 
over K(t); as it is at the same time rational over K(«) which is separable 
over K(t), it is therefore rational over K(t), and we may write w—y(t), 
where y is a mapping of H into V, defined over K. This proves (iii). 


Finally, assume that |Z | is a normal subgroup of G; let z, y be inde- 
pendent generic points of G over k; put t—F(a), u=F(y). We have 
F (ay) =F (y) = zu; this is a function of x, defined over k(u). If se|Z|, 
we have rsy = cays’ with s’=y'tsye|Z |, and therefore F (ssy) =F (ey); 
by (iii) applied to the mapping z— xu of G into H and to K = k(u), this 
implies that F (zy) is rational over k(u,t). Therefore the mapping u— cu 
of H into H is defined over k(t); on the other hand, if k’ is any field of 
definition for that mapping, containing k, the image za =t of a by it is 
rational over k’, so that k(t) C k’; thus k(t) is the smallest field of definition 
for the mapping u — su. This shows that G is not operating faithfully on H ; 
applying Prop. 2 of AG, no. 3, to G and H, we see that we can define on H 
a normal law of composition f such that F (zy) =f(F (<), F(y)). By the 
main theorem of AG, we can then replace H by a birationally equivalent 
group W’, defined over k, with a mapping F” of G into H’, also defined over 
k, such that W (vy) =F’ (a) F’(y), F(x) and F(x) being corresponding 
generic points of H and H” over k when gv is generic over k on G. As usual, 
from the relation F(x) =F" (y) E (yx) which holds for z, y generic and 
independent over k, we deduce that W” is everywhere defined’; therefore, if 
G is made to operate on H” by the law (z,w) > F’(x)w for x, w generic and 
independent over k on G and H’, H’ is a homogeneous space with respect 
to G. But then the unicity assertion in the main theorem of AG can be 
applied to H and H’ and shows that they are biregularly equivalent; in other 
words, M itself, with the law f, is a group. This completes the proof. 


It is easily seen that the pair (H,a) is uniquely determined, up to an 
isomorphism, by the conditions (i), (ii), (iii) in Prop. 2; in other words, if H’ 
and «’ have similar properties, there is an everywhere biregular birational cor- 
respondence between H and H’ which maps a onto a’ and transforms the law 
of composition between G and H into the law between G and H’. The space 
H may be called the coset-space determined by G and Z, and may be denoted 
by G/Z; if |Z | is a normal subgroup of G, the space H, with the group-law 


1 This is Theorem 1 of Nakano ([2]). 
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determined by Prop. 2, is called the quotient-group (or factor-group) of G 
by Z, and is denoted by G/Z. 


3. Before making another application of Prop. 1, we will introduce 
a new condition which a law of composition may satisfy. Let V, W be two 
varieties, g a mapping of V X W into W, and k a field of definition for F, 
W and g; consider the following condition: 


(TGI) If z, u are independent generic points of V, W over k, ae 
v==g(c,u), then k(a,u) = k(z, v) = k (u,v). 


The condition (s, u) = k(z,v) is equivalent to (TG1) of AG, no. 2. 
The condition k(x, u) ==k(u,v) implies that the dimension of V, which is 
the dimension of x over k(u), is the same as that of v over k(u), and there- 
fore at most that of W ; if the dimensions of V and of W are the same, this 
implies that v is generic over k(u) on W, which is condition (H) of AG, 
no. 2. Let k be any field of definition containing k for the birational 
correspondence u>v==g(z,u) between W and itself; if u is taken generic 
over k’(x) on W, we have k (u) =k (v); since k(2) Ck’ (u,v) by (TGT), 
we have k(x) Ck’(u). Taking w generic on W over k’(z,u), we get in 
the same manner k(s) C k’(w’). As k’(u), k (w) are independent regular 
extensions of k’, their intersection is k’, so that k(2) C k’. This shows that 
(TG 1’) implies (TG3). In view of the results of AG, end of no. 3, this 
shows that, if g satisfies (TG1’) and (TG2’), or if two mappings f, g of 
V XF into V and of V X W into W are given and satisfy (TG1’.2), then 
V is a pre-group and W a pre-transformation space, and V operates faithfully 
on W. i 

If a pre-group V and a pre-transformation space W satisfy (TG1’), 
we say that W is a pre-principal space with respect to V; if at the same time 
V and W have the same dimension, so that, as we have shown, W is pre- 
homogeneous with respect to V, we also say that V is sumply pre-transitive 
on W., 

Let W be a pre-principal space with respect to a pre-group V; by the 
main theorem of AG, we can construct a group G and a transformation-space 
S, birationally equivalent to V, W and defined over the same field &; then 
Ş is also pre-principal with respect to G. Let T be the locus of (u, zu) 
over k on SX S, x and u being independent generic points of G, S over k; 
put ¢@== (u, zu); then (TGI) implies that k(z) C k(t), ie. that we may 
write x == (t), where ¢ is a mapping of T into G, defined over k; conversely, 
if this is so for a transformation-space § with respect to G, S is pre-principal. 
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The space § will be called a principal space with respect to G if, for z, u 
generic and independent over k on G, S and for t= (u, zu), we have z = ẹ (t) 
where @ is an everywhere defined mapping, defined over k, of the locus T 
of ¢ over k into the group G. If at the same time § is homogeneous, it will 
be called a principal homogeneous space with respect to G. 


Provosition 3. Let S be a pre-principal transformatin-space with 
respect to a group Q, both being defined over a field k. Then there is a k-open 
subset P of S which is a principal transformation-space with respect to G; 
if G and S have the same dimension, P is uniquely determined and ts 
homogeneous. 


Let T and ¢ be defined as above; call F the k-closed subset of T where 
@ is not defined. We first show that, if (a,b) is in F, (sa,s’b) is in F for 
all s, s in G. In fact, take z, u generic and independent over (s,s) on 
G, S; put v == TU, U = SU, V = 8'v, Tı =T; then we have v, = at, and 
Ti, UW, are generic and independent over k(s,s’) on G, S, so that (u,v) and 
(w,.v,) are generic points of T over k(s, s’), and that z = (uw, v), tı = (tti, U1) 
by the definition of ¢; this gives 


p (u, v) = Se (su, s'v)s. 


If (a,b) is in T, it is a specialization of (u,v) over k(s,s), and therefore 
(sa, sb) is also in T; then the above relation shows that ¢ is defined at (a, b) 
if it is defined at (sa,s’b), i.e. that (4,0) e¢F implies (sa, sb) eF. 

As (e,u) is a specialization of (x,u) over k, e being the neutral element 
of Œ, T contains the diagonal A of § X S. As the projection of A on either 
factor of & X & is everywhere biregular, the projection of the k-closed subset 
FNA of A onto S is a k-closed subset I” of S, consisting of the points aeg 
such that œ is not defined at (a,a). From what we have proved above, it 
follows that, if ae F, sae F for all seG. For the same reason, if a is in 
S— i’, then ¢(a,sa) is defined for all se G; as (a,sa,s) is then a specializa- 
tion of (u,u,2) over k, and g= ġ (u, zu), this shows that ¢ (a, sa) =s for 
all aeS— F” and all seG, and therefore k(a,s) —k(a,sa); in particular, 
if v is generic over &(a) on G, the locus of za over &(a) has a dimension equal 
to that of G. 

If Œ is complete, every specialization (a,b) of (u,au) over k can be 
extended to a specialization (a,b,s) of (u,2u,x) over k, so that b==sa; in 
other words, every point of T must be of the form (a,sa), with aeS and. 
seG@; then it follows from what we have proved above that such a point 
cannot be in F unless a and sa are in W. Without attempting to decide 
whether this is still so in the general case, we shall merely show that, if u 
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is generic over k on S and (u,u’) is in F, then u’ must be in Æ. In fact, 
suppose that this is not so; take z generic over k(u,u’) on G; call X, X 
the loci of zu, cu’ over k(u,u’) on S; by what we have proved above, they 
have the same dimension, which is that of G. By F-VI;, Th. 11, we have 
T N (uX8S)=u XX; at the same time, since we have shown that (u, zu’) 
is in T, uX X’ is contained in TN (uX §); as X and X’ have the same 
dimension, this implies that ¥ = X’. But, as we have shown, since (u, wu’) 
is in F, (u,ru’) must be in F, and therefore, since F is k-closed, u X X’ 
must be contained in F; as X =X’, this implies that F contains (u, su), 
which is generic on T over k, and contradicts the definition of F. One may 
observe that, if S is pre-homogeneous, this again shows that (a,b) cannot be 
in F unless a, b are in Æ; for, if a¢#” and x is generic on G over k(a, b), 
za has then over k(a) a dimension equal to that of G, and therefore is generic 
on S over k(a) since in the present case the dimensions of § and G are equal; 
then if (a,b) is in F, so is (za,b), and so b must be in K. . 

Now replace first S by §— F’; as F’ is mapped onto itself by all 
operations of G, S—F” is again a transformation-space with respect to G, 
defined over k, and satisfies our other assumptions. Writing again S instead 
of S— F’, we see that it is enough to prove our result under the additional 
assumption that W =. If G@ is complete or S is prehomogeneous, this 
already implies that S is principal. Otherwise we observe that, since T is 
also the locus of (xu, u) over k and since we have ọġ (`u, u) =x, T and F 
are mapped onto themselves by the mapping (u,v) > (v,u) of SX 8S onto 
itself. Call now F” the “projection” of F on either factor of S X S (in the 
sense of F-IV, and F-VIIs, i.e. the closure of the set-theoretic projection) ; 
this will be the same, whether we project F onto the first or the second factor, 
and it is not S by what we have proved above, since F” is empty; it is there- 
fore a k-closed subset of S. By what we have proved, F” is mapped onto 
itself by all operations of G. Then §— F” is the principal space whose 
existence was to be proved. 

Finally, assume that the space § from which we first started was pre- 
homogeneous; this means that 7—S>X S. Let a, b be any two points in 
S — F”; then, if x is generic on G over k(a,b), za, xb are generic on S over 
k(a,6), and so there is an isomorphism ø of k(a,b, sa) onto k(a,b, <b) over 
k (a,b), mapping za onto zb; then we have 77a = zgb, i.e. b = 22%. This 
shows that S— F” is homogeneous, and also that an open subset of S which 
is a transformation-space for G cannot contain a point of S—F” without 
containing S — F”. Therefore § — F” is the only open subset of S which is a 
principal space with respect to G. 
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If & is a principal homogeneous space, the mapping ¢ of T=8 XS 
into G which has been defined above will be called the canonical mapping 
of SX 8 into G. For any a, b on S and s on G, the relations b == sa, 
s= (a,b) are equivalent; in particular, for any a on § and for x generic 
over k(a) on G, the mapping t—>sa=v of G into S has the inverse 
v—> z= ¢ġ(a, v); as both are everywhere defined, this is therefore an every- 
where biregular mapping of G onto S, defined over &(a). In particular, if 
there is at least one rational point a over & on S, S is biregularly equivalent 
to G over k. 


4. Let G be a group, V and W two varieties, and F a mapping of 
VXW into G, all defined over a field k. We may consider W X G as a 
transformation-space with respect to G, the law of composition between them 
being (z, (N,y))— (N,zy) for any N in W and any x, y m G. We now 
apply Prop. 1 of no. 1 to the case when we take for § this transformation- 
space IV X G and for Z the graph of the mapping N-># (M,N) of W into 
G, where M, N are independent generic points of V, W over k. We must 
then consider the smallest field of definition k’ containing k for the mapping 
N—->«F(M,N) of W into G, where s is generic over k(M, N) on G. As 
this mapping is defined over k(z, M), W is a regular extension of k, con- 
tained in k(z, M). Then Prop. 1 shows that we may write W == k(u), where 
u is a generic point over k of a transformation-space U with respect to G; 
as k(u) C k(s, M), we may write u ==f (sz, M), where f is a mapping of 
G > V into U, defined over k; moreover, as the mapping «f(z, M) of G 
into U is no other than the mapping F defined in Prop. 1, we see that f is 
defined at every point (s, M) of G X M, and that f(ss’, M) == sf(s’, M) ; taking 
s =e, and writing f(M) instead of f(e, M), this gives f(s, M) = sf (M), 
and in particular u = <f (M). As the mapping N —> sF (M,N) is defined over 
k(u), tf (M,N) is rational over k(u,N); similarly, if y is generic over 
k(x, M,N) on G, the mapping N —>ysF (M,N) is defined over k(yu), and 
so yrf (M,N) is rational over k(yu,N). As we can write 


y = (yeh (M, N) ) (cP (M,N) )~, 


this shows that y is rational over k(u,yu,N). If N’ is generic on W over 
k(x, y, M,N), y must then also be rational over k(u, yu, N’); thus k(y) is 
contained in k(u,yu,N) and in k(u,yu,N’); as these are independent 
regular extensions of k(u, yu), their intersection is k(u, yu), and so we have 
k(y) Ck(u,yu). This means that U is a pre-principal space and may 
therefore, by Prop, 8, be replaced by a principal space, birationally equi- 
valent to it. 


T 
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The most interesting case is that in which there are two mappings 
F,, F, of V, W into G, defined over some overfield K of k, such that 
F(M,N)=F,(M)F.(N) for M, N generic and independent over K on 
V, W; by the corollary of Th. 7, VA-18, this is always so whenever @ is 
an abelian variety. Take x generic over K (M,N) on G, and put z—2F, (MM); 
then the mapping N —>zF (M,N) ==zF:(N) is defined over K(z), so that 
k(u) C K(z). As z, M are generic and independent over K(N) on G, V, u 
is then generic over K(N) on U, and the dimension of U is that of u over K; 
the relation K(u) C K(z) shows that this is at most the dimension of G. 
Therefore U is pre-homogeneous and may be taken to be a principal homo- 
geneous space with respect to G. Moreover, we may write u==@(z), where 
® is a mapping of G into U, defined over K. If we substitute yz for x, with 
y generic over K(M,N,x) on G, z is replaced by yz, and u by yu; this gives’ 
(yz) == y(z), which may be written as ®(z) =y“*®(yz) and thus shows 
that ® is everywhere defined. Putting now a ==® (e), we see that a is rational 
over K and that u==za, i.e. f(M) = F,(M)a. Put now g(N) =F, (N)7a; 
g is a mapping of W into U,. defined over K. As we have also 
g(N) =F (M,N)“*f(M), g is also defined over the field &(M), and there- 
fore also over &(M’) if W is another generic point of V over K; if we take 
M, M’ generic and independent over K on V, k(M) and k(M’) are indepen- 
dent regular extensions of k, so that their intersection is k; hence g is defined 
over k. Thus we have proved the following result: 


Proposition 4. Let G be a group, V and W two varieties and F a 
mapping of V X W into G, all defined over k. Assume that there are two 
mappings Fı, Fa of V, W into G, defined over some overfield K of k, such 
that (M,N) =F,(M)F.(N) for M, N generic and independent over K 
on V, W. Then there is a principal homogeneous space U with respect to G, 
and two mappings f, g of V, W into U, all defined over k, such that 
f(M) =F(M,N)g(N), ie. F(M,N)—od(g(N),f(M)), where is the 
canonical mapping of U X U into G. 


COROLLARY. Notations being as in Prop. 4, U, f and g are ee 
determined by G, V, W and F, up to an isomorphism. 


In fact, assume that U’, f’, g’ have similar properties; then we have 
cf (M,N) =¢'(g’(N), xf’ (M)), where ¢’ is the canonical mapping for U’. 
This shows that the mapping N-»>2F(M,N) is defined over k(w) with . 
w == xf (M) ; thus, if we put u=<af(M) as before, we have k(u) C k(u’) 
and may write u = y(u), where y is a mapping of U’ into U, defined over k. 


~Ț 
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Replacing z by ya, with y generic on G over k(M,N,x), we get yu =y (yu); 
from this we conclude, in the usual manner, that y is everywhere defined. 
Take any point @ on U’, and put a=y(a’); as we have za=y(za’), and 
as the mappings t-> za, >a’ are everywhere biregular mappings of G 
onto U and U’, defined over k(a’), we see that y is an everywhere biregular 
mapping of U’ onto U. Moreover, we have y(w’) —azy(f’()), and there- 
fore f=yof’; from this one easily concludes that g==yog’. This proves 
our assertion. 


5. Let G be a group, defined over a field & We will now prove that 
the classes of principal homogeneous spaces with respect to G, for birational 
equivalence over k, form a set. In fact, let «v, y be independent generic 
points of G over k; let o be the isomorphism of &(a#) onto k(yx) over k which 
maps x onto yx. Let H be any principal homogeneous space with respect 
to G. defined over k; let a be an algebraic point over k on H, and put u == zta, 
so that u is generic over k on H. Then &(u) is a regular extension of k 
contained in k(x) and such that (uw) == (2); moreover, we have 


k(y,u) = k (y, ue) =k (a, us) 


since «== yu. Conversely, let k(u) be any such extension of k, and call U 
the locus of u over k; then we may write u%7==g(y,u), where g is a mapping 
of CX U into C, defined over k; and oue verifies at once that this makes U 
into a pre-principal pre-homogeneous space with respect to G, and thus deter- 
mines uniquely a class of birationally equivalent principal homogeneous spaces 
with respect to G. As every such class is determined by at least one such 
extension. this shows that these classes form a set. 

Tf G is commutative, one can define canonically a commutative group- 
structure on the set of classes of principal homogeneous spaces with respect 
to G. In order to do this, we first observe that, if H is any transformation- 
space over a commutative group G, then the law (s, u)— >u, for we G, 
well. defines on H a structure of transformation-space with respect to G; 
this will be called the opposite transformation-space to H and will be denoted 
by #f-; it is a principal homogeneous space if H is such. 


Proposition 5. Let G be a commutative group, defined over a field k. 
Let H;, for 1SisSn, be principal homogeneous spaces with respect to G, defined 
over k. Then there is a principal homogeneous space H with respect to G, 
defined over k, and an everywhere defined mapping f of HiX HX- XH, 
into H, defined over k, such that 


PSG Silla) eS ST it 5g) 
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- for all seG and aeH; Moreover, H and f are uniquely determined up to 
an isomorphism of H. 


Put V=W—=H,xXH.zX:::xX An; call d the canonical mapping of 
H, X H; into G, so that b; = sa; is equivalent to s = ¢;(a;, bi) for an b; in Hi 
and s in G. Let uU = (Ui, © ` Un) and v= (V, ' ` *,Un) be two points 
of V; put 


F(u, v) = TL (us vi), 


where the right-hand side has a meaning since G is commutative. On each 
H,, choose a point a, and put a = (a,,- * `, Qn). We have 


i (Uis V4) = pi ( lis V1) pi (Ga, Ui) 


for all 7, as one verifies at once, and therefore, again because of the commu- 
tativity of G: 
F(u, v) =F (a,v) F (a,u). 


Thus the assumptions of Prop. 4 are satisfied, so that there is a principal 
homogeneous space U and two mappings f, g of V into U, all defined over k, 
such that | 


(1) f(u)=F(u,v)g(v), F(u,v) =ẹ(g (0), f(u)), 


where œ is the canonical mapping of U X U into G. Take any pomt b on V, 
and take v generic over k(b)} on V; as F is defined at (b,v), the relation (1) 
shows that f is defined at b. Thus f is everywhere defined. As F(u, u) =e, 
the relation (1) gives g(u)=f(u), i.e. f=g. If Su: `,Sn are any 
elements of G, and we put s—=s8,: ` ‘Sn and W = (S141; * *,SnUn), we have 
F(u’,v) =s>F (u,v) and therefore, by (1), f(w) =s^f (u). If we now 
put H = U5, i.e. if we take for H the opposite space to U, H and f will 
have the properties stated in Prop. 5. 

Let us now assume that H and f have similar properties; put U = H-. 
Put z= F (u,v) (u), the multiplication in the right-hand side being that 
of U. If the s, s and wv’ have the same meaning as above, we have 
f(u’) =s>f (u), so that Z does not change if one replaces u,v by w’,v. 
Therefore &(Z) is contained both in k(u,v) and in k(w’,v). If the s; have 
been taken generic and independent over k(u,v) on G, k(u,v) and k(w’,v) 
will be independent regular extensions of &(v); this gives &(Z) C k(v), 
so that we may write Z= 9(v), with g defined over k. Then we have 
f(u) =F (u,v)9(v) ; by the corollary of Prop. 4, U, f and g must then be 
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the same as U, f and f, respectively, except for an isomorphism of U onto U. 
Fhis proves the assertion about unicity in Prop. 5. 

In Prop. 5, take n—2; call Yı, &, the classes of Hı, Hz, and denote 
by Y, -+ 4. the class of H. This defines on the set of classes of principal 
homogeneous spaces with respect to G a commutative group-structure. In 
fact, commutativity is obvious. Call 9) the class of G, and therefore of all 
principal homogeneous spaces with respect to G which have a rational point 
over k. For any principal homogeneous space H with respect to G, the 
mapping f (x,u) ==zu of GX H into H satisfies the condition of Prop. 5; 
therefore we have Xo + U% = H for all classes Y. If ¢ is the canonical 
mapping of H X H into G, then ¢, considered as a mapping of H X H- into 
G, satisfies the condition of Prop. 5; therefore, if &- is the class of Hy, 
we have Y + 9-— HM. Finally, let Hı, H., Hz be three principal homo- 
geneous spaces with respect to G; apply Prop. 5 successively to the following 
spaces: (a) to H,, He, obtaining a space H,, and a mapping fie; (b) to Hy, 
H, obtaining H’, f; (c) to H}, Hs, obtaining Hes, fos; (d) to Hi, Hes, 
obtaining H”, f”; (e) to H,, Ha, Hs, obtaining H, f. Then the two mappings 


F (fie (tii; Ue), Ua), f” (Ur, fos (Un, Us) ) 


of H, X Ha X H, into H’, H” satisfy the same condition as the mapping f. 
By the unicity assertion of Prop. 5, this shows that H’, H” are isomorphic 
to I. This means that the addition Y, + %, is associative. 

One proves quite similarly, by induction on n, that if Y and X, are 
the classes of the spaces H, H; in Prop. 5, then Y =È N In fact, let H’, 


f be the space and the mapping obtained by applying Prop. 5 to H,,: © -, Han, 
so that X’ = Hi -H-en by the induction assumption; and let H”, 
f” be the space and the mapping obtained by applying Prop. 5 to H’, Hn, 
so that Y” = &’ + &, by definition. Then the mapping 


(U1, i `, Un) > f” (F (ua: ` `, Un) Un) 


of HX- X Ha, into H” has the properties stated for f in Prop. 5, so 
that, by the unicity assertion in Prop. 5, H” is isomorphic to H. 

From this one deduces that every element & of the group we have just 
described is of finite order. In fact, take on a space H of class & any 
positive cycle Sia; of dimension 0, rational over k. Call H, any space of 

421 
class n ; then there is a mapping f(u,’ © `, Un) of the product of n factor: 
equal to H into H, with the properties stated in Prop. 5. From the unicity 
assertion in Prop. 5, it follows that any permutation of the u; will change f 
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into sf, with seG; as f is everywhere defined, we see that s—e by taking 
U, =: * `= ùn; therefore f is a symmetric function, so that f(a:,° - -,@n) 
is rational by the main theorem on symmetric functions (VA-7, Th. 1). So 
H, has a rational point over k, and is therefore isomorphic to G. 

Now, & being as before, put Hp = G and take, for each integer n £0, 
a space H, of class n& so that all the H, are disjoint. On the set G=— |J Hn 


(which is of course not an algebraic variety), we will define a commutative 
group-law f (in the sense of group-theory, not of algebraic geometry) such 
that Ha = G will be a subgroup of © and that f induces on Hm X Hn, for all 
mMm, n, a mapping fm, of Hm X Hn into Am» satisfying the conditions in 
Prop. 5. As there is such a mapping fm, for each m, n, and as it is uniquely 
determined up to an automorphism of Hmn (i.e. up to left-multiplication by 
a rational point of G), we merely have to choose the fm,n so that the mapping 
f of © X G into G which coincides with fa. on Hm X H, for all m, n satisfies 
the axioms for groups; we do this as follows. For any n, we take fo.n(x, U) = vu 
for ceG, ueHa We choose fı and, for all n> 0, fa. and foa- so as to 
satisfy the conditions in Prop. 5. Now, for elements ui, ° +, Uny of H, in 
any number, we define u’ > -Un Inductively as being equal to u, for n == 0 
and to fnat’ © Un, Uns) for n= 1; similarly, for elements v, ` -, Unn 
of H, we define vi’ > *Vns1 as equal to v, for n == 0 and to f-n,-1(01* © * Un; Uner) 
for n==1. It is then easily seen that, whenever m, n are both > 0, there is 
one and only one way of choosing fm,» so that it satisfies the condition 


f mn (1° ` Ums, Umer’ ` ' Uman) == U" | t Umin 


when the u; are in H,; we determine f_,,., similarly, using H_, instead of H,. 
Finally, for m = n > 0, we choose fm -n and fm, so as to satisfy the conditions 


n 

fmn (Abr - ` Um, V1° * Vn) = J [ fa, (%4 ui) Unel’ ` Um 
t=1 
hw 

-mn (U1 > Um, Ui" * Un) =— [ Í fi: (Vi tt) Vn’ © Um 
421 


respectively, the u; being any elements of H, and the v; any elements of H. 
It is then a trivial matter to verify that these choices of the fm, satisfy all 
the requirements for a commutative group-law on ©. 

The points on the H, which are rational over k form a subgroup g of ©. 
As we have shown that there are such points for some n50, there is a 
smallest > 0 for which there is such a point aeH,; this n is the order 
of & inthe group of classes of principal homogeneous spaces with respect 
to G. Then g is the direct product of the group g==gMG of rational 


or 
co 
~e 
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points over k on G@ and of the infinite cyclic group y generated by a. The 
quotient-group G/y may be described as an algebraic group consisting of n 
components respectively isomorphic to H= G, Hac + +, Ham 


6. PROPOSITION 6. Let A be an abelan variety and H a principal 
homogeneous space with respect to A, both being defined over a field k. Let 
Vi °°, Va be varieties, and F a mapping of Vi X- + -X Fn into H, all these 
being defined over k. Then there is for each 1 a principal homogeneous 
space H; with respect to A and a mapping F: of V; into Hy, H; and Fi being 
defined over k, and there is a mapping f of HX- -X Hn into H with the 
properties stated in Prop. 5, such that, for (3l,,- °, Ma) generic over k on. 
FX- -X Vy, we have 


EAL? My iE Al +5 fa Ma) N 
Moreover, all these are uniquely determined up to isomorphisms. 


For n==1, there is nothing to prove. If the assertion is proved for 
a product of two factors, then this can be applied to the product 
Vi (Va Ke * XVa Of VY, and VXXX Va, so that the general case 
follows by induction on n. Thus it is enough to treat the case of two 
factors V, W and of a mapping F of V X W into H. Call @ the canonical 
mapping of HX H into A; let (M,N) and (W, N’) be two independent 
generic points of V X W over k, and put 


c= o(F(M,N),F(W,N’)),  y—o(F(M,N), F(M,N’)). 


so that we have 
cy =p (F(M, N), FCW, N’) ). 


As the mapping ( (M, MW), N’) ->x of (V X V) X W into A has the constant 
value e on the variety (M, M) X W, Th. 7 of VA-18 shows that z is rational 
over k(M, MM’); for a similar reason, y must be rational over &(N,N’); in 
other words, there are mappings ®, Y of V X V, W X W into A, both defined 
over k, such that < == # (M, W) and y = Y (N, N’). By the corollary of Th. 7 
of VA-18, ® and Y satisfy the assumptions of Prop. 4, so that there are two. 
principal homogeneous spaces U,, U, with respect to A, mappings Fy, G, of 
V into U, and mappings Fa, G of W into U2, all defined over k, such that 
#, (A) =2G,(M"), Fa(N) =yG.(N’) ; moreover, as 6(M,M), ¥(N,N) are 
defined and equal to e, we have Gi == Fi, G= F, Now call H,, H, the 
spaces respectively opposite to U,, Uz, and apply Prop. 5 to Hı, H.: let Ë be 
the principal homogeneous space and f the mapping of H, X H, into A with 
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the properties stated in that proposition. Put F(M,N)=f(Fi(), F.(N)). 
As H,, H, are opposite to U,, U2, we have 


F, (M) =2F, (M),  F.(N’) —yF.(N), 


multiplication in the right-hand sides being understood in the sense of H,, Ho. 
By the definition of f, we have then: 


EË (M, N’) = (cy) F (M,N), 


while, as we have seen above, the same relation holds if F is-substituted for F. 
But then, as the corollary of Th. 7, VA-18, shows that the mapping 


(W, N), (At, N)) > ay 


of (V X W) X (V XW) into A satifies the condition of Prop. 4, the corollary 
of Prop. 4 shows that Æ, F must be the same as H, F except for an iso- 
morphism of H onto H. Then, replacing f by a mapping f of H, X H. into 
H by means of that isomorphism, we have the spaces H,, H, and the mappings 
F,, Fa, f whose existence was asserted in our proposition. 

As to unicity, assume that there are spaces H,*, H," and mappings F,*, 
F*, f* with the same properties. Then, v being defined as above, or equi- 
-valently by F(M’, N’) =aF(M,N’), we have 


F” (FF (AL), Po*(N")) = af * Pi* (OD), Fo*(N’)) = f* (F * (ML), FN) 


and therefore F,* (M°) =«l’,*(M) since the mapping u->f*(u,v) of H,* 
into H is, as easily seen, an everywhere biregular mapping of H,* onto H. 
But then the corollary of Prop. 4, applied to the mapping (M’,M)—« of 
VX YV into A, shows that H,*, F,* are the same as H,, F, except for an 
isomorphism. ‘The same argument applied to y instead of x shows that 
Ha, F, are uniquely determined up to an isomorphism. Then Prop, 5 shows 
that f is uniquely determined. This completes the proof. 


T. The foregoing results will now be applied to the theory of Jacobian 
varieties. As in VA-85, we consider a complete non-singular curve I of 
genus g > 0, defined over a field k. If ais any divisor on T, Prop. 6 of the 
Appendix of AG shows that there is a smallest field containing k over which 
a is rational; this field will be denoted by &(a). In particular, if M,,---,M, 
are independent generic points of T over & and if we put m = $ M, then, 


by VA-4, Lemma 1, k(m) is the field &(M,,-- +,M,), of symmetric func- 
tions of M,,..--,M, defined over k, i.e. the subfield of &(M,,- - -,M,) 
consisting of those elements which are invariant under all permutations of 
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M, + +,4£,; such a divisor m will be called generic over k. As k(m) is a 
regular extension of k, we may write it as k(w), where u is a generic point of 
a variety W over k, and we may write u—/(M,,---+,M,), with F defined 
over k; as F is symmetric in the M, this may also be written as u = F (m). 
Now let the Ni, Pi, for 119, be 2g independent generic points of T 
over k(m); and put: 
g= (Nap © e, Np Pat -*,Po), 


this being a generic point over k of the product V =T TX::: XT of 2g 
factors equal to T. By VA-35, Lemma 11, there is a positive divisor m’ 


g g 
on T linearly equivalent to m + X, Ni — È, P, and it is uniquely determined 


i=1 i=l 
and such that (s,m) = k(x, m); this implies that it is generic over k(e). 
Then, if we write w =F (n), we have k(z,u)=k(x, w); we may thus 
write w = g(x, u), where g is a mapping of V X W into W which satisfies 
(TG1). 

We now show that this mapping satisfies the condition (TG?) of AG, 
no. 3. Prop. 2, so that this proposition may be applied to it. In fact, let y be 
a generic point of V over k(2,w); we may write 


y= (Qs: °°, Qo Ru: © =, Ro). 

Then the point w” = g(y,w) will be determined by w” = F(m”), where m” 
is the positive divisor linearly equivalent to m’+ 2%Q:— 2, Ri. Applying 
again VA-35, Lemma 11, we see that there is a meter isc > Si linearly 
equivalent to 2 Ni— 2 Pit ÈQ, and that it is generic over eG, u) and 
rational over ies y). But ie m” is linearly equivalent to m + p> Si— À i, 


t t 


which shows that, if we put 
z= (8a © e, 8y Ra: - e, Rg) 


z is generic on V over k(u) and that we have w” = g(z,u). This shows 
that g satisfies (TG?’). Applying Prop. 2 of AG, no. 3 and the main theorem 
of AG, we see that there is a group J, a normal law g between J and W, and 
a mapping ¢ of V into J such that g(z,u) = g(¢(z),u) for z, u generic 
and independent over k on V, W. 

Put now K = k (Pi ©, P n= > Ni, and 


W == (Si, ; spp Qs" ° "s Qg). 
Since the Pi, Qi, N; are generic and independent over k, Lemma 11 of VA-35 
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shows that w is generic over K on V. At the same time, the linear equiva- 
lence by which the S; were defined shows at once that g(s, u) =g(w,u) 
for u generic over k(z,w), and therefore §(¢(z),u) —9(¢(w),u). Since 
J, by definition, operates faithfully on W, this implies (x) = (w); as w 
is generic over K on V, this shows that ¢(z) is generic over K on J. It will 
now be shown that K(¢(r)) —=K(n). In fact, if u and w ==g{(x,u) are as 
before, wu’ is rational over K(m,n) =K (u,n) since the divisor m’ is so by 
Lemma 11 of VA-35; therefore the mapping u->w’ is defined over K(n), 
so that K(¢(z)) CK(n). Put now K’==K(¢(x)), so that w is rational 
over K’(u); then m and n’ are both rational over K’(u). But Lemma 11 
of VA-35 shows that n is rational over K(m,m’) and therefore over K (u). 
If u, is a generic point of W over K’(u), n will also be rational over K’ (u1); 
as K’(u), K’(u,) are independent regular extensions of K’, this implies 
that n is rational over K’. 


But now a comparison with the construction of the jacobian variety 
given in VA-36 shows that the latter coincides with our J over a suitably 
extended groundfield ; more precisely, substituting K for k, $ P; for a, n for 

i 


m and (s) for z in the treatment given in VA-36, we get the same law of 
composition for the field K(ẹ(s)) as has been defined above. Alternatively, 
one may also reason as follows. Let J, be the jacobian variety as defined 
in VA; let ¢, be the “canonical mapping” of T into J,, also according to the 
definition of VA-37 (which will soon be replaced by a more appropriate one) ; 
let K, be an overfield of the field K defined above, over which J, and 4, 
are defined; take n generic over K,; put t—¢(z), x being as above, and 
z= S| (n)]. As we have then K, (t) = K,(z) = K,(n), the mapping v —z 
defines a birational correspondence between J and Jı, defined over K,. If 
we write it as z==f(s), f is everywhere defined by VA-15, Th. 6; and this, 
by the results at the beginning of VA-19, must then be of the form 
f(x) =fo(v) + a, where a—=f(e) and where fo is a homomorphism, so that 
(using the additive notation on J, and the multiplicative notation on J) we 
have f)(vz’) = fo (£) +f,(2’). But then f, is again a birational correspon- 
dence, and, if g is the inverse mapping to fo, we have g(z-+ 2’) =g(z)g(z’) 
for z, 2’ generic and independent over K, on J,. This can be written as 
g(z) =9(2+2)g(2)-*; if then z, is any point of Jı, and we take 2 generic 
on J, over K,(z,), this shows that g is defined at z,. As fo, g are everywhere 
defined, they determine an isomorphism between J and J,. 

One could also, without making use of the results of VA, verify directly 
(for instance by making use of the criterion for the completeness of a group 
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given by VA-83, Th. 16) that the group J we have constructed here is com- 
plete and is therefore an abelian variety. Then the results we have proved 
above, combined with the corollary of Th. 7, VA-18, show at once that J 
has the properties stated in VA-36, Th. 18; since the whole theory of the 
jacobian variety depends upon nothing else, and these properties (as proved 
in VA-37) are characteristic of the jacobian variety, this would suffice for a 
complete treatment. 

From this discussion, we conclude that J is an abelian variety. Now 
apply Prop. 6 to the mapping œ of V into J; this defines 2g mappings of T 
into principal homogeneous spaces with respect to J, all defined over k. 
As is symmetric in the N, and also in the P, the unicity assertion in 
Prop. 6 shows at once that the first g mappings must coincide, and that the 
last g mappings must coincide; call F, W these mappings, and H, H the 
spaces into which they map T. Now, notations being the same as above in 
no. 6, put 

g = (Pu 2 2 Py Nas Ng) 


Then we have, always with the same notations as before, u—g(2’,u’), and 
therefore $(2) —¢(2z)"*. This, combined with the unicity assertion in 
Prop. 6, shows at once that H” is the opposite space to H while Æ must be 
the same as F. 

We now embed J and H, in the manner explained at the end of no. 5, 
into a commutative group © consisting of principal homogeneous spaces H, 
with respect to J, all defined over k, with H =J, H, =H, in such a way 
that @©// is an infinite cyclic group, that the H, are the cosets of J in & 
and that the group-law in © induces on Hm X Hn, for all m,n, a mapping 
of Hm X Hn into Hmin defined over k and satisfying the conditions in Prop. 5. 
At the same time, we change from the multiplicative to the additive notation, 
not only in J but also in ©. With this notation, we have, if z, ¢(2) and F 
have the same meaning as before, 


(2) =È P(N) — 2 F (P). 


Let us now extend the mapping F into a homomorphism of the group of 
divisors on T into ©, by putting F(a) = > nF (A) for any divisor a = Si n;Ai, 


so that F(a) eH, if n is the degree of a; in particular, F(a) is in J if and 
only if a is of degree 0. Ifa is any point of H and M is a generic point of T 
over k(a), the mapping M > F (M1) —a of T into J, which is defined over 
k(a), is a “canonical mapping” in the sense of VA-37; naturally it is only 
defined up to an additive constant; and, by the unicity assertion in Prop. 6, 
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no such mapping can be defined over k unless H is isomorphic to G, i.e. unless 
H has a rational point over k. From Th. 19 of VA-38, one deduces imme- 
diately that a divisor q on T is linearly equivalent to 0 if and only if’ 
F(a) =0. 

In other words, the homomorphism a —> F(a) determines an isomorphism 
of the group of all divisor-classes (of any degree) on T onto the group ©. 
‘From the foregoing results, one concludes easily that these properties are 
characteristic for © and F, up to isomorphisms on J and its cosets H, in @. 
One may call Œ the Jacobian group of T, and F the canonical mapping of T, 
and of the group of divisors on T, into the Jacobian group. In substance, the 
construction of the varieties H, has already been given by Chow (in [1]) 
by a method belonging to projective geometry. 
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A PROOF OF A THEO ‘EM OF MEYER ON INDEFINITE 
TERNARY QUADRATIC FORMS.* 


By Burron W. Jonzs and DonaLp MARSH. 


1. Introduction.1 We shall be considering in this paper primitive 
3 
indefinite ternary quadratic forms f == $, a2; where the a, are integers with 
t j=l 


g.c.d. 1. We call J the g.c.d. of the two-by-two minor determinants of (a:;) 
and det(a;;) —-J?K defines an invariant K. (Classically these invariants 
were denoted by Q and A). The purpose of this paper is to give a proof of 
the following theorem of A. Meyer [4] which is very fundamental in the 
theory of quadratic forms. 


THEOREM A. If two primitwe indefinite ternary quadratic forms are 
im the same genus and if their invariants J and K have g.c.d 1 or 2 and 
neither is divisible by 4, then the two forms are equivalent. 


Meyer gave what he called a proof of this theorem but which contained 
various obscurities which neither L. E. Dickson [1] nor the authors have 
been able to resolve. Bachmann did little to clarify these obscurities. L. E. 
Dickson gave a proof of Meyer’s theorem (cf. [1], pp. 35-60) which was very 
involved in detail and had a few obscurities of its own, though it was an 
improvement over Meyer’s discussion. Oral communication with Martin 
Eichler and Martin Kneser indicates that this theorem may also be proved 
using the deep theory of “spinor genera” developed by the former [2]. 

In this paper, by free use of matrices and the modern theory of quadratic 
forms including the Hasse symbol, we present a proof which involves a 
minimum of detailed computation and which we hope is largely free from 
obscurities. 

The outline of the proof is as follows: Theorems 1 and 2 show that two 
ternary forms are equivalent if they have the same invariants J and K, if 
they are both properly or both improperly primitive and if they represent a 
binary form with certain properties. Theorem 8 gives two conditions under 
which a ternary form f represent all binary forms of determinant JM where 


* Received February 11, 1955. 
1 This was written under the support of the Office of Naval Research. 
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M is a prime or double a prime according as the reciprocal form of f is 
properly or improperly primitive. Theorems 4, 5, 6, and 7 establish the 
satisfaction of the first of these conditions and Theorem 8 the second. The 
remainder of the proof is concerned with showing that any two forms of the 
same genus represent a binary form of determinant JM where M has the 
required properties. 


THEOREM 1. Let B= (br) be the matrix of a properly or improperly 
primitwe binary form, h, of determinant JM and let K be an integer such 
that g= (M,K) s square-free and prime to both M/g and K/g; then there 
exists a ternary form f with invariants J and K which represents h primitwely 
if and only if there are integers cı and c such that 


(1) =E — DK, C = — book, Cil S= + bK, (mod M). 


Proof. Let A be the matrix of the form f. The f represents h primitively 
if and only if there is a 3 by 2 integral matrix P whose two-rowed minor 
determinants have g.c.d. 1 and for which PTAP == B. Then there is an 
integral column matrix Q such that U = (P,Q) is a unimodular matrix and 


UTAU = E = (by), i, j= 1,2,3. 


That is, f represents % if and only if it is equivalent to a form of matrix Ẹ 
whose leading two-by-two minor is B. 

First suppose f with invariants J and K represent h, where JM is the 
determinant of h and (b4) is the matrix of h,i, 4—1,2. Then write 
adjii== (By) where B,,=JM and By==0(mod/) for all 4,7. Now 
adj(adj E) ==J?KE. Hence 


(2) Bae B33 — Bos = J’ Kb, 
(3) By, Be3 — B? = J’ Kbas, 
(4) Bi2Bs3 — B13B23 = — J’ Kbs, 


which show that we may take cı = Bz3/J, C2 = Bi3/J and have the con- 
gruences (1). 

Conversely, if the congruences (1) hold equations (2), (3), (4) with 
Cı = Bo3/J, Co—=By3/J are solvable for Boo, Bıı and By. Thus the matrix 
(B4) exists. Suppose the elements B,/J had a common prime factor q. 
Then q? would divide Kb., Kboo, Kbi and since (bir be, b12) = 1, g? would 
divide K. But Bs, =JM and hence g|M. However q would not be prime 
to (M,K) unless q? divides M which is impossible since (M,K) is square- 
free. Thus 1 is the g.c.d. of By/J. A little calculation shows that J*K? is 
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the determinant of (By). Then adj(Bi,;)/J°K is equal to a matrix Æ whose 
leading two-by-two minor is B and which has the invariants J and K. 

Let us henceforth take (J, K) 2, Js@05¢K (mod 4), and let w—1 
or 2 as f is properly or improperly primitive. Notice that if w—2, K =}2 
(mod 4) and J is odd. 


THEOREM 2. Two ternary quadratic forms of the same wmvarianis, J, 
K and w, are equivalent if they both represent primitwely the same primitive 
binary form of determinant JM in which M is an odd prime or twice an odd 
prime such that (M, K) =g and (g,K/g) 1. 


Proof. For M a prime or twice a prime and (g, K/g) = 1, the preceding 
theorem holds and the congruential conditions (1) have only the pair of solu- 
tions Cı, Cz and the corresponding — cı, — ca, modulo M. The corresponding 


1 0 0 
ternary forms obtained are related by the transformation ( 1 | , whereas 
° 0 0 —1 
the form obtained by using c, + tM, c.-+udf with ż, u integers in place 
of cı, € is related to the latter by means of the unimodular transformation 


We now seek to determine conditions under which the hypothesis of 
Theorem 2 holds. 


2. THEOREM 3. If a ternary form f represents a primitive binary 
form — h of determinant JM where M is a prime or double a prime according 
as the reciprocal form of f is properly or improperly primitive, and if h is 
another binary form of determinant JM, then f represents —h’ if there are 
two primes p and q not dividing 2M |f | such fiat 

i 


(1) Jf T, U is the least solution of 2? — wpqKy =i, then T+ 1 
(mod wpq). 


(ii) The equations h == wpa, W =wpq are both solvable. 


Proof. Consider h and h’ as having been transformed so that their 
leading coefficients are wpq and let B= (bm) be the matrix of h with 
ıı = Wp. Since p, q do not divide M, bıs is prime to bı and is one of 
the four roots of 2?==—JM (modwpq). If we show that some unimodular 
transformation of f leaves b,, and |B | fixed, but replaces Bis by bı? SA Die 
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(mod wpq), then f represents —h’ since the “bia” for h’ is one of biz, biz, 
— bin — Bye’. 
Write the matrix of f in the form (ars) where @ == — bi consider the 
reciprocal form and denote 
Ass Ass 
ra 


by Æ. The determinant of R is —b, K. If P is an automorph of R, then 

. f1 0 ! ; ddl Q 
the transformation ( 0 4 on F is equivalent to the transformation( 0 at 
on f (leaving bı, and bK invariant). P! is of the form 


(*~ Áa  — Azu 
A oot t -4 Aostt 
where ¢, u is a solution of 2*°--wpgKy?==1. Now 


t— Aostt 


rst == Agt —~U (dyeAes -+ MAg) 


== Myat — Uu (Áa -}- liA: +- Ai3A33) == Ay ob (mod wpq) . 


bir = (G12, G13) ( 


é 





Thus 0,.’==0,.¢ (modwpq) and, if t£ 1 (modwpq), then bi? 5£ = biz 
(mod wpq). 

We now find the conditions which must be imposed on p and g if (i) 
and (11) of Theorem 3 are to hold. First in the next four theorems we show 
that if the product pq satisfies certain conditions (mod 8) and (mod K), and 


if for some fixed factor d, of K, p satisfies the condition (— d|p) =— 1, 
then 
(5) g? — OL y? == 1, Q == WP 


has a minimum solution T, U with T£ + 1 (mod wpq). 


THEOREM 4. If K == 2°G°H where GH is odd, H square-free, (a, K) S2 
and ais odd or double an odd according as w = 1 or w ==}, and T? —aK U? 
=] with T= + 1 (moda), then for some factorization dd’ of H with d, 
d’ relatwely prime and positwe, the following equation has a solution where 
cc’ 1s the highest power of 2 in 2°U? and not both c, c are divisible by 4: 


(6) der? — d day? = + 2. 


Proof. Equation (5) implies (T ẹœ1)(T + 1)=2a@°HU? and 
T= + 1 (moda) implies 


(7) T œ 1 = ad’ cr’, T t 1 == der,?, (Tis T2) =], 
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since T œ 1 and T + 1 have at most a factor 2 in common, where r, and 7» 
are odd, r rcd == 2°@?U*? and dd’==T/. Subtracting the first equation of 
(7) from the second, we have 


(8) (T + 1)— (T z 1) = £ 2 = der —ad' en’, 
which completes the proof. 


Since equations (6) differ according to the parity of e, we specialize 
these results to find 


(1) If e==0, ¢ and c’ may both be 1 or one is 2 and the other an odd 
power of 2 greater than the first; in the former case the equation (6) becomes 


(6,) da? — day? = + 2. 
If cand ¢ are both even, we have 


(6.) dx? — d'ay? = +1 


where w or y is even. 


(2) Tf e= 1, one of c, ¢ is 2 and the other is an even power of 2. Then 
(8) becomes + 1 == dr — 3a (4V Eyr? or +2—d( Vey r? —— Rad r"; 


hence we have one of 
(63) dr? — Rad y? == + 1, (64) d — Zad’ y? = + 2. 


We show that by proper choice of a modulo the primes dividing G but 
not H we may exclude from consideration equations (62) and (6) with 
d=1, and +1=1., Note that d=1 implies d = H. 


THEOREM 5. If, according as e s 0 or 1, a or 2a ts so chosen that 
(—aH |p) =—1 or (—2aH |p) =—1 for all primes p; dividing G but 
not H, then, if T, U is the least solution of (5), il follows that if T==¢ 1 
(moda) then (6) does not reduce to either of the following in the respective 
cases : 

(9) vi atly? == 1, z? — ay? = 1. 


Proof. Suppose for the least solution T, U equations (7) with d == 1, 
d = H define ra, 7, a solution of (62) or (63) with d—=1 and + 1 == 1, that 
is, a solution of one of the equations (9). First we take the case r, == (fr 
and show that T, U is not the least solution of (5). For e—0, m= 7r,(4c)}, 
Yo =r: (3e in (9) gives 2? —aG?H (Y/G) =l; Zo ¥o/G is a solution of 
(5) in which T == cr, —1 and a=r.V (46) <T which yields our contra- 
diction. 


S 
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If e==1, r, == Gr implies that te = fT} yo= (4 Ver is a solution of (9) 
with a < T. 

Second, suppose that 7,5£0modG@), thus 7,7r,==0(mod-G@) implies 
that r} contains a prime factor of G and (6;) and (6.) with d ==1, d == H 
implies that the prime factors of G which r, contains cannot divide M. For 
(9) to have no solutions with x divisible by a prime factor of G not dividing 
H it is therefore sufficient that (—aH|p:) =— 1 or (—2aH|p;) ==—1 in 
the respective cases for all primes p; dividing G but not H. This completes 
the proof. 

We now consider equations 


(10) g = da? — by? =N, 


where b==a or 2a according as e—O or 1, with aw prime to BH and 
N is prime to H. In order that (10) be solvable, it is necessary that 
Cp,(g) == (—N,bH),, for all primes p; where c,(g) is the Hasse symbol 
(see [3], p. 47). We now choose b (mod H), so that, for any fixed N prime 
to H, there is one and only one value of d such that cp, (g) = (—N,bH Yp: 
for all primes p; dividing H. 


THEOREM 6. Let Pu p2,:- *,pn be the prime factors of H. We can 
choose b (mod pi) t==1,2,---+,n so that, for any N prime to H, there will 
be one and only one d dividing H such that 


(11) Cp (9) = (—N, bH )>, 
for all primes pi dividing H. 


Proof. First compute cp(g) and find it equal to (—1,bH),(d,bH), 
== (—-d,bH),. Suppose (—d,,bH),= (—d:,bH), for all such p. This 
implies and is implied by (did.,bH),—1 for such p. Hence our theorem 
will be proved if we can show that, for a proper choice of b, (d,bH),==1 
for all p dividing H holds for one and only one value of d (namely d==1). 

In order to prove this by induction, assume first that H is a prime; 
then the two possible values of d are 1 and p. Since (1, bp)p == 1, we want 
to choose b so that (p, bp)p=— 1. Now (p,bp)p = (p,—b)p=—= (—bjp). 
Hence choose b so that the latter is — 1. 

Assume the theorem for H containing prime factors Pi, Pry’ °°, Pu- 
and that b has been chosen so that (d,bH),—1 for all primes dividing H 
only when d==1. In order to establish the theorem for p,H choose b’ so that 
(b’p, | pi) = (b| p:i) for i= 1,2,- -.n—1. We must show that for d1 
neither of the following is 1 for p: = pr, Pas ` `, Pu: (d, D'H pa), (APn, H Pape 
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First, (d, b’E pn)», = (d, bH)», for i= 1,2,- -,n— 1 and since the latter 
is 1 for some i, the former is also. Second, (dpp, b’H pr)p, = (dyn, OH Jp: 
for t==1,2,: - -,2—1 and the latter symbol is equal to (d,bH)», (pn, 0H)», 5 
thus, if (dpa. V H pa), = 1 for t= 1, 2,: + +, we have (d, bH )p = (Po 0H) p, 
for i==1,2.---.n-—-1. Thus, by the hypothesis of our induction, there 
is one and just one d, i.e., dy, which has this property. Then. choose b’ 
(mod pa) so that (dopn, b’Hpn)p,—=—-1. This is possible since (dopn, b’Hpn)p, 
== (dy, VH pin)», (Pn; 0’ H pn) p, = (do| pn) (— VH | p,). Since for d==1, cp(g) 
== (--1.b/7), for all primes dividing H, the above shows that we need not 
consider (10) with V == 1 for d1. Theorem 5 shows that proper choice 
of a (mod G} also excludes N = 1, d==1. This completes the proof and we 
complete the exclusion of (10) by the following theorem. 


THKOREM 7. There exist odd numbers a, B incongrueni (mod4), «a 
divisor dy of H, and a choice of sign + so that (10) with N=—1.2.--2 
have no solutions for the following conditions imposed upon a: 


(1) Jf e=0. all =1 (mod 4) or aH =5 +2 (mod 8). 
(2) Jf e=1l=w, aH =x or B (mod 8), 


(3) a—wpg where p and q are distinct primes nol dividing 2H and 
(— d|p) =—1. 


Proof. If e==0, we may assume from the previous theorem that a is 
chosen (mod K) so that for all p; dividing H each of the following three 
equations is solvable in Æ(p:) for only one divisor d of H: 


(12) da? —a(H /d)y? = — 1, dx*—a(H/d)y? = + 2, da? —a(H/d)y? =— 2; 
that is, 
(13) (— d, aH )pi = 1, Rd, aH jp: = 1, (—2d,aH)p;—1 for all p; dividing H. 


Let the respective values of d be dı, dẹ, ds. First, if aH = 1 (mod 4), 
the last two equations of (12) have no solution and we may exclude the 
first by choosing p so that (—d,, aH), = (—d,|p)—=-—1. Second, consider 
aH = (mod 4). Now (—d,,¢H),, = (dz, 0H )p, = 1 implies (— 2d,d.,4H),, 
== | for all p; dividing Hf. Since there is just one divisor dą of H such that 
(—-2d3,aH),,—1 for all p; dividing H, dida is, except for a square factor, 
equal to d} Similarly, any product of two of di, da, da is, except for a square 
factor, equal to the third. This implies that at least one of dı, de, da is con- 
gruent to 1 (mod4). Suppose —d,=:—1 (mod4), then aH =3 (mod 4) 
implies (— d, aH), ==— 1 and one of (2d.,aH)., (—2d3,aH). is —1. Sup- 
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pose that it is the former. Then choose p so (— 2ds, aH), = (— 2d; | p) == — 1. 

If e — 1 = w, we have the same set of equations except that a is replaced 
by 2a. There are two odd numbers @ such that (2de, 2a). = (2do, 2)o(2da, a)» 
=— ] and the two are incongruent (mod 4). Make aH == (mod8) and 
see that two of the equalities in (13) are denied for py==2 and the third 
may be denied for p;== p. 

If e=1, w=}? equation (10) becomes N == dz? —4pqd’y? which is not 
solvable for N = 2 or —2. The other equation is excluded by (— do| p) =— 1 
where d, is the value of d for N == — 1. l 

Theorems 5, 6 and 7 list restrictions imposed on p and q (mod8K) 
which assure the satisfaction of condition (i) of Theorem 3. We now 
consider condition (ii) of Theorem 3. 


THEOREM 8. Let h and h’ be binary forms of the same primitive genus 
and of determinant JM ; let d, be some integer prime to 2JM and (JM, K) = 2; 
let h represent an integer dy satisfying the conditions (mod 16K) wmposed by 
Theorems 5, 6 and conditions 1 and 2 of Theorem Y. Then there are two 
primes p and q such that (—d |p) ==—1, wpq is represented by h and I’, 


and wpqg==a, (mod16K). 


Proof. We carry through the proof for k properly primitive. If h and 
h’ ave improperly primitive the same proof holds if we replace k and W by 
4h and th’. This of course replaces JM by 4JM. 

The form Ah’ derived by composition from h and A’ is in the principal 
genus and hence arises by duplication (cf. [8], p. 167); hence hh’ =v? and, 
denoting the class vh”? by u, we have W == vu". Since d, is an odd factor 
of K and JM is the determinant of v with (K,JM) & 2, there is an integer p’ 
prime to 2|f| M such that (—d,|p’) =-—1 and p’ is compatible with the 
characters of v. For any @ compatible with the characters of h and prime 
to JM we can find an integer q’ prime to 2|f|M so that p’q’==a (mod m) 
for any preassigned m prime to p’. Then v represents infinitely many primes 
p=p (mod8|f|M) and thus u and u infinitely many primes q =g 
(mod 8|f! M). Let p, g be one such pair and have h== pq, h’ = pq both 
solvable. i 


The preceding theorems combine to establish the following result. 


THEOREM 9. If an indefinite primitive ternary form f represents primi- 
twely a primitwe form —h of determinant JM with (JM, K) 2, then it 
represents every binary form in the same genus as —h provided 


(i) M 1s an odd prime or twice a prime according as the reciprocal 
form of f is properly or improperly primitive, 


A 


Qı 


INDEFINITE TERNARY QUADRATIC FORMS. 521 


(ii) kh represents an integer a salisfying the conditions (mod 8k) of 
Theorems 5, 6 and T. 


Then in view of this theorem and Theorem 2, the proof of Meyer’s 
theorem will be completed if we establish 

THEOREM 10. lf f and F are two indefinite primitive ternary forms of 
the sume genus, if (J, K) S2 and neither J nor K is divisible by 4, then 
they represent, respectively, lwo primitive binary forms —h and — W having 
the following properties: 


(i) hand W are the same genus and have determinant J AL, 

(1i) M is a prime nol dividing RJK or twice such a prime according 
as ihe reciprocal form of f is properly or improperly primitive, 

(i) A represents an integer a satisfying conditions 1 and 2 of 
Theorem 7. 

Theorems 5 and 6 need uot be considered here since (JM, K) <2, 
implies that A represents integers =a (mod p) for any odd prime p dividing 
K. 

The proof of this theorem requires two lemmas. 

Lemma 1. Lel the wmvariants, J, K and w, of a primilive indefinite 
ternary form f be such that (J, K) S2, J30 5&K (mod4) and w=1 or 
2 according as the form fas properly or improperly primitive and, except for 
the factor 2, J is prime lo JK. Then f represents a binary form —h such 
ihat h==a w solvable for a satisfying condiiions 1 and 2 of Theorem 1 
if M sulisfies the following conditions exhibited in tubular form, where p.p. 
means properly prunilive and i.p. means improperly primitive. 


Numbers represented 


Invariants Conditions on M (mod 8) by A 
f p-p, J odd, K even M =—dJ (mod 4) and arbitrary 
ca (f) = (2|— JM) 
F p.p., K odd, J even arbitrary a = H (mod 4) and c (f)= (21a H) 
JM = = 20e.(f) (mod 8) aH = 5 +2 (mod 8) 
. ji. pẹ, J odd, K even arbitrary a = 2 or 6 (mod 8) 
F i. p, K odd, J even M =J (mod 8) a = K (mod 4) 
JK odd C (f) == 1 and Af = 3J (mod 8) arbitrary 
c (f) = —land M = J (mod 4) « =—H (mod 4) 
J = K = 2 (mod 4) celf) = (2a,—JH), a = aH (mod 8) 
Co(f) == (28, —JM)}s a = BH (med 8) 


(x and 8 defined in Theorem 7) 
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Proof. Since there are no requirements imposed by Theorem 7 for f 
improperly primitive, we need consider only properly primitive forms f in 
this proof. First we show that under the conditions imposed, f represents 
a primitive binary form — h of determinant JM. Let g be the greatest odd 
factor common to all the coefficients of h. Then g*|J and, since J and M 
have no odd factors in common, we may by an equivalence transformation 
on F have 

F=cJ Ka? + dKy? + Mz? (mod J’), 


where J, is the greatest odd factor of J and be is prime to Jy. Then 
f=bM2? + cJ My? + beJ Kz? (mod Jo”), 


and the leading binary of f has determinant JM and leading coefficient 
congruent (mod g?) to bM which is therefore prime to g. Thus the coeff- 
cients of this leading binary form have no odd prime factor in common. 
This shows that A may be taken to be primitive. i 

To show that h is properly primitive notice first that it can be im- 
properly primitive only if JM =3 (mod 4) or 4 (mod 8). We postpone the 
latter and consider the former. If, under this condition, it is improperly 
primitive, it can be considered to have a leading element — 2s = 2 (mod 4). 
Then . 
(14) ca (f) = (—2sK, —JM),. 


lf K is odd, then by the conditions imposed on M either c.(f) == 1 in which 
case JM = 3 (mod 8) implies (—2sH, — JM) = — 1 5 c(f), or co(f) = — 1 
and JM = 1 (mod 4). Thus, for K odd, condition 5 of the lemma implies 
that f represents no improperly primitive forms of determinant JM. If 
K=? (mod 4) and f represents an improperly primitive binary h of deter- 
minant JM, then f may be taken congruent to k + cz? (mod 2”) with c even, 
which denies f properly primitive. It remains to consider the numbers 
which h represents and JM = 4 (mod 8). 

If JM0 (mod 4), the numbers (mod 8) which h represents will be 
determined by its Hasse symbol with p—2. Furthermore h represents a 
(mod 8) if and only if c.(f) = (ak,—JM).. Now consider the conditions 
in order. 


_ 1 Here M==—J (mod4) shows that c.(f) = (2| —JM) and all odds 
(mod 8) are represented by h. 


2. Here the numbers a represented by h are given by c2(f) = (aH, —JM)>. 
Thus if aH =1 (mod 4), a is represented if and only if c.(f) = (aH, —JM), 
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== (2|all) regardless of the choice of M. If af =5 +2 (mod 8) the choice 
of 1/ (mod 4) specified suffices. 


m 


3. It f is improperly primitive, Theorem 7 imposes no restrictions. 


+. If M=J (mod8), h represents numbers congruent to K (mod 4) 
and is properly primitive, for F may be taken congruent to 


g + 2cx," (mod 2°), 


where g is an improperly primitive binary form. Af is then congruent to 
2y, + ety? (mod 2"), where ¢e==-—-1 (mod 4), and g, is an improperly primi- 
tive binary form. However g, cannot have determinant J1//4 since the 
condition imposed requires J.\//421(mod4). This shows that f does not 
represent an improperly primitive binary form of determinant J.//4, On the 
other hand, the odd numbers represented by Af are congruent to e. that is. 
congruent to — 1 (mod 4). This shows that the odd numbers represented 
by # are congruent to K (mod 4). 


5. If e.(f) =1 and JJ/s=3 (mod 8), then c.(f) = («H.—JM}), for u 
arbitrary. But c.(f) =— 1 and JA == 1 (mod 4) shows that — 1 == (aH, —1). 
and hence aH =— 1 (mod 4). 


6. Tere #=a// (mod8) if and only if c (f) = (20.—J/1/).. This 
completes the proof. 


Our final step in the proof of Theorem 10 and hence olf Meyers 
theorem is 


Lemna 2. FF the inruriants J, K and w satisfy the conditions of the 
theorem and if f and F are indefinite forms of the same primitive genus 
wilh these invariants, then F and E”, thetr reciprocal forms, represent a prime 
M or dwice such a prime satisfying the conditions imposed on M in Lemma 1. 


Proof. Wince the classes f and —-f are class isomorphic, for this lemma 
we take J and K to be negative integers. This makes the binary A and the 
binary g, determined below. indefinite forms and therefore capable of repre- 
senting both positive and negative integers. 

If the form f represents wg where q is a prime not dividing 2 If | then, 
by ‘Theorem 9 with f and F interchanged, F represents a binary form — g 
of determinant gi and all bimaries in the genus of —-g and hence all 
numbers —-r, where r is consistent with the generic characters of g, pro- 
vided conditions 1 and 2 of Theorem 7 hold after replacing a, / and K by 
— r, K and J respectively, that is 
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1’) If J is odd, —rJ = 1 (mod 4) or —rJ congruent to a preassigned 
one of 3, 7 (mod 8). 


2’) If J is even, F properly primitive, — rJ /2 = a, or 8,(mod8) for 
%, and 8, preassigned with «,8,==—1(mod 4). 


By Lemma 1 with f and F, a and —r interchanged, the representation 
of such an r by F will be assured by the following choices of wq exhibited in 
tabular form. (Note that cə(f) = ca(F).) 


Invariants Conditions on q Conditions (mod 8) on r 
f p. p, J odd, K even arbitrary — r = dJ (mod 4) and 
co(f) = (2| — rJ) 
Kq = > 2c,(f) (mod 8) —rJ = 5 + 2 (mod 8) 
f 
F p.p, J even, K odd q = — H (mod 4) and arbitrary 
ca (f) = (2| — qH) 
f i.p, J odd, K even q = H (mod 4) — r = d (mod 4) 
F i. p., J even, K odd arbitrary t= 2 or 6 (mod 8) 
JK odd co(f) = l and q= 3H (mod 8) arbitrary 
c (f) = — l and q =H (mod 4) —r=—ZJ (mod 4) 
J = K = 2 (mod 4) c.(f) = (2%, -—— Kq)z —?r= a,/J/2 (mod 8) 
C2(f) = (28,,— Kq): — rz B,J /2 (mod 8) 


First, to show that such a choice of wq is possible, notice ({3], p. 87), 
f properly primitive implies that f represents all odds (mod8) unless K is 
odd and ¢,(f)==-—1. In this case the only odds excluded (mod8) are 
those numbers b for which bH = — 1 (mod 8). Inspection of the table shows 
that choice of g may be made consistent with this exclusion. Similarly if f 
is improperly primitive 2g is excluded (mod8) only when c.(f) =— 1 and 
qH =—1(mod 8), where the corresponding entry in the table is g=H 
(mod 4). 

Next, comparison of the listing for 7 in the above table with the require- 
ments on M imposed by Lemma 1 shows that they are consistent except for 
the last case which needs further consideration. The only possibility of 
trouble for this case is when none of 


ca(f) = (20,—JM) 2, 02(f) = (28, — JM): 
hold for M —a,J/2 or —BiJ/2 (mod 8); that is, all of 
(2a, T 2A ) 2 (2a, ae 2B) 23 (28, + 201) 2, (28, + 281) 
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re 


are equal to —cə(f). ‘This is impossible since their product is equal to 
(aß, %,8:)2 Which has the value — 1. 

Thus we have shown that F represents a prime M, or double such a 
prime consistent with the requirements of Lemma 1. In similar fashion f 
may be shown to represent a prime g’ congruent to q for an arbitrary modulus. 
Then F’ represents a binary form —g’ which represents a prime — M, con- 
gruent to Af, (mod 8K) since the determinant of g’ has at most a factor of 
2 in common with K. Then a prime M =M, (modgqg) and =M, (modq’) 
as well as congruent to M, (mod 8K) will be represented by both # and KW. 
This completes the proof. 
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ON THE BEHAVIOR OF INVARIANT CURVES NEAR A HYPER- 
BOLIC POINT OF A SURFACE TRANSFORMATION.* 


By SHLOMO STERNBERG. 


1. In [2], Poincaré considered surface transformations of the type 


(1) t= st-+ f(x,y), yı ty + g (2,4), 


where s and ¢ are real with s > 1 > t > 0, and where f and g are real analytic 
functions of v and y which vanish at the origin together with their first 
derivatives. He proved, by the majorant method, that there exist two analytic 
invariant curves each tangent to one of the axes. In the case of dynamics, 
the relation st =—1 holds (as a necessary condition for the transformation to 
be area preserving). We shall not make use of this condition. Hadamard 
[1], treating the case where f and g are merely assumed to be of the class C? 
(and to vanish at the origin along with their first derivatives), showed the 
existence of invariant curves by the method of successive approximations. 
In paragraphs 2-6 we shall treat questions of existence and uniqueness of 
invariant curves by a geometric method under slightly less restrictive con- 
ditions and show that our results are, in a sense, the best possible. In 
paragraphs 7 and 8 we shall deal with questions of smoothness of invariant 
curves and show that a ©” assumption on the non-linear terms implies that 
the invariant curves are of class C” (n = 1). The problems treated in this 
paper were suggested to the author by Professor Wintner. 


2. Let T be a transformation of type (1) which is topological in some 
neighborhood of the origin. Let s>1>%> 0, and let the functions f, g be 
continuous and o(7) as r== (£? + y?)40. It is then clear that for all 
points sufficiently close to the origin, the y coordinate is decreased and the « 
coordinate is increased upon application of T. Thus if an are passing through 
the origin is to be invariant, it must be tangent to one of the axes or else 
experience oscillations of increasing amplitude and frequency near the origin. 
Tn the latter case we shall, naturally, not speak of an “invariant curve.” 
Hence, either the arc is tangent to the z-axis at the origin, in which case 
all points of the are move in toward the origin upon application of T; or 
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the are is tangent to the y-axis, in which case all the points move away from 
the origin. 


3. In this paragraph and the following, S and T will denote trans- 
formations of type (1) where ¿> 1. ¿>s ands > 1,5 > respective. 


THEOREM 1. Let 8 be a transformation of type (1) where 0<s <1. 
s<tand where f, g are continuous and are o(r) us r= (£? 4 y?)?- 0. Then 
there exist a neighborhood N of the origin and a closed set E in N such 
that 1) E ts invariant under S, 2) for every abscissa x in N there exists a 
point (x,y) of E, 38) E is tangent to the x-aris of the origin (.e., given any 
e > 0, for all sufficiently small | «|, all points (z,y) of Æ lie in the angular 
region | y| «| a}). 


Proof. We can restrict our attention to the right half plane x = 0 since 
the argument is the same for the left half plane. Consider a point (2, y) 
on the line y==az, a>0. Its image will be the point (æ, Yı), where 


t = st -H fy), Yy = ty -+g y). Thus 
yı/T1 = {at/s + g(x,y) /se}/{1 + f (2, y)/s2}. 


Since y = aa and both f and g are o(r), we find that v, < e and y, > xa, for 
all sufficiently small positive z, say, for 0 < t S To. 

In other words, a point on the line y == az is moved to the left and above 
the line by S for all «<a. Similarly, a point on the line y=—-aw is 
moved to the left and below the line. For all œ < a, let H#°(x) denote the 
vertical line segment joining the points (s, — az) and (v,¢%). Now g will 
map /°(«) into a set containing a connected are joining a point above the 
wedge |y | Sav to a point below the wedge. Let E(x) denote the subset 
of H°(x) consisting of those points whose images under S lie in the wedge 
y| Sags. If B(x), E (s), - +, E" (x) have been defined. let E” (s) denote 
the subset of E» (s) consisting of those points whose images under S” lie 
in the wedge. Since, by induction, the image of #""(.r) under 8" contains 
a connected arc joining a point above the wedge to a point below it, #"(2) 
is not empty. if"(a) is clearly closed for all n. Hence E(x) =f) E” (x) 


is a non-empty closed subset of #°(2). It is clear that given any e we can 
find a positive number é such that for all 0 < x 5 é and all k Z= e, S takes a 
point on the line y = ke into a point above the line y== (k-+-7)a where r is 
independent of « and k. Hence for a point (#,y) with «é to lie in £ 
we must have |y] <e. Thus H(z) is tangent to the z-axis at the origin. 
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Let E= |] E(<). Then Æ is clearly invariant under S. In fact, any 
g 


subset of the wedge invariant under § is eventually contained in Æ. Further- 
more, a point P == (z,y) of the closed wedge | y | & ez, 0 S z S z is not in £ 
only if 8”, for some positive n, carries P outside the closed wedge. But then 
a small neighborhood about P is carried outside the wedge by §”. Thus the 
complement of Æ is open, so that Æ is closed. This proves 1), 2) and 3). 


Tunorem 2. Let T be a transformation of type (1) where s>1, s>t 
and f and g are continuous and o(r) as r—>0. Then there exist a neighbor- 
hood N of the origin and a closed set E satisfying 1), 2), and 8) of Theorem 
1 where, by invariance, we mean T(E) O N =E. 


Remark. If T is topological, then Theorem 2 can be obtained by 
applying Theorem 1 to S= T=. 

In order to prove Theorem 2, let us consider an angular wedge W: 
[y| & kz. Then from arguments similar to the above we have i 


(T(W) AN) C(WAN). 
Let 
Fi = WON, Fiı=T(WAN) OAN 


and in general Fa =T (Fpa) ON. It is clear, by induction, that F,,, C Fa 
and thus E= fù) F, is a non-empty closed set. It is clear from arguments 
% 


similar to those of the preceding theorem that 1), 2) and 3) are satisfied. 


4. We shall now show that, under the hypotheses of Theorem 1, £ (2) 
can contain more than one point. S will be a transformation of type (1) 
in which f==0. We shall choose g such that g(z,0) —0 and so that the a-axis 
is an invariant curve. 

Let y==y(@) be a smooth curve tangent to the z-axis at the origin and 
such that y(v) >0 for z>0. In order that w(x) be an invariant curve, 
it is necessary and sufficient that the functional equation 


(2) ty (x) +g (2,4 (e) ) = y (sx) 
be satisfied. Rewriting this we obtain the condition on g 
(2) g (a, Y(T) ) == (sz) — ty (2). 


We now define g as follows: Let g(x,y) be 0, {y(sx) —tw(x)}y/p(ax) or 
y(sv) —th(x) according as yX0, OZ ySv(z) or yZ y(x). We must 
now verify that the mapping S, with f==0 and g defined as above, satisfies 


Ce 
AL 
ere 
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the conditions of Theorem 1. (It is clear that y can be so chosen that the 
mapping is even topological.) Now | g(«,y)|Syw(se) +ty(x). Thus g is 
o{|z|) and so a fortiori o(r). 

We have constructed g so that (2’) is satisfied; hence, both y = y (x) and 
y == 0 are invariant curves of S. 


5. We now consider the question of uniqueness. 


THEOREM 3. If the hypotheses of Theorem 1 are satisfied, and if both 
f and g satisfy uniform Lipschitz conditions with respect to x and y, where 
in a neighborhood of the origin, the uniform Lipschitz constants are less than 
ò < 4(¢—s), then, in a suitably small neighborhood N, E is a curve y=w(r). 
In other words, there exists a unique invariant arc in any wedge |y] Sk ja! 
for sufficiently small |æ]. 


Tn order to prove this theorem it will suffice to show that given any 
wedge [y| Æ kx there exists a positive number é such that there cannot be 
two points (x,y) and (#,7’), where 0< é and y >y, whose images 
under S$” are in | y| S kw for all non-negative n. 

Since f is o(r), any point in |y¥|< kæ with sufficiently small abscissa 
«(> 0) is mapped into a point whose abscissa is smaller than (s-+«)"x. 
Thus if (ta Yn) and (Vn Yn) denote the images under S” of (2, y), (2, y), 
we must have a, Z'n < (s+ e)"# and consequently, | Yn— Yn | <2kls + €) "ar 
in order that these images all lie in | y| Ske. We shall show that this is 
impossible for all suitably small 7z. 

From (1), tn — Tn = S(@n-1 — Vna) + fln 1 Yn) — fíni Yn). Thus, 
for all sufficiently small x, 


| iM a | <s 





Prai =E na | + 95 | By — nd | + 6 | Yn-1 — Yn . 
Similarly, Yn — Yn = (Yn Yn) F IEn Yn) — glt n Yn); so that 
| Yn—- Yn | > t | Yn- ~— Yn-1 | — ô | Un -1 — ae | — ô | Yn-1 — Y'n- . 
Now assume that 
(3) | By — Bt | < | Yn-1 — Yn | ; 
thea we have 
| En — 2" y | < (s E 28) | Yni — Yn- | and | Yn — Yn | = (t M 25) | Yn—1 — yf» I |. 


Since §<4(¢—s) we obtain |2,—2'n| <|y,—y'n|. As | %—2'o| 
= 0 < | yo— 7o |, the inequality (3) is true for all n, by induction. We thus 
obtain 


| Yn— Ya | > (L—28)| Yni — Yna] Ov | Yn—y'n | > (E— 28)" | y—y' |. 
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We must therefore have (¢— 28)"|y—y’' | < 2k(s-+)"#, which is clearly 
impossible for all n if «e is chosen to be less than 4(t— s). Thus y =y and 
the theorem is established. 


6. Let us now consider a transformation T satisfying the hypotheses 
of Theorem 2. The set Æ, in virtue of its construction, contains any invariant 
set lying in the intersection of any angular wedge | y| S ke and some suff- 
ciently small neighborhood of the origin. Now let G, be any set lying entirely 
in such a region. It follows, from reasoning similar to that of paragraph 3, > 
that the image of this set under T, G,, still lies in the angular region 
ly S&S ke. Let Go, Gi Ca’ >`, Ga be the sequence of sets so obtained. Let 
C be the set of limit points of this sequence. C is obviously an invariant set 
and hence a subset of E. In particular, if # reduces to a curve, then all the 
successive approximations converge to the invariant curve. Let us now assume 
that both f and g satisfy uniform Lipschitz conditions (with respect to v 
and y) where the Lipschitz constant can be made arbitrarily small “by 
restricting ourselves to a small neighborhood of the origin. Let y = (2) 
be a curve satisfying a uniform Lipschitz condition with Lipschitz constant K. 
Thus |(y—y')/(—2’)| < K. Using the same notation as before, we obtain 


(yi — y's) /(a, —2",) 
= {tiy — y) + glz, y) — gl y /{s(a — 2’) + fa, y) — F(a, y')}, 


so that |(y:—y's)/(a:—2’,)| < {UK +(+ K)3}/{s—(1 + K)8}, where 3 
can be made arbitrarily small by choosing z and 2’ sufficiently small. Thus 
in a sufficiently small region about the origin, all the image curves satisfy 
a Lipschitz condition with Lipschitz constants all smaller than K. Hence 
the sequence is equi-continuous and the convergence is uniform. This is 
essentially the case considered by Hadamard [1]. We have thus proved 


THEOREM 4. Let T be a transformation of type (1) where s>1, s >t, 
f and g are continuous and o(r). Furthermore let the set E of Theorem 2 
be a curve. Then the sequence of successive images of a set situated in an 
angular region |y| < kx converge for sufficiently small æ. If, in addition, 
f and g satisfy uniform Lipschitz conditions with Lipschitz constants which 
are o(1) as r—>0, then the iterates of any curve y== (£) which satisfies a 
uniform Lipschitz condition converge uniformly for sufficiently small x to the 
invariant curve, which then must satisfy a uniform Lipschitz condition. 
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7. We shall now consider, differentiability of the invariant curve. 
Let S be a transformation of type (1), where O>s> 1, 


THEOREM 5. 
s>1 and where f and g are of class C> and vanish together with their firs! 
Then the unique invariant curve tangent to the 


derivatives al the origin. 
r-awis at the origin is of class C' for all sufficiently small x. 
In order to make the method clear, we shall first go through the proof 
for the particular case when f(a,y) #0. Let y=w(a) be the invariant 
It must then satisfy the functional equation (2%). Writing this 
equation for two distinct points x and 2’ and subtracting, we obtain 


curve, 
tyle) — tyle) + gle, #(%)) — gr, yle )) = (se) — ysa’). 


Applymg the mean value theorem, we obtain 


E(w) — we) 3/0 — 2’) gol, KE) H g, WED) (He) — W(’)} (a — 2’) 








= {yp(see) — p(s) }/ (e — 1) or 
(y(t) — yhe) — 2’) 
= [E H g, WO) L— E, KEN) + stpt) — lsr’) }/ lst — s2’) 


where both é 
We have thus expressed {w(c) —y(2’)}/(a—.’) in terms of 


{y(sx) — W(s2’)} /(sa — 82’). 


and é* lie between s and z. 


Repeating the process n times, we obtain 


(ye) — w(a’)}/(a — 2’) 
Ho k 
= E g(a, Hote) TI E H gla, E) 
=i gad 


+8 TI GH gulha, HEDH) — Wore) ore s'a, 


where both é; and é*; lie between sie and sie. 
Now y(e) satisfies a uniform Lipschitz condition (by Theorem 4) and 
Thus the secound term 


| gu | < t—s— ò for all sufficiently small 2 and 2’ 
in the above equation tends to zero and we obtain 


tule) — ¥(2")} /(t— r) = > FgalE ra, KE) TLE + gps 2, Wea)? 
a1 fet 


1" ‘ ` . . ` ‘ 
Since ge and gy are o(1) as r— 0, this series is majorized by a series of the 
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form >) s*+(t—«)* and so is uniformly convergent. We can, therefore, let 
k 


t-> and obtain 


(e) = È gala, a) L(t + g(a (02) 


In the case where f is not identically zero the iteration is more difficult. 
The functional equation satisfied by the invariant curve (x) now takes the 
form 


by (x) + g(a, (x) = yst + f(a, We). 


(‘This is the functional equation used by Poincaré [2]). Proceeding as before, 


tiy) — wle’)} + g(a, We) — g, W(2")) = Yas) — yle), 
where (xı, y(x:)) and (2’;,W(2’,)) are the images, respectively, of (x, y(«)) 
and (x, y(x). Thus 
tyle) —y(2")}/(e—2") + gal, Wa) + I, WE) We) — V2’) }/(e—#) 

= | {yhe} —¥(2's)}/(@ — #1) Es + faln*, W(2)) 

+ fle, Wn) Ye) — We’) }/a— 2’) ], 

where é, é*, » and * are all between v and 2’. Hence, the iteration takes 
the form [ Jo—{(s+oo)[ Ji +S }feol Ji + (t+ ro}, where 
L lo= ¥@)—¥@)}/@—7), [i= (he) — 022) } (1 t), 
oa = felg", Y(2)), Bo ==—gals*,W(2)), co = falt, Yar) To = gy(2", CE). 
Introducing corresponding notations for the k-th iterate of this relation, we 


obtain 


k fs ; 8; a b 
[ 1H ( a“ ul [ Just, where (‘ JO) == (az + b)/ (cz + d), 
and the product denotes matrix multiplication. 
We now wish to establish the convergence of this iteration. We first show 

that for all sufficiently small æ and a’, the product 

H(S-+- oj; 3; ) 

i ( g t-r 
can be put in the form 


= Br ) where A — AlIa, C —CTI 
Or 14+ Di) a 


Yi | [LTL L and Br = By- + Bres Dy = Dy- + Or, with 





with |a| <r<1, 
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| Bi | < p", | ôs | < p*, and |p| <1. This is certainly true for the case k = 0. 
We shall prove that the matrix has this form for all n, by induction. ‘Thus 
assume the proposition true for the case k= n. Then the (n -+ 1)-st matrix is 


An B n ) S -+ On Òn ) 
Cn 1+ D,, ( En ttt, 


Now since this matrix product is considered as acting as a linear fractional 
transformation we may divide all four elements by the same amount without 
changing the effect of the matrix. Carrying out the matrix multiplication 
and dividing by ¢-+ 7, we obtain the matrix 


( An(S + on)pn + Brenpn Andnpn + By ) 
Cals + ondon + (1 + Dadenpn 1+ Dan + Cnbrpn /’ 

where pp = 1/ (t -+ ra). Now by virtue of the inductive hypothesis, | Ba | < B 
and | D, | < D, where B and D do not depend on n. Since op, Òn, Eny Tn are 
all aniformly 0(1) (as v and 2’ go to zero), we may choose # and v’ so small 
that 





I(s +o, + enB/A)/(t -} Tn) | << i, 
I(s + on + en(l + Dn)/O)/(E + Tn) | <r<i, 
| A8,/(é + ra)! Cpl, | C8,/(t + 7)| <p <i. 


Thus the (n -+ 1)-st matrix has the desired form. It should be remarked at 
this point that the constants C and D are still at our disposal. 

As before, we know that the [ ], are uniformly bounded. We now choose 
C and D so small that the denominator of the n-th iterate never vanishes 
and the uniform convergence of the iteration process is established. 


COROLLARY. If, in addition to the hypotheses of Theorem 5, f and g 
are assumed to be of class C”, then y is of class C™ in some neighborhood of 
the origin. 


Proof. The function y’ (s) can be represented as the quotient of two 
series both of which are majorized by X, Kr” with r <1. In taking successive 
difference quotients, one obtains series majorized by K >} Mf*(n!/(n—k) Nr", 
which is also uniformly convergent. 


8. Let T be a transformation of type (1), where f and g are of class 
C"™(n=1) and vanish at the origin together with their first derivatives. 
Furthermore, let s>1>¢>0. Then both T and T- satisfy the conditions 
of the corollary to Theorem 5 and hence, there exist exactly two invariant 


9 
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curves of, the transformation T, each tangent to one of the axes at the origin. 
We can perform a rotation of the coordinate system so that now neither 
invariant curve touches an axis. In these new (u,v) coordinates the two 
invariant curves may be represented as v==¢,(u) and v—d2(u). We now 
write X=v—d¢,(u), Y—=v—d¢e(u). Since the curves d, and ¢ġ are 
perpendicular at the origin, the Jacobian of this transformation does not 
vanish. The transformation T is therefore defined in these new variables. 
We thus have 


THEOREM 6. Let T be a transformation of type (1) with s>1>t>0. 
Furthermore, let f and g be of class O” (n= 1) and vanish at the origin 
together with their first derwatwes. Then there existis a non-singular change 
of coordinates X = X(2,y), Y==Y(a,y) of class C” so that in the new 
coordinates the axes are the invariant curves and T has the form 


Xı=s(X +F (X, Y)), Yı=t(Y + G(X,¥)), 


e 


where F and G are both of class C”, and where 
F(0,y) = G (z, 0) = F,(0,0) = F, (0,0) = Ge (0,0) = G, (0,0) = 0. 
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ON A PROBLEM OF LITTLEWOOD.* 


By R. SALEM. 


In his “ Research Problems” Littlewood. raises the question to know 
whether it is true that, given n distinct integers m, Mma, © *, Mp, there exists 
an absolute constant A satisfying ` 


2T 
f | emiz t.. . -4 gminie | dx > A log n. 
0 
The purpose of this paper is to prove the following weaker result. 


«THEOREM. Let ma, n==1,2,-- +, be an increasing sequence of positive 
integers such that log m, = O (logn). Then, as n>0, 


2r 
lim sup f | cos mz -+ - -+ cos Mae | de/ (logn)? > 0. 
(3 


The proof is extremely indirect and is based on the refinement of an 
argument used by the author (see Salem [2]) to give a new proof of the 
theorem of Menchoff on the convergence almost everywhere of series of 
orthogonal functions: namely, if {¢;}.% is any orthonormal system, and if 
>, y log?j <œ, then X yj; converges almost everywhere. 


Lemma I. Given Q(n) increasing to œ and such that Q(n) ==o(log n), ` 
there exists an orthonormal system {;},° in (0,1) and a sequence of coeffi- 
cients {a;}," such that Xa Q(j) <% and that the series $, ap; diverges 
almost everywhere. 


This lemma which is equivalent to the rough statement that “ Menchoff’s 
theorem can not be improved” is known. (See Kaczmarz and Steinhaus [1].) 


Lemma II. Given O(n) increasing to œ and such that O(n) = o(log? n), 
there exist 

1) a fiwed orthonormal system. {j}.° in (0,1), 

2) for each n, a non-increasing sequence {F;}," of characteristic func- 


tions of sets in (0,1) (depending on n), 
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3) for each n, a function QeL* in (0,1) (depending on n), with 
f Qae—1, such that 
lim sup > (f Fa dx)?/Q(n) == 0.: 


Proof. Take for {¢;}ı® the orthonormal system whose existence is 
asserted by Lemma I. If it were true that 


(1) Sf OF pide)? < 00(n), 


C being a constant, no matter how the sequence {F;}” and the function Q 
were chosen for each n, it would follow, by a known argument (see Salem [2]) 


p 
that given any n numbers yı’ ‘ ‘yn and writing S,(z) == 3) y;¢;, one would ` 
1 
have 
1 n 
f. sup | Sp(2) |? de < O (È y)’ (n). 
0 Spán 1 


By the classical argument of Menchoff,t this would imply that the series 
> %jb; converges almost everywhere whenever X 4;7Q(j) <œ. Hence, bv the 
particular choice of the system {¢,;}, a contradiction to Lemma I. 
We shall now prove a third lemma, in which we shall adopt the following 
notations : | 
{0,(#)},° is any orthonormal, uniformly bounded system in (0,1), say 
|a| SM. 


m 
{cr} is any sequence of coefficients, and Sm(t) == X, Côr (t). 
1 
{m;},° Is any increasing sequence of positive integers. 
y(t) is of the class L in (0,1), and y(t) 21 (y may depend on r), 
{o;(z)},” is any orthonormal system in (0,1). 
{F;(x)},” is any non-inereasing sequence of characteristic functions of 
sets in (0,1) (which may depend on n). 
1? We mean the argument of Menchoff’s theorem used to prove that for all ortho- 
1 
normal systems {$5}, f sup 8, (w) [*dx <C (3 7,2) log? n and deducing from this 
“oO irs 1 


inequality that 3 y,¢, converges almost everywhere whenever 3 y; log? j<, 

In order to apply this argument (see, e.g., Kaczmarz and Steinhaus [1]) it is 
neecssary to suppose that Q(n)/logn exceeds a constant. But this is irrelevant for 
the proof of Lemma Ii, since clearly we can replace, in (1), Q(n) by a function 
increasing more rapidly. 
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Q(x) is any function of the class L? in (0,1) (which may depend on n), 
i 
with f Q?(«)de=1. 
0 
For the sake of simplicity, everything is real. 


Lemma III. We have, with the preceding notations, 


> ( Jf, OF sj da) %on,? E M*( f, vat) - max f Sm, (t) p(t) dt. 


Proof. The system of functions p(x, t) == ¢;(@)6m,(t)w(t)3 is ortho- 
gonal in the square OS ¢S1, 0251. Let 


(2) n= f f p(z t)dedi— F Om (yS Me f vat, 
and consider the function 
; P (a, t) =È aQ (2) fel @)On(E) (8), 


where the {f,(#) },™*» is a non-increasing sequence of m, characteristic func- 
tions of sets in (0,1) which will be determinéd in a moment. 


One has, if j= x, f i f P(x, t) p(z, t)dedt = em, f Ofm ġid, while 
the left-hand side vanishes if 7 >n. Hence Bessel’s inequality gives 
(3) $ ( J. "Ofa pda) ent /4 S f i f "P*(a, t) dxdt. 
Now — . n 
P (a, t) = Q(#)/ (EEE f(a) h(t) = Q (2) E afe s(t), 
where Af; == f(T) as fisr(%), Afm,—=fm, Remembering the definition of 


fe(), we have P#(«,t)—Q*/y X Afr sk? (t) and 


' J J P(x, t)dedt = f “orafude) J, OMA) 


Take now 
fy ==; for m4. <k Sm; (j == 1,2, =en), (mo=0), 


and write AF; == #;— Fj, AP,—F,. Then 
1 1 n L 1 
f f P*(2, t)dedt —S ( f Q?AF de) ( f sm? (€) /y (Edt) 
9 8 3 T 8 G 


| Smax f sm? (t) V(t) dt, 


13j 
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1 

since f Q°de—=1. Hence, by (3) and (2), 
6 


n 1 1 1 
S ( ( QF idx) cn <M? f giy max f Sm,2(t) /ur(t) dt, 
8 a 1Sjtin e/ o 


jal 
which proves the Lemma. 
Proof of the theorem. The notations being the same as in the Lemma, 
take O(t) == cos (kt —«,), so that the series 3) ¢,0.,(¢) becomes a trigono- 


metric series (the fact that the interval of orthogonality is (0,27) and that 
the system is not normalized is obviously irrelevant). We define now: 


YC) a (2) sin | Sa) tes 


and we suppose that |c,,|28>0. The lemma then gives, A being an 
absolute constant: 


Èf OF) LA/S (edt) max f Tsm (| de 
j= ISjen 


Now it is easily seen, since Sm, 1s a partial sum of the polynomial s,,,, that 


(4) f “te (dt =O logins f sm, (t) | dt. 


Hence 


n 1 2r 
> cf OF pide)? = AC/8 log m,- max cf | Sm, (£) | dt Y. 
j= 0 ISj=n 0 


Now suppose that log m, = O(logn). Then the second member of the last 
inequality is 


2r 
O (log n) - max Cf | sm, (£) | dE}. 
1Sj&n -0 
2q 
If we had lim f | Sm, (t) | dt/ (log j)? = 0, the inequality would give 

0 

n 1 

3 ( f QFsgydr)” = o(log°n), 

R= 0 


the second member being independent of {¢;},°, {F;}h” and Q. This is 


impossible, by Lemma II. Hence, if in the series Í; c, cos (kt-——a,), whose 
1 
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m-th partial sum we denote by Sm, we have | cn, | Zò > 0, log m; = O(log), 
then ' 


(5) lim sup f Tsm, (€) | dt/(log j)? > 0. 


This result includes obviously our theorem, which is thus proved. 


Remark. Let us observe that if € c,cos (kt— a) is a Fourier-Stieltjes 
series, one gets a stronger result than (5): for then (4) can be replaced 


by f, “Wn (t) dt = Blog m,, B being a constant. We have then with the same 
0 
hypothesis 


n 1 l 2T 
S ( { QF idx)? =O (logn) max f | Sm, (t) | dt, 
j=1 0 0 


which leads, instead of (5) to 


27 
(6) lim sup f | Sm, (t) | dt/log 7 > 0. 
0 


` 1 y 
This is, in particular, the case, if lim inf f | sm (t)| dt—=0(1), since this 
0 


relation implies that J; cwcos (kt—a,) is a Fourier-Stieltjes series. 


Other consequences of Lemma III. Lemma III can be used to prove 
other results. We shall give one example, which generalizes a result obtained 
earlier (see Salem [2]). 

By 6,(¢) we denote now generally, as in the Lemma, any orthonormal, 
uniformly bounded system in (0,1), with |0.(t)| SW. Writing as before 
Sm = >, Côr, we shall prove that if | cm, |logj—>œ then sup|s,,(t)| cannot 

1 j 
belong to L. 
In fact, suppose sup | s,,,(¢)| eZ, and choose, in the inequality of Lemma 
j 


III, w(t) = sup | Sm, (t)| +1. The inequality becomes 
j 


Ef QF ibide)%n? EM fy (t)aty®. 


Now, if |cm,|logj—>œ, we can find a function w(j)—>0 such that 
w(j)/logj decreases and that [c,,|logj >w(j). Hence 


(o(m)/logn)? È ( f “QR ypida)? sur f yan), 
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which again contradicts Lemma II, by a suitable oo of {¢j}1%, {F} 
and Q. 

Hence ue | Sm,(¢)| eZ implies lim inf | cm, | log7—=O(1). 

One eee immediately (by considering a subsequence of {m,;}) that 
sup | Sm, (t)| £ L implies cm, — 0. 


In particular, sup | sm(¢)| eZ implies ¢,—>0 for any orthonormal, uni- 
formly bounded system. Direct proofs can be given of this result, a remark 


which I owe to A. Zygmund. 


MASSACHUSETTS INSTITUTE OF TECHNOLOGY. 


BIBLIOGRAPHY. 


ey 


[1] S. Kaczmarz and H. Steinhaus, Orthogonalreihen, Warszawa-Lwoéw, 1935. 
[2] R. Salem, “A new proof of a theorem of Menchoff,” Duke Mathematical Journal, 
vol. 8 (1941), pp. 269-272. 


SOME LINEAR MINIMAX PROBLEMS OVER AN ORDERED 
FIELD.* à 


By R. J. Levit. 


l. Introduction. Let S be a subset of an n-dimensional vector space 
over an ordered field F, fixed throughout the paper. If, as the vector 
X= (X, -+,X,) ranges over S, max|X;| has a minimum value J/*, then 

j 


M* is called the minimas of S. Clearly, when M* exists, it may be charac- 
terized as the unique element of F satisfying the two conditions, 


For every Xe 8 max | X;| = M*. 
(1,1) jetre 
There is a vector X* e5 such that max | X*;| == M*. 


aias 
A vector X* satisfying the second of these conditions is called a mimmas 
vector of S. It may be regarded as least among the vectors of S in the 
sense that each component is at least as small in absolute value as some 
component of every other vector in 8. 

Given a consistent system of linear equations with coefficients in F,- 


(1.2) Dy lyti = io (i = i m), 


j=l 

let G be a set of integers g1’ *',gs l1g,S=n, and denote by S® the 
totality of vectors (Xy,,- -+,X,,) such that c= (Xi, - -,X,) is a solution 
of (1.2). The minimax MC of ŞC we call the minimas of the system with 
respect to @g,°* *,%, Thus, M¢ is the minimum value of max | X;| as X 

jeG 

ranges over all solutions of (1.2). A minimax vector XC of S@ we call a 
minimas solution with respect to £g,’ ` °, Zg, Our main result is the deter- 
mination of MC and the characterization of the minimax solutions with 
respect to Tgp’ - -,@,, for the system (1.2). If certain submatrices of the 
matrix of (1.2) are non-singular, there is a unique minimax solution X%, 
and an explicit formula is given for it. These results are obtained in Section 4 
utilizing the already known case of a single equation [1], which is discussed 
in Section 2, and the notion of a Pliicker array, which is defined and 
developed in Section 3. 


* Received July 7, 1953; revised December 15, 1954. 
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In Section 5 the results of Section 4 are applied to determine the minimax 


M* of the range of a vector function D(a,--+,%q) having as components 
the linear functions, 
q 
(1.3) Lift: : *,2q) = > bie; — bio (4 == 1, - n); 
j=1 
aS Tı,’ ° ',%q range independently over F. In this case M* is called the 


minimax of the system of linear functions. The vectors X* == (4'*,,°-°+,X*,) 
such that max | L,(X*)| == M*, called the minimax points of the system, are 
i 


characterized also. 

In Section 6 the results of Section 4 and Section 5 are applied to some 
problems of best approximation in the Tchebycheff sense; namely determina- 
tion of best approximate solutions to inconsistent systems of linear equations ? 
and best approximation of arbitrary function on finite sets. The latter 
generalizes some results of De La Vallée Poussin [5]. 

2. The minimax solutions of a single equation. We consider the 
equation, 

7 
(2.1) Pd aa (a;eF). 
zI 

Lemma 1.1. If X is a solution of (2.1) and a;340 for at least one 
integer j, 1S j Sn, then max | X;|= |u], where 


ne 
(2.2) p=a/ X |a|. 

Proof. The result follows immediately from 
(2.3) | do | == 3] ay| |X; = (max | X5]) È | ay], 


THEOREM 1. Denote the set {1,- - ~n} by N. If in (2.1) y0 for 
at least one je N, the solutions have the minimax MY =| u|. Let D be the 
set of mtegers 7eN for which aj=0. Then XN is a minimas solution if 
and only if 


(2. 4) |X*;|SlelGeD); AN; =psgna, (jeN—D). 


* This problem has been solved in the field of real numbers by M. Krein [3] using 
functional analysis and in the field of complex numbers by V. K. Ivanov [2]. 

? This problem has recently been treated in the field of complex numbers by E. 
Remez [4]. 
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Proof., Consider first the case dođi’ ° *G@,540. By the lemma |p| 
satisfies the first minimax condition (1.1). For a solution XY of (2.1) 
equality holds between the first. and second members of (2.3) if and only 
if the non-vanishing terms in the sum $ a;X; all have the same sign (which 
is then necessarily the sign of ao) and between the second and third members 
if and only if the X; all have the same absolute value. Hence, max | X; | = | x | 
if and only if sgn X; == sgn aoa; == sgn wo; and | X;|==| | for j= 1,:--,n. 
Since direct substitution with the aid of (2.2) verifies that z; = p sgn aj is a 
solution of (2.1), |æ | also satisfies the second minimax condition (1.1) with 
the second expression (2.4) as the minimax solution, which is unique in this 
case. The proof for D empty is then completed by noting that, when a, = 0, 
the unique minimax solution is XN; == 0, j—1,:--+,n. Finally, when D is 
not empty, we apply the foregoing result to the system ©, ajv;==a). Then, 
since dof x | d; | = p, the theorem is proved. R | 

8. Sign-compatibility of Pliicker arrays. Any skew-symmetric square 
array over F of rank two or less we call a Plucker array (P.a.). The existence 


proof for minimax solutions of (1.1) depends on the property of these arrays 
stated in Theorem 2 below, which involves the following notion. Two vectors, 


(3.1) CO, = (611, ° elie) C = (Ca, ° i t Gasy 


over F are called sign-compatible (s.c.) if Sgn C1;CojCipCor z£ ——1 for 
j,e==1,---,8. This relation is evidently symmetric and reflexive but is 
not transitive; e. g., of the vectors (1,1,1), (1,0,1), (1,— 1,1) the first and 
second are s.c. as are the second and third but not the first and third. 


Lemma 2.1. Let the vectors (8.1) contain a paw of corresponding 
components Cia ANA Coq SUCH that Cyalag 740. Then O, and O, are s.c. if and 
only if 


(3.2) SEN CjC2j == SEN Cigloq 


whenever C;Coj 0. 


Proof. Ii C, and C, are s.c. and Cija 540, sen CijCojCiaCza = 1, and (3.2) 
follows. Conversely, assume (8.2) holds whenever ¢,j;¢.;540. Then for 
arbitrary 7,4—1,--:-,s either ¢;j;C2j6,,€0,—=0 or 


SEN C1jCoj = SEN Craloa = SEN Ciglar 7E 0 


so that sgn 6;;C2jCixC2,== 1. Hence, C, and C, are s.e. 
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LemMaA 2.2. If vectors Cy, Ca Cr are rows of a P.a. O = (ci), then 


(3. 3) Cas + GaGa + Cpr = 0. 
Proof. If 
(3.4) Cpa = Car = Crp = 9, 


(3.3) holds trivially; hence, we assume (3.4) does not hold. Since the 
rank of C is not more than two, there are elements kı, ko, kag F not all zero 
such that 


(3.5) le Cpj + bata; + heserj = 0, ((=1,: > +58) - 


where s is the order of C. For definiteness we assume k,540. ‘Then, writing 
(3.5) in the cases j==p and f =q and applying the skew-symmetry of C, 
we obtain respectively 


=— Kolpa + kzCrp == 0, lez Cpg — kzCgr Emm Q. ` tad 


These imply that ¢p,~340, since otherwise (3.4) would hold. Hence, 
kin = bgCrp/Cpa Ki = ksCqr/Cpq. Substituting these values into (3.5), we 
obtain (3.3). 


Lemma 2.3. Two rows Cp and Cq of a P.a. C= (ey) are proportional 
af and only tf Cp = 0. ; 


Proof. Let cp; = kca 4 == 1,: + +,8, where s is the order of C and kef. 
Then in particular, ¢y,—kegg=90, since C is skew-symmetric. Conversely, 
let Cpg== 0. Tf cp; 0 for j==1,- © -,s8, Cp and C, are proportional. Other- 
wise, there is an element ¢y-5403; SO Crp = —-Cp 0. By Lemma 2.2 
Carp + Erpa =0. Hence, Cp and Cg are proportional. 

A P.a. is said to be reducible if two of its rows are proportional. By 
the lemma just proved a P.a. is irreducible (not reducible) if and only if 
all its zero elements lie in the main diagonal. Let O == (cy) be a reducible 
P.a. of order s with row C, proportional to Ce 


(3.6) Coy = Klag (= 1, -sike F). 


The sub-array C’ obtained from C by deleting the row and column of index b 
is called a direct reduction of C. An (s—vn)-rowed minor array C™ of C is 
called a reduction of C if there is a sequence O’, 0”,---,C@ of reducible sub- 
arrays of C each of which is a direct reduction of its immediate predecessor 
and such that C’ is a direct reduction of C and C™ of C™-Y, It is convenient 
to regard C == ( as itself a reduction of C. Clearly, a reduction of a P.a. 
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is again a P.a. We use the symbol Cœ; to denote the row (¢y,,° °°, Cien) 
of CM, 


Lemma 2.4. Two rows CM, and CM, in a reduction C™ of a reducible 
P.a. C= (cy) are proportional if and only if Ca and Ce are proportional 
and are s.c. if and only if Ca and Oe are s.c. 


Proof. It is sufficient to prove the lemma for n==1; i.e., for a direct 
reduction ©’ of C. Let C'a and C'e be proportional. Then by Lemma 2.3 
Cag = 0, and hence, Cg and Oe are proportional. Next, let C'a and C'e be s. c., 
and suppose that O’ has been obtained from C by deleting the row and column 
of index b so that (3.6) holds for some integer a. Then, 


(3. 7) SEN CajCejCamlem F— 1 
holds for every 7,m==1,:--,b—1,b-+1,---,s. But 





SON CajCejCanCen = SEN CasCejCyaCng == SED CajlejlCoalag == SQN MN CajCojCaqlea F — 1 


by (3.6), (8.7). That is, (8.7) holds for m =b also so that Cy and Ce 
are s.c. The converses are trivial. 


LEMMA 2.5. If a P.a. C= (cy) contains a set of r rows no two of 
which are proportional, so does any reduction of C. 


Proof. It is sufficient to prove the lemma for a direct reduction Q”. 
Let C’ be obtained from C by deleting the row and column of index b so that 
(3.6) holds for some a. Let Z be the set of indices of the r rows in question. 
If b¢T, the conclusion is an immediate consequence of the preceding lemma. 
Otherwise, ag I and the set {C’;} for ie 1 — {b} + {a} is composed of r rows 
of C’. By Lemma 2.4 no two of these rows are proportional except possibly 
Ca and some row C'a with de J—{b}. But, since C, and Ca are not pro- 
portional, Caa £ 0 by Lemma 2.3. Hence, ¢gg540 by (3.6), and accordingly 
by Lemma 2.3 C’, and C'a are not proportional either. 


Lemma 2.6. Let (cy) be an irreducible P.a. of order s Z4; define 
the vectors Vin = (Cir, Cia,‘ © +> Cin), M==1,°* +, 8, and let d, e, m be integers, 
Ae t<dsms,lmex=m. Then if Vim is s.c. with both Vay and 
Fem, Vima IS &. 6. with at least two of the vectors, Vami, Vemi Veime- 


Proof. If Vama and Femu are both s.c. with Vime there is nothing 
to prove. Otherwise, we assume without loss of generality that Vam is 
not s.e. with Vine. Then there is an integer a4, 1< asm, such that 
SEN CraCqai,meiCdmer = — 1, OF SEN Ciolaa = — SED Cimla ma FO. But, by 
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Lemma 2.1 for every integer 754d such that 1 <j Sm, sgn ¢1j;¢aj == sgn Calda 
since cy 50 for 7541 by Lemma 2.3. Hence, 


(3. 8) SERD Cija; == — SBT 61 mi Cami Af Q (1 < 7 = M, 9 zE d), 
and in particular sgn CieCae == — SEN €1,ms1€4,ms1 9, SO that because of the 
skew-symmetry 

(3.9) SED Cael, msi = SED Ceila, mri 7E Ô. 


Similarly, if Fem, were not s.c. with Vimi SED CeCi, m11 == SED CaiCe,me FF Q, 
Or SEN CacC1yms1 == SEN Cridem £0. This combined with (3.9) would imply 
that Caeci, mer + CerCa, mar +- CidCe,m+1 £ 0 contrary to Lemma 2.2. Hence, Vem 
is s.c. With Visma. Since by Lemma 2.2 Cm+1,10ja F CrjOmira F CjmirCia == 9 
and, for j £d such that 1 < jm, sgn C1jCms1,a = SED Cmir,1Cja =O by (8.8), 
it follows that 


SEN Cj, mir Crd == — SEN C1jCmy1,a 7E 0, OF SEN C1jCms1,j = SEN Cralmir,a FF Ù 


for 1 <j & m; i.e, whenever ¢1jCms,j740 by Lemma 2.3. Hence, by Lemma 
2.1 Vanima is s.e. with Fima; and the lemma is proved. 


THEOREM 2. If a P.a. C= (cy) contains a set of three rows no two 
of which are proportional, then any gwen row C, containing a non-zero 
element is s.c. with precisely two rows C; and C, not proportional to Ca or 
to each other. C; and Cy are not s.c. with each other provided that C 
contains a row not proportional to any of the rows, Ca, Cy, Cy. 


Proof. We may suppose without loss of generality that Ca is Ca, since 
a P.a. remains a P.a. when the rows are renumbered in any order provided 
that the columns are also renumbered in that same order, and since sign- 
compatibility and proportionality of rows is independent of their numbering. 
First we establish the existence of the rows C; and C, when C is irreducible. 
In the notation of Lemma 2.6 V, and V}; are s.c. with Vis, since 6; == 0. 
When the, order of C is s=:8, this means that C, and C, are s.c. with C. 
When s = 4, it implies that at least two of the vectors, Vo1, V4, Vas, are 8. c. 
with Vi, by Lemma 2.6 with m =3. Similarly, applying Lemma 2.6 with 
m= 4, 5,: * +,s——1 successively, we find distinct integers f and g, 1<fss, 
1<gss, such that V;, and V,, are s.c. with Vis; i.e., O; and O; are s.e. 
with Cı. Now suppose C is reducible, containing n rows proportional to C, 
(besides O, itself). The minor array obtained by deleting these n rows and 
the corresponding columns is by Lemma 2.4 a reduction C™ of C, in which 
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O™, is proportional to no other row. By Lemma 2.5 C™ has an irreducible 
reduction CO, r= n, containing at least three rows, one of which is CM, 
As already shown for irreducible arrays, C contains two rows, C™, and C™,, 
s.c. with CM,. Hence, by Lemma 2.4, C; and C; are s.c. with Ci, and no two 
of the three are proportional. Next, if there is a row C, not proportional 
to any of the rows, Co, Cr, Cy, then by Lemmas 2.3, 2.1 sgn CigCjg == SEN Cin Cyn; 
SON CyCgf == SEN CipCyn, aNd hence, sen Cigls, = SED CinCsg —=—- SED CyCgn. There- 
fore, Sgn 61/CnsCrgCay == SEN CfrCgiCsnCgn = —1. Thus, Ca cannot be s.e. with 
Cı and neither can Cy be s.e. with Co. 


4, The minimax solutions of the general system. If the system (1. 2) 
is consistent and has rank r> 0, we can number the equations so that the 
subsystem, 

(4.1) > a; == (Lig (heme Tote), 

` j= 

also has rank 7. It is then clear that, with respect to any given subset of the 
unknowns, every minimax solution of (1.2) is a minimax solution of (4.1) 
and conversely. We, therefore, confine our attention to the system (4.1) 
with rank equal to the number of equations. Denote the matrix of (4.1) 
by A; i.e, A = (ay) is an r Xm matrix of rank r. Denote the augmented 
matrix by A, the rX s matrix composed of the columns of A with indices 
jis’ tsje in that order by Aj,...;,, and the determinant of the square matrix 
Aj,...;, DY a.a It is sometimes convenient to let J denote the ordered set 
(Got 5Je), LSGSssSn, and write Ay,,..;, for Aj,.;, and similarly for 
the o’s when s==7, If J is the null set, we understand A,;,...;, to be the same 
as Az.. The determinants «;,..;, play an important role in the minimax 
problem because they are essentially Plticker coordinates for the (n-—~71)- 
dimensional subspace of intersection of the r hyperplanes (4.1) in projective 
n-space over F, and they consequently characterize the totality of solutions 
independently of the particular system of equations through which it is defined. 
However, we shall derive the required properties of the ’s directly without 
recourse to this geometrical interpretation. Evidently an interchange of sub- 
scripts merely changes the sign of a,,..;,; and, if two or more subscripts are 
alike, aj..;,.220. Ifr>1 and J= (jn: fra), we denote the (r—1)- 
rowed square submatrix obtained by deleting the row of index i from Ay by 
At, and its determinant by «ty. We then have 


T 
(4. 4) 2 (— 1) tat yay = OF G = 0, pe n). 
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Lemma 8.1. If (X4,°-+-+,X») ts a solution of the system (4.1) and 
J = (Ji: ` Erer 
(4. 5) 2 2. = OJo. 
j=i 


Proof. By (4.4) 


n % r T % 
2 azy; = DD (— 1) aay = > (— Traits 2 Qik i 
zl j= <1 4-1 SL 


j=1 is 


z , 
== 2, (— 1) igilo = Qo. i 


4=1 


By (4.4) if J == (fnt © t, fri); the last row of the matrix 


ay key i Bike 
Orig, oe rises 
ay Ky els ay lr ‘ 


is a linear combination of the first r rows, and hence, the determinant vanishes. 
Expanding by elements of the last row, we obtain the bilinear relations. 


T+ 
(4. 6) 2 (— 1) A. ae ee brah. jrak = 0. 
pz 


Lamma 3.2. Let K = (kı; ` -,ky2) be a sequence of r—2 distinct 
integers, 1E k&n. Then the array (agy) for ij =l, nisa Phiicher 
array. 


Proof. Evidently, «gy ==— gj; Moreover, setting fa = ka for h=\1, 
"+ 1—2, jra = j, kra =d, kp, kra =f in (4.6), we obtain 


(4.7) Oettray T OKfažKej + OKdeðKj == 0. 
Thus, three arbitrarily chosen rows, (@zn,°°*,@%in) for i= d, e, f, are linearly 


dependent. 
The following familiar result is stated here for reference. 


Lemma 3.3: If a matric B has a non-singular rX r submatrix C and 


all (r-+-1)X (r+1) snbmatrices of B that contain C are singular, the 
rank of B isr, 


Let J == (J1, © +, fra) be a sequence of r— 1 distinct integers, 1 =j, Sn. 
The number w(J) of zero determinants in the sequence (ag), j==1,° °°”, 
we call the order of J with respect to A. Evidently, w(J) =r—t. If 
w(J) <n, we call J a proper column index sequence (p.c.i.s.) for A. Since 
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A is of rank r > 0, there is a determinant @;,..;,540. Hence, there is always 
a p.c.is. for A. (When r—1, the (only) p.c.i.s. for A is the null set.) 


LEMMA 3.4. J= (ju ',fm) is a p.c.t.s. for A if and only if Ay 
has maximum rank r— l1. 


Proof. Let A; have rank r— 1 so that, for some integer g, A%; is non- 
singular. Let A’ be a matrix obtained by permuting the columns of A so 
that Ay occupies the first r— 1 columns. The only r X r submatrices of A’ 
that contain A%, are the matrices Ay; with 7¢J. They cannot all be singular, 
since by Lemma 3.3 the rank of A’ would then be r—1 instead of r. Hence, 
at least one of the determinants gz; does not vanish; so J is a p.c.i.s. for A’ 
and hence, for A. Conversely, if w(J) <n, there is an integer f, 1S f&n, 
such that a,,;540 and hence, by (4.4) not all the minors a‘; are zero. 
Therefore, the rank of A; is r—1. 


Lemma 3.5. Let H be a sequence of q<r integers hi, + +, hg 
lS h, Sn. If the matric Aq has maximum rank q, then there ws @ p.c.t.8. 
for A containing H. 


Proof. Let Ay have rank g. If g—r—1, H is itself a p.c.is. by 
Lemma 3.4. Next, let g—=r—1—s with 1Ss<r—1l. Ay» contains a 
non-singular g X q submatrix Q. If every (¢+1) X (q+ 1) submatrix of 
A containing Q is singular, then by Lemma 3.3 r= q contrary to hypothesis. 
Hence, A has a non-singular (¢-+1) X (¢-+1) submatrix Q, containing Q. 
If s=1, the order of Q, is r—1; and by Lemma 3.4 the indices of 
the columns of A occurring in Q, constitute a p.c.i.s. containing H. If 
s> 1, we repeat the process obtaining a (q4 +2) X (¢+2) submatrix Q: 
containing Q, and therefore Q. After s such steps we obtain a non-singular 
(g-+s) X (q +s) = (r—1) X (r—1) submatrix Q, containing Q, and the 
indices of the columns of A occurring in Qs, constitute the desired p.c.ivs. 
containing H. 


Lexma 8.6. Let the matrix A be such that the sequence L= (1,2, 
-+,r—I1) wa p.c.t.s. of order w and 


(4. 8) ary=0 (j=1,;::,w); a0 (G=w+ti,--,n). 
and let J = (Jı, ` `, fra) be a sequence of integers, 1S jS w. Then, 
(4.9) gr = QJALk (w= 
where 6; is an element of F independent of k; namely, 

(4.10) 67 = Oyn/ On 


10 
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Proof. By Lemma 3.4 there is an integer g such that A’, is non-singular. 

All the rX r submatrices of A,» containing A% are singular by (4.8). 

Hence, by Lemma 3.3 «j,—0, k==1,- - -,w;so that, setting kr = h, h—1, 

‘yr, kp—=n, hyp, =k, (4.6) becomes — a&rrðgn + Gruntz, = 0. Since 
L is a p.c.i.8., @m 540 by (4.8) and the lemma follows. 


Lema 3.7. Let A be as in the preceding lemma with the further 
property that a"r 340, and let K = (ki, + +, kp») be a sequence of distinct 
integers, 1S k, S< w. Then, for each j==1,- >- n 


(4.11) Or je = Pie" Kk (4—=1,:--,w), 
where p; is an element of F independent of k; namely, 
(4.12) bj == — Arj% L 


Proof. By (4.4) and (4.8) we have 


Aik, Qiks» ay 3 thy k 

OO = oy == — X ge (k=1,: > -,w) 
Ari, ky Ari, tr-a r-i) Ar-1,k 
Onk, ° |? “Aikpg QL) Fhe 


Lemma 3.8. With the hypothesis and notation of Lemma 3.7%, of K isa 
p.c.i. S. for A"i..w there is an integer e, 1S eS w, such that Ore0 and 
dire; 7&0 for j=w-+i,: " "nN. 


Proof. Since the order of K with respect to ÆA”; ...w is less than w, there 
is an integer e, 1 = e & w, such that o’g,540. Hence, Ax, has maximal rank 
r-——1; so by Lemma 3.4 (kı, - -,k-2,¢) is a p.c.i.s. for A. Thus, there 
is an integer q, 1 Sq S n, such that ageg540. By Lemma 3.6 Oreg = Oxetrg. 
Hence, 6x-540, and therefore axe; = Oger z£ 0 for j—=w+1,:--,” by (4.8). 


Lemma 3.9. Under the hypothesis of Lemma 3.8 there are wmtegers f 
and gw<fSn,w<gsn, such that all the non-zero members in the set 
{argitrj}, j==w+1,:-+-,n, have the sign of by (defined by (4.12)) and 
all those in the set {axsjar;} have the sign of — dy. 


Proof. If gy = 0 fori,j—w-+1,---+,n, the theorem is trivial. Hence 
we assume there are integers b and c, w<b&En, wen, such that 
arbo 50. By Lemma 3.8 there is an integer e, 1 =e = w, such that ag.;540 
for j=-w-+1,---,n. Then the array (agy) (4,7—1,:.:-,2), which by 
Lemma 3.2 is a P.a., contains three rows no two of which are proportional ; 
namely, Re == (aren + +, Men), (Oron °°, Gon), (Oreo © > Sen) by Lemma 
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2.3. Accordingly, by Theorem 2 there are two rows R= (@gn,' * +, &xyn) 
and Eg = (G@xz91,° ` ‘,%Kgn) S.-C. With Re and not proportional to Re or to 
each other. By Lemma 2.3 


(4. 13) Crest xeg%Kfy 0 ; 


and, since &ges = 0 for k=1,: --,w by Lemma 3.7 and eq. (4.8), f>w 
and g>w. Then for any integer 7, w<j&n, such that agy 0, 
SQN Qrej&rj = SEN QKeg%rfg by Lemma 2.1. But by Lemma 3.6 axe; = OxeGry 
and Greg = OxeXr,; and therefore, since Oz¢e740 by Lemma 3.8, 


(4, 14) SEN Grp %rj = SED Orpg%rg. 

Likewise for any integer j, w < j S&S n, such that ag,;5<0, 

(4. 15) SON Ax yi%rj = SEN AryfBzy. 

By Lemma 3.6 and eq. (4.12), 

(4.16) sgn (&regtreg/4L) = Sgn (Ar72n9/87,) = — Sgn y% zg = — SEN polr. 


By (4.18) one of the expressions, @es%reg%xjg ANG GOres%xeg%Kos, IS positive 
and the other negative. Hence, we may assign the subscripts f and g so that 


sgn. (ORneGKeg@Kfy/O" 1, = |, 
Therefore, by (4.16), — Sgn dy@rg¢xyy = 1, Or SEN Uxy9%7g = — sgn dy so that 
by (4.14), 
(4.17) SQN arfi% = — SQN dy 
for all non-zero members of the set {zarn} j—=w+1,---,n. Again by 


(4.16) — Sgn bg&zyexyg = 1, or Sgn arg% = Sgn dy so that by (4.15), 
(4, 18) Sgn Ax pj@tzj — SEN oy 


for all non-zero members of the set {ox,jur;}. (4.17) and (4.18) establish 
the lemma. ` 


Let J = (ja> ` +, fra) be a p.c.i.s. of order w with respect to A, and 
denote by fr, Jrs" * `, fn the integers 1,- - -,m not in J in an order such that 


(4. 19) az =0 (v=—1,---,w); az Æ0 (v=w+ 1, n). 


Hence, the system (4.1) (of rank r) has solutions with arbitrary values 
assigned to Tin Tino °°, %j,,- In particular, if we define 


; | 
(4. 20) pa = &so/ 2 | asil, Ys = wy SED yy (j= 1,- + n) 
j= 
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(S| ay; | 40 since J is a p.c.i.s. for A), there are elements Xj,,- © -,Xj, 
jz : 


and Aj, in F such that T; = YJ} for 7 = furis Oro'a fn-13 tj =; for 
j == j" * Jw, În i8 a solution of (4.1). Then by Lemma 3.1 and eqs. (4.20), 
(4.19), 


w nod n-i 
Ago = È Asiy X iy H D, Ay Yli F Cry A in = HI Da | Carty | F iX in 
p=1 pzwri pol 
= Gyo + | Zlin | (Xj, SEN Oyj, — jas). 


Hence, X; = wy/sgn &1;, == YJ We conclude that the system, 
w n : 

(4. 21) D; ijy Bp = Big — D Qi yaty e *57); 
pol pr=wtl 


in Z’ -,%;, has the solution (X;,---,X;,). The matrix A;,..;, of this 
system contains a non-singular (r—1)-rowed submatrix A’; by Lemma 3.4; 
and by (4.19) all the r X r submatrices of A}... j, containing Áf; are singular. 
Hence, by Lemma 3.3 the rank of A,,.. j, is r— 1. The set of equations 
(4.21) is called the derived system of (4.1) with respect to J. We have just 
proved 


Lemma 3.10. The derived system of (4.1) with respect to a p.c.t.s. 
for A is consistent and has rank r— 1. 


We now define 


-~ e © © © 6 MH a ù © @ @ @ 





n 
(4. 22) Wig = Gio — 2 Miri Ko = 
j 1 


jz w+ 





Mr- k °° EEE, 56 
r 28 
I x 
we == Ol of Dd, | OEE | 
k=i 
where K and L have the meanings assigned in Lemmas 38.6 and 3.8. 


Lemma 3.11. Under the hypothesis of Lemma 3.8, there is an integer h, 
w <h&n, such that either | ugr |=| pr | or |pr| 2 | een| Z | wz]. 


Proof: By Lemma 3.10 the derived system of (4.1) with respect to the 
p.cis. L= (1, © +, ,r—1) has a solution (X4, * +, Xw), so that with the 
notation (4.22) 


w 
(4. 28) È dade = Wig (t= 1,- ` aes 


and, assuming a suitable numbering of equations (4.1), the first r—1 equa- 
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tions of the derived system form a system of rank r-~1. Applying Lemma 
8.1 to this latter system, 


w 
(4. 24) ` ATELA k mn X’ Ko. 


kzi 


Then by Lemma 3.7, eq. (4.24), (4.22), and Lemma 3.7 respectively, 
w wW w 

(4.25) 2 Oink, = pj 2 A'ERA k = pj% Ko == ivi 2 | OP xx | 
= zi = 


= plac (SB by) 2 | aseje | (j =w -4+1, > -,n). 


But by (4.23), (4.22), (X o' + °; Xw YLwns'**, Yrm) 18 a solution of (4.1), 
and by Lemma 3.8 Kj = (k1,: - +, kr- 1) is a p.c.i.s. for A when w <} En. 
Accordingly, l 


n w ` % 
(4.26) prjd | Arik | == Ojo == D Arrr + > ORY Lk 
s k=1 k=l k=w+l 


w 7 
= p'r (sgn g;) D | Arje | + È expeyne 
kei knw 


for j=w+l1,---,n by (4.20), Lemma 3.1, (4.25) respectively. Let f 
and g be the integers whose existence was established in Lemma 3.9; define 
h=f if pow’ <0 and h==g otherwise, so that all non-zero terms in the 
last member of (4.26) have the same sign for j ==h. Then we obtain from 
(4. 26) 


n w n 
| ean | D | rre | =| wr | X | arr) t lur| X |aeg]; 
k=1 ket kzw+l 
and hence 
av n 
(| urr |— | wr) È | arre | = (|ar| — | oe |) $ | az |, 
keri k=w+1 


from which the lemma follows at once since 3) | azne | 340 by Lemma 3.8. 
kal 


We now define the residual submatrix of a system of linear equations 
(1.2) with respect to Zp,’ **,£g, a8 the matrix obtained by deleting the . 
columns of index gı,’ * *, gs from the matrix of the system, and proceed to 
state the principal theorem, 


THEOREM 8. Denote the set {1,--+,n} by N; let @=={g1,: + -,9,} be 
a set of s integers of N, and write H == N ——G. Let the matris A of the 
system (4.1) have rank r equal to the number of equations. Also, if s <n, 
let Ay, the residual submatrix of (4.1) with respect to 2° ` `, 2g, have 
maximum rank. Then the system has the minimax MS with respect to these 
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unknowns given by the following: (a) For 1SsSn—r, M°=0 and the 
minimax solutions with respect to Lg,’ * *,%,, are the vectors XC such that 


(4.27) XG, = 0 (jeG); Pe aa (4==1,- k T a 


(b) For n—r <s & n, ME = max | ps |, where uy is defined by (4.20) and J 


ranges over the set Ty oieta of all the p.c.i.s. for A that contain H. 
Moreover, let E be a p.c.t.s. in Ty such that | un | = max | py | and let D be 
the set of integers je N such that se 


(4. 28) Gaj==0 (jeD); ag 0 (je N — D). 
Then the minimax solutions with respect to Tg,' ` `,8g, are the vectors XS 
such that 

(4.29) X9; = yr; (je N —D) 


where yg; 1s defined in (4.20) and the remaining components satisfy the 
equations, 


(4.30) es == Big — Ae >was (=1,: T), 
and the nua 
(4.31) | XS, |S | ne (jeD—H). 


Proof. First let l==ssin—r. Then, since the matrix Ag of the 
coefficients of the unknowns z; with je H has the same rank r as A and A, 
(4.1) has solutions with arbitrary values assigned to the remaining unknowns 
Vo.’ ` *,%g, In particular, there is a solution X© satisfying the conditions 
(4.27), and the theorem follows at once for this case from the minimax 
criterion (1.1). For n—r< s&n the proof is by induction on r. For 
For r=1 (in which case s==n) the present theorem reduces to Theorem 1. 
Next let r= R > 1, n—R <s &n, and assume that the theorem holds for 
r= k— 1, n—(R—1) <sssn. For any solution X of (4.1) 

2, Unk 5 = 4m 
jeN~-H 
by Lemma 3.1, since ¢g;==0 forje F. Applying Lemma 1.1 to this equation 
and noting that G == N — H 2 N — E, we find that 


max | X;| = Max |X; |= | vel. 
jeG jeN-B 


4T, is non-empty by Lemma 3.5. If s= n, H is empty and Ty is understood to 
consist of all p.c.i.s. for A. 
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Then by the minimax criterion (1.1), if there is a solution X% of (4.1) 
such that 


(4.32) max | X9; | = | pa |, 
jeG 


then Me = | up |, and XS is a minimax solution of (4.1) with respect to 
Tos © *5@,. Moreover, XC satisfies the conditions (4.29)-(4.31). To verify 
this last statement note that by Lemma 3.1, (4.28), z;= X9; is a solution 


of the equation, >! anv; po; and at the same time max |X°|S| pa| 
jeN-D jeN-D 


by (4.82), since G2 N— D. Therefore by Theorem 1 and (4.28), it is a 
minimax solution of this equation and has components X°%; for je N—D 
given by (4.29). Then, since XC satisfies (4.1), the remaining components 
satisfy (4.380); while (4.31) follows from (4.32). Conversely, since 
| yz; | = | un |, any vector XC satisfying (4.29)-(4.31) is a solution of (4.1) 
for which (4.82) holds. It remains to establish the existence of a vector X¢ 
such that the components X¢; for 7e D satisfy (4.380) and (4.31). For this 
purpose it is convenient to assume the unknowns numbered so that the sub- 
scripts in H are 1,2,- --,%—s (unless s= n, in which case H is empty); 
the subscripts in M—H are n—s+1,n—s-+2,--:,R—1 (unless 
s =n — R -+ 1, in which case 4 — H is empty) ; and the subscripts in D—-# 
(if any) are R, R -+1,: --,w, where w is the order of # with respect to A. 
Then #=D==(1,---,&—1), and the equations (4.21) for the derived 
system of (4.1) with respect to Æ become 


LiH H3 
(4.38) È: Uijlj = lio — È tijyrj (i=1, + -,B). 
jal juwei 


By Lemma 3.10, assuming a suitable numbering of the equations (4.1), the 
first R-—1 equations (4.383) form a system 8’ of rank R--1. For s< 1, 
if Ay has maximum rank, then the residual matrix A*®y, of 8 with respect 
tO Unset) Tn-s+293' °°; Vw also has maximum rank, since the R-th row of Ag 
is linearly dependent on the other rows. Hence, if s>2—(R—1), then 
by the induction hypothesis S’ has with respect to these unknowns the minimax, 


M = max | p’x| as K = (ki: + +, kp.) ranges over all p.c.i.s. for A®,. 4 
K 
containing (1,: <, ,n—s). With the specified numbering of the unknowns 


(4.28) reduces to (4.8), and all the hypotheses of Lemmas 3. 6-3. 8 and hence, 
also 3.11 apply to A and each set K with r—R. If for any such K, 
| wz | > | uz l, then by Lemma 3.11 there would be an integer h, w < h Sn, 
such that | agza| > |u|. But, inasmuch as (Kh) is a p.c.i.s. for A by 
Lemma 3.8 and contains H since K does, we have | prr | S max ler |=| ee | 


H 
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== | uz, |. Hence, W = max | w'r | S |v, | for s> n— (R—1). This holds 


for s =n — (R — 1) also, since in that case S’ has the minimax W = 0 with 
respect tO Ups,’ ' ‘Zw aS we find by applying the present theorem for 
s & n— r, in which case it has already been proved. Now, if (X%,---,X°w) 
is any solution of 8’, then by Lemma 3.10 it satisfies all the equations (4.33) 
and hence, also with the specified numbering the conditions (4.30). If in 
addition it is a minimax solution of S’ with respect to @p-s41,° © *,;%w, then 
| XG | SWS |ar| for j—n—s-+1,---,w, and with the specified num- 
bering this is equivalent to (4.31). That is, we obtain the required vector 
AX by choosing (X®,,- - -,X°,) as a minimax solution of 8’ with respect 
tO nor’ © Za. Thus, the theorem is proved for r= R, n—R<sSn, 
and the induction is complete. 

We remark that in determining max |wz| it is sufficient to consider 


sequences J = (fu, * *,jra) with jı < jo <- + < jr- since the value of | w | 
is independent of the order of the indices in J. 


COROLLARY 8. For n—r<sson, if D= E = (é1,: ++, 6ra); ie, if 
the determinants ap; vanish only for je E, there is a single minimax solution 
XS, the components X°; for je E being uniquely determined by the equations 
(4.30) alone. In the notation of (4.22) with E in place of L and the 
equations (4.1) numbered so that the forms 2 Ui (i= 1, > -,r—1) are 

€ 


linearly independent, this solution is explicitly gwen by the equations, 
XG oan = K e... na open oc Ora / OE (k = Ls s ‘,r—1); AC = yg; (je N— E). 
There remains the case that the residual matrix in question does not 


have maximum rank. This can be treated by means of the following theorem. 


THEOREM 4. Let the matris A of the system (4.1) have rank r equal 
to the number of equations. In the notation of Theorem 3, if s < n and Aun, 
the residual matrix with respect to £a,’ + `, Zg, has rank t < min (r, n— s), 
let T be a sequence of t integers out of H such that Ar has maximum rank t. 
Then (4.1) has the same minimax with respect to X,,° - *, 2y, as the system, 
(4. 34) Ss Qiu = Cig (i == Is : aN 

je TG 
has with respect to Ug,’ ` `, ug, (and the latier minimazr can be determined 
by Theorem 3). For each ke H—T there are elements cy; such that 


(4. 35) 2 0r = lik (i n i, Fey r) : 
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Each minimax solution XC of (4.1) can be derived from a corresponding 
minimax solution US of (4.84) by assigning arbitrary values to the com- 
ponents XC, with je H—T and determining the remaining components by 
means of the equations, 


(4. 36) XG;=U% (je), XG; = UG; g È> Xr (jeT)}. 


Proof. For any integer ke H-—-T the augmented matrix of (4.35) 
(considered as a system of equations in the unknowns ¢,;), being the same 
as a submatrix of Ay except possibly for a permutation of columns, has the 
same rank ¢ as the matrix A,r of the system. Consequently there are elements 
Cx; satisfying (4.35). If X is a solution of (4.1) and elements U; are 
given by 


(4.37) Oj;=X; (eG), ae ee 2 Cid (jeT), 
e H- 
then u; = U; is a solution of (4.34), since by (4.87), (4.35) 
> a0; = Dd ayX; + D 2 litrar == X, lij; + 2 lir k = Dd, lijk j. 
jef jet jef keH-T jef keH-T jeH 


Conversely, if u;=— U; is a solution of (4.34) and elements X; for je H —T 
are chosen arbitrarily, then elements X; for je T -+ G are uniquely determined 
by (4.37) and the resulting vector (41,:--+,X,) is a solution of (4.1). 
In particular, if u;=- U%; is a minimax solution of (4.34), then the vector 
XG given by (4.36) with X¢; arbitrary for je H— T is a solution of (4.1). 
Moreover, it is a minimax solution; for, if X is any other solution of (4.1) 
and the elements U, are determined by (4.37), then, as noted above, u; = U; 
is a solution of (4.34) and hence, 


max | X; | = max | U; | = max | US, | = | max |X; | (jeG). 
j j j j 


Conversely, X is a minimax ‘solution of (4.1) only if the elements US, 
determined by (4.86) are the components of a minimax solution U® of 
(4.34). Finally, the matrix of the system (4.34) has rank r equal to the 
number of equations, since it is obtained from A by deleting columns linearly 
dependent on those occurring in Ar; and the residual matrix with respect 
tO Ugy’ * *; Ug, 18 Ay, which has maximum rank by hypothesis. Accordingly, 
(4. 34) does indeed have a minimax solution U¢ by Theorem 3. Hence, (4. 1) has 
a minimax solution XC and for both systems M¢ == max | X%;| == max | UG; | 
(je @). 


5. The minimax of a system of linear functions. The minimax and 
minimax points of a system of linear functions over F, 
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q . 
(5. 1) Lilt: i g) =2 bizti — Dio (i = L . at) 
xi 


can be determined by applying the theorems of the preceding section to the 
system of linear equations, 


q qir , 
(5. 2) > bij; > Òga, jj = bio (4 = I, sores r), 
j=1 j=q+1 


where ô+; is the unit element of F when 4 yj and is the zero element other- 
wise. All solutions of (5.2) are given by , 


(5.3) t= X; (J = 1, i sa); ti = Dy g (X3,° ` Ka) 
(=q +1, ° SsQ+r), 


in which Y,,---,X, are arbitrary elements of F. Consequently, the mini- 
max M*(L) of (5.1) is the same as the minimax of (5.2) with respect 
tO Zgos’ © *>Uqr Moreover, (X%,,- - +-,X*,) is a minimax point‘ and 
(L*,,- + -,£*,) a minimax vector of (5.1) if and only if (4*1,°- -,X*,, 
L*,,- > +, L*,) is a minimax solution of (5.2) with respect to Ly’ + Egr 

For convenient expression of the results we introduce some additional 
notations. If the rows of index t'> -,%, are deleted from a matrix B, we 
denote the resulting matrix by Birete. If the superscripts are all distinct 
and the latter matrix is square, B®: is its determinant and otherwise is 
zero. Let B be rX gq and, if g<r, let I= (i, + irg) be a sequence 
of r—-g—1 distinct integers, 1=i,227. The number d(I) of zeros in 
the sequence (8",---,f!") we call the degree of I with respect to B. 
Clearly, d(I) =2r—q—1. If d(1) <r, we call I a proper row index 
sequence (p.r.i.s.) for B. 


THEOREM 5. Let the matric B= (bj) (¢==1,---,737—1,°--,¢) of 
the system of linear functions (5.1) have mavimum rank, and denote by By 
the matrix obtained from B by adjoining the elements bio as the (q-+-1)-th 
column. Then the system (5.1) has a minimax M*(L). If q= r, M*(L) = 0 
and the minimax points X* are those for which D,(X*,,: © +, X") =0 
(t=1,---,r). If q <r, M*(L) = max | p !, where I ranges over all p.r.i.s. 
for B and p! is defined by 


pl ia Bol/ 2s | pit |. 
Let V be a p.r.i.s. such that | pY | = max | u? | ; let R denote the set {1,---,r}, 
I 
U the set of integers ie R such that BY*—=0, and e(V,i) the number of 
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integers in V exceeding i. Then the minimax points X* are those which 
salisfy the conditions, 


(5.4) Xy o +, Et) = (—1) 42 OpY gon BYE (ieR—U). 
(5.5) |L (E*l Sl | (is U). 


Proof. For q Ær the theorem is immediate. To establish it in the case 
q <r we proceed to determine the minimax MC of (5.2) with respect to 
Tg ` Zg, USINE the notation of Section 4 with aj;==b,; for 7—0, 
1,---,g and ay =— ôg; for j=q+ 1, --,q +r. The rank -of -the 
matrix A of (5.2) turns out to be r, the same as the number of equations; 
and the residual matrix with respect to these unknowns is B, which has 
maximum rank by hypothesis. Thus, MC can be determined by the case 
n-—r<s&n of Theorem 8. Noting that for a sequence of integers 


I= (h, iga) With lSi fy +--+ Sig Sr 
i 1, gino tsirg = (— 1)P 8t, 
p=3(r— g) (r++) tit: e Hing -t e (L irg) 
Or a, grinn gtirgean 0 = (— 1)”8d, 


p=} (r—q—1) (r+ q+?) Hit tings 
and hence, that J is a p.c.i.s. for A containing H = {1,- - +, q} if and only 
if J = {1;, gq -H i: e g- iga} and I is a p.r.i.s. for B, we have 
ps = (— 1)*u? for JeTy. Consequently, MO and hence, also M*(L) is 
max | p? | as I ranges over the p.r.i.s. for B. Moreover, letting 
I 
V = (Vi ` "5 Urga) and F == {1,- i “599+ 01," i "s Q + Ur-g-1}5 
we have | ap | = max | uy |. Hence, in the notation of Theorem 3, g +ie D—H 
Jery 
is equivalent to teU, and q+ieN—D is equivalent to ic R—U, since 


an qi = 0 if and only if BY’==0. Then for any minimax vector X* of (5.1) 
and any minimax solution XY of (5.2) it follows from (4.29) that 


ZR ee oe ras 
Ly (A, pq) = X qu == Yagi = pn SED Aggi 


= (1) HHD sgn g (ieR—U), 
and from (4.81) that 


L(t : +, X*,)| = | Xo |S | pe | = | g” | (teU). 


Since (4.30) is then satisfied automatically, the conditions (5.4), (5.5) 
characterize the minimax points X* completely. 
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COROLLARY 5. If U=V, i.e. if none of the determinants BY (£V) 
vanish, the system (5.1) has a unique minimax point X*, namely, the (in 
this case) unique solution of (5.4). 


To determine the minimax of (5.1) when the matrix B does not have 
maximum rank, we employ Theorem 4 and obtain 


TuoremM 6. Let the rank of B be t<min (q,r), and let T be a set 
of t integers out of H == {1,- - -,q} such that the submatriz Bp has maximum 
rank t. Then (5.1) has the same minimax as the system, 


(5. 6) >, bist; — bio (ten 1-7) 
jeT 


with matrix of maumum rank. For each ke H-—-T there are elements Cr 
such that 


> biz6xg = big (4 =m 1, * Dea 
jeT 


Each minimax point X* of (5.1) can be derived from a corresponding 
minimas point U* of (5.6) by assigning arbitrary values to the components 
X*; with jeH —T and determining the remaining components by means 
of the equations, 


X*,—=U*%;,— DS cy X*;, (jeT). 
keH-TF 


6. Problems in best approximation. The foregoing results can be 
applied to certain problems of best approximation in the T’chebycheff sense. 
For example, if as an alternative to the usual least squares criterion we 
define a best approximate solution x* of an inconsistent system of linear 
equations, 


q 
2 bity = bio (t= 1, i a 
GF 


as a set of values for v which minimizes the largest of the “errors” 
| S; 0:0; — big | (t= 1,- - -,7), then the vectors 2* are precisely the minimax 
j 


points of the system of linear functions (5.1) and hence, are determined by 
Theorems 5 and 6. 


Next we consider the problem of best approximation to a function at a 
finite number of points. Let Sp be a set of p points 2,,: - -,%, in a com- 
pletely arbitrary space, and let ® be the class of all single-valued functions 
defined on S, with range in the ordered field F. Given a subclass G of @ and 
a function ẹ (x) e, we define a G-function of best approximation to œ on 8p 
as a function g*(#)eG@ which minimizes max | g(x) —(x)| as g ranges 

SEnp 
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over G. If g,(z),- - *,gg(x) are given functions in ® and we take G as 


q 
the class of functions expressible in the form Ð, c;g;(x) with c;e F, then” 
ja 
g* (x) —> c*.g;(@), where (c*,,- © <, Cg) is a minimax point of the system 
j=1 
of linear functions, 
g 2 
Lifler + +, Ca) = 2 cigi (2) — e (2) ((=1,: : +, p), 


and so again is determined by Theorems 5 and 6. The particular cases 
gile) =z and ga; (£) = cos kt, Gori (2) = sin ke yield the results of De La 
Vallée Poussin [5] on best approximation on sets of p real numbers by poly- 
nomials of degree n=g-—-1=p—2 and by trigonometric sums of order 

= (¢q—1)/2 (p—2)/2 respectively, if we note that in these cases none 
of the determinants 87? vanish so that Corollary 5 is applicable and there is 
a unique minimax point. 

* Finally, we determine the G-function of best approximation to œ on &p 
when G is the class of all functions ge whose values on S, are subject to a 
set of linear conditions, 


p 
(6.1) 2 cug (i) = Cio (4==1,% 30); 
= 


in which the cy are given elements of F. An important instance is the class 
of all functions in ® whose n-th divided differences on Sp have preassigned 
values, [Zi Vi,‘ * +, Vien] = Cio for t==1,:--,p—n. Then (6.1) holds 
with p =f -+- 1, 


cym LT (ay— ay) (et +1: Sg ye? Soba) 


for 7==1,4-++1,---,1-+-n and ¢;—0 otherwise, provided S, is a subset 
of F. For this choice of the class of approximating functions the values g* (2) 
on Sp are given by | 


g” (24) == Y*; + (24) ((=1,: `, p), 

where y == Y* is any minimax solution of the system of linear equations, 
p p ; 
È; Ciy = Cio — X Cap (24) (1=1,; r), 
ja j=l 

and can therefore be obtained by means of Theorems 8 and 4. 

UNIVERSITY OF GEORGIA. 
This problem has recently been treated for q = p— 1 in the field of complex 


numbers by T. S. Motzkin and J. L. Walsh [8]. 
e See for example [7]. 
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CONVERGENCE IN AREA OF INTEGRAL MEANS.*? 


By CASPER GOFFMAN? 


1/n 
The integral means f,(z,y) =n? f TA f f(z +u, y + vdu dv, n=1, 
0 0 


2,°° +, of a function f(z,y) have been used as a smoothing approximation 
to f(z, y) in a variety of applications. Their use in surface area theory seems 
to have been first made by T. Radó, [1], who showed, for continuous f(x,y), 
that the Lebesgue areas, A (fn), of the surfaces given by fa (x, y), m=1,2,° °°, 
converge to the Lebesgue area A(f) of the surface given by f(x,y). 

For summable f(s, y), the Lebesgue area is in general meaningless and, 
in previous papers, L. Cesari [2] and the author [3] have introduced, in 
different ways, generalized Lebesgue areas, #ọ(f) and @(f), which were proved 
in [3] to coincide for every summable f(x,y). Our main purpose is to show 
that the result of Radó mentioned above concerning the f,,(z, y) holds for every 
summable f(x,y) provided the Lebesgue area is replaced by the generalized 
Lebesgue area. Indeed, for every summable f(z, y), the integral means f,(2, y) 
are continuous so that their Lebesgue areas A(f,) do exist. What we show 
is that the sequence {A(f,)} either converges, or diverges to +o ; i.e., it 
converges on the extended closed interval [0,-+-0o], and the limit coincides 
with the generalized Lebesgue area: 


lim A (fa) = (f) =20(f). 


It follows that the limit above can itself be interpreted as a definition of 
“the area of the surface defined by f(s, y).” 

The area H (f) of the paper [3], where we proved that db; = = H, 
is denoted by x(f) in the present paper. The area #(f) of the present paper 
was not considered in [3] and we prove that ®(f) = x(f). 

For convenience, we say that a function f(z,y) has property R if the 
sequence {A (fa)} of Lebesgue areas of its integral means converges on the 
interval [0, +]. We thus show that every summable f(z,y) has property 


* Received November 3, 1954. 
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R. The property # is defined similarly for representations of parametric 
curves and surfaces. We shall show also that every f:aj(¢), î== 1,2, 
0=t1, z(t) summable, has property R. For parametric surfaces, the 
situation is difficult, as may be expected. For this case, we extend a result 
of ©. B. Morrey [4], [5], [6], but shall omit the proofs since they are 
essentially the same as for the continuous case. 

We first show that property Æ is general for curves; i.e. if s(t), y(t) 
are summable functions on the closed interval [0,1], with integral means 


1/n 1/n 
Enlt) =n f z(t + u)du and Yalt) =n f y(t +- u)du, n==1,2,-- +, then 
9 Q 
the sequence of lengths of the curves given by a(t), Yn(t) converges on the 
closed interval [0, -+ co ]. 
The generalized variation ¢(x) of a summable function z(¢), on [0,1], 
was defined in [3]. One of several equivalent definitions is the following: 


For any finite set S:0 < to Ct, <<: ++ <t, <1, let the norm, v(9), be 
the largest of the numbers fo, tı — to: © °, 1— tn. Let 


p(z; 8) -Ë | x(t) — a (tim) |. 


Now, let # be the set of points of approximate continuity of x(t), and let 
¢(z) =sup¢(2;8) for all SCH. The following result is a simple con- 
sequence of this definition: 

Ji ¢(2) <-+o, then for every «> 0 there is a 8 >0 such that SCF 
and v(S) <8 implies ¢(x; S) >¢(#)—e. If ¢(x) =-+-o then for every 
M > 0 there is a 8>0 such that S C E and v(S) <ô implies (238) > A. 

The function ¢ (x) agrees with the variation V(x) for continuous x(t) 
but not necessarily for discontinuous z(t). However, it is always true that 
$(2) <V(z). 

The integral means 


T(t) =n f "ai -+- udu and ynt) =n Í. = y(t + wide 


are defined on the interval [0,1—-1/n], are absolutely continuous, and so 
are differentiable almost everywhere. It follows by the fundamental theorem 
of Lebesgue integration that the derivatives are given almost everywhere by 


Tn (t) =n{e(t + 1/n) —a(t)} and yn’ (t) = n{y(t-+1/n) —y(t)} 
so that, since z,(¢) and y,(¢) are absolutely continuous, 


1-1/n 1 
b(n) =V (21) = f Ja) dtn f 


MY (t+ 1/n) =a 
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and 
1-1/n 
pln) =n f | y(t-+ 1/n) — y(t) | dt. 


We show that the sequences {f(a,)} and {¢(y,)} converge on the closed 
interval [0, +œ]. It is only necessary to show this for {¢(2,)}. 
Let us first prove that (zn) S(x). Indeed, we have 


(Tn) =a f a(t-+1/n) —a(t)| dt 


an (| Slot +i/n)— a(t + (i—1)/n) dt. 


For almost all ¢, 0 S tS 1/n, the points t, t+ 1/n,: - -,t + (n—1)/n are 
all points of approximate continuity for z(t), and hence, the sum under the 
last integral does not exceed (2). Thus: 


b(t) Sn (7 o(e)dt=9(2). 


Suppose p(x) <%. Let «>0. By the above remark, there is a 8 >0 
such that SCE and v(S) <8 imply ¢(2;8) >¢(z)—e. But, for all 
n > 1/8, and all te [0,1/n], the set t, t+ 1/n,: - -,t + (n—1)/n has norm 
less than § and, for almost all ¢, it is a subset of Æ, so that 


b(t) —e <S |2(¢+i/n) —a(t + (i—1)/n)|; 


Hence, 


o(@)—e< af Slet +4/n) —a2(t-+ (i—1)/n)| dt 


1-1/n : 
anf |z(t-+1/n) —2(t)| dt=¢4(a,). 


Thus, for every n >.1/8, we have 6(2) —e< (a,) Z p(x), so that {ġ (£r) } 
converges to ¢(x). If d(x) =- %, a similar argument shows that {$(z,)} 
converges to +o. 

Now, for each n, the pair z,(¢), y,(t) represents a continuous curve C, 
whose length is given by 


L(C,) = ico, + yn! (t)* 3 dt 


nf tee + 1/n) — a(t}? + {y(t + 1/n) — yt) F] dt 


S J” > [tat + i/n) — a(t + (i—1)/n)}? 


+ {y(t + i/n) — y(t + (6—1)/n)}"] dt. 
11 
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If, now, Ẹ is the set of points at which both z(t) and y(t) are approximately 
continuous, and f is the pair w(t), y(t), we may let 


Vf 38) = È [fal — a(t} + (yt) v(t) HF 


for each 8:0 <t <t <- -< ta <1 and then let y(f) =supy(f; 8) for all 
SCH. As for (f), we again have: If y(f) < +œ, then for every «> 0 
there is a 8 > 0 such that if (85) <ô, and SC E, then y(f;8) >w(f) —e; 
if w(f) = -+œ, then for every M > 0 there is a 8 > 0 such that if v(S) > 6, 
and S C E, then w(f;8) > H. 

It then follows, just as for ẹ (x), that if (f) < -+0o then for every e > 0 
there is an N such that n> WN implies y(f)——e< D(C.) <w(f), and if 
y(f)=+%, for every Jf>0 there is an N such that n> WN implies 
L(C,) >M. We may now state: 


THEOREM 1. If x(t), y(t) are summable functions defined on [0,1]; and 
f ifn 
C,, 18 the curve corresponding to the integral means 2,(t) = nf a(t +-u) du, 
| 1/ : 
Ynlt) =n | y(t +- u) du, m==1,2,: - -, then the sequence {L(C,)} of lengths 
0 


converges on [0,-+2]. In other words, every summable x(t), y(t) has 
property R. 


Let f(s,y) be a summable function defined on the unit square 
I=[0,1] [0,1]. For every natural number n, the integral mean 


L/n L/n 
fr(t,y) =n? f f, f(s 4- u, y -+-v)dudv is defined on the square 
0 0 
I, = [0,1—1/n] X L0, 1— t/n]. 


It is continuous, and is absolutely continuous in each variable for almost all 
values of the other variable; moreover, it is well known, and easy to prove, 
that its partial derivatives are given almost everywhere by the expressions 


O) fay) =n S e+ + 0) —f (ey +0)} do 


(2) fa(2,y)/ty—n* [fe uy + 1/n) F(a +19) du 


For continuous f(x,y), [5], the derivatives éf,/dx, Of,/éy are given every- 
where by (1) and (2) and it is obvious that they are continuous. 
It follows easily that 6f,/éx and éf,/dy are summable. For: 


=? 
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l1-1/n l-łt/n 
S S 10e] de dy 
u e7 0 
1-1/n Cou 1/n 
=f J (nt f | f(z + 1/n, y + v) — f(x,y + v)| dv} dx dy 
0 0 0 


vi/n 1-1/n 1-1/n 
sef l dof J Í [| Fe + 1/n,y + )| + |F, y + v)] de dy} 


»1/n 1 1 1 1 
< 2n? J dv f f | F(z, y)| dz dy = 2n { H | f(a, y)| da dy, 
0 0 0 a7 0 0 


and the result follows since f(z,y¥) is summable. 

Moreover, since f,(v,y) is absoluately continuous in each variable for 
all values of the other variable, it is ACT and so: 

If f(z,y) is summable, the surfaces given by the integral means 
In(2,y), n= 1,2,; > +, all have finite Lebesgue areas given by 


D AG PP + Sf Get yy +0) Fle. y + 9) do}? 


u f Ge + u, y + 1/n)— fle + u, y)jdu}’] dr dy. 


We shall show that the sequence (3) converges on the closed interval 
[0,--00]. It seems worth noting that the technique used in proving Theorem 
1 now yields an inequality instead of an equality. Thus, a separate argument 
is needed to prove the opposite inequality. Since f(z,y) is measurable. there 
are subsets E, and lv, of [0,1], each of measure 1, such that for every ve Lg, 
yeL,, f(%,y) is approximately continuous almost everywhere in the other 
variable. 

Just as we did in the case of functions of one variable, we first prove 
our result for variation functions ®,(f) and ®.(f), which we now define. 
Let ¢(f;2;c¢,d) be the generalized variation of f(a,y) for æ fixed and y 
varying on the interval [c,d], and let $(f;y;a,b) have similar meaning. 
We note that these functions are essentially additive; i.e., if c<c’ <d and 
f(x,y) is approximately continuous in y at the point (x, c’), then 


pifre c) + 6(f323;¢,d) =(f32;¢,d). 
We let 


b d 
®,(f30,030,d)— | ¢(f;x;¢,d)du and Po(f5a,050,d)— fi $f; y; a, b)dy. 
wa 7 £ 

In particular, we write, 


(f) =, (f;0,1;0,1) and (f) = ®.(f;0,1;0,1). 
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_ For every a, b, c,-d, with 0Sa <b 5&1, OSce< dsl, the functions 
®(f;2;¢,d) and $(f;y3a,b) are defined almost everywhere, have values in 
the interval [0, +], and are measurable, and so the above integrals have 
meaning. 

The function f(#,y) is of generalized bounded variation if ®,(f) and 
(f) are both finite; otherwise, it is of generalized unbounded variation. 
For continuous f(z,y), our definition agrees with that of bounded variation 
in the sense of Tonelli, and in the general case, agrees with Cesari’s definition 
[2] of a function of type gBVT (or of generalized variation in the sense of 
Tonelli). 

Since, for every n, the integral mean f,(x,y) is ACT, it follows that 


1-1/n 1-1/n" 
Do(fin) E f f | Of nf dy | ax dy 
1~1/n 1-1/n 
and ®2(f,) = f Í, | Of,/dx | dx dy. 
0 o 


We retain the convention of convergence on the closed interval [0, + 0 |, 
and we prove 


THEOREM 2. For every summable f(z, y), the integral means f,(2, 4) 
satisfy 
lim ©, (fn) = ®i(f) and lim ,(f,) = ®.(f). 


Proof. We prove the theorem for #,(f). Since 


ifa( 19) /do— a? [f(a + 1/n,y +0) —f(2,y +0) dv 


almost everywhere, it follows that 
1-1/n 1-1/n 1/n 
bfa)— fof ntl f OEH 1/ny + v)— fey + »)}dv | de dy 
l~1/n 1-1/n t/n 
sf fe fe tiny toia, y + 0)|do de dy 
1-1/n 1/n ø1/n n-1 
= f, nay f S Sie + k/ny +0) fe + (k—D)/n, y +0)| ded 
0 0 0 kal, 
1/n ifn 1-1/n n-1 
=n ff deat FS Meth /ny +o) b—1/ny H) 


ijn v+l-i/n ifn n 
=n (de fat f° S| fle + b/n,t)—fle + (&—A)/n, )| de. 
i G k=1 
For every v and for all te E,- [v,v -+ 1—1/n], that is for almost all 
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te[v,v-+1—1/n], we have: for almost all z, the points (a, t), (x +1/n, t), 
-++,(@-+ (n—1/n,?) are all points of approximate continuity for f(x,y) 
with respect to z, and hence: 


È | fle +h/n,t) fe + (k—2)/n, 8) E EC, t) 


- Then for the same v and ¢ we have 


m È | (e + k/m, t) — fe + e —1)/m, | S096, d, 
and finally 


1/n v+l-1/n 
alfa) Sn? [dy (at 84,8 


1 1/n 1 
Sef af doneti) = S of, Dii =a). 
0 0 0 : 
We have thus shown that ®.(f,) =.,(f), for every n, so that 
lim sup (fn) = (f). 


It remains for us to show that liminf%.(f,) =@.(f). For this, we 


need the well known fact that f,(z, y) converges almost everywhere to f(z, y) 


so that it converges almost everywhere in each variable for almost all values 
of the other variable. 

We suppose that ®.(f) <+ œ and let «> 0. We then have (f; y) <+ 00 
for almost all values of y, and for every such y there is b(y) <1 for which 


$(f5430,b(y)) > bo(f3¥) —€/2, 
where o(f;y) —¢(f3;y;0,1). It follows that there is a b <1 such that, 


f #(F5950,b)dy > ba (f) —«/2. 


Moreover, there is a < 1 such that 


J °6(f5y50,0)dy > 8f) — e2 


Let n, be a positive integer such that n, < min (1—a,1—b). It is easy 
to see, and proved in [8], that the generalized variation 4(f) of a function 
f(x) of one variable is lower semicontinuous with respect, to almost every- 
where convergence. It follows that, for almost all values of y, we have 

lim inf (fa; y;0,b) = ¢(f;y;0,b). 


Na? œ 
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Hence, for almost every y, there is an n(y) such that n > n(y) implies 


b(f3450,0) > p(f;y;0, b) —e/2. 


There is then a single N, which may be taken so that N > nı, such that for 
n>N, i 


1-1/7 1-1/9 | 
alfa) = f (fazy; 0, b)dy = J, $(f 3430, b)dy —«/2 


= È #(fsy30, b)dy—/2 = Alf) —« 


This completes the proof for the case ®.(f)< +œ. The case ®,(f) —-+-0 
provides no additional difficulties, so that Theorem 2 is proved. 
Now, for every n, we have the inequalities 


Da (fa) + 2 (fa) H12 A (fa) Z max [8 (fa), Ba (fa) I, 


where A(f,) is the Lebesgue area of the integral mean f,(z,y). It foMows 
that, if f(z,y) is of generalized unbounded variation, the sequence {A (fn) } 
converges to +œ, so that f(x,y) has the property R. 

To show that {A(/,)} converges when f(z,y) is of generalized bounded 
variation, we consider the generalized Geécze expression &(f). A subdivision 
p of I into rectangles fi, Rat © °, Em by means of lines parallel to the 
coordinate axes is admissible if f(x,y) is approximately continuous in œ for 
almost all y on all boundary lines of the rectangles of the subdivision parallel 
to the y axis, and in y for almost all x on all boundary lines parallel to the 
x axis. The meaning of the notation ®,(f;8;), Pa(f; a), t=1,2,: --,m, 
should be clear, and it follows from the essential additivity of the generalized 
variation function ¢(f;a,6) that 


&,(f) —> ©,(f;B:) and 2(f) — Èo (f; Ro). 


We then consider the expression 


EGP) = ÈI; R) = Z HO BY + (HAF B) + | R: |R, 
` where | R,| is the area of R, and then let | | 
v(f) sup ¥(f;p) for all admissible subdivisions p- 


Since ¥(f) =%,(f) + ©.(f) +1, it follows that (f) <-+o0. For con- 
tinuous surfaces, ¥(f) is the Gedcze area so that, in particular, for the 
integral means of our summable f(s, y), we have ẹ (fn) = A (fn). 
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Again using the fact that if f(x) is of bounded generalized variation, 
then for every « > 0 there is a 8 > 0 such that if S C E and v(S) <8, then 
b(f;8) <(f) —«, where E is the set of points of approximate continuity 
of f(x), we obtain an alternate definition for W(f). Indeed, as we shall 
prove, ¥(f) = x(f), where 


x(f) =supx(f3p) for all admissible subdivisions p, 
and 


x(fse) = > Loa (fi Bd} + (xfs Bi) + | Re [PT 


where 


tle 
xif 3 Bi) = f | Fb y) — Flai y)| dy 
and xef; Ea) -f' f(a, di) — f(a, ci) | dz, 


the rectangle R; being given by qasr S b, G SyS di. 


apneneneein 
Lecce 


Analogously, if 


alfie) = Èx fE) lfe) = Drelfs Bo, 
let i i 
x. (F) = sup x (f; p), xe (f) = sup xz (f; p) 


for all admissible subdivisions. Obviously, we have 


EEG), t= 1,2, x(f) SCF). 


We show that ¥(f) = lim Y (fa) =limA(f,). We first let «>0 and 
let p be an admissible subdivision Ry, R2,- - >, Rm for which ¥(f;p) > E(f) —e. 
By Theorem 2, 
lim int ©, (fn; Ki) 2 S (f; Ri) and lim inf, (fn; Ri) Z 8. (f; Ri), 


for every t==1,2,---,m,.so that lim inf Y (fa; Ri) = Y (f; R). It follows 
that liminfY(fnjp) Z Y(f;p) = HA e and, since «>0 is arbitrary. 
lim inf Aa) = W/(f). ) 

i Conmetsely, sinang A (fa) =x(f). In showing this, we use the expression 


(3) for A(f,). Then 


572 CASPER GOFFMAN. 
A(fs) = J. PN nt f Get Lm y +0) Hey + 0) dv} 
+ {n? er (Fæ -+u y + 1/n) — f(e + u, y))du}?]t de dy 


=m S" f aE Sw tf e+ ay + EE o) 


0 j=1 G=1 
(@— 1) G21) 
n n 


—f(s + y+ + v))dv}? 


S- 1) G—1) 
n 


ref iet tugt i je tE uy yay, 
But, for almost all (s, y) € [0,1—1/n] X [0,1—1/n], the subdivision 

obtained by means of the lines 

t—=2,0-+1/n,---,e+(n—I1)/n3 yyy 1/n,- : -,y+(n—I)/n, 

is admissible, so that f 


n-i n 


S Stet f Metty +EP +o 


re yD ow 
+S (f(@ + GD ba, y +> 2) 
-jet 9 4 yy + Eya. 


It then follows, since A (fa) is the mean value of the left hand side of 
this last inequality, that A(fa) Sx(f), for every n= 1,2,: + so that 
lim sup A (fn) =x(f). Thus we have 

lim sup A (fa) S x (f) S Y (F) Sliminf A (fa), 
n> w n> 0 
and hence 


lim A (fa) =x(f) =4 (f). 


Analogously, we can prove that x:(f) =8,(f), elf) = (f). This 
. completes the proof of 


THEOREM 3. Every summable function f(a,y) has the property R. 


According to L. Cesari [2], the function f(z,y) is said to be of type 
gBVT, or of generalized bounded variation in the sense of Tonelli, if when a 
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certain set of measure zero is neglected, the function is of bounded variation 
with respect to each variable on the remaining set for almost all values of 
the other variable, and these modified variation functions are both summable. 
As proved in [3], the summable function f(z,y) is gBVT if and only if 
xi(f), xe(f) are both finite. The considerations above prove also that Ma y) 
is gBVT if and only if $, (f) and ®.(f) are both finite. 


We turn now to parametric surfaces. C. B. Morrey [4] obtained results 
regarding the integral means for a parametric representation f:7;(u,v), 
t==1,2,3; perhaps his main result is that if the z(u,v) are all ACT and 
if each pair of partial derivatives ĝx;/ĝu, 0x;/0v appearing as a product in 
one of the jacobians belongs to conjugate Lp spaces, then the jacobians of 
the integral means 7,"(u,v) of z(u,v) converge almost everywhere, and in 
L, to those of 2;(u,v). In particular, it follows that f has property R. The 
following fact is important in this connection: If f(2,y) is ACT and if 
fa(Z,y) is the n-th integral mean of f(x,y), then Of,(a, y)/0e and Of,(ax, y)/dy 
are the n-th integral means of df(x,y)/dx and f(z, y)/dy almost everywhere. 
We observe that this holds for f(z,y) of type gACT, but the proof is not 
very different from the one for the continuous case, and so it will not be 
given. The definition of a gACT function [3] is the same as that of an ACT 
function except that the continuity restriction is waived. 


The following extension of Morrey’s theorem holds. 


THEOREM A. A mapping f:2;(u,v), 1=1,2,3, has property R if the 
r,(u,v) are gACT and one of the following conditions is satisfied: 


a) All partial derwatives dx;/du, 00;,/0v, i= 1,2,3, are in Ln. 


b) At least two of the z(u,v) have bounded partial derivatives and 
the others are integrable. 


c) Each pair 62,/du, 02,/dv appearing as a product in one of the 
jacobians belongs to conjugate Lp spaces. 


It is understood that sets of measure zero may be neglected in calculating 


partial derivatives appearing in this theorem. The proofs are then much 
like the continuous case, and are omitted. 


In conclusion, we wish to point out that there are mappings which do 
not satisfy any of the above conditions and still have property R. For example, 
we consider the Gedcze mapping f:2;(u,v), i=1,2,3. Here, let fı (x), fo(x) 
be a continuous mapping on [0,1] whose image covers the unit square; and 
let z, (u, v) = fi (u), to(u,v) = f(u), ws (u,v) =0, The functions r, (u,v), 
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t,(u,v) are not of type gACT. We observe that the integral means z,” (u, v) 
are zero so that 


1-1/n *1-1/n 
A(f,) = f f | 8(a,%, v9") / (u, v) | dude. 
5 2 


But z(u, v) = zilu +h, v), t= 1,2, for every u,v,h, so that 


f i f “ralu +é v + n) dé dy = Í, e f athi eroe 


and q (u + h, v) == (u,v). It follows that dx"/du==0, t=1,2; n=], 
2,: °°; u and v arbitrary. Thus A(f,) ==0, so that f has property A. 
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ON THE RAMIFICATION OF ALGEBRAIC FUNCTIONS.* * 


By SHREERAM ABHYANKAR. 


Introduction. The investigations of the present paper arose from our 
(unsuccessful) attempt to adapt the ideas of Jung’s classical proof of the 
theorem of local uniformization on algebraic surfaces over the field of com- 
plex numbers? to the solution of the local uniformization problem for algebraic 
surfaces over fields of nonzero characteristic.” To explain matters, let us 
consider the following situation. Let T be a rational transformation from an 
r-dimensional normal algebraic variety V onto an r-dimensional nonsingular 
algebraic variety W such that 7 and T- are free from fundamental points. 
Let the ground field & be algebraically closed of characteristic p. Let P and 
Q be corresponding points on V and W respectively and let B be the branch 
locus of 77 on W. Let Æ and F be the quotient fields of the completions 
of the quotient rings of P and Q on V and W respectively. Then Ẹ can be 
canonically considered to be a finite separable algebraic extension of F. Let 
L™ be a least Galois extension of F containing Æ. Let us denote by G(P/Q) 
the local Galois group of P over Q, i.e., the Galois group of L* over F. 

The basic facts underlying Jung’s proof, then, are that for p=0 and 
r= we have: (1) If Q is a simple point of B then G(P/Q) is cyclic and 
P is simple for V. (2) If Q is an ordinary double point of B then G(P/Q) 
is a direct product of two cyclic groups. We shall give algebraic proofs of (1) 
and (2) in Section 2, and shall show in Section 8, by examples, that these 
statements are no longer true if p40; namely we shall show that P may be 
a singular point of V even if Q is a simple point of B, and that the local 
Galois groups above simple or ordinary double points of B can be very com- 
plicated and even insolvable. The collapse of statements (1) and (2) is the 
reason for the nonadaptability of Jung’s method of uniformization to the case 


* Received April 6, 1955. 

*The material of this paper together with paper [l1] forms the author’s Ph.D. 
thesis at Harvard University. The work was supported by a research project at 
Harvard University sponsored by the Office of Ordnance Research, U. S. Army, under 
Contract DA-19-020-ORD-3100. 

? See [4]. For a simplified version of J ung’s proof see [10]. 

°” We have proved the theorem of local uniformization on algebraic surfaces over 
fields of nonzero characteristic in [1]. 
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of ground fields of nonzero characteristic. An algebraic treatment .of the 
main parts of Jung’s proof will be given in Section 4. 

Let now p50 and assume that B has a ¢-fold normal crossing at Q 
with tr (for definition see Section.3). Let (P/Q) be the smallest sub- 
group of G(P/Q) containing all the p-Sylow subgroups of G(P/G@). Then, 
as will be proved in Section 2, the factor group G(P/Q)/r(P/Q) is a direct 
product of ¢ cyclic groups. This characterization of local Galois groups above 
normal crosings is the main result of this paper. Also we shall include in 
Section 1, Zariski’s own proof of his theorem about the purity of the branch 
locus. 

My warmest thanks are due to Professor O. Zariski for his kind encourage- 
ment and valuable advice. 


Notations. We shall use the following notations. For a valuation v 
of a field L we shall denote by R, the valuation ring of v and by M, the 
maximal ideal in R, We shall say that an integral domain A is normal, if 
A is integrally closed in its quotient field. If R is a local ring and M its 
maximal ideal, we shall express this by saying, “(R, M} is a local ring.” 
If R is the quotient ring of an irreducible subvariety of an algebraic variety, 
we shall say that R is algebraic. If W is an irreducible subvariety of an 
algebraic variety V, we shall denote by Q(W,V) the quotient ring of W on 
V and by M(W,V) the maximal ideal in Q(W,V). When the reference to 
the embedding variety V is clear we shall simply write Q(W) and M(W) 
for Q(W, V) and M(W, Y) respectively. Unless otherwise stated, by a point 
we shall mean a rational point over the ground field under consideration. 


1. The branch locus. ‘The basic definitions and some preliminary results 
needed in the present paper were given by us in Section 2 of [1]. In this 
section we add a few more preliminary results. 

In the following two lemmas we collect some well known facts about 
derived normal models, For proof of these lemmas we refer to Zariski’s 
papers: see the remarks on pages 68-70 of [13] and the discussion of the 
birational case on pages 506-511 of [11]. 


Lemma 1. Let K be an r-dimensional algebraic function field over an 
algebraically closed ground field k, and let K* be a finite separable extension 
of K. Let V and V* be normal projectwe models respectively of K/k and 
K*/k such that the rational transformation T from V*™ onto V (determined 
by the embedding K C K™ of the function fields of V and V*) and its inverse 
map T- are free from fundamental points. Then: (a) To an irreducible 
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subvariety W* of V* corresponds a unique irreducible subvariety W of V. 
Furthermore dim W* = dim W and Q(W*) D Q(W). (b) To an irreducible 
subvariety W of V correspond a finite number of irreducible subvarieties 
W* Wta ++, W*, of V*. Let (R, M) and (R*;, M*,) be the quotient rings 
of W*, and W respectively. Then R*,, R*a' > <, R*, are exactly the local 
rings in K* lying above R. 

Lemma 2. Given K/k, K* and V as in Lemma 1, there exsis V* as 
in Lemma 1. Furthermore, V* is unique up to a biregular transformation. 


DEFINITION 1. We call V* a derived normal model of V wm K*/k. 
Now let the notation be as in part (b) of Lemma 1. For a fixed index a, 
let E and E*, be the quotient fields of the completions of R and R*a 
respectively; and embed E canonically in H*y. Recall from Section 2 of [1] 
that: 


od (M*4:M) =[E*:E], g(M*a: M) = [(R*./M*2) : (R/M) Jes 
i(M*,: M) = [(R*,/M*,):(B/M)],, r(M*a: M) = d(M*,: M)g(M*,: M), 


F(M*a: M) =r(M*a: Mi M*,: MY. 
Now we define: 


d(W*,: W) = degree of W*, over W == d(M*,:M) ; 

g(W*,: W) = separable residue degree of W*, over W=g(M “M E 
i(W*a: W) = inseparability index of W*, over W =—i(M*.a: M); 
Tr(W*a: W) = ramification index of W*, over W =r (M*a: M E 
F(W*a: W) — reduced ramification index of W*, over W =F (M*.: M). 


We shall say that W*, is ramified over W—or that W*, is ramified for the 
transformation T (or T-1)—if M*, is ramified over M. Also we shall say that 
W is a branch variety of V for the transformation T (or T-) if M is a branch 
ideal in R for the extension K C K*. 


Then W is a branch variety of V for the transformation T (or T-+) if 
r(W*;:W) >1 for some i or equivalently if Sg (W%: W) < [K*:K]. By 
i= 


the branch locus of T or T-+, denoted by B(T) or B(T-*) we shall mean 
the set of all (rational) points P of V/K such that P is on some irreducible 
subvariety of V/k which is a branch subvariety for T. 


Lemma 3. Let K/k, K*, V, V* and T be as in Lemma 1. Then an 
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arreducible subvariety W of V ts a branch subvariety if and only if W C B(T). 
Furthermore, B(T) is a (proper) subvariety of V. 


Proof. Let A be an affine coordinate ring of V and let A* be the integral 
closure of A in K*. Let us denote by D(A*/A) the ideal in A generated 
by all the discriminants d(w1, we,- - `, Wn) over K of K-bases (W, We, * *, Wn) 
of K* which belong to A*. Let U C W be two irreducible proper subvarieties 
of V which are at finite distance for A. Then W is a branch variety of T if 
and only if D(A*/A)C M(W) MA; see [7]. Therefore, if W is a branch 
variety then D(A*/A) C M(W)NACM(U) NA and hence UV is a branch 
variety. Again, if W is not a branch variety then D(A*/A) CT M(W) NA 
and hence for some maximal ideal N in A containing M(W) MA we must 
have: D(A*/A) Œ N (Hilbert Nullstellensatz). This proves our first asser- 
tion. To prove the second assertion let A be any affine coordinate ring of V 
and let A* be the integral closure of A in K*. Since K*/K is separable, 
D(A*/A) 5&0 and hence the set of all points of B(T) which are at finite 
distance for A, is a proper subvariety of the affine part of V given by A; i.e. 
“B(T) is a set on a pure 7-dimensional variety V/k such that if H is any 
hyperplane defined over k in the embedding projective space S;,/k of V then 
B(T) N (Smn—H) is a proper subvariety in the affine space S,—H.” By 
induction on 7, one can easily show that the assumption between quotation 
marks implies that B(T) is a proper subvariety of V. Our second assertion 
can be proved also by using the concept and simple properties of symmetric 
products developed by Zariski in [14]. The proof, then, can be given as 
follows: Let P be a general point of V/k and let Pa, Pop’ © °, Pn be the n 
points which correspond to P for T~ (taking coordinates in some fixed 
universal domain. Let P—P,0P,0---oP, be the symmetric product of 
P., Pa, > +, Pp; and let T be the irreducible algebraic correspondence with a 
general point pair (P,P) over k. Since T is a finitely valued rational 
transformation without fundamental points, the same is true for 7; (T is in 
fact birational). Hence for any point Q (with coordinates in a universal 
domain) of V there corresponds a unique point Ọ == Q, 0 Q0- - -o Qna under 
T and hence the singular locus § of T is exactly the set of points on V to 
which correspond less than n points on V* for T. Therefore B(T) coincides 
with the set of rational points of 8 (since k is algebraically closed), and hence 
B(T) is a proper subvariety of V. 


DEFINITION 2. Let v be a real discrete valuation of a field K, K* a 
finite separable extension of K, and vë a K*-extension of v. Let M == M, 
and M* == My. We define: 
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d(u*:v) = degree of v* over v= d(M*: M); 

i(v*:v) = inseparability index of v* over v =1(M*: M); 
g(v":v) = separable residue degree of v* over v==g(M*:M); 
r(v*:v) = ramification index of vë over v==r(Al*:M); 

F(o* :v) = reduced ramification index of v* over v == P (M*: M). 


Remark. In the notation of Lemma 3, let U be an irreducible r—1 
dimensional subvariety of V and U*,,U*.,- + +, U”; the corresponding sub- 
varieties of V*. Let u and u”, u"a: © ->,u*, be the real discrete valuations 
of K and K* respectively such that Q(U) == R, and Q(U*;) = Ra, We 
observe that #(u*;:%) ==reduced ramification index (in our sense) of wu”; 
over u = the usual ramification index (in the sense of valuation theory) of 
u*; over u. One might be tempted to define: U is a branch variety if and 
only if F(u*;:u) > 1 for some j. One can easily see that with this definition 
the above Lemma is false, for then U may consist entirely of branch points 
without itself being a branch variety—this will certainly be so if F(u*;:u) = 1 
for all 7 and 4(u*;:w) > 1 for some f; see Example 1 of Section 3 (the same 
example also shows that with this definition Theorem 1, which we shall prove 
in a moment, is false). Therefore our definition of a branch variety is the 
right one. Of course for characteristic zero the two definitions coincide. 


Lemma 4. Let K/k and V be as in Lemma 1. Let W a proper 
irreducible subvariety of V, and P a simple point of V which les on W. 
Let (o,m) and (R,M) be the respective local rings of W and P on V. Let 


Ti, Ta, © +, U, be regular parameters in R. Then Tı, £o, + +, €r are separating 
coordinates for W, t.e., the seb (a,2%2,° + +, 2) satisfies the following four 
conditions: (1) (21, %2, + °; r) ts a separating transcendence basis of K/k, 
(2) hla, to: er] Co, (8) klitta’ > +,2,| contains a basis of m, and 


(4) o/m ts a finite separable algebraic extension of 
| Gig ost tl elita ee A m: 


Proof. Let (È, M) be the completion of (R, AZ). Since Ë is regular 
and since it contains a representative k of its residue field, it follows as in 
Section 5 of [6] that we can indentify R with k[[a,2,:--,2,-]], and 
we can consider K as a subfield of &((%,,a,° © +,%)). By Prop. 1.5 of 
[4], &( (a1, %2,° + +, a,)) and k(t ta’ t,e)? are linearly disjoint over 
k (21, %2,° `°, 2r), and hence K/h (a1, ta,’ - *,2,) is separable.* 


*p denotes the characteristic of k. We are assuming p 0; for in case p = 0, 
K/k(#,,%,' © *,2,) is trivially separable. 
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Let S== k[t ta: © Erh N= (%,%,°°°,2,)S, Ri —S8y, and 
M,=NR,. Let &, be the integral closure of R, in K. Then as in Proposi- 
tion 2 of [1], R= (Ri) Rom Let A—=SOm, 0 = 8a, and m, = A0. 
Let 6, be the integral closure of 0, in K. Then o= (ð); nm: By part (III), 
Lemma 4 of [1], r(M:M,) =1 Therefore by part (a) of Lemma 6 of [1], 
e(m:m,)==1. This shows that (71,%,:-°-+,%-) is a separating coordinate 
system of W. 

The following theorem and its proof are due to Professor Zariski and 
were communicated to me personally. The proof is based on Zariski’s 
paper [12]. 


THEOREM 1. Let K/k, K*, V, V* and T be as in Lemma 1. Let 
B= B(T) be the branch locus of T on V and let B* = T>{B}. Let W be 
a simple irreducible subvariety of V and W* a corresponding subvariety of V*. 
(a) If W* is ramified over W, then there exists an r—i dimensional 
irreducible subvariety U* of V* containing W* such that U* is ramified 
over tis corresponding subvariety U of V. (b) The components of B* and B 
passing respectively through W* and W are pure r—-1 dimensional. (c) If 
B(T) contains no singular points of V, in particular if V is nonsingular, 
then B(T) ts pure r—1 dimensional. 


Proof. First observe that (b) and (c) follow at once from (a) and 
that in the proof of (a) we may, without loss of generality, let W* and W 
be points (rational over k) P* and P respectively. Now let (R*, M*) and 
(R, M) be the respective local rings of P* and P, and let (£1, %2,: © +, 2p) be 
regular parameters in Æ. Let (Yı, Y2 *`,Ym) be an affine general point 
of V*/k for which P* is at finite distance. Let A = k[t; Yot © +5 Ymerl 
where Ymi =t; for t= 1,2,---,r. Then R*=A4nms and hence after 
replacing V* by the variety having (Yı, Y2,° * ‘;Ymsr) as a general point over 
k we may assume that (Y1 Y° ``, Ymr) is a general point of V*/k. Let 
L == k (£1, %2 `*r) and let v* be the zero dimensional irreducible variety 
in the projective space Sm/L with general point (Ya, Yz ° °,Ym) over L. 

Then Q(0*, Sm/L) = Q(V*, Smar/k)® Now v* is a simple point of Sm/L 
and hence M(V*,S,/L) has a basis (fi, fos *-,fm) of m elements. By 
multiplying by a suitable unit in Q(V*,Smn/L) we may assume that 
fi = Fi (try Yo i ‘> Ymsr) where Fil Ya, Yo: : *s Vine) ORLY wl a i Ymr] 
for t= 1,2,- -,m. By Lemma 4, K*/L is separable and hence J 0 at 
Yi== y; (i= 1,2, °, m + r) where J =0(Fi, Fat ++, Fm)/0(¥1, Yo: ++, Ym)! 


em t 


5 See Section 2.2 of [12]. 
° See the Criterion for Uniformizing Parameters on page 27 of [12]. 
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Suppose, if possible, that J 40 at P*. Then 
ð (F, Fo, DN sP mna) OY i F», OTO Tg Frar) = J 0 


at P*, where Fms = Ymnu for i= 1,2,- ¢,r. Therefore Fy, Fo: © t, Emar 
are uniformizing parameters in Q(P*, Smır/£).& Let 


E =kbl Y, Ya, Fma] O M(V*, Smar/É). 


Since R¥ — Q(P*, Smır/k)/E and since Fie E for t=m 4 1, m 4R >; 
m+ r, we conclude that M* = (%1, %2,: + +,v,)R* i.e. P* is unramified over 
P, which is a contradiction. Therefore /=0 at P*, i.e. J*e M” where J* 
is the value of J at Yi—=4y1, Yo = Yo," © ©, Ymir = Ymr. 

Let N* be an isolated prime ideal of J*R* in R*. Since J*R* is 
principal, N* is a minimal prime ideal in R* and hence defines an r— 1 
dimensional subvariety U* of V* through P*.7 Let N—=N*N R and U the 
subvariety defined by N. Let S = k[t, toa --,2,], D—=SON. Since k is 
algebraically closed, Sp/DSp is separably generated over k. By Maclane’s 
theorem (8.2 of [12]) we can choose a separating basis from the residues of 
Li, Ta, + +, Ur; say for instance Vo, %3,- - +,2, do this job. Fix 


cu @ greene Fns ma oo a E r) € kl F mei Fns aS F pue] 


such that D = (G (tı, to 8). As in the proof of Lemma 4, 
N = G (%1, %8 °°, 8r) R and Ry/(NRy) is a separable extension of 
l (Ta, T3, > +,@,-). Suppose, if possible, that N* is unramified over N. 
Then V* = G (£1, %2 © +, t) R* and R*ys/(N*R*y+) is a separable extension 
of Ks, ty = y0). Therefore F(Y o Ys t; Yme) Pa Yu Yat Y mr) 


ty Bin(Y 1, Yot t +, Emr) GY mis Ymo’ © *, Ymer) are regular parameters 
in Q(U*, Smır/Ľ); (see corollary on page 9 of [12]). Therefore considering 
G as a point in Sma/k (a1, 82 ©, t1), We have: 
(En Foy, Fay @)/8(¥, Ya °°, Fma) =F gee 0 
Mtl 


at Y; z= Yis Y, = Ya, 7 > . 3 F ae = ape Therefore J z4 0 at Y, = Yis Ea = Yo, 
+ F mir = Ymir, Which is a contradiction. Therefore U* is ramified 
over U7.8 


PROPOSITION 1. Let (R#, I) be a normal algebraic local ring with 
quotient field K. Let K’ be a finite separable extension of K and let K* 
be a least Galois extension of K containing K’. Then M is a branch ideal 
(in R) for the extension K’/K if and only if it is so for the extension K*/K. 


7 R* being normal all the primes of J*R* are minimal. 
"J = 0 is a local equation of the component of B* through P*. 


12 
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Proof. If M is not a branch ideal for K*/K then by Lemma 4 of [1] 
it follows that M is not a branch ideal for K’/K. Now assume that M is 
not a branch ideal for K’/K. Let (R*;, M*;) for j = 1,2,: > -,¢ be the local 
rings in K* lying above R. Let G be the Galois group of K*/K, @ the. 
Galois group of K*/K’, and G; the inertia group of M; over M. Then by 
Lemma 5.V.1 of [1], Œ D G,; for 7=1,2,---,¢# Let G be the smallest 
subgroup of G which contains Gi, G2,- © +, Gi. Then G@ is a normal subgroup 
of Gand GCG’. Therefore the fixed field K of G is a Galois extension of 
K containing K’, and hence K = K*, i.e„ G—(1). Therefore Gi == Ge 
=: : -= Q= (1), and hence by Lemma 5.1.3 of [1], r(M*;: M) = 1 for 
j=1,2,; ;--,¢; i.e, M is not a branch ideal for K*/K. 


2. Local Galois groups. 


DEFINITION 3. Let G be a finite group, p a prime number and s an 
integer. Let x be the smallest subgroup of G which contains all the Sylow 
p-groups of G. If G is an abelian group which can be expressed as a direct 
product of t cyclic subgroups with ts, then we shall say that G is a 
O.-group. If G/r ws a Os-group, we shall say that G ts a ps-group. 


DEFINITION 4. Let (R,M) be the local ring of a simple point P of 
an r dimensional algebraic variety V, and let W be a pure r—1 dimensional 
subvariety of V. Let Wy, Wot -© °, W, be the irreducible components of W 
which pass through P. Let N;x=ROAM(Wi,V). Let s be an integer with 
s&r. Then we shall say that W has an s-fold normal crossing at P if 
there exists a minimal basis (@,,%,:-+,%-) of M such that oR= WN, for 
eae ps 


Lemma 5. Let R=k|[X Xo,---,X,|] |, H=k((X1, X + +,X,)), and 
E* the root field of f(Z) =Z"—X over EF, where in case of nonzero charac- 
teristic we assume that n is not divisible by the characteristic. Let R* be 
the integral closure of R in E*, and let X* be a root of f(Z) in E*. 
n-i i 

Then R* =X X*R, R* is a regular local ring of dimension r and 
4=0 

(X*, X2,X3,° © `, Xr) are regular parameters in R*. 

Proof. Let v be the valuation of E such that R, = R:x,z), and let v* 
be a H*-extension of v. Since nv*(X*) = v(X,), v* is the only extension 
of v to E*. Since ¥,”=* is the discriminant of f(Z), we have that: 

n-1 
k* = X, (XX it") R, (see page 79 of [9]). u*eR* implies that 


4=0 


n-1 
Us = XX, uy, with we, and v*(u*) 20. The v* values of any two 


4=0 
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different nonzero terms in the above sum are distinct. Hence u,;540 implies 


r 
that v*(\*i X ru) = 0 and hence that Xi rue R. Therefore R* == $ X*iR. 
i=0 


The remaining part of the lemma follows at once from this. 

In the rest of this section we shall deal with the following situation. 
Let K be an r dimensional function field over an algebraically closed ground 
field + of characteristic p and let K* be a finite separable extension of K. 
Let F be a projective normal model of A/k, V* a derived normal model 
of F in K*, and T the rational transformation from V* onto V. Let P 
and P* be corresponding points of V and V*, and let (R, M) and (R*, M*) 
be the local rings of P and P* respectively. Let Q be an algebraic closure 
of K*. 


Lemma 6. Assume K*/K is Galois and let Yı, Yz +5y, be a finite 
number of elements in R such that N;—y,h is a minimal prime ideal in R 
and hence that Ry, is the valuation ring a real discrete valuation w; of K. 
Let n; be the reduced ramification index over w; of a K*-extenston of w? 
Assume that tf p0 then nys40(p) for 7==1,2,:--,h. Let yp/™ be an 
n-th root of yin Q. Let 


Te ee K (yl, yall, aa Ypa) and R* == K* (ye, yotls, st, ypt ”h) ; 


Let Ny be a minimal prime of R different from N,,No,- - -, Npn and let wo 
be the valuation of K with valuation ring Ry, Let ©*; be an extension of 
w, to K*, w“; the K™-restriction of w*;, and W; the K-restriction of Ñ% 
Then: (a) K*/K, K/K, K*/K* and K*/K are Galois extensions. (b) 
(a): w*;) = FD"; w";) == 1 and 1( 0; = w) =F (Gj: w) =n; for j ==1,2, 

‘she (e) ry: wo) == 1 (Do: Wo) = 1, 7 (Bo: Do) —7(w* oi wo), and 
P(E”: Bo) =F (Wo: Wo). 


Proof. We shall assume that A 1, since the general case follows from 
this by a straightforward induction. (a) follows from the fact that the 
compositum of two Galois extensions of K is again a Galois extension of K. 
Now let [A*:K*] =n. Then 1,=0(n). Let c= y,/% and z—=a", Then 
f(A.) =A” —z is the minimal monic polynomial of æ over K*. Now 2 
is the discriminant of f(X). Since z” is a unit in Ress 7(@*o:w*)) =1. 
Fix we Ry, such that uly, == ys, Then s/u is a primitive element of 
K*/K™, and g(X) = X"—zu™ is the minimal monic polynomial of «#/u 
over A”. Since w*,(zu-") == 0, the w™,-residue e of zu” is a nonzero element. 
Hence the discriminant of X"—e is also a nonzero element of Ries, / Mayr 








° Since A*/K is Galois, n; depends only on w,. 
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Therefore the discriminant of g(X) is a unit in Re», and hence r(w*;: w*,) = 1. 
Since n,@, (£) = w,(y:), we have that r(@::0,) =7(@1:w1) =m. The rest 
of the assertions follow in a similar fashion. 


Lemma Y. Assume that P is simple; P* is the only point which corre- 
sponds to P; Z*—«, is the minimal equation of a primitive element x* of 
K*/K; [K*:K] 0 if p0, and that x, is part of a minimal basis 
(2, t °°, %,) of M. Then P* is simple and M* = (2*,a2,%,° ` `, 2r) R*. 


Proof. Follows from Proposition 1 of [1] and Lemma 5. 


THEOREM 2. Let B be the branch locus on V. Assume that P is simple 
and that the component B of B, which is ramified for the extension P— P*, 
has a t-fold normal crossing at P39 Then the local Galois group G(P*/P) 
is a De-group. ~~ | 


Proof. Let K’ be the least Galois extension of K such that K* C K CQ, 
P’ a point corresponding to P* on a derived normal model of V* in K’, and 
(R’, MM’) the local ring of P’. Let K, and K*, be the splitting fields of P’ 
over P and P* respectively, and let K’ be the least Galois extension of Ks 
such that K*,C K’C KR’. Let Pe P*,, P be the points corresponding to P’ on 
derived normal models V,, V*,, V’ of V in K,, K*,, K’ respectively. The 
results of Section 1 and of Section 2 of [1] imply the following: P, is simple; 
if B, is the image of B for the transformation V —> Vi, then Bs is the branch 
variety for the extension P.—>P’, B, has a ¢-fold normal crossing at P,; and 
G(P’/P,) =G(P*/P). Therefore we may replace V, P, V*, P* by Va Ps 
y’, P respectively. - 

Hence to start with we may assume that P* is the only point corre- 
sponding to P and that K*/K is Galois. Let G be the Galois group of K*/K 
and let ~ be the smallest subgroup of G which contains all the p-Sylow groups 
of G if p40 and let r= (1) if p=0. Let X be the fixed field of r, V a 
derived normal model of V in K and P the point in V corresponding to P*. 
Then the branch locus B for the extension P—>P is a subvariety of B and 
hence B has a m-fold normal crossing at P with m<t. We have to show 
that G/ is a 0,-group, and hence enough to show that G/a is a Om-group. 

Therefore to start with we may assume that if p 340 then [K*: K] 40(p); 
and then we have to show that Gis a 0,;-group. Let (a1,22,- © +, ær) be regular 
parameters in Æ such that Rin =Q(B, V) for j=1,2, + -,t where 


10 By Theorem 1, B is pure r— 1 dimensional. B consists of those irreducible com- 
ponents B; of B passing through P for which there exists a corresponding variety B*; 
through P* with r(B*,: B,) >L 
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Bı, Ba,’ © >, B are the irreducible components of B. Let B*; be an irreducible 
subvariety of V* corresponding to B; and let nj=r(B*;: B). Let ap/ 
be an 2;th root of a in Q. Let K, == K*(a¥%, ga" - +, o/s) and 
K, = K (aM, g,” - +, a). Let P} be a point corresponding to P* on 
a derived normal model V, of V in K, and let P, be the point corresponding 
to Pz on a derived normal model V, of V in K,. Let (R, M) be the 
quotient ring of P,. Theorem 1 and Lemmas 6 and 7 imply that P, is a 
simple point, M, == (m,i, Bana e - e E Bus Venn’ Tr) G(P.:P) 
== @ (P: P) =the direct product of ¢ cyclic groups of orders ni, na’ ` *, ne 
Since G(P*:P) is a subgroup of G(P2:P), we conclude that G(P*:P) 
is 0;-group. 


THEOREM 3.1? Let the assumptions be as in Theorem 2 and let p =0. 
Let (x1, 8," © +, @,) be regular parameters in R such that Rien = Q(B, V) 
for j==1,2,---,¢; where Bı, Ba > +, B: are the irreducible components of 
B. Let R=k[[ay, ty: - *,@]] and R* be the completions of R and R* 
respectively; and embed B in R* canonically. Let E and E* be the respective 
quotient fields of Rand R*, Then P* is Galois over P, G(P*:P) is a 04-group 
and LE C ke (ay, vos, e + ae ty Bee,’ t Br) Where ni no °°, My 
are suitable integers. 


Proof. Follows from the considerations made in the proof of Theorem 2. 


THEOREM 4. Let ihe assumptions be as in Theorem 8 and let t=1, 
t.e., let B have a simple point at P. Then P* is simple, 


R* aie kel [z;1/m, Ta 8, Tr] ie 
and ck is primary, i.e, B does not split locally for the extension P —> P*. 


Proof. That P* is simple and R* =k[[#,/", 2, ta, © -,2,]] follows 
from Theorem 3. Since a, is the power of an irreducible element in #*, 
it must already be so in 2", 


remark. Let G(P*:P) be the local Galois group over a ¢-fold normal 
crossing as referred to in Theorem 2. If p40, @(P*:P) can be very messy 
and insolvable even for ¿==2 and t—1 as will be shown by Examples 3 
and 4 in Section 3. Hence in a certain sense, Theorem 2 gives a best 
possible description of local Galois groups over normal crossings. Since 


y= Ff since [K*: K] = 0(p) if p 0. 
1? Known in the classical case when k is the field of complex numbers; the known 
proofs being topological. 
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Theorem 4 essentially depends on the fact that for p—0 the local Galois 
group above a simple point of the branch locus is cyclic and since for p70 
such a local Galois group need not be cyclic, we cannot expect this theorem 
to hold for p540. Examples 1, 2 and 5 of Section 3 will show that for p 540, 
a point above a simple point of the branch locus need not be simple. Example 
5 will also show that even if the branch locus B for P— P* has a simple 
point at P, still the image B* of B may split at P*. If we have a sequence 
P— P*,—» P*,->: - -—» P*, such that the branch locus B for P—>P*, has 
a simple point at P, B may acquire a singularity at P*,, and hence a bad 
singularity at P*,, and a worse one at P*, etc.; thus making the groups 
G(P*,:P*,,) more and more complex. This “local splitting of a simple 
branch variety by itself” is the real reason behind the failure of Theorem 3 
and 4 for p3<0, and which in turn explains the failure for nonzero charac- 
teristic fields of Jung’s classical method of uniformization (see Section 4). 

3. Some examples. In the following examples we shall be dealing with 
a normal surface F in a projective space S; over algebraically closed ground 
field k of characteristic p540. F will be given by its defining homogeneous 
polynomial F in the homogeneous coordinates X, Y, Z, T in S;. We shall 
project F from the point X = Y = T =0 onto the (X, Y,T) plane. By K 
and K we shall denote the function fields of the (X,Y,7) plane and of F 
respectively. By D we shall denote the branch curve of this projection on 
the (X,Y,T) plane. We shall omit some details in the proofs which consist 
of straightforward computations. For instance: since k is algebraically closed, 
F = OF/0Z = 0F /0X == OF /0Y —0F/0T —0 will give the singular manifold 
of F (Theorem 7 of [12]). In Examples 1 to 5, F will have only a finite 
number of singular points, from which will follow the irreducibility of F 
and hence of F. Consequently in Examples 1 to 5, we shall have that the 
singularities of F are exactly the singularities of F and the finitenes of their 
number will in turn imply the (arithmetic) normality of # (Theorem 3 of 
[8]). We shall find D by computing the Z-discriminant of F. Also we 
shall use well-known facts from ramification theory of real discrete valuations, 
for which we refer to [3] and [5]. 


Example 1.. 
Z? — XP1Z — Yr T if pR 


P=) rzy if p= 2. 


F: F =0 is a normal surface with X = Y = Z = 0 as the only singular point. 
Y =Q is the equation of the branch curve D. Thus X = Y =0 is a simple 
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point of D and above it lies the singular point X = Y =Z =Q of F. K/K 
is a cyclic extension of degree p. Consider the real discrete valuation vx of 
K/k given by the Y-axis: X —0, in the (X,Y)-plane. For p342, reducing 
F modulo vy we get: Z?—Y?+=0. This is an irreducible pure inseparable 
equation over the residue field &(Y) of vy. Hence vx has a unique extension 
dy to K. We have: i(dx: vx) =p and f(dxy:vx) =1. For p=}, writing 
Z* for Z+Y we get: F=Z*?*+ XZ*4+ XY. Again vx has a unique vx 
to K, but now #(dx: vx) =? and t(Gx: vx) =1 since Ox(Z*) = 4vx(£). 


Example 2. 
F = 7? — X?P1Z— X Yr, 


F:F=0 is a normal surface with Y = Y = Z = 0 as the only singuarity. 
X = 0 is the equation of the branch curve D. Again X = Y = 0 is a simple 
point of D and above tt lies the singular point X = Y = Z =Q of F. Again 
K/K is cyclic of degree p. Let vx be the valuation of K/k given by X —0 
and let Jy be an extension of vy to K. Then x(Z) = (1/p)vx(X). Hence 
Ox is unique, F(UTx:vx) =p, and t(x:vx)=1. (Note that Examples 1 
and 2 coincide for p = 2). 


Kzample 3. p=}. 
F = Z5 4 XZT + YZT? + XT. 


P:F =Q is a normal surface with ¥ = Y = Z =0 and X =T =Z =Q as 
the only singular points. Components of the branch curve D through the 
point Q : X = Y = 0 are X = 0 and X°: + Y = 0. So Q is an ordinary double 
point of D. l 

The point P:X = Y =Z = 0 is the only point of F above Q. Let & 
and Æ be the completions of the local rings of P and Q respectively, and let 
i and E be the respective quotient fields of R and E. It is clear that 
R= k| [X,Y]], E =k((X, Y)), and that 


F(Z) =Z + XZ -4 YZ + X! 
is the minimal polynomials of a primitive element of # over E. Let H* 


be the least normal extension of Æ containing #, and let G be the Galois 
group of E* over E. 


We shall show that G is insolwable. 


Since //*/H is the root field of f (Z) = 0 we can consider G as a subgroup 
of the permutation group P, on five symbols. Let n be the order of G. 
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Consider the discrete valuation vx of # given by the prime element X of R. 
Reducing the equation f (Z) =0 modulo vy we get: 


Z:+ YZ=Z(Z* + Y) =0. 


Therefore there exists a oe of H* above vx with inseparability index 
divisible by 4 

Similarly reducing f(Z) —0 module the valuation vy_xe of E given by 
Y — X° we get: 


Z5 -+ XZ? + XZ + Xt = (22+ X?) (Z:+ XZ + X) = 0. 


Therefore there exists a valuation of Æ* above vy-ys with residue degree 
divisible by 3. 

Hence n is divisible by 3, 4 and 5; i.e. n is divisible by 60. Since P, 
is of order 120 and since the alternating group A, is the only subgroup of P; 
of order 60; it follows that G is either A; or Ps. In either case G is insolvable. 


Example 4. p=}. 
F == 25 + XZ y YET 4 X + XYPT. 


Again F: F =Q is a normal surface with X= Y = Z = 0 and X = T = Z = 0 
as the only singular points. But now X ==0 is the only component of D 
through the point Q:£ = Y =Z =0. o Q is a simple point of D. Also 
P: X = Y = Z = 0 is the only point of F above Q. Let R, R, #, #, H* and 
G be as Example 3. Now f(2) = 2° -4 X24 YZ -+ X*Z -4+ XY? is the 
minimal polynomial of a primitive element of #/H. Again consider G as a 
subgroup of the permutation group P, on five symbols. 

Reducing f (Z) ==0 module the valuation vy of E given by the prime 
element X of R we get: 

P(Z -+ Y) =0. 


Therefore there exists a valuation v, of # above vy with inseparability index 
divisible by 2. Also we have that there is an extension v, of vy to # such 
that v.(z) > 0 where z is a root of f(Z)==0. Itis clear that Vz? and XY? must 
be the minimum value terms in f(z) for va i.e. we have va (Y2°) == u.( YY J 

Since v (Y) =vy (Y) —0 and v(X) = vx(X) = 1; it follows that v,(z) = 4, 
and hence we have that #(ve:vx) Z8. Now v, =v, implies that r(v,: vx) 
=6>[#:H#] which is a contradiction. Hence 2,>40,. Therefore 
ifv: vx) +F(vg:vx) S5—[#H: EF] i.e, F(ve:vx)—=3. Therefore every 
extension v* of vx to #* is such that i(v® :vx) is divisible by 2 and #(v*: vx) 
is divisible by 3. 
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Therefore the order n of G is divisible by 2, 3, 5 and hence by 30. 
Hence G is either (i) Ps, or (ii) As, or (iii) a subgroup of P; of order 30. 
In cases (i) and (ii) G is insolvable. We shall show that case (iii) cannot 
arise by proving that P; has no subgroup of order 30. Suppose then, if 
possible, that H is a subgroup of P, of order 30. Let H = H, Hap Hs, H, 
be the right cosets of H, and for u eP, let 


(tu)(H,, Ha, Ho, Ha) = (Hru, Hou, Hou, Hu). 


Then ¢ is a homomorphism of P; into the group of permutations of H,, Ho, 
H, H.. Since we H; implies Hiu = H; 4 order of ¢(P;) S24. Hence 
i (0) is a normal subgroup of P, of order m, where (120)/(24) = 5 =m S30 
= 120/4. <A contradiction since A, is the only normal subgroup of Ps. 
Therefore G is insolvable. 


Example 5. 
e F = Zr 4 YrZT 4 Xm. 


The surface F: F = 0 is normal and has X = Y = Z = 0 and X = T =Z = 0 
as the only singular point. The point Q:X = Y —0 is a simple point of the 
branch curve D:X =0. Again in the terminology of Example 3, 


f4) = 2 Fma, 


is the minimal polynomial of a primitive element of Æ/E. Consider the 
Galois group G of E*/E, as a subgroup of the permutation group P,,, on 
the roots of f(Z) =0. Modulo the valuation vx of Æ given by the prime 
element XY in R the equation f(Z) —0 becomes Z(Z?-+ Y?*) —0. Hence 
there exists a valuation of #* above vx with inseparability index divisible by p. 
Since the order n of G must then be divisible by p and since p is prime, 
G must contain a p-cycle. Thus G is a subgroup of Pp., G contains a p-cycle, 
and the order of G is divisible by p(p + 1). For p= such a group G is 
very large and quite complicated. 

Observe that the point P = X = Y =Z = 0 is above the simple point 
Q : X = Y = 0 of the branch curve D: X —0; and still P is singular. D splits 
in passing from Q to P as is shown by the equation: Z (Z? 4- Y?-1) =0. 


Example 6. p=65. 
. F= +. ¥2Z°+-¥Z? X. 


F: F = 0 is nonsingular at finite distance. Q:X:¥ —0 is an ordinary double 
point of the local branch curve XY =0. The only point of F above Q is 
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P:X=Y=2Z=—0. Pisa simple point of F but still the local Galois group 
G of P over Q (notation of Example 3) ts insolvable. 


Modulo the valuation vx of E given by X, we have 
A+tV¥A+VYA=7(47+Y2Z-+Y) =0. 


Hence there exists a valuation v, of # over vx with separable residue degree 
over vy divisible by 3. Also there is a valuation v, of # above vx for which 
V2(z) > 0 where z is a root of F(Z) =0. Since for v2, Y2? and X are the 
minimum value terms of F(z); it follows that v.(z) = (4)ux(X) =4. As 
in Example 4 we conclude that: v, A v2, F(v2:0x) = 2, and g(vi: vx) =3. 
(One extension with g=3 and one extension with 72% makes up 3+2 
= 5 = | Ë: E] and accounts for all the #-extensions of vy). Hence the order 
of G is divisible by 2 X 3 X 5—30. The insolvability of G now follows as 
in Example 4. 


Remark. In the above examples, let Q and P be the points ¥ = Y=0 
and X = Y=—Z-=—0 of the (Y,Y,7) plane and of F respectively. Observe 
that in all the examples: r(P:Q) =7(P:Q) =[K:K] = [E:F]. Now let 
K* be the least Galois extension of K containing K, and let P* be a point 
corresponding to P on a derived normal model #* of the (Y,Y,7) plane 
in K*. By Proposition 1, D is the branch curve also for the rational trans- 
formation from F* onto the (X,Y,7) plane. In Example 3, Q is an ordinary 
double point of D and in Examples 4 and 5, Q is a simple point of D. In 
Examples 3 and 4, G(P*:Q) is insolvable. In Example 5, since D splits 
in passing from Q to P, D splits a fortiori in passing from Q to P*. In 
Examples 1 and 2, K = K* and hence P= P*. 


4. Jung’s method of uniformization. Let S be an algebraic surface 
in an n-dimensional projective space over an algebraically closed ground 
field k and let K be the function field of S. The classical problem of local 
uniformization on algebraic surfaces deals with the case when k is the field 
of complex numbers. It roughly asserts the following: Let P be a point on S. 
Then some complete neighborhood of P on S can be covered by a finite 
number of regions Ri, &2,-+-,&; such that in each R, the coordinates 
Ti, To, * *, 2n Of the points in F; can be expressed as convergent power series 
in two variables u, v; this representation being unramified in a certain sense. 
This problem was solved by Jung? by using a very fruitful method. Zariski 
generalized this problem when i is an abstract field, stating it in terms of 
valuation theory. If we use the concept of normal varieties due to Zariski, 
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then the basic ideas behind Jung’s proof become strikingly simple and are 
as described below. _ 

Let V be a normal model of the function field K/k in a projective space 
S, or dimension 7. Project V onto a plane V’, from an S,_3 which does not 
meet V. Let K’/k be the function field of V’. Let T be the rational trans- 
formation from V onto V’, thus defined. Since T and T- are free from 
fundamental points, V is a derived normal model of V’ in K. By Theorem 2, 
the branch locus D on V is a curve. Let Q be a singular point of D. Apply 
to V’ a locally quadratic transformation #, with center Q, getting a new 
surface V^. To Q there will correspond a fundamental line L, on V’. 
We have that there is a rational transformation tT of V onto V’, whose 
inverse is finitely valued at each point of V^. Let V, denote a derived 
normal model of V^, in the function field K/k. Let Tı be the rational 
transformation of V, onto V’, (defined in a natural fashion). Then V,, V^ 
and, T, are in the same relationship to each other as V, V and T. Also 
FV, has no singular points. The branch curve D, of Ti is either the proper 
transform of D, or it is this transform together with the line Z,. After a 
finite number of steps it is possible to get V,, V’ and T, such that the 
branch curve D, on V’, has only ordinary double points. We may assume 
that already V, V’, and T have this property, i.e., that D has only ordinary 
double points. 

Let Q be a point of V’ and let P be a point of V corresponding to Q. 
We have proved in Section 2 that: (a) If Q¢D, then P is a simple point of V. 
(b) If Q is a simple point of D, then G(P/@) is cyclic and again P is a 
simple point. (c) If Q is an ordinary double point of D, then G(P/Q) is 
the direct product of two cyclic groups.*? So it is only necessary to consider 
what happens “above” an ordinary double point Q of the branch curve D. 
Let P be a point of V above Q. The simple structure of G(P/Q) in this 
case enables Jung to resolve the singularity of V at @ in the classical case 
when Æ is the field of complex numbers, by topological considerations. 

Now supposing that k is of characteristic » 340, we tried to generalize 
Jung’s method. But unfortunately in this case of modular ground fields as 
was shown in Section 8, the statements (b) and (c) are not valid and the 
groups mentioned there may even be insolvable. If these local Galois groups 
were at least solvable, that would have been of some use for the purposes of 
uniformization. 
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A NOTE ON TWO DIMENSIONAL DIVISION 
RING EXTENSIONS.* 1 


By N. JACOBSON. 


A division subring T of a division ring A is said to be Galois in A (and 
A is Galois over T) if T is the set of invariants (or fixed points) of a group 
of automorphisms acting in A. The two dimensional Galois extensions of a 
division ring have been determined by Dieudonné.* In this note we shall 
show that if r is a division ring of characteristic “2 which is finite 
dimensional over its center ¥ and A contains T and has left dimensionality 
[A:T],=—2 then A is Galois over T. On the other hand, we shall construct 
a ctass of examples where [A:T] =2 = [A:T]r, T of characteristic #2 
and A is not Galois over T. 


We prove first a general theorem on dimensionalities as follows. 


THEOREM 1. Let A be a division ring, T a division subring, ® and Y 
the centers of A and T respectively. (1) If [A:T] <% and [T:¥] <% 
then [A:@] <o. (2) If [A:®] <o then [T:¥] S[A:@], the equality 
holding if and only if the division subring (T) generated by ® and T 
coincides with A. 


Proof. (1) Our assumptions here imply that [A:&|z,<o. The result 
will therefore follow from the fact, which we proceed to prove, that if a 
division ring A is of finite left dimensionality over a subfield ¥ then A is of 
finite dimensionality over its center. Let 68,,8,---,8, be elements of A 
which are linearly independent over ®. Then it is well known that the right 
multiplications ĉir, ðr © ông are linearly independent over the division 
ring Az of left multiplications. Hence ôi are linearly independent over Yz 
the subfield of A; determined by Y. On the other hand, the ring & of linear 
transformations of the left vector space A over W contains zr since W is 
commutative. Moreover, [Q: YL] = [A:]z,?. Since the d;ze8 this implies 
that nS [A:W]z?, Hence [A:®] S [A:]7?. (2) If Ti, £a: +--+, a, are 


* Received January 4, 1955. 
*This research was supported in part by a grant from the National Science 
Foundation. 
2f4]. Cf. also [1]. 
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elements of a ring then we define [7,¢2.° + 0 tr] = D +: Tpu’ © tti, Where the 
P 


summation is over all the permutations (%,%,° --,%-) of (1,2,-°°,7) and 
the sign is + or — according as the permutation is even or odd. It has 
been shown by Amitsur and Levitzki ([2]) that if ©, is the ring of nxn 
matrices over a field S then [a,%2-° - -%,| == 0 for all t;e ®, but there exist 
Ti, Eo © *5 Xone In &, such that [z182 + t Eon] 0. This implies by the 
usual base field extension argument that if A is a division ring which is n” di- 
mensional? over its center then [a,02° * %o,|=0 in A but [aite: Tonn] EO 
in A. Also it is a known result of Kaplansky’s ([7]) that if [A:&] = œ 
then A satisfies no polynomial identity with coefficients in 6. It is clear from 
these results that [A:®] <% implies [[:¥] = [A:®]|. Now consider & (T). 
This is a subspace of A over ©; hence it is finite dimensional. Let yi, y2,-- +, yr 
be a maximal set of elements of T which are linearly independent over ® and 
let V be the -space spanned by these. Evidently TCV. Hence V is a 
subring of A. Since V is finite dimensional over ® it is a division subring. 
Thus 7—(T). Suppose [[:¥]=m?, then [ynyr © * Yim] == for all 
choices of 4;—=1,2,--°-,7. Hence [Tit > < tom] =Q in (T) =F so that 
if P is the center of (T), then [@(T):P|<m?. On the other hand, if 
[2t + ap] ==0 in (T) then the same holds in T. It follows that 
[T:¢] < [ë(T):P]. Hence [T:¥] = [6(T):P]—=m*. Now if [T: 8] 
= [A:6]—n? then [@(T):P] =n? and, since PD ®, [@(T): 0] =n. Thus 
(T) =A. The converse is clear by the same argument. 


THEOREM 2. Let T be finite dimensional over its center V and let A 
be a dwiston ring containing T and such that [A:T],—2. Then if the 
characteristic is 3&2, A is Galois over T. 


Proof. Theorem 1. shows that [A:®] <œ for ® the center of A. We 
distinguish two cases; J. PO. Let €(T) denote the centralizer of T in A. 
Then it is well known that €(€(T)) =T so that T is the set of invariants 
of the inner automorphisms determined by the non-zero elements of €(T). 
II. rDo. Let teg, Zr. Then A=T(¢) and #—y,t+y., yer. Since 
t and ¢* commute with every yer this gives (yyı)t -++ yya = (yry)t + yəy. 
Hence yy: = yy and so that y: are in the center Y of T. Since A—TI(f) 
where ¢e® it is clear that ¥—=T NØ. Hence the yeğ. We may replace t 
by u—t—4y, and obtain u2=S$e6. For «a, Bel, the mapping «+ Bu 
—> %— Bw is an automorphism in A whose set of invariants is T.* 


* It is well known that if A is finite over its center then its dimensionality over the 
center is a square. 
tI am indebted to the referee for the following remark: In part II of the above 
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In the remainder of this note we shall construct some examples of two 
dimensional non-Galois extensions. These will be given as certain Clifford 
algebras of infinite dimensionality. We shall therefore begin by indicating 
that the well-known results on finite dimensional Clifford algebras can he 
carried over to the infinite case. 

Let Jf be a vector space over a field 6 and let Q(x) be a quadratic form 
on A. We denote the associated scalar product Q(z-+y) —Q(2) —Q(y¥) 
by (z,y). This is symmetric and if the characteristic is two then (2,y) is 
alternate: (a,x) 0. If N is a subspace we define NL = {y| (£, y) =0,veN}. 
N is isotropic if NM NL {0}, totally isotropic if NCN+. The scalar 
product (and the quadratic form) is non-degenerate if M- +£ {0}, totally 
regular if there exists no isotropic ((#,7) =0) 7540. 

Let % be the free algebra F = F1 GM O(MOM)O(MOMOM)O:-:: 
based on the space JM and let $ be the ideal in F generated by e®x—Q(a)1. 
Then A= %/% is called the Clifford algebra of M relative to Q. 

‘Tt is easy to see that the natural homomorphism of M into A is an 
isomorphism ([3], p. 89). One may therefore consider M as a subspace of A. 
If N is a subspace of M, then the subalgebra of A generated by 1 and N is 
isomorphic, and so may be identified with the Clifford algebra A(N,@Q) of N 
relative to the contraction of Q.5 

From now on we assume that (x,y) is non-degenerate. Then it is well 
known that if M is even (finite) dimensional then A is central simple and if 
M is odd dimensional then A is a Kronecker product of a central simple 
algebra and a two dimensional semi-simple algebra. The structure of A can 
be described more precisely by using the following 


Lemma. Let F be a non-isotromic subspace of 2n << dimensions. Then 
the Clifford algebra A(M,Q) of M relative to Q is a Kronecker product 
A(F,Q) @A(F+, (—1)4C#D8Q) of the Clifford algebra of F and Q and 
that of FL and (—1)#C#D8Q where 8 is the discriminant of (x,y) in F. 


Proof. Char. 542. We choose an orthogonal basis (21, Us, © `, Usu) 
for F and set (u; ui) =8; 41. Set c= RUU - - toy. Since uju; = — Uji, 
for 149, wi? = 48,1, c? = (—1)4C#Y§ where § = I8; is the discriminant of 
(t,y). It is known, that for finite dimensional non-isotropic subspaces 


proof, no use is made of dimensionality relations. Hence the argument shows that if 
[\: T]; =2 for arbitrary T, and T þ ®, then A is the Kronecker product over WY of 
T and a quadratic extension of Y. ` 

“It suffices to prove, this for finite dimensional N. The arguments given in [3] 
suffice in this case. If N is even dimensional and non-isotropic then the lemma given 
below can also be used. An easy reduction can be made to this special case. 
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F,M=FOFL. If we Pl, cece and (cr)? =Q(z) (—1)4Ce8. It 
follows easily that the subalgebra generated by the elements cs is the Clifford 
algebra A(FL, (—1)#@#8Q) and 


) 


A(M,Q) =A(F,Q) 8 A (F4, (—1) Mrnsg). 
Char. 2. Here we can choose a symplectic basis for F: 
(ui, U1, Ua, Va,° ` * Un Vn) 


with (upv) = 1 = (vui) and all other products 0. The discriminant of 
(x,y) relative to this basis is 1. If ve F, ye Fl then ty =ys. It follows 
that A(M,Q) =A(F,@Q@) @A(FL, Q). 

This lemma shows that if Jf is of even dimensionality then A is a 
Kronecker product of generalized quaternion algebras and if M is odd 
dimensional then A is a Kronecker product of generalized quaternion algebras ` 
and a two dimensional semi-simple algebra. We now prove 


THEOREM 38. Let M be an infinite dimensional vector space with a non- 
degenerate quadratic form Q. Then the Clifford algebra A(M,@) is central 
simple. Moreover, if dim M =N, then A(M,Q) is a Kronecker product of a 
countable number of generalized quaternion algebras and any such product 
can be obtained from a suttable Clifford algebra. 


Proof. The first statement will follow by showing that any finite subset 
S of A=A(M,Q) is contained in a finite dimensional central simple sub- 
algebra containing 1. By using a basis one sees that © is contained in the 
subalgebra generated by 1 and a finite dimensional subspace F. Since any 
finite dimensional subspace can be imbedded in a non-isotropic one, we may 
assume F non-isotropic. Also it is easy to see (using M = F @F+) that we 
may assume dim#—2y. Then the subalgebra A(F,Q) is central simple. 
Now suppose dim M =No. If char+42 we denote the generalized quaternion 
algebra with basis (1,1,7,77) such that 7? = «1, 14? = B1, ti =— ji by (a, B) 
and if char.—2 we denote the generalized quaternion algebra with basis 
(1,4,7,47) such that #®@=al, 7?— 1, + ji=1 by [«, 8]. If char. 2 
we choose an orthogonal basis (u1, Vi, U2, va © -) with O(u;) = x Q (v) = Bi 
({8], p- 3). Then using (ap?, Bp?) = (a,8) for all p=40 and the lemma, 
we obtain - 


A= (a, B1) © (— a8 102, — 18182) B (— a2 B2%s, — ABB) 
®-- -@ (— CyB y%y41, — ey By Bys1) Qe n 
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If char. = 2 we choose a symplectic basis (Wi, Vi, Us, Vot + *) with (Up w) =1 
—(v,ui) ([S], p. 4). If Q(u:) =a, Q(v:) =f; then the above lemma 


gives the formula 
A= [0,81] @ [2 Bo] O [as Bs] Qo ae 
The last statement of the theorem is clear from the above formulas. 


It has been shown by Koethe ([9]) that there exist infinite Kronecker 
products of quaternion algebras which are division algebras. We shall sketch 
an alternative proof. Let T be a given division ring with center ¥. Then 
the polynomial domain T[A] is a principal ideal domain and so it can be 
imbedded in a quotient field F(A). The center of P(A) is W(A). If char. 2, 
we let © be the automorphism in [(A) which is the identitly on T and sends 
à into —-A and we form the semi-linear polynomial domain I'(A)[t, 8] of 
polynomials in ¢ with coefficients in I'(A) such that ża = (aS)t, aeT(A) 
([5]; p. 29). This is a principal ideal domain and can be imbedded in a 
quotient field A. The center & of A is ¥(A*,#?) and A =T (47, t) We (A7, 6) 
where T'(\7, ¢?) is the division subring generated by T, A*, #. We can begin 
our construction with a field T == %, and repeat this an infinite number of 
times to obtain a division algebra with center @ (17,41, As”, t,t + +) which has 
the form (\,7,t,2) O (A27, t) @- + - over this center. If char.== 2 we modify 
the construction by replacing the automorphism S by the derivation D in 
r(A) such that TD = {0} and AD == 1. Then we consider the differential 
polynomial domain T(A)[¢,D] with te—at+aD. In the end we obtain 
the center @o{A,*, 21°, Ao”, to, © -) and the division algebra 


[A7 12] 8 [A te? ] @+ « - 


over this center. 


We now suppose that A—A(M,@) is a Clifford algebra of a space M 
relative to a quadratic form Q and that A is a division ring. Let H be a 
hyperplane in M, so that M — H © u where we M and ® is the base field. 
Let T == A (JI, Q) be the subalgebra generated hy 1 and H. Since the elements 
of A are algebraic over ®, T is a division ring. We have the relation 
ur = — ru + (v,u)l for ee H. Hence if aeT then we have a relation of 
the form ua = (al)u-+-aD where al and aD are elements in T. Since ugT 
the elements af and aD are uniquely determined by a. One verifies that I is 
an isomorphism of T into itself and D is an [-derivation: (ab) D = (al) (bD) 
+ (aD)b. Since the image under J contains H it is clear that I is an 
automorphism. The relations ua == (alju -+ (aD), u? = Q(u)1 show that 
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(1,u) is both a left basis and a right basis for A over I'v Hence [A:T], = 2 
= [A:T]. We now prove 


THEOREM 4. Let A—A(M,Q) bea Clifford dwision algebra determined 
by a vector space M relative to a quadratic form Q and let T—=A(H,Q) be 
the subalgebra generated by 1 and a hyperplane H. Assume char. 2. .Then 
A is Galois over T if and ony if HL {0}. | 


Proof. Since A is a division ring, M contains no isotropic vectors. 
Hence HM H1=4 {0}. If H+ £ {0} we choose u in this space. Then we have 
ua = (al)u and we have an automorphism mapping every aeT into itself and 
mapping u into —u. The set of invariants relatively to this automorphism is 
T. Hence T is Galois in A. Conversely, assume A is Galois over T. Then it is 
known that A==I'(¢) where ¢ is an element such that the inner automorphism 
determined by ¢ maps T into itself. Write t= cu + d,c,d€T, c40. We 
may replace t by vu=ctt—=u-+e, e=—c'd. If aeT the condition va == aw, 
a,eT gives a,—al and aD==(al)e—ea. In particular, if seH, then 
. (4, u)l=— (ze + er). If M is finite dimensional then it is clear that 
H+- {0}. Hence we may assume M infinite dimensional. Then we can 
find an even dimensional subspace F in H such that e£ A(F, G) the subalgebra 
generated by 1 and F. Since Q is non-degenerate in F we can find a w’ e F such 
that (a, w) == (x, u) for all ae F. Hence if v =w -+ e then wv’ + vg = 0, re F. 
Tf (Ui, 01," * +, Uy, Vy) is an orthogonal basis for F, the element UV’ © -Uga 
has an inverse and anti-commutes with every se F. Since A(F,Q) is central 
this implies that vo’ = pu.v,- + ‘u,v, We now imbed F in a space G in H 
of (2u + 2)-dimensions with orthogonal basis (ti, 01,° * `, Ups) Van). Since 
E = pU,’ * “Uy, —w, the relation (Up U) 1 == — (tyne + Clan) gives 
(Uusi U) 1 = — pU © 'UpVpup. Hence p= 0 and e=—u' eH. Then 
(z,u) = (x,u) for all seH and u—w’ 0 is in HL, Thus HL {0}. 

If M is an N, dimensional space over a field of characteristic 42 and 
Q is a quadratic form whose associated scalar product is non-degenerate, then 
we can always find hyperplanes H in M such that H- — {0}. This is easily 
seen by using an orthogonal basis. This remark and Theorem 4 show that 
there exist two dimensional non-Galois extensions of division rings of 


Char. > 2. 
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ON THE ORTHOGONALIZATION OF OPERATOR > 
REPRESENTATIONS.* 


By Rrowarp V. KADISON. 


1. Introduction. The main problem with which we shall be concerned 
is that of finding conditions under which a group representation is similar 
to a unitary representation and conditions for a representation of a self- 
adjoint algebra of operators on a Hilbert space to be similar to an adjoint 
preserving representation (* representation). These situations are slightly 
different aspects of the representation orthogonalization process with very close 
interconnections. With regard to the algebra situation one can phrase the 
main question in the following way. Is an algebra of operators on a Hulbert 
space which is the isomorphic image of a C*-algebra (uniformly closed self- 
adjoint algebra of operators) similar to a C*-algebra in such a way that the 
composition of the isomorphism and the similarity is an adjoint preserving 
representation of the C*-algebra? ‘The question for group representations 
takes the following form. Is every bounded representation of a group by 
operators on a Hilbert space similar to a unitary representation, where, by 
“bounded representation” we mean that there exists a constant such that 
each representing operator is, in norm, less than this constant? In this form, 
the group question has been raised before, notably in [1], [2], [5]. The 
question of when a group admits a mean (or Banach Limit) is the primary 
consideration of these papers and then, employing the technique of [4], it is 
shown that for such groups all bounded representations (continuous in the 
strong topology) are similar to unitary representations (this is done in [4] 
for the infinite cyclic group and the reals). We outline this technique. A 
(left, right) mean on a group G is a positive linear functional on the linear 
space B(G) of bounded continuous functions on G which takes the value 1 
at the constant function 1 and which is invariant under (left, right) transla- 
tions on the group. If G admits a right mean m and g— A, is a strongly 
continuous representation of the group by operators on a Hilbert space, then, 
for each x, y in the Hilbert space g —> (A,x, Agy) is a bounded continuous 
function on G and <2, yò =m ( (A,x, Agy) ) is an inner product on the Hilbert 


* Received February 17, 1954; revised February 1, 1955. 
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space giving rise to a norm equivalent to the original norm and under which 
the operators A, are unitary. It is then standard to find the similarity of 
the original Hilbert space which takes each A, into a unitary operator. 
Continuity considerations do not enter into the question of whether all 
bounded representations of all groups are similar to unitary representations 
since it is obviously sufficient to settle this for discrete groups. With regard 
to the technique of means, it is well-known that many groups admit neither 
a leit nor right mean (in the sense noted above, e. g., the free group on two 
generators; see [1], [2]) so that this method cannot, in itself, give the full 
answer. 

Our concern is not with conditions on the group which imply that 
bounded representations are similar to unitary representations but rather 
with restrictions upon the representations which insure that they are similar 
to unitary representations. We feel that this approach gives hope of settling 
the full question one way or the other. 

The truth of the operator algebra proposition is trivially implied by the 
truth of the group statement (see the proof of Theorem 7). On the other 
hand. a hounded representation of a group (discrete) can be extended to a 
representation of its L, algebra (as a self-adjoint algebra of operators acting 
by convolution on Lə). This algebra of operators need not be closed in the 
uniform operator topology and the representation need not be extendable to 
the uniform closure of this algebra; so that it would appear that the truth 
of the algebra result would imply the group conjecture only for those bounded 
representations which are extendable to the uniform closure of the L, algebra. 
(The similarity which transforms the representation of the L, algebra into 
a ¥ representation will transform the group representation into a unitary 
representation). However, it is possible to renorm the L, algebra in such a 
way that the completion of the resulting * algebra is a C*-algebra to which 
each bounded group representation is extendable, by assigning to each element 
of the £, algebra the supremum of the norms of its images in each * repre- 
sentation. It follows from the existence of a Banach algebra norm on L, 
in which the * map is isometric (viz., the L, norm) that this supremum is 
not greater than the L, norm (and certainly finite). Our extended group 
representation, being a bounded algebra representation relative to the Z, norm 
on the L, algebra of the group, is a continuous representation of the L, algebra 
in the C* norm just constructed. Although the representation extended to 
this (™-algebra may not be an isomorphism, the kernel is a closed two-sided 
ideal so that the factor algebra is a C*-algebra [8], and the induced repre- 
sentation on this factor (*-algebra is an isomorphism. Thus we have the 
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complete equivalence of the group and C*-algebra questions. We are indebted 
to I. Kaplansky for bringing to our attention the known renorming device 
used above. It is possible that a more incisive operator algebra result would 
apply directly to the L, algebra (acting by convolution on L,).- In [6], 
Mackey proves the algebra result in the commutative case by direct methods 
(this result follows at once, as in the proof of Theorem 7, from the fact that 
commutative groups have means, in the sense defined above; see [5]). 

The origin of the group question can be found in the classical statement 
which says that each representation of a finite group by (complex, real) 
matrices is equivalent to a representation by (unitary, orthogonal) matrices 
and its extension to continuous representations of compact groups [7]. The 
technique used in these proofs, invariant integration over the group, is almost 
identical with the technique of means. Using this theorem for compact 
groups the operator algebra result follows for finite-dimensional operator 
algebras (applied to the (compact) group of unitary operators in the algebra). 
Perhaps a more natural way of concluding the algebra result in the finite- 
dimensional case is thru the semi-simplicity of the image algebra. In this 
case the various concepts of semi-simplicity coincide so that the semi-sim- 
plicity of the original C*-algebra, interpreted algebraically, is inherited by 
the image, and this, interpreted spatially, shows that this image is similar to 
a C*-algebra. In the infinite-dimensional case it is not at all difficult to 
construct an algebra of operators which is semi-simple in all the conven- 
tional senses but not similar to a C*-algebra. The following topological 
difficulty can occur: while each invariant subspace may have a complementary 
invariant subspace, the greatest of the angles between the given space and all 
possible invariant complements may tend to 0 for some sequence of invariant 
subspaces, thus ruling out what we may call the “ topological semi-simplicity ” 
of the algebra. For a C*-algebra and a unitary group, the orthogonal com- 
plement of an invariant subspace is invariant. Our similarity problem for 
the given family of operators (group or algebra) amounts to an ortho- 
gonalization process. 

In Section 2, we begin by defining concepts of local semi-simplicity and 
bounded local semi-simplicity of group representations. Theorem 1 states 
that bounded local semi-simplicity of a group representation is necessary and 
sufficient for the. representation to be similar to a unitary representation. 
Several different forms of a conjecture concerning the group question are 
discussed, with the aid of Theorem 1. To study the operator algebra question, 
we develop a device for measuring the deviation of a set-of vectors from being 
an: orthonormal set. After stating a condition for a representation of a C*- 


OPERATOR REPRESENTATIONS. 603 


algebra to be similar to a * representation in terms of the group condition 
(Theorem 1), we employ this device to give a more delicate criterion for 
topological semi-simplicity of an algebra of operators. In the concluding 
section, we discuss some extensions of the results stated, examples, and a 
class of natural questions an affirmative answer to any of which would yield 
the fact that all bounded operators on a Hilbert space have non-trivial, closed, 
invariant subspaces. 


2 Conditions for topological semi-simplicity. The following defini- 
tion contains a description of local behavior of a group representation, which 
is necessary and sufficient for the group representation to be similar to a 
unitary representation. The statement and proof of this fact are contained 
in Theorem 1. 


DEFINITION 1. A representation g— A; of the group GŒ by bounded 
operalors Ay on the Banach space B is said to be “locally semi-simple” 
when, for each finite set tı, >>, of vectors in B and gı’ '`,9n of 
elements in G, one can find a linear transformation S defined on the finite- 
dimensional vector space U generated by T1, * +, En, Ag@1,° © °, Ag, En such 
thal || Sa; || = | SAy,e; ||; t—=1,---,n. If there exists a constant M such 
thal S can always be chosen satisfying 


1/. = inf {|| Sz ||: ae, le] 1}; 
M = sup {| Se |:eeV, || «| = 1), 
we say that the representation is “ boundedly locally semi-simple.” 
THEOREM 1. A representation g—>A, of the group G by bounded 


operators A, on a Hilbert space H is boundedly locally semi-simple if and 
only if wt is similar to a unitary representation. 


Proof. ‘The necessity of the condition is quite easy. Indeed, suppose 
that S is a bounded invertible operator on 9 such that SA,S-* is unitary 
for each g in G. Let t: - -,2, in Y and g,,- -+,gn in G be given. Since 
SAS is unitary we have 


| Sy: | = | SA, S82; || = || Sa; |; t=, en, 
which establishes the bounded local semi-simplicity of the given representation. 


Suppose now that the given group representation is known to be 
boundedly locally semi-simple and that Jf is a bounding constant. We 
establish, in the succeeding lemmas, the existence of an invertible operator 
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P with ||P |, || P- ]| not exceeding M and such that P-*A,P is unitary for 
each g in G. 


Lemma 2. If U is a finite-dimensional subspace of A there exists a 
Hilbert space norm || | on U such that || Aga ||’ = || Aga |!’ whenever Age 
and Agx are in U and such that 1/M |y|_SiylSM\y| for each vector 
y m ÙU. 

Proof. We endow the conjugate tensor product UGU (i.e., the tensor 
product which is conjugate linear in the second variable, v & ay—a(a®y)) 
with the natural inner product derived from the inner product of X, i.e., 
we define <1@ y, zQ w == (x, 2) (w,y) and extend the domain of definition . 
of this inner product to all of UQV by bilinearity. It is well-known that 
this process gives rise to an inner product (independent) of the representation 
of the elements involved as a sum of elements of the form «® y—(see [3], 
for example). 

Let UQ be the subspace of UQ generated by tensors of the “form 
rr, and let EQ be the subspace of VO generated by vectors of the form 
A,y® A,y—y®@y, where y and A,y are in U. Choose a basis 


Agh @ Ag yr — 91 @ Yn > +, AgnYm @ AgnYm— Ym B Ym 

for E8. By the bounded local semi-simplicity of the representation g—> Ay, 
we can find a linear transformation § such that || SA || = || Sy l; 
i= ],: m and 

1/M = int {| 8y ty in V, |y= 1}; 

M = sup {|| Sy | :y in V, ly | =), 

where U’ is the subspace of U generated by Y1, °°; Ym, Agn ` +; Agmim 
By defining S to be a suitable scalar (between 1/M and M) on VOU, 
we obtain a linear transformation, which we denote again by S, defined 
on all of U and satisfying the same conditions as above with “U replacing 
U’ (no difficulties can arise if we choose S so that S(T’) =U by com- 
posing the original § with a unitary transformation). 


n 
Let Z= > S*r; 8 S*a;, where t’, is an orthonormal basis for 
jal 


S (U). Observe that 


CB, Agi ® Ani —W® > = È (Sey Ani) (Anis 8*2) 
. JF . 


—2 (ST; yi) (yi, S* 25) =2 | (£; SAg¥:) 2 | (z; Sys) |? 


= | Sayi |? — |] Sy |? = 0, 
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as follows from the fact that SA,,yi, Sy; are in (U), the Parseval equality, 
and the choice of S. Consequently @ is orthogonal to €®. We define a 
new inner product on “U by means of (z, yY == <s y, z> so that the new 
Hilbert norm on “U satisfies 


ly | = <y 8 y, 1> = [2 (S*2j, y) (y, E* T) ]? 


n 


=[ X | (z; Sy) 


j=l 





°]? = || Sy |. 


It follows at once from this last equality that 1/M |y Sly Si yl. 
If now y and Ay are in U then A,y@ A,y—y@y is in EQ so that 


0 = (doy D Asy —y B y, T) = (doy D Agy, T) — (y@y, T) 
= (| Ay Y — Ayy 


or tyl =] Ay |’. If Ap and Agxw=AyA,s(A,e) are in WU, then 
| Aye |’ = || Age ||’, which completes the proof of this lemma. 

The following lemma allows us to pass from our finite-dimensional 
information to information about the full space on which the ly operate. 


LEMMA 3. /f B is a Banach space and p is a partition function on B 
such that on euch finite-dimensional subspace B, of @ one can introduce a 
norm || |’ in which B, is a Hilbert space, each partition class intersected 
wilh B, lies on the shell of some sphere center al O in the norm | |’, and 
there existis a constant U (depending upon p) such thal 


1/M ej Sje SH] | 


for each x in B, (where || || is the norm on B); then the underlying vector 
space of B admils a norm, equivalent to the original norm, in which it is a 
Hilbert space and such that the partition classes of p each he on the shell 
of some sphere center at 0 relative to the new norm. 


Proof. We form a product of intervals with @ as the indexing family. 
To each point z in 8, we make correspond the closed interval [|s l/ M, al jat] 
(thus to 0 in ®@ we make correspond the number 0). Denote by A the 
Cartesian product 


[I f2= II [|x |[/a2, M |æ |]. 
zeB seB 


We consider X in its standard product topology, in which it is compact, where 
each /, is given its usual metric topology. Let @, be a finite-dimensional 
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subspace of @, and let X (#1) be the set of points of X which as functions’ 
restricted to @, give rise to:a Hilbert space norm on @, which is constant 
on the partition classes of p intersected with #@,. We shall show presently 
that X (Bı) is a closed subset of X. Assume, for the moment, that we have 
proved this fact. The sets ¥(@,) have the finite intersection property 
(B, ranging over the finite-dimensional subspaces of #8). Indeed, let 
B © -Ba be a (finite) set of finite-dimensional subspaces of @ and let 
Bo be the (finite-dimensional) subspace they generate. By assumption, we 
can find a Hilbert space norm || |, on Ba which is constant on the partition 
classes of p intersected with @,, and which satisfies the inequality 


I/M jel Sil efSMi el 


for each s in Bo. The function which assigns to each s not in B, the value 
M ||| and to each x in B, the value | ||, lies in X(8.) which is clearly 


contained in a 4 (8,). It now follows from the compactness of X (and 


į=1 
our assumption that the sets X(@,) are closed in X) that the intersection 
of all the sets X(@,) is not empty. Let | |’ be a function on @ in this 
intersection. Then, on each finite-dimensional subspace of @, || ||’ induces 
a Hilbert space norm. It is immediate that || |’ satisfies the norm axioms 
and the Parallelogram Law on @ as well as being constant on the partition 
classes of p, so that || ||’ is our desired Hilbert space norm on @. Of course 
1/M |e] le &HM |z], since | |’ is in X. It remains to prove that 
the sets X (#1) are closed in X. We shall omit this proof, however, since 
it is a standard approximation argument of the type employed in the proof 
of the w*-compactness of the unit sphere in the conjugate space of a normed — 
linear space. 


Proof of Theorem 1. As partition function p on & we take the map 
which assigns to each vector z in Y the set of vectors {A,v:g in G}. Since 
the family of operators {A,} forms a group, this map defines a partition 
function on &. Lemma 2 establishes the hypothesis of Lemma 3 with this 
partition function and & for #8, so that we can conclude the existence of a 
norm || |’ on 9 in which & is a Hilbert space and such that || Ape ||’ 
= || Apa ||’ for each z in & and gug in G. In particular || æ ||’ = || Aja |’ so 
that each operator A, is isometric with respect to the norm | |’; Moreover, 
|| |’ can be so chosen that || 2 ||/M S |e SM |e] for each vector v in &. 


Let z, + + be an orthonormal basis for 9 with respect to the norm || || 
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(and associated inner product ( , )), and let y,,* © - be an orthonormal basis 
for 9{ with respect to the norm || |’ (and associated inner product ( , Y). 
Define a linear transformation P of 9f into itself by Paj—yi;; t=1, °°. 
Then 

(x,y) = (2 (2, Li) Xi, 2 (y, Ui) ti) = > (x, ti) (Tay) 


= (È (2, Ui) Yi 2 (9, ti) Yi)" = (Pa, Py)". 


Ot course (Ps, Pty) == (x, yy, substituting Pa for s and Pty for y 
throughout the above equality. We assert that P-*A,P is a unitary operator 
on & with respect to the norm || || for each g in G. Indeed, 


(PA Pa, PAPY) = (AP, APY) = (Px, Pyy = (x,y). 
We note in conclusion that || P |, || P> || do not exceed J. In fact, if s = > aiz: 
wite 1L=|a@|*=S |æ]? is given, then | Pe = |È ey | = 1 and 
| Pe l/M ES || Px |’ < M || Pal, so that 1/4 =) Pe || 5 M. 
There are several ways of formulating a conjecture concerning the classical 


question of whether or not each bounded representation of a group is similar 
to a unitary representation. 


CONJECTURE A. Every bounded representation of a group by operators 
on a Hilbert space is similar to a unitary representation. 


CONJECTURE B. There exists a function f from the positive reals to the 
positive reals with the properly that for each bounded representation g— Ay 
with bound M, of a group G by operators on a Hilbert space one can find an 
invertible operator P such that PA P is unitary for each g in G and such 
that | P ||, | P+ || do not exceed f (M). 


CONJECTURE C. Same as B with f as the identity transform. 


Each of the above conjectures is clearly stronger than the preceding one. 
We shall show that B is actually equivalent to A in the next lemma. 


Lemma 4. Conjecture A ws equivalenti to Conjecture B. 


Proof. Clearly B implies A. Suppose now that A is true. If B is false 
there exists a sequence of groups Gi, Ga - and a sequence of representations 
gD — Ago, g@%—>»A,o,--- of these groups, respectively, each with bound 
M and such that if N;=inf{max(| Pil, || Pe? ||): PAP; unitary for 
each g in G,} then oe Ni=o. Let G=—G,8G,®- - - be the weak direct 
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sum of the groups Gi, Ga: - >, and let g—> A, be the direct sum of the repre- 
sentations g® —> A,w,---. The representation g—> Ay of G has bound M. 
Assuming A, we can find an operator P such that P-14A,P is unitary for each 
gin G. Restricted to each direct summand, this similarity induces similarities 
of all the representations g—>A,, each similarity with bound not greater 
than max(|j P ||, || P-* ||)—a contradiction. Hence A implies B. 


THEOREM 5. I fB is true for the free groups on finitely many generators 
then B is true for all groups. : 


Proof. Let g—Ag be a representation of G with bound M. We shall 
show that this representation is boundedly locally semi-simple with bounding 
constant f( M). In fact, let a,,---,2, in Y and gı’ + ‘,9n in G be given. 
The group Gn generated by gı,’ * *, gn is the homomorphic image of F,, the 
free group on n generators. Thus the representation g—> A, of G restricted 
to G, gives rise to a representation of F, with bound M which, by hypotkesis, 
is similar to a unitary representation via an operator P with | P|, || P| 
not exceeding f(M). As in the proof of Theorem 1, we now conclude that 
| PA,,% || = | Pa; ||, t= 1, +n; so that the representation is boundedly 
locally semi-simple with bounding constant f(M). Hence, by Theorem 1, 
the representation g— A, is similar to a unitary representation via a F such 
that |T, || T=] do not exceed f(W). Thus B follows for all groups. 


Note that the proof of Lemma 4 shows that assuming A for the class of 
groups generated by no more than a countable number of elements implies 
B for this class (since the group G constructed in the proof would be in this 
class). Now every group in this class is the homomorphie image of the free 
group on countably many generators, Fe so that assuming A for Fe implies 
A for all groups with a countable number of generators and hence B for the 
free groups on finitely many generators. With the theorem just proved, this 
yields: 


COROLLARY 6. If A holds for the free group on a countable infinity of 
generators then A and hence B holds for all groups. 


We turn our attention now to the question of topological semi-simplicity 
of algebras of operators. In Theorem 8, we state a necessary and sufficient 
condition for a representation of a C*-algebra to be similar to a * represen- 
tation. Before stating this result, however, it is necessary to introduce some 
geometrical concepts. In particular we must associate to each configuration 
of vectors an object which measures its deviation from being an orthonormal 
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set. To this end, we introduce an “inner product” between two sets of n 
vectors in #. This inner product has as its range of values, operators on X. 


DEPINITION 2. If == (£, © c, 2a), G= (Yu °° Yn) are two n-tuples 
of vectors in Y with U, W the spaces generated by {21,---,%n}3 (Yi > Yn, 
respectively, we denote by <x, 9> the operator on H defined as follows. Let 
C» be the space of n-tuples of complex numbers with the usual inner product 
and let e,’ ° *,¢@, be the basis (1,0,-- +, 0),- >>, (0,-- -,0,1). Let P be 
the map of C® into U determined by P (ei) =%, 1=—1,- + -,n, and let Q be 
the map of O” into W determined by Q (ei) =y: By Q* we mean the adjoint 
map to Q, from H into C” (characterized by (Q*a, a) = (x, Qa), where x is 
an arbitrary vector in OL, a in C”, the first inner product is taken in C”, and 
the second in A). Then <&, p> = PQ*. 


We note some of the properties of < , >. As a function on the product 
of J, (the n-fold direct sum of & with itself) with Yn, this inner product 
is conjugate bilinear. Indeed with = (£1, + c, En), Y == (2, + +, %’), 
Y= (Yi a 'Yn)s f= Cy’, a ‘Yn )o and Xz, y> = PY, <7’, Ñ> = PQ", 
<T, P> = PY’ we have 


Ka + T, af> = (P + P’)(aQ)* = a(PQ* + P'Q*) = ar, G> + <2.) 


and similarly 


QEI+T-UED+ GI), BD =PO*—(QP*) = <, 2. 


With the notation as in the definition, we see that the range of <v,#> is 
contained U and that the range of <z,#>*—=—<9,2> —QP* is contained 
in 9. Since the null space of an operator is the complement of the range 
of its adjoint, we have that the complement of W in X is the null space of 
<z, >. Thus, effectively, <z, > is a transformation from W to WU. 

We compute the transformation <z,9> precisely. With the notation 
above we have, for z in &: 


(Q*z, ei) rs (z, Qei) = (z, yi); 


so that Q*z == 3) (z,yi)e, hence PQ*z = 5 (2,4;)%. Thus <, ğ> can be 
421, izl 


expressed symbolically as ( ,y:)ait----+-( ,Yn)tn It is immediate from 
this, that <z,2> is a positive operator on & (as it is from the expression PP* 
for <#,.c>), and as such has a (unique) positive square root. We denote 
this square root by «<> and refer to it as “the geometrical norm of z (or of 
the configuration z-,---+,%,).”’ The fact that <z> is the identity operator 
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on the n-dimensional space © (so that vı’ - -,2%, are linearly independent, 
in particular) is equivalent to. i 


CES? = <2, TY = ( ei )tip + È on) En 


being the identity transformation on “U, which is equivalent to %,° `’, En 
being an orthonormal frame. The spread of the spectrum of <z>, in general, 
is a measure of how much zı,’ ' ', 2a deviates from being a scalar multiple 
of an orthonormal set. In the one-dimensional case, i.e., with s,y vectors 
in &, we have <z,y>==( ,y)a. If we restrict this operator to the one- 
dimensional space generated by æ, it becomes B i by (a,y), the 
usual inner product of z and y. 

Suppose, now, that YW is a C*-algebra and ¢ is a representation (not 
necessarily * preserving) of by operators on a Hilbert space Y. Employing 
Theorem 1, we obtain the following criterion for œ to be similar to a * 
representation. 


THEorEM Y. If U is the unitary group of the C*-algebra U, a necessary 
and sufficient condition for a representation ġ of X by operators on a Hilbert 
space & to be similar to a * representation of N is that o restricted to U be 
a boundedly, locally semi-simple group representation of U. 


Proof. If is similar to a * representation there exists an operator P 
on & such that P-*¢(U)P is unitary, for each U in U. Thus ¢ restricted 
to U is similar to a unitary representation of U; and ¢ is boundedly, locally 
semi-simple, by Theorem 1. On the other hand, if ¢ is boundedly, locally 
semi-simple as a representation of U then, by Theorem 1, there exists an 
operator P on & such that P*(U)P is unitary for each unitary operator U 
in W. It now follows that A~»P44(A)P is a * representation of YM. 
Indeed, the given map is an algebraic isomorphism of M. Suppose A is a 
self-adjoint operator in Y of norm not exceeding 1. Then A =4(U, + U2) 
where U, =A +-14(f—A?*)35 and U,—A—i(I— A*)4 are unitary operators 
in N. Thus P-*$(A)P = 4[P46(U1)P + P*6(U2)P] with P*6(U,)P and 
P1$¢(U,)P unitary, so that 


. [P74 (U) P]* = [P (U P] = P46(0;7) P = P16 (U;*)P; t=1,2. 
Thus 
[Pp (A) P]* = Pe (4(U:* + U2*)) P = Pg (A*)P = Pe (A)P, 
so that A—P-¢(A)P takes self-adjoint operators in Y into self-adjoint 


operators, and, therefore, is a * representation of M. 
Making use of the foregoing concept of inner product between sets of 
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n vectors, it is possible to give a more delicate analysis to the question of 
which representations of C*-algebras are similar to * representations. If @ 
is a representation of a C*-algebra 2 by operators on a Hilbert space 9’ 
(X acts on X) and ¢(A)2’—0 for some unit vector a’ in W, then for 
each positive « one can find a unit vector 2 in &# such that | Ac] <e. 
Indeed, if (Ai) = 0, 1—=1,- - +, one can choose the unit vector x so 
that || Ai || < e i= 1,: - -, n, i.e., the relations $(A;)2’ = 0 can be “ approxi- 
mately duplicated” with 9 and & via ¢. In fact, the set of operators A 
such that ¢(A)2’=0 forms a proper left ideal & in Q (proper, since 
@(I)=I1). Tf for each unit vector in & one of Av has norm not less 
than e then T = $ 4; #4; =I. But T is then invertible and in &. This 
contradiction implies the existence of the desired unit vector v. Given « > 0, 
vectors T1’, ' ++, En in &#’ such that > || 2, ||? 1, and relations 5 p(Am)ei = 0, 


i=l 
==], ©, m; it is even possible to find vectors 2,,- + -,¢, in & with 
> || z |? 1 such that | X Aawi || <e, 2—1,---,m. This can be done by 
i=1 


working with the n X n matrix algebras over Y and (2) as we did above 
with X and (N) themselves. On the other hand, suppose the relations 


tt 

S $(Ani)e/ = 0, h==1,- m, subsist with 2,’,- + -,a,’ an orthonormal set 

i=l 

in 2’; is it possible to choose z,,- © +,%, an orthonormal set in such that 
7 ‘ 

lS Anni <e h==1,---,m? This is not necessarily possible on two 
j= 


grounds; a multiplicity consideration, or more simply, the dimension of & 
may not be large enough to accommodate an orthonormal set with n vectors, 
secondly, it is too much to ask for orthonormality of 2,,- * -,, in light of 
the fact that @ may not be a * representation (Theorem 8 shows that if it is- 
possible to choose £,’ > >,a an orthonormal set then ¢ is already a * repre- 
sentation). The multiplicity question can be avoided by asking whether or not 


a * representation y of Y can be found (once the relations Sb (Ani) af = 0 
and e > 0 are given) such that || Sidu | <e. As for the orthonormality 
izi 


question, can we at least find bounds, dependent upon the representation ¢ 
alone, for the distortion of tı, - -,2, from being an orthonormal set? The 
technique for measuring this distortion has just been developed. It is not 
difficult to see that if ¢ is similar to a * representation y via an operator P, 
then y will serve for.the exact duplication of all relations with the distortion 
bounded by max(|| P ||, || P* ||) (this will be done in detail in the necessity 
portion of Theorem 8). These considerations lead us to: 
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DEFINITION 3. Let @ be a representation of the C*-algebra YW by 
operators on the Hilbert space Y, and let T= (2,ı,' ` -,%) be an n-tuple 
consisting of vectors Lı: °'+,2», which form an orthonormal set in Y such 
that (¢(Ayj))Z=0, where (d (A;)) is an nX 1 matrix whose entries are 
operators in p(X). Let y be a * representation of A by operators on a 
Hilbert space 2’, and let & == (1, - +,2,’) be an n-tuple of vectors in W 
such that || (y (Au) t || <e, where e is some positive number and the spectrum 
of <Z’>, as an operator on the space generated by 21, - -,&'y, 18 contained 
in the interval [k, K]. We say, then, that “||(w(Ay))# || < e€ ts a self-adjoint 
« cover of the relations (¢(Aiz))2—=0 with distortion in [k,K].” If there 
exist constants k, K, (K>k>0) such that cach relation of the form 
(p(Ajj;) )a@==0, with % as above and (Ay) a positive operator (in the C*- 
algebra consisting of n X n matrices over Y), has, for each positive e, a self- 
adjoint « cover with distortion in [k,K], we say that “the representation > 
has a self-adjoint cover (with distortion in |k, K]).” 


We have not made the definition of a representation having a self-adjoint 
cover as restrictive as we might, in that we require only relations coming from 
positive nX n matrices to have self-adjoint e covers. This is all that is 
needed for each relation to have a cover. It might seem more natural to 
use the phrase “¢ has a self-adjoint cover” to mean that for each e there 
is a self-adjoint representation which serves as a self-adjoint e cover of @ for 
all relations. That this actually follows from the weaker condition used and, 
indeed, that there is a self-adjoint representation which works for all positive 
e and all relations is the substance of: | 


THEOREM 8. A necessary and sufficient condition for a representation œ 
of a C*-algebra X by operators on a Hilbert space & to be similar to a * 
representation is that have a self-adjoint cover. If the distortion is in 
[k, K] then a similarity can be effected by a positive operator with spectrum 
in [k, K]. 


Proof. The necessity presents little difficulty. Suppose that there exists 
an invertible operator T on 9 such that A —> Tọ(A)T> is a * representation 
of X, and let M = max(| T i| 7>). If (ẹ(4y))t=0 is some relation, 
with z= (t1,' © `, 8n), Bu’ * `, En an orthonormal set, then (Tel) TË = 0 
is a self-adjoint e cover for this relation (all e > 0), where 7 = (Tzi, ©, Tn), 
and where the distortion lies in [1/M, M]. Indeed, that (To(Ap TY = 0 
with the given 7’ is immediate. Let P be the linear transformation from C* 
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into f defined by Pe: = q; (see Definition 2), and let Æ be the projection 
on the space generated by s1, ©, Then 
CG ty =P PS Te ee 


Thus || <a ^> | = Moreover 





Mt (<2 amti a S10 an TEY sot || (ee | Fh 
= int{|| LT" Ty Psy in LH, | Ly | =1} Z int (T*Ty, y/| y ||)?} 
= ini( Ty l/l y I} = int] y èy in EX, || Ty |= 1) S10. 


Thus the spectrum of <z’,<’y as an operator on TEY lies in [1/J/°, M°] so 
that the spectrum of <% lies in [1/M, M], and (Tọ(Ap T7 =0 is a 
self-adjoint e cover (alle > 0) for (¢(Ai;) )z = 0 with distortion in [1/J/, M]. 
In connection with foregoing inequalities, note that y is in FX so that the 
length of the projection of T*Ty upon FY is not less than the length of the 
projection of T*Ty upon the subspace generated by y (this length being 
(2"Zy,y/|¥ ||) )- 

Suppose now that the map ¢ has a self-adjoint cover. As in Theorem 1, 
we show that each finite-dimensional subspace “U of 9f admits a Hilbert 
space norm || ||’ such that | ¢(U)z ||’ =] ¢(V)« |’ when U, F are unitary 
operators in Y with ¢(U)2z, 6(V)z in U, and such thatk lly} siy l SEK |y || 
for each y in “U. Following Theorem 1, form the conjugate tensor product 
UQV of V with itself and endow it with the unitary structure described 
in that theorem. Let U® be the subspace of UQV generated by tensors 
of the form z ® xv and E @ the subspace generated by elements 6(U)#@4(U)x 
—2a@®a, where U is a unitary operator in % and 2,¢(U)a are in U. Choose 


a basis $(U1)y: © 6(U1)y: —MW Oy, -, (Um) Ym PCU m)Ym — Ym Ym for 


€® and an orthonormal basis g, - -,2, for WU. We have 
(Ui) y= Èe at; and yi = Dd) byty, i= 1, <<, m, 
j=1 
so that ' 


0= È (Bu (U) —B y) t= È $ (80: — — pyl) z; 1=1,:: +,m. 


Let a positive integer + and a positive number 8 be given. We wish to establish 
the existence of a “ representation y of Y as operators on a Hilbert space 9f’ 


and vectors 2’,- -°,2,’ in W’ such that <@’> has its spectrum in [b,K], 
with 2 = (4’,° ` -;@,’), and such that 
z / 7 z 
| È y (ByUi— Bylae || <8; =], >- m. 
j=1 


14 
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We. write An; for. BijUn— Bn; h—=1,---,m and $(A)7 for the nX n 
matrix whose 1,7 entry is the operator S b(An*) (dn). Now (A) =0, 
hel 
where == (41, * *,%n), for 
¢(4) = 
p (Ann) 0: - -0 


and 


l (Anr) ii -p (Ann) 
0 T 0 


h=1,;::-,m. By hypothesis on ¢, the relation ¢(4)@—0O has a’self- 

adjoint è cover with distortion in [k, K]. Let y be a representation of Y by 
operators on the Hilbert space W’ and let % = (2,’,- - +, £) be a vector such 
that <z has spectrum in [k, K] and || ¥(A) 2’ || <8?/n4k where (A) is 


the nX n matrix whose 1,7 entry is Sw(Ani*)y(Anz). In particular then, 
hal i 


(AJE E) Sys’ | |e <& 


for 
| 2’ | = (> |e’ 17S (2 K?) = nik. 


In fact, since <z’> has spectrum in Lt, K], <= ay oui spectrum 
in [k?, K?], so that 


| <2’, > [=| PP* |= |P |? SK? and | 2/ |—1PaI<x 
(notation as in Definition 2). Now (¥(A) 2,2’) = 
W(An®)0--- 0 BA : WA ne) 


(Ann®) 00 
y (Anz) = -Y (Aan) 
0 oon 0 


=$] ia dary 


| O >>> 0 |] 
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Thus | Su (Ay) e/ <8; h==1,---:,m. Let ©’ be the subspace of W’ 
j=l 


generated by 2,’,- © *, 2n, and let y,’,- - -, yn’ be an orthonormal basis for °U’. 
Denote by S the linear transformation determined by Syf =s. We assert 


that SS* = <7, 3y = È ( e)a. Indeed, (8*a/,y/) = (2, Sys) = (al, 2), 
n {=l 

so that S*2, = > (a/,2/)y/ and 
gai 


3 n 
SS*af = D> (a7, «/)Sy/ = Dd (ei e ye = <2’, 2’ (27). 
j=l = 


Thus, since 2,’,- + +, 2%,’ span U’, SS* == <7, T> as asserted. It follows that 
SS* has its spectrum in [k?,K*] from which, S-?*S has its spectrum in 


[1/K?,1/k?], so that | S| SK and |S] S 1/k. Let S*y/ == $, ayy’, so 
i=1 
that the matrix of the transformation S* relative to orthonormal basis {y/} 
is (a ;). In © define y?” = 5 ac; We set up a unitary transformation 
j=l 
between “U and U’ by means of the map t:—> yr. Under this map, we see 
that yj’ —> S*y,/, so that 
(Èy Dy’, p (UNu 9 (Ti) y — 1B ) | 
gal 
7 7 n n n 
= | ($ S*y/ @ S*y/, [> Bwy] O [2 Ba’ yx | — [2 Bayn] © [È Bayr] )| 
j=l =i i=1 a = 
= | 2 (S*y/, D Payr) (È Bir Yr, S*y/) 
j=l h=1 hzi 
— > (S*y/, 2 Bitr ) (> Bayr, Oyj) | 
j=1 h=1 hzl 
=| 2 {| (y7, Z Bin’an’) |? — | (y7, È Biner) |°} | 
j=1 hzi h=1 
=| | > Birer |? — | 2 Bintr’ [i=] 2 Bint’ |? — | y Ui) Bier’) ||? | 


EIB (WT) Baw’ — Baer) | [È Bwa | + VEY (Ts) Boar’ I 


kzt 


<| z P(An)z | (2nBK) £ 2nBES, 


where 8 == max {| Ba l; | 8x |; i=1,; 0m; h=, on}. 


In connection with the above inequality, note that we have proved that 
| 2’ || SK, and that y(U;) is a unitary operator on 9’ since y is a * repre- 
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sentation (with (I) =I). We now specify the choice of 8 as 1/2n8Kr 
(all the constants that appear in this choice were determined before the 
introduction of 8). Our inequality becomes then: 


| (Zy Oyj", p (UnB pU) — HO mi) | Sir; i=l, ym, 
= . 


We write y;(r) for y/’ to indicate the dependence of the y/’ upon r. Observe | 
that y;(r) lies in the sphere of radius K and outside the sphere of radius k, 
center at 0, in U since y;(1) is the image of S*y/ under our unitary map 
between U and ©’ (and | y/ | —1, | S* = K, | 8*1 5 1/k). By com- 
pactness, one can choose a subsequence {r} of rs such that lim yj(1,) = 2;; 
j=l, +n. Clearly £ 


(2 1 ® 25 (0n AT) — B ys) —0; i=l, pm, 


and the z; lie between the spheres of radii k and K with center at 0 in U. 
We consider the norm || |’ induced on © by means of the definition: 


(|) ¢ ||’)? = (27222) =2 | (25, 2) |?. 
=1 g=1 


We have just proved that 3 2,@z; is orthogonal to EQ so that | 4(U)y |’ 
jal . 


= |y |’ if both ¢(U)y and y are in U. Thus, if ¢(U)y and o(V)y 
== $(VU*)o(U)y are in U then || 6(U)y |’ =| ¢(V)y |’. For x an arbitrary 
vector in U, we have (|| 2 |’)? = 


lim (È yra) B y(n), @@ 2) = lim (X Sys 0) @ Sy%y/(h), oC) D) 
t ĵ= h j=l 
= lim È | (y/ P), S) |? — lim | Sah)? 
j= h 


where y; (h) ‘are the vectors corresponding to y; in the foregoing discussion 
(with ra now replacing r) S, is the S of that discussion and z’ (h) is the 
image of v under the unitary map between “U and WU,’ of the present dis- 
cussion. Now 


lim || Sya! (h) |? Slim E? | v’ (h) |?’ lim K | æ |? =E? | of 
t h h 
Lim || Sya! (h) |? = lim be? | 2° (h) |? lim #* | æ f? = fo |3, 
h h k 


so that bfe tE jiy SE e. 
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If we take as partition classes in 9f the sets {6(U)«: U a unitary operator 
in N}, we arive at a situation satisfying the hypotheses of Lemma 3, so that 
A admits a Hilbert space norm in which ¢(U) is unitary for U a unitary 
operator in Y (this norm equivalent to the original norm with constants 
k, K). Thus, as at the end of the proof of Theorem 1, we can find an operator 
P with P-"6(U)P unitary for each unitary operator U in Y and fP |], I| P7 | 
do not exceed max (K,1/k). It now follows, as in the proof of Theorem 7, 
that the representation A > P-"6(A)P is a * representation of Y. Writing 
the polar decomposition HU, U unitary, H —=(PP*)4 for P, we have 
A—->IlIl*¢(A)H is a * representation of % with H positive and having 
spectrum in [k, K]. 


3. Concluding remarks. The discussion preceding Theorem 8 and 
Definition 3, concerning the approximate duplication of relations draws very 
heavily upon the fact that the initial algebra is a C*-algebra (in particular, 
is uniformly closed) for the fact that an invertible operator in the algebra 
has its inverse in the algebra. On the other hand, Definition 3 and Theorem 8 
apply as they stand to self-adjoint (not necessarily closed) algebras (although 
they are not stated this way). It follows immediately from this that: 


COROLLARY 9. A representation of a group by bounded operators on a 
Hilbert space is similar to a unitary representation if and only if the extension 
of this representation to the (finite, translation) group algebra (acting on L, 
of the group) has a self-adjoint cover. 


Despite the applicability of Definition 3 and Theorem 8 to self-adjoint 
algebras which are not uniformly closed, it should not be felt that the general 
conjecture about operator algebras has application to the non-closed, self- 
adjoint algebras. That is, examples are easily constructed of algebras which 
are not similar to self-adjoint algebras but are algebraically isomorphic to 
non-closed, self-adjoint algebras (not the continuous image, of course). In 
fact, let £i, to ©- be a sequence of linearly independent unit vectors whick 
tend (strongly) to v and which span the Hilbert space 9. Let WX be the 
algebra of bounded operators A on 2 which have the form Az; == qm; for 
some sequence {a;} of complex numbers, and let d be the set of sequences 
which arise in this manner (3 contains all sequences which have only a finite 
number of non-zero terms). Let Yı, Yz >- be an orthonormal basis for & 
and let N” be the algebra of operators B of the form By; = ay; where {a;} is 
in ð. Then W is æ self-adjoint algebra containing I, for B*y; == dy; and 
{%;} is in d if and only if {e;} is in 3 (the zs being so chosen that the 
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transformation tı ` © < + antn —> tı +: +--+ 4,%, is bounded). ‘More- 
over the map A4—>B of X onto W where Atr; = qix; and By; = ay; is an 
algebraic isomorphism (which is continuous, since || A || = oa la| =| BID). 


For each invertible operator P and each operator A in , fie operator PAP 
has P-1a; as eigenvectors and these converge to Pw. Now the algebra 2 is 
commutative (as is PP) so that, if PP is self-adjoint then P?AP is 
normal for each A in W. Given 1547 we can easily find a sequence {a} in 3 
with a, 40; (let «; = 1, a, = 0 for p17). Let A be the operator in Y with 
sequence {a,}. If PAP is normal then Ps; and Pz; are orthogonal. 
Thus if PYP is self-adjoint it follows that Ps; +—1,2,--- is a set of 
mutually orthogonal vectors, which we have just seen cannot be the case. 


We commented briefly, in the introduction, on the topological difficulty 
present in the infinite-dimensional case concerning the geometrical interpre- 
tation of semi-simplicity. By making suitable corrections for this difficulty, 
one arrives at a geometrical condition which might suffice for an algebra of 
operators to be similar to a self-adjoint algebra of operators. The conjecture 
obtained is quite natural in that it corrects for all the immediately visible 
difficulties which occur in passing from the finite to the infinite-dimensional 
case. For the moment, we specifically avoid describing the topology in mace 
the operator algebra in question is closed. 


Let X be an algebra of operators on a Hilbert space with the property 
that there exists a positive 8 such that if U is a closed subspace (setwise) 
invariant under the operators of X then there exists a complementary closed 
invariant subspace W (i.e, U+ W is the whole space and UN W= (0)) 
which makes an angle greater than 8 with U. Is X similar to a self-adjoint 
algebra? 


Note that since the angle between W and “O is assumed to be positive their 
linear sum is closed. Let us assume that the answer to this question is yes 
(with any closure assumption on W) and that A is a bounded operator on 
the Hilbert space & with no closed invariant subspaces other than (0) and ¥. 
Let Y be the (commutative) algebra generated by A and the identity operator 
(the closure taken in the appropriate topology). Since 2 has no closed 
non-trivial invariant subspaces, the hypothesis is vacuously satisfied and 
there exists an operator P such that PYP is self-adjoint. Since PP 
is commutative, it consists of normal operators. In particular PAP is 
normal and has an abundance of non-trivial, closed,. invariant subspaces: 
If V is such a subspace then PW is non-trivial, closed and invariant under 
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A-—a contradiction. Again, if X is an irreducible algebra of operators then 
the hypothesis are trivially satisfied, and an affirmative answer to the question 
would imply that YẸ is similar to a self-adjoint algebra. Making use of this 
remark, we can answer the question in the uniformly closed case negatively. 
Our own approach to this counter-example rested upon producing a uniformly 
closed irreducible operator algebra containing an invertible operator whose 
inverse didn’t lie in the operator algebra (note that this can’t occur in an 
algebra which is similar to a C™-algebra). A much more cogent device was 
suggested to us by I. Kaplansky. Using the completely continuous operators 
as a basic irreducible set of operators, build a closed operator algebra over it 
whose quotient by the completely continuous operators is a (finite-dimen- 
sional), non-semi-simple algebra. The larger algebra is not even the iso- 
morphic image of a C*-algebra, for a quotient algebra of a C’*-algebra is again 
a C*-algebra [8] and therefore semi-simple. A concrete example is obtained 
by taking as our algebra the algebra generated by the completely continuous 
operators, the identity operator, and a nilpotent operator of index two (say a 
partial isometry between an infinite-dimensional subspace and its orthogonal 
complement). 

In conclusion, we note the simple fact that a representation of a group 
by uniformly bounded operators each of which is normal is itself a unitary 
representation. In fact, an invertible normal operator all of whose powers 
form a set which is uniformly bounded in norm must have its spectrum on 
the unit circle and is therefore unitary. 


Added in proof (June 1, 1955): In a recent note, (Proceedings of the 
National Academy of Sciences, vol. 41 (1955)) F. Mautner and L. Ehreupreis 
announce that the group question has a negative answer, i.e., they produce a 
group and a bounded representation of it which is not similar to a unitary 
representation. Presumably, then, the “distortion continuity” condition of 
Theorem 8 cannot be removed. Restricting attention to relations involving n 
or fewer vectors, we can discuss representations satisfying an “n-distortion 
continuity” condition—the boundedness of a group representation (or con- 
tinuity of a C™-algebra representation) amounts to “ 1-distortion continuity.” 
We feel that there are groups and representations of them which have n but 
not n-+-1 distortion continuity. 
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ON THE GENERATORS OF AN IDEAL, WITH AN APPLICATION 
TO THE GEOMETRY OF NUMBERS IN UNITARY SPACE U,.* 


By K. ROGERS. 


1. In the course of joint work with H. P. F. Swinnerton-Dyer on the 
geometry of numbers in unitary space, U, denoting n-dimensional vector- 
space over the field of complex numbers, the author proved some results on 
algebraic numbers. These are given below and applied to the general 
theory of lattices in U., with special reference to the problem of two linear 
forms with complex coefficients and variables integers of an algebraic number 
field. 

Let & be the field of rationals, 6 a number algebraic over k, and k(@) 
the field obtained by adjunction of 6. ‘Integer’ will mean ‘integer of k (0)? 
unless otherwise specified. Every ideal a can be expressed as (p,q), where 
p, q are integers which we shall call a generating pair. Also, every ideal has 
a finite basis as module over the rational integers, and in particular there is 
a basis of two elements when Ø is quadratic over k. We prove the following 
results: 


THEOREM 1. Jf (p,q) = (r,s) =a, then for any integer u of k(8) 
there exisis an integral 2X2? matrix A of determinant u, such that 
(p, q)A = (1,8). 


When &(@) is quadratic, we have in particular: 


COROLLARY. If (a,b) is a basis of a, then all generating pairs of a are 
oblained from (a,b) by transformations with coefficients integral and deter- 
minant a unit. 


Calling this type of transformation ‘integral unimodular,’ we also prove: 


Trrorem 2. If In(e) is the set of all 2X2 matrices A with integral 
elements and Norm(det A) Se, then there exists a finite subset {U,,---,Un} 
of M(e) such that to any Ae M(e) there corresponds a Um and a uni- 
modular integral matrix T such that A==U,,T. 


The referee pointed out that the case u==1 of Theorem 1 is Satz 53 
in Hilberts Zahlbericht and is due to Hurwitz [1]. Also, Swinnerton-Dyer 


— 
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and I have proved Theorem 2 for nX n matrices by considering lattices in 
Un, but the proofs of both theorems given here are needed for the application 
to linear forms. . 


2. Proof of Theorem 1. Since a= (p,q) = (r,s), there exist integers 
a,b,c,d such that r=-ap-+ bg, s=-cp-+dg. Hence, 


r=(a+f)p+(b—g)q s—=(e+P)pt (d—g")g, 


where f,9,/’,g’ are integers such that 
(2.1) fp =g} Fp=gq. 


Clearly, g and g’ are any integers such that gg/p and gqg’/p are also integers, 
that is, are any elements of the ideal (p)/(q, p). It remains to choose solu- 
tions of (2.1) such that (a+ f)(d—g’) — (b—g) (c+ fF) =u. Denoting 
this determinant by A, setting ad—be= Ao and noting that fg’ = fg, we 
have 


A == As —ag' + df + eg —Bf, 
and hence ; 
| pA = på —apg' + dpf + cpg — bp? 
(2.2) = po — apg’ + dqg + epg — bag’ 
= po + gs — gr. 


Now gs—g’r takes any values in the ideal (p)(1,s)/(q, p) = (p), and in 
particular the value p(u—-A,). With this value in (2.2), we have A =uų, 
as required. 


3. Proof of Theorem 2. By the bound on Norm (det A), the number 
of different ideals (det A) for Aen (e) is finite. We need therefore only 
prove the theorem for matrices of determinant WV, say, where Norm (E) =e, 
since unit factors can be absorbed into the unimodular matrices. Let A 
denote such a matrix, and write 


a b 
1—( *) 
Since ad—bc— E, the ideal a = (a,b) must divide Æ and is therefore one 
of a finite number of ideals, finiteness depending on # and hence on e. For 


each of these ideals we can choose generating pairs, and then, by Theorem 1, 
we can multiply A on the right by a unimodular integral matrix such that 
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the new first row is one of a finite number. If it happens that the row-ideal 
is principal, then we can find a unimodular T such that 


a 9 
Ar—(*, ay 


in which case a’c’ = Jy, and so apart from units @ and c’ belong to a finite 
set of integers depending on e. Then we can reduce 6’ modulo c’, this 
corresponding to multiplication on the right by a unimodular matrix, by 
substracting multiples of the second column from the first. In this way we 
should have found a unimodular integral matrix T such that AT is a matrix 
whose elements are integers out of a finite set depending only on e. Since 
T has an integral unimodular inverse, the theorem is proved in the particular 
case just considered. We now suppose that the ideal a is non-principal, 
so that if 


a V 
; AT = 
vee) 
where a’ and b’ belong to a finite set of integers, then a’b’ is not zero. We 
now consider what unimodular transformations can be applied so as to leave 


the first row invariant and to vary the element c’ modulo some integer which 
is bounded in terms of e. We have 


« 4 ltf fe a’ A 
C d Cs iad leben mi, P 


where we require that 





(3.1) af, = bgi (@(=1,2). 
We wish also to satisfy Lih fz = ], or 

Sagi: ahs 
(3.2) fı = g2. 


We can certainly take fı = ga = ua'b’, where u is any integer, and then 
fo = ub”, g.= ua’. In this case 


Cfi— lgi = ua’ (c'b’ —a'd’) = — au, 


so that the element c’ can be varied modulo —a’H. In certain special cases, 
which are important in applications, we can vary c’ modulo Æ. These are 
the cases when a’ divides b, when we can take the set of values 


fi = g = Wb, gı =U, fa = ub? /0, 


which then give c’f,—d’g,—u(c'b’—d'a’) =— ult. An example of the 
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second possibility is the ideal (2,1 -iV 5) in the ring of integers of k (iV 5). 
In any case, we have now found a unimodular integral matrix T, such that 


a VY 
AT, = = a ? 


where now a’,b’ and c” are bounded in terms of e. But since a’ is not zero 
we can write d’ == (H+ 0’c’)/a’, and so d” also has only a finite number 
of possible values. This completes the proof of Theorem 2. 


4. Applications of these resulis. We require some definitions analo- 
gous to those of Mahler [3]. A function f(x) =f(a1,° > ', 2n) is called a 
distance function in Un if 


1) f(x) is continuous and real-valued for complex v. 
2) f(x) 20 for all xe U, and 0 at at least one point. 
3) f(tx) =|t| f(x), for all xe U, and all complex t. 


The set K of all points satisfying f(x) <1, where f(x) is a distance function, 
is called a star-body. A lattice in &(6) is defined as the set A of all points 
x= Áu, (det A0) where u runs through all nX 1 column-vectors with 
elements integers of &(6). Since Tu, for unimodular integral T, runs 
through all such column-vectors, the matrix AT also defines the same lattice. 
Since |det(4T)| = | det A |, this is a well-defined positive number which is 
called the determinant of the lattice, d(A). A lattice A is said to be 
admissible for a star-body K if K contains no point of A in its interior 
other than the origin. Since the origin is an inner point of K, it is not 
difficult to show that there exists a positive number c, depending only on K, 
such that all lattices with d(A) < c are inadmissible for K. We define the 
critical determinant A(K) as the lower bound of the determinants of ad- 
missible lattices, with the convention that A() == œ if there is no admissible 
lattice. The preceding remark implies that for star-bodies A(K)>0. A 
lattice of determinant A(K) which is admissible for K is called a critical 
lattice of K. The central problem of the geometry of numbers is to find 
A(X) for various types of star-bodies and to find all possible critical lattices. 
Our object will be to prove that for star-bodies in U, with finite critical 
determinant, and for &(#) an imaginary quadratic field over k, critical lattices 
always exist. For this we define a bounded sequence of bttices {A,} as a 
sequence for which there exist constants ¢,,c, such that d(A,) Sc, and 
|æ | = Vax Z c, for all xeA,, x40, r=1,2, >. 
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Lemma 1. If k(@) is complex quadratic, then every bounded infinite 
sequence of lattices in U, contains a convergent infinite subsequence. 


Proof. We begin by showing that A, has independent points Pr, Qr 
bounded in terms of c, and ¢s, and for this we use a theorem of H. Weyl [6]. 
If f(x) is a distance-function in Un, let V denote the content of the star-body 
corresponding to that given by f(x) 1 obtained by taking the real and 
imaginary parts of each co-ordinate as a co-ordinate in Euclidean 2n-space. 
Let M, be the smallest positive number such that the region f(x) S M, has 
on its boundary a point of a given lattice A, say x1, and define My, induc- 
tively as the least M such that f(x) SM has on its boundary a point x* 
of A which is independent of x*,:--,x* +. By applying a result of Minkowski, 
Weyl showed that 

M- -MeV S (2d5)"{d(A) Y, 


where — d is the discriminant of the quadratic field &(@). In the present 
case we take 


f(t) = Va¥x—= V (| s |? + |z |’), 


so that V is the content of the 4-dimensional sphere of unit radius. Since 
Al, = c, we have 





My? S MPS Ad{d(a)}°V-0,", 


and so that points P, = x,1, Q,= x,° are of non-zero determinant and are 
bounded independently of r. ‘Taking a matrix A, which represents the 
lattice, we suppose that x, = A,u,*, x? —A,u,*, noting that if we take the 
matrix A,Z** to represent the lattice, then the corresponding integer vectors 
are Tu, and Tu,?. Since 


det (x, x?) = det A, - det (u,', u”), 


aud since | det A,| has a lower bound independent of r, owing to the fact that 
A, is admissible for the sphere of radius cz, we have an upper bound for 
| det (z,1, u,”)| which is independent of r. By Theorem 2 applied to trans- 
posed matrices, we conclude that there exists a finite set of integral matrices 
{U,,- © +, Um} such that for each + there exists a unimodular integral matrix 
T, with T,(u,,u,2) =U; for some i 1<i<m. Thus we can choose a 
subsequence of {A,} such that for each lattice there is a basis for which the 
points P,Q have co-ordinates independent of r. We take this subsequence 
and rename it {A,} for convenience. Since the values of d(A,) are bounded, 
we can choose an infinite subsequence of {A,} such that d(A,) tends to some 
positive number, say 4. Renaming this subsequence {A,}, for convenience of 
notation, we now have a sequence of lattices {A,} and point-pairs P,,Q,, such 
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that d(A,) >A, P, and Q, are bounded independently of r, and there is a 
matrix A, representing A, such that (P,,Q,) =A,U, where U is an integral 
matrix independent of r. Since P, and Q, are bounded independently of r, 
we can choose a subsequence of {A,}, which we rename once more, such that 
all the above conditions are satisfied and also P,—>P, Q,—>Q, as roo. 
Then, since U is fixed and non-singular, the fact that A,U tends to a limit 
as r—>œ implies that there exists a matrix A of determinant of modulus A, 
such that A,—A as r->0. Hence this subsequence of the original {A,} 
converges to the lattice A corresponding to A in the sense that there exists 
a basis of A (represented by the columns of A) to which a basis of a lattice 
of the sequence converges as r—>0o. The lemma is proved. 


THEOREM 3. With respect to the complex quadratic field k(0), every 
star-body in Ua of “finite type” (that is, with finite A(K)) possesses at 
least one critical lattice. 


Proof. By the definition of A(T), there exists a sequence {Ar} of 
lattices admissible for K such that d(A,) > A(K) as r->«. By discarding 
a finite number of these, we can suppose that d(A,) S 2A(K). As we 
remarked earlier, there exists a sphere round the origin which les entirely in 
K; hence this and the previous inequality imply that the sequence {A,} is 
bounded. By the lemma there is a subsequence, which we rename {A,}, 
which converges to a lattice A of determinant A(K). To prove that A is 
critical for K it remains only to prove that A is admissible for K. Taking 
bases (Pı, Po) and (Pru, Pr) such that (Pin, Pro) —> (Pa, P2) as ro, 
suppose the point Q = uP, -+ UPa £0 of A lies in the interior of K. Then 
the point Qr = UP, + UP r 540 of A, tends to u,P,-+u.P, as roo, and 
hence, since the distance function of K is continuous, the point Q, lies in 
the interior of K for large enough r. This contradicts the fact that A, is 
K-admissible, and hence A must be a critical lattice of K. 


5. The above theorem has practical application, quite apart from its 
interest as a pure existence theorem. A lattice A is said to be extremal for 
K if in a sufficiently small ‘neighbourhood of A’ (defined in an obvious way) 
there are no K-admissible lattices A’ such that d(A’) <d(A); clearly a 
critical lattice is extremal. Thus, if we have necessary conditions for an 
extremal lattice, and if these are satisfied by only a finite number of lattices, 
then since critical lattices exist we know that a lattice of smallest deter- 
minant is a critical lattice. This has been applied by the author to the 
problem of maximising the function 


min {max(| ou + Bu |, | yu + dv |} 
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of complex numbers g, B, y, § such that «ô — By = A= 0, the above minimum 
being taken over all integers u,v of &(@) which are not both zero. With 
the help of an important lemma of Swinnerton-Dyer, the author found 
simple proofs for the cases k(i) and k(p), first considered by Minkowski [4]. 
We have now found the best possible result for k(iV 5), when new problems 
arise from the class-number being 2. One has two columns of integers, the 
rows representing lattice points and generating either (1) or (2,1+7V5). 
The determinants are bounded, and we wish to reduce the array by unimodular 
right-multiplication to a finite number of possible cases. ‘The proof of 
Theorem 2 shows this is trivial if a row-ideal is (1), and otherwise one 
row can be taken as (2,1 -iy õ), while the first element of the next row 
can be reduced modulo the determinant F. The details of this result will 
be published in a joint paper with Swinnerton-Dyer. This will develop 
general theory in U, and will include a complete analogue of results of 
Korkine and Zolotareff [2] and Swinnerton-Dyer [5]. 

In conclusion, I thank the referee for simplifying the proof of Theorem 1 
and for the reference to Hurwitz’ paper. 


THE GRADUATE COLLEGE, 
PRINCETON, N. J. 
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AN OUTLINE OF THE THEORY OF F, SERIES.* 


By S. VERBLUNSKY. 


1. Introduction. Let A (z), B(z) be relatively prime polynomials in z, 
with real coefficients, such that the equation 


(1) A sin rz — B cos rz = 0 


has all its roots real and simple. Then any function f(x) which is L-integrable 
in an Interval of length 2, say («,« -+ 27), has an expansion of “ Fourier” 
type, in terms of cosines and sines of pge. Here, pı < ps < +- are the 
positive roots of (1), pil>we>--- are the negative roots, and, if 0 is a 
root, then o= 0. ([3], Theorem 1.) To fix the ideas, we shall consider 
the case in which the roots are symmetrical with respect to the origin. “It is 
known that this happens if and only if one of A, B is odd, and the other 
is even. ([3], Section 5.) The “Fourier” expansion can then be written. 


(2) $a) + 2 Ay COS pure -+- by SID pp, 
atr : 
where a; — ibp == 2A, f f(vje* dz, (k==1,2,---), and, if 0 is a root 
a 


at2o 
of (1), do—2ro f f(v)dz, while, if 0 is not a root of (1), then a,.—0. 
a 
The numbers Ax are the residues, at z == py, of 
Q(z) = 4(A cosaz + B sin «z)/(A sin rz — B cos rz). 


The object of this paper is to investigate the series (2) when the even 
one of A, B is of degree 2, and the odd one is of degree 1. If A is the even 
one, we shall call (2) the F,A series of f(z) in (a,a+-2r). If B is the 
even one, we shall call (2) the F B series of f(z) in (¢,a+ 27). It is no 
loss of generality to suppose that the leading coefficient of the even one is 
unity. Thus, for FA series we can write A=2?-+a, B = bz, and for F,B 
series, Ad = az, B == 2? -+ b, and in both cases, ab £0, since A, B are relatively 
prime. 

The properties of an F A series depend on whether b? -+ 4a is positive, 
zero, or negative. In this paper, we consider only the first case. Similarly 
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for FB series, we consider only the case in which a?-+ 4b is positive. On 
examining Theorems 3 and 4 of [3], we can make the following deductions. 
The points (a,b) such that, (i) b? + 4a > 0 and (ii) such that the equation 


(z? -+ a) sin mz — bz cos mz = 0 
has all its roots real and simple, are the points below the curve 
y = — T, 2=0; y =— 2] z|}; «<0. 


The points (a,b) such that, (1) «a? + 4b > 0 and (ii) such that the equation 
az sin mz — (2? -+ 6) cos7z==0 has all its roots real and simple, are not so 
easily described. However, they include all the points (a,b) with a <0, 
b > 0, b+ 4a> 0. 

We now mention some of the results proved below, and, for brevity, we 
refer only to F A series. 

The coefficients of an F A series in (a, «œ -+ 27) are connected by two 
linear equations (Theorem 1). It is convenient to have a name for the series 


(3) > ay COS ppt + by sin ugt, 


derived from the F.A series (2) by omitting the initial terms. We call (3) 
a “restricted F A series” (RFA series) in (a¢,a-+2r). Given an RFA 
series (3) in (a, a@- 2r), the “missing > terms, viz. Tao + a, COS pT -H By sin pT 
are, by Theorem 5, determined to within an arbitrary additive multiple of 


— (a/b): sin wp,/p. + cos py (£ — a — r). 


An Fad series in («, æ+ 27) is an RF A series in (8, B + 2r) for all 8 
(Theorem 4). An RFA series is summable (C,1) almost everywhere, and 
is the Fourier series of its Cesard sum (in the sense of the theory of almost 
periodie functions), by Theorem 7. Theorems of the Young-Hausdorff type 
hold for F.A series (Theorem 8). In enunciating such theorems, we must 
take account of the fact that there are two linear equations connecting the 
coefficients of an FA series. As an example, we quote the following special 
case of Theorem 8(a) : Let cp, v= 2,3,- + -, be a sequence of complex numbers 
such that S| c|? <œ, where l<pX2. Let 1/p+1/q=1. Then there 
is precisely one real function fe L%(e,a@-1- 27) which satisfies the conditions 


at2i ut+27 
O=Ao J f(é)dl, c= yf (t)ertmrtdt. (v= 2,3,- > -) 
a a 


a 
For this function, 


at+2 


"12a o P 
f [FIAS (2E | c P/A) 1P, where c, =A, (t)eimtdt, 
Q 1 Ja 
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Finally, as an example of a uniqueness theorem, we have: If 
(4) > (au cos ugt F by sin pT) 

1 


converges to zero for all x in the open interval (—~r, mr), then (4) is obtained 
by termwise differentiation of the F A series of a constant in (— m,r) 
(Theorem 9). 


Sections 2-11. F.A Series. 


2 As mentioned in Section 1, we may suppose that 
(5) A =z + a, B = bz, ab 40. 


Writing A= A (ux), etc., we have 


i Ax, COS rur + By, Sin ruy à 
=} a( A; COS ryp + By sin mug) + Ax’ sin ryg — By cos mug 
But 
(6) Aj, Sin mur = By cos px. 
Hence 
(7) 1/(2Ax) == a + b (u — a) /] (un? + 0)? + 20"), 
and, in particular, 
(8) 1/ (2o) = 2 — b/a. 


Let f be a real function of class L(«, œ + 2r). Write 


at2r 


Ck = Àk f(t) etd, (k E 0, am 1, n ); 


so that c,—¢,. Then the F,A series of f(z) in («,« + 27) can be written 
> cette, The relation between this series and the function f in the interval 
(«a + 27), will be denoted by 


(9) f (£) ~ D cete, (a, % -+ 2r). 
Tf 8 is a real number, then 


(10) f (2—8) ~ È c,6-tmbetme, (a +8,2 -+8 + 2r), 
and , "E 
(11) f(— r) ~ È cepete, (— a — r, — g). 
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3. As regards convergence, FA series behave like Fourier series. This 
is a special case of a known theorem ([3], Theorem 1), and will be enun- 
ciated as a lemma. 


LEMMA 1. If s(x) denotes the n-th partial sum of (9), viz., 


23 
Sy (T) = Di Crete, 


-t 


and o (£) denotes the n-th partial sum of the Fourier serves of f(x), viz., 


n ater 
o(a) = Saf FOs, 


then S,(c%) —o,(v)—>0 uniformly in (a,a-+-27) as n->œ. In particular, 
Saa + 27) —S8,(a) 90 as now. 


In virtue of the last clause of Lemma 1, 
(12) D, Cpe EKO ( g2T tte] ) == Q, 


where here, and in what follows, the accent denotes that the term with k == 0 
is absent. 

The equation (1) can be wirtten in the form e?*# = (A +4B)/(A — 1B). 
We have A — iB = z2? — ibz + a = (z— im) (2-——im,). To keep our argu- 
ments as simple as possible, we shall suppose that b?-+-4a > 0. Thus, mi, Mms 
are real and different. Then 


(13) g Tink | == RiBy/ (Ay — iBp) = 2ibug/ | (pr -— im) (r — ima) |. 


We can now prove that the numbers cy in (9), which we may call the FA 
constants of f in (a,a¢+2), are connected by two linear relations, 
independent of f. 


THEOREM 1. For any F.A serves (9), we have 


(14) >. Cpe tuy | (ux — 4M) ( ux — img) | = (), 

and 

(15) Co/t +- X crettro/| (pr — imi) (ur —ima)] = 0, 

or, what is equivalent, the two equations 

(16) > erette /( pg — im) == 0, D, Cpe trt, ( up — iMa) = 0. 


Proof. Equation (14) follows from (12) on substituting the value of 
eriu: —} from (13). To obtain (15), consider the FA series of the func- 
tion defined as equal to 1 in («,« + 2r). If 
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(17) 1 —~ 3 cpt etre, (a, a -H 2r), 
then 
(18) Co” == Bardo, Cp" == (Ax/— isn) EUKO ( grin em 1), (k z6 0) A 


On account of the uniform equiconvergence of an FA series and a Fourier 
series, we can multiply (17) by f(x) and integrate term by term. We thus 
obtain 

O Cof Ag = Rato + DY (Cn /— ipp) etra (e Tike 1), 


By (8) and (13), this becomes 


2b/a* Cy + È c-r CH 2B/| (py + imi) (ur + im) | = 0. 


Divide by 2b, and take conjugates. We obtain (15). 
If we multiply (15) by —-im, and add to (14), we obtain 


— €ytMe/a -1- DY Cp ety ( uy — im) = 0. 


But a= — m,m. Hence the first term is Co e4*/(j—1im,). This proves 
the first equation (16). The second equation is proved similarly, By 
reversing the argument, we see that equations (16) imply (14) and (15). 


4. In order to decide when the trigonometric polynomial 


2 Cpe te? (C-re = ĉr), 
jk] Sn 
is an FA series in («,« -+ 2r), we need to examine two special cases. 
We first observe that if (n,v) are positive integers, then by (6), 


T 
(19) f COS p COS unt dx = 2a/b + sin wpy/py * SID THUn/ ln (ven), 
-7 
and 
T 
(20) f SIN uyt SIN ppt de == —- R/b * sin muy BİN Trun, (væÆn), 
l -7 


Lemma 2. (i) If v ts a positive integer, then 
(21) (a/b) + sin mpy/py + 008 py 
is tis own FA series in (—-a,7). 

(ii) If v,>1, is a positive integer, then 
(22) —— sin pt /sin par -+ sin ppv /sin pyr 


is it own FA series in (—-7, 7). 
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Proof. (i) The F,A series of the even function (21) can be written 
hay + X an COS pnz. If n541,v, then 
1 


T 
On = Àn f (— (a/b) ' sin mpy,/py + COS pyt) COS pn £ dr = 0, 
-T 


by (19). Thus, the F,A series of (21) is 4a, + a,cosp,2, and this converges 
to (21) in (—a,7). Put c==a/2p,. Then $a) —— (a/b): sin myy/pr. 
Hence also a, = 1. 


(ii) The proof is similar. 


We can now solve the problem mentioned at the beginning of this 
section. 


THEOREM 2. In order that 


{23 ). > Cpe EKT, (C_x == Ch ) 3 


|kK|=n 


shall be an FA serves in (a,%-+ 2), tt is necessary and sufficient that 


(24) DY opetta (elmin _]) = 0, 
|x| Sn 
and that 
(25) Co/at Y? cyetmea(e2rizx 1) /(2ibuz) =0; 
|k|Sn 


or, what is equivalent, that 
(26) 2, Cpetta/ (uy — im) = 0, > Cetta / (pup — iMa) = 0. 
|lklEn [k|Sn 


Proof. That the conditions are necessary, follows from Theorem 1 on 
using (13). We further observe, on recalling the argument at the end of 
Section 3, that (24) and (25) are equivalent to (26). 

To prove that the conditions (24) and (25) are sufficient, we may 


suppose that a==-—-7. By Lemma 2, we can express (23) as the sum of an 
fF’, series in (— r,r), plus an expression of the form 
(27) Yop ye uty Fae, (ya =), 


where the y’s satisfy the conditions of the theorem, viz. 


(28) > ype TEk (e? tH — 1) — 0, 


kzż1 
and 


(29) yo/a 4 D ypen*t#e (e2744x —1)/(2ibpp) =0. 
k=21 
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Now equation (28) is (yı —~¥1)27sin mp; = 0, and sin rpm £0 by (6). Thus 
yı is real, and (29) can be written 


(30) yo/@ -|- aY1 sin apis / Dyry == (), 
Hence (27) is 2y,(— (a/b): sin ru/pı + cos piv), and, by Lemma 2, is an 
FA series in (—za,7). This completes the proof. 


5. The F,A series of f(z) in (¢,a-+ 2), being uniformly equicon- 
vergent with the Fourier series of f(z), is summable (C,1) almost every- 
where in the interval to f(s). The first step in the investigation of the 
sum (C,1) of the series outside the interval (a, g -+ 2r} is to determine the 
value of the sum (C,1) in the interval (a + 27,a-+ 4r). 


THEOREM 3. If 
(31) f(a) ~ B cetrs, (a, @ + 2r), 


then >) c,ete? (etin 1) 48 uniformly convergent for aSr E a -+ 2r, and 
its sum is 


(32)  — [2b/(m, — ma) ] [m,e m? f Fert dt — meme O dt]. 


Proof. We multiply (81) by e™* and integrate term by term from g 
to x. This is permissible for an F A series, since if is permissible for a 
Fourier series. We obtain 


f f(é)emt dt — > Ch f “e(iltatmny)t dt, 
a a 


the series being uniformly convergent. Hence 


| KOE dt — — EB opeliorm4/( yy — ima) ] a 


| > c,etHatms)& /( ny aa im), 


in virtue of the first equation (16). Similarly, 
f "f(é)emat dt = —~ iS cretina /( uy — ima). 
a 


Hence (32) equals 


[2ib/ (mı — Me) | >, Cpe that [m/ (ur — Imi) — Mo/ (ux = VMs) | 
a Dy Cy 0206 prf | (ae — im) (ux — ime) | 


m D, Cpo KET (grins —1), by (18). 
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In the interval (æ + 27r, a +- 4r), (81) is not necessarily an FA series. 
For in order that this shall be the case, it is necessary that the conditions 
obtained from (16) on replacing @ by «+ 2r shall be satisfied. We shall 
presently see that by altering cy and c, in various ways, we can ensure that 
the new series is an FA series in (a -- 2r, a-l- 4r). It is the FA series 
of its sum (C,1), which is known on account of Theorem 3 and the known 
changes in Co and c, Then, by Theorem 3 (applied in the interval 
(a -~ 2r, œ + 4r)), we know its sum (C,1) in (a@-+47,¢-4+ 67). Hence, 
we know the sum (C,1) of the original series in (g -+ 4r, « +- 67) ; and so on. 

6. On account of the fact that the coefficients cy of an FA series in 
(a, z -+ 27) are connected by two equations, it is convenient to omit enough 
terms to ensure that the constants which remain are independent, and to 
direct our attention to the remaining series. It would be sufficient to omit 
terms with suffix k,—-k for any assigned k540. The simplest procedure 
however, seems to be to omit the three central terms with k =— 1,0,1. We 
are thus led to the following definition. 


DEFINITION. A series 
(33) D c,etere, Cr = lx, || > 1, 
is suid to be an RFA series (reduced F.A series) in (u,a + 2), if there 
atr 
as a function f(x) eL(a,a+ 2r) such that =e f f(t) e-tst dt, | ie] > 1. 
a 
We shall use the notation $y” to denote a sum in which the values 
ki == 0,1,-—-1 are omitted. We shall indicate the relation between the RFA 
series In (@,a%-+-27) and the function f(z) by the notation 
(34) Fa) =D” cyte, (a, a + 2r). 


THEOREM 4. Jf (83) is an RF2A series in (a,a +- 27), then it is an 
RA series in any interval (B, B -+ 2x). 


Proof. It suffices to consider the case in which œ < BSa-+27. (See 
the similar argument in [4], Theorem 1.) Given (34), we define c, for 
7==0,1,—1 by the equation 


atm 


Cr== àr | f(t)e-teet dt. 


Then, by Theorem 3, the series J; c,e'#* is summable (C, 1) almost every- 
where in (a -}- 2r, a-t} 4r) to 
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(35) p(x) =f (2—27) —2b/(m,— mz) -Q 
g-m g-27r 
where Q = [m,e-"s(@-2r) f f(t) 6"! dt — m,e ™2-27) Í f (t)e™* dt]. 


Hence, in the interval (8,8 + 2r), the series >) c,e+#** is summable (C,1) 
almost everywhere to the function F(s) defined by F(x) =f(x) if 
BSce<a+2n and by F(x) —¢d(e) if a+2rSa<B+2. We shall 
now show that there is a complex number d, such that, if 


(36) G(x) = F(x) + dyeim + detnr, (dı = å), 
then . 
(37) G(x) = I” qpeims, (B, B + 27). 


B+2rr 
We first evaluate I -Í (ax) ete dy. We have 
B 


at+27 8+27r 
(38) [= Í f(x) eies da -+ f p(x) eter dg. à 
B a+2T 


By. (35), the last integral equals 
B B z 
eem f f(x)e-** dg — (2ms/(m,—m.)) | e-(nrt an) se de f fert dt 
a a a 


-+ (2bm2/(m, ca Ms) ) f en dz f HAm dt] f 


On changing the order of integration in the repeated integrals and using 
(13), the preceding expression becomes 


(39) f Fot dt +I, (k) —Ja(E), 

where ; 

(40). J (k) = [2bm,/(m, — me) erine- (mrtim)B/ (m, -+ ine) 1 f Oe dt. 
To prove (37), we must show that ; 


B+2cr 


G(n)eimede—{"f(x)etm= da, Je] >4, 
i.e., that j 

(41) Í (deime 4 d eimeyeima do 4J, (k) —Ja(k)=0, |k psa. 
Now í 


6+2 l 
(42) Í EE az = eta ea) B / [2 (m =. Lx) ] e727 ter (E27 tes = e2tinx) . 
8 
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On subtracting the equation 


e°rine — 1 == [2b/(m,— mez) | [ims / (pr — im) — ims/ (py — ima) | 


from the similar equation with k = 1, and substituting in (42), we find that 
B+ . 3 
f eilmudt dy = — gilu) Re- rin[3b/ (m; — mes) |P, 
B 


where P = m,/(p — 171) (jay, —— imi) — Me / (fy — ims) (us — Tra). This equa- 





tion holds when we replace m, by — pı. Substituting these results in (41), the 


condition to be satisfied takes the form 
(43)  [2b/(an, — mz) | CT Die [on Ny /(, — imi) — MN :/(u; — ime) | = 0, 
le > 1, 





where, for 71, 2, 

N, == — detb / (pı —tm,) + de trb / (u, + im,) — ieh f7 emrt di. 
The condition (48) will therefore be satisfied, if we can choose d, so that 
(44) N,=—N.=0. 

1t f pae dt = 0, r= 1,2, we can choose d, = 0. Jn the contrary 


case, writing z, = d,etb/ (u, —im,), the equations (44) restrict z, (r = 1, 2) 
to lie on lines parallel to the real axis. Since arg (p, — im) Æ arg (nı — tma), 
(mod. =), (44) is equivalent to the condition that d, shall lie on two non- 
parallel lines. This condition can therefore be satisfied. 


7. In virtue of Theorem 4, we can use the expression “an RP.A series” 
without specifying a particular interval of length 2r. 

THEOREM 5. Given an RF.A series 
(45) D,’ Cp otte 


and an nierval (%,a + 2r), the function f(x) of which (45) is the RFA 
series m (a, 4- 27) is determined to within an arbitrary additive multiple of 


— (a/b); sin mpı/pı + cos p, (4 — a — r). 


Proof. We may suppose that «== — vr. By definition, there is a func- 
tion fo(s} such that 


(46) Ni i "6, (a) eime de, DES 
-r 
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Since, by Lemma 2, h(s) ==— (a/b)- sin zp,/p, + COS pw is its own FA 


series in (—-, r), it follows that C; = Az ZO + th(x) jeter da, |b] >1, 
for all ż. k 


Conversely, let f(z) be a function such that 


(47) cay MEO atisi. 
By (46), O= Ar f Tehe Jem de, ({k|>1). Hence, the PÀ 


series of f— fo in (—~a,7) can be written as 
(48) yoshi ey ae (ya = 7). 


As in the proof of Theorem 2, y, is real, say yı = $é, and yo, yı are connected ` 
by (80). Thus, (48) equals h(x). This completes the proof. 

Consider now a series S\c,e’”*, (c=), given as the F.A seræs of 
f(z) in (@,a-+-27). What changes in Co, Cı, Cı are necessary and sufficient 
in order to obtain an FA series in (a + 2r, a-t 4r)? This problem was 
referred to at the end of Section 5. By definition, (45) is an EF A series 
in (¢%,«-+ 27). By Theorem 4, it is an RFA series in (œ -+ 2r, a -+ 4r). 
Hence there are numbers 


(49) i Yos Yr Y-i» (y-1 = yı); 
such that 
(50) yo + yett - ye tmt +. D cpetrre 


is an FA series in (a -t-2r, a -+ 4r). By Theorem 5, with œ replaced by 
& -+ 2r, there is a unique triad of numbers (49) with yo== 0; say 0, yi", y.*. 
Write, for convenience, y“ == C}, (| k| >1). Then y,* is uniquely deter- 
mined by the appropriate form of equations (16); viz. 


2a yx” etmang — im) = 0, D yg” tetr) y (4, — tm.) = 0. 


It follows from Theorem 5, with œ replaced by a-+- 2r, that the formulae for 
Yo Yz Y-ı are 


—t(a/b): sinrm/p, — yi* -H gt etas,  ya* + ft etalon), 


8. Another simple consequence of Theorem 5 is the following lemma, 
which will be used in the proof of the Young-Hausdorff inequalities for FA 


series. 
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LEMMA 3. If L, N, a are real numbers, and M ws a complex number 
such that 
(51) — (a/b) + sin rp, /psy + Re Meilen 4 0, 


then, gwen an LEA serves (45), there is precisely one triad Co, Ci, C-1 with Co 
real, Cı =C, Such that 


(52) Leo + Me, + Mca =N, 
and such that > c,et#? 1s an F A series in (a, a -- 2r). 


Proof. There are numbers (49) such that (50) is an F A series in 
(a,%-+ 22). By Theorem 5, the general formulae for Co, Cı, Cı, such that 
> ceitre is an FA series in («, œ + 2a), are 


Co yo— b(a/b)- sin aia: Cr yrp geen, pa yr + Bb etme, 
On substituting these values in (52), we obtain a linear equation in t It 


has a unigue solution, since the coefficient of ¢ is the first member of (51). 


9. The results of this section are proved in the same way as the 
analogous results concerning F.A. series. 


TireoremM 6. If f(a) ~ Di crete, (a,a-+ 27), and feL?(a,a+- 27), 
then f  P(a)jdz = > ern A 


COROLLARY. If F is a complex function, and Fe L*(a,a+ 2r), and 


dy—= dy f F(t) e-™stdt, then S| dy [?/Ay = in | F(t) |? dt. 
Proof. As for [4], Theorem 2, and Corollary. 


Lemma 4. If (45) is an RFA series, then it is summable (C,1) almost 
everywhere lo a function g(x); and, if v(x) is a function of bounded varia- 
tion in an assigned interval (a,b), then 


lim fo a cpettstdt mn Í “u(t)g(t)de, 


n> o |v (<r 


asn—>o, uniformly for aS r&b. 
Proof. As for [4], Lemma 6. 


THEOREM 7. If.g(x) is the sum (C,1) of the RFA series (45), then 
the series is the Fourier series of g(x); i.e., if pZ 0, then 
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T 
lim T f g(x)e-ade == c, if p— u 8 = 2,3, >, 
|T|> « 0 . l 
= 0 otherwise. 


Proof. We need to know that if p, = 0, is assigned, then 


(53) È Cr/ (pr — p) 
[k >s 


1S convergent, s being a positive integer greater than 1. By Theorems 1 
and 4, X” c,e*#**/(;,—%m,) is convergent for all a In particular, 


(54) È, Cr/ (pr — im) 
|x| >8 


is convergent. On subtracting (54) from (53), and using cy =0 (1), we see 
that (53) is convergent. The proof proceeds as in [4], Theorem III. 
Note that here, p,—k—1-+ 7, while in [4], ur =k— 4$ -+n with 
kn, = 0 (1). 


Lemma 5. If do, d1,d4,:* °, dm, d-m are any complex numbers and 
L< ps2, p?+q't=1, then 


SH i > Ay tad, Gt hye. ja dg |1 =S L pA Ta |2] 1. 


|z| &Em 


Proof. As for [4], Lemma 9. 


10. We now consider the Young-Hausdorff inequalities for FA series. 
On account of the fact that the F A constants are connected by two equa- 
tions, we cannot assign c, for all integer y subject to c- = ĉn, X | cy |? < œ, 
1 < pS 2, and expect the c, to be the FA constants of a real function of class 
L%(a,a—+ 27). On the other hand, if we omit ¢o,¢;,c_1, then there is one 
degree of freedom in the set of possible functions of which the c, are the 
F.A constants. If, then, we require that the unspecified values of the three 
central constants shall satisfy an assigned linear equation, we may expect 
to find a unique function satisfying all the conditions. 


THEOREM 8. (a) Let c,, |v|>1 be complex numbers such that 
E” | cy |?><0 and c,d. Let L, N, « be assigned real numbers, and let 
M be an assigned complex number such that (51) holds. Then there is 


precisely one (real) function fe Lt(a,a+- 27) which satisfies the following 
two conditions: 


(i) Cy = Ày “Fe ttdt, |y] >1; 
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(ii) If Co Ci, C- are defined by the preceding equation for y= 0,1,—1, 
then Leg-+ Me, + Me,=N. For this function, 


(55) (f [fleas (E | cy P/a. 
(b) If g(v) is a real function of class L®(a,a-+- 2r), and 
at+27 
yo == Ay g(x) terde, (v=0, au "Ja 


then 


hi 


(Sle aa as (f Tg de) 
Proof of (a). We define co(n), ci(n) and c_4,(n) by the equations 
(56) Les(n) -+ Me (n) 4- We,(n) =N, 
(57) co(n)/(—imı) + o (m) eM (u — im) + c (n) etn / (— p — HNL) 


=— $” cetra (uy —im,), 


|k| au 
(58) eo (nn) /(— 42) + c (1m) e#9/ (py -—— ima) - Cy (n) eta (— py — iMa) 


= — DY” ce" (py — ime). 


|k| Sn 
The determinant of this system of equations is 
(isin zp,/ab) (m,— ms.) {— 1 (2a/b) + sin apy /py + Methil) +. jf etmalarm) } 
of 0. 

The second members of (57), (58) are purely imaginary (or zero). Multiply 
(57) by imi, (58) by ima, and subtract. We obtain an equation of the form 
c,(n)A -+c (n) = B, where B is real and A £0. Hence ca (n) =é,(2). 
Hence, in (57), all terms except the first are purely imaginary. Henee co(n) 
is real. Since the series 

D ce*Het/ (up — imi), D” Cueta (uy — ima), 
converge with X” | c, |?, it follows that there are numbers yọ (real), 1, y-1 
(== ¥,), such that co(n) > yo, a(n) — yy ta(n) — y- as n> œw. By (56), 
(59) Lyo + My, + My =N. 
Let Tafe) = co(n) + e (nm) et? + e (1) etme +. X cepete, By Lemma 5, 

|\K|Sn 


{T,()} converges strongly with index q to a real function, f say. By 
Theorem 2, and (57), (58), Ta(e) is its own FLA series in (a,a-+ 27). 
Hence, for a given integer v with |y|>1 and for n> | v|, 
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Hed 00 a 


arar f a+r 
a n f T (£)eimade—=lim | Ta(2)e teede 
Qa 


+27 . 
m= J f(a) e-trda, 
a 
Further, for y=0,1,—1, 


atr a+r i 
yy = lim cp (n) = lim à, f T(x) ett da == Ay f(a) etmede = Cy. 
n> © a a 


fna © 


Thus, the conditions (i), (ii) are satisfied. Further, since, by Lemma 5, 


fF r(x) lida) S [l calm) [P/A + | om) [P/a 
+l on (i/a E | on [P/a 
(55) follows on letting n>. p 


That there is only one function f(e) which satisfies the conditions (i), ’ 
(ii), follows from Lemma 3. For if fe is such a function, then, by Lenima 3, 
fo has the same F,A constants as f. The FA series of fy. —f is thus iden- 
tically zero. But fo—f is, almost everywhere in (a, a-+ 2r), the sum (C,1) 
of its FA series. Hence f,—f==0. 


Proof of (b). As for [4], Theorem IV(b). 


11. We now consider the simplest theorem of uniqueness for convergent 
series of the form X ceter with c.,=¢,. It is no loss of generality to 
suppose that the interval of convergence, given as of length 22, is (— r,r). 

Consider the F,A series of the function f(x) defined as equal to 1 for 
e| Smr. Then 1~ > yette, where yo == 2A, yr = 2Ax SIN rur/Bk, (k0). 
By (1), Ax?/cos? rur = B,?/sin? rp, == A,’ + B,?. Hence 


(60) nie? sin® wpe — BYast/[ (oa? + 4)? + Bat] > BY 
as |k|—>0. It follows that 
(61) yale ee 


is a series whose coefficients are O(%-*), and which converges to zero in the 
closed interval (— 7,7). We thus see that in order to obtain a significant 
uniqueness theorem, we must introduce some explicit restriction on the coeffi- 
cients. It will be seen that the condition ¢)==0 is such a restriction. 


Lemma 6. If E; cetto, where c.4== Cy, ke,==0(1), converges to zero 
almost everywhere in (—m, r), then ¢,==0 (k= +1, £2). 
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Proof. By hypothesis, X” c,e' converges almost everywhere in (— r, r) 
to — cet? — ceths, In Theorem 8, let p=, M==N=0, g= —r, 
L==1, By the first part of that theorem, there are numbers ci”, Ca" (= é,*) 
such that 
(62) C,*eitie 1. g_ 5o it LS” opetta 


is an FA series in (—7z,7). But this series converges almost everywhere 
in (— m,r) to 


(63) (c — ci Jets +. (6.4% — C) eiT, 
Hence (62) is the F A series of (63) in (—r, r). Write 
(64) ci” —¢, = 4(a—%B). 


Then (63) is «cosp -+ Psin pie. Since the constant term in (62) is zero, 


Kig 
= Ào f (a cos ut + B sin py) da. 
-7T 


Hence, a= 0. For |k] >1, we have 


Ir 
Cr/ Nk =Í p SIn pt otre dav == RiB/b * sin mp SID Thk 
-T 





by (20). By (7) and (60), | xer | —> 4] 8sinrpı |. By hypothesis, pc, — 0. 

Further, by (6), m, is not an integer. Hence 8= 0. Thus, all the coeff- 

cients in (62) are zero. By (64), c,==c,". Hence all the cp are zero. 
The series obtained by differentiating (61) term by term, viz. 


(65) D iugyn eM, 


has its coeficients O (%7). As in the proof of Lemma 6, if we alter the two 
central terms suitably, we obtain an FA series, say 


(66) p(T) —~ tery et? — ipyy Ferme 4. 3” tyne Me, (—1, 7). 
This series can be integrated term by term from 0 to æ. Since (61) con- 
verges to zero, it follows that 

o 5 . M s 

j p (u) du — (y* — yı) etat — (y_y* — y1) etme 

0 

is constant in |e | S~. Hence we may take d(x) to be 
ipa (ys — yi ) ett — ig, (y1 — y- ) eine, 


for |w| Sr. On account of the equiconvergence of an FA series in (—n, x) 
with a Fourier series in (—~, x), the second member of (66) converges to 
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this funetion, and so (65) converges to zero for |s| S~. That it is essen- 
tially the only series without a constant term which has this property, is 
shown by the following theorem. 


THEOREM 9. If SY crete, where Cy = Cy, converges to zero for |x| <a, 
then there is a real constant c such that cy = Ctpxyr. 


Proof. The hypothesis of convergence implies that c¢,—o0(1). Let 
(67) F(x) =— Ñ c/p? et. 


By the classical argument of Riemann, D?F (<) =0 for |x| <r, where 
D’F (x) denotes the generalised second derivative. Hence, F(s) = le + m, 
where l, m are real numbers. 

With y» defined as above, write dy = yx/ (1 — yo), (k0). Then 


(68) > dettt — 1, (| T | & r), 
and | hrdy | = | PAC ATE sin apx/ (1—yo) | => | b/x (1 — yo) |, as | k | —~.° The 
series (68) is uniformly convergent. Hence, X d,/ip, + et =g (|s| Sr), 
and 

(69) >’ di (1/ (tun) + m) ete? = le + m. 


The difference between the series in (69) and (67) converges to zero for 
|z| <r, and has coefficients which are O(k-*). By Lemma 6, they are all 
zero. Thus — ¢,/p,? = d;,(m + l/ipr). Multiply by m? and let k—>œ. Then 
0 = | mb/[r (1 —yo)]|. Thus, m =0, and cr = ildyp, = l/ (1 — yo) ` Yxye, 
as required. 

Sections 12-16. F.B Series. 


12. The theory of FB series can be developed on lines similar to the 
preceding theory of FA series. The details of the analysis, however, are 
sufficiently different to justify the short sketch which follows. The notation 
will be almost the same as for F A series, but the meanings of the symbols 
will be different. 

The FB series (see Section 1) is a series of cosines and sines of ugt 
where the ux are the roots, supposed all real and simple, of the equation 


(70) A sin rz — B cos mz = 0, 


where A = az, B =z? 4+ b, ab0. Then z—0 is not a root of (70). 
If f(x) is a real function of class L(«, a + 2r), then the FB series of 
f(z) in («~,a +2r) can be written as 


¢ 


(71) f(a) ~ SY crete, (a, a -+ 2m), 
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s a+r 

where ¢, = Àx Fre eae. (kt rE ad ay a tare 
a 

the positive roots of the equation (70), p-r = —— px, C-r == Ĉu and A, is the 


residue at z == u; of 
Q (4) =4(A cos rz + B sin rz) / (A sin mz — B cos rz). 

We find that 
(72) pr = le — 3 + ne, kn, == O(1). 
Writing Ar== A (ug), ete., we have 

1/ (2A) =m + (Ar sin ryp — By’ cos ruy) / (Ar COS rug -H By Sin ryk). 
But Ap/cos rur = B;,/sin rur == A; COS mur + By sin rup Hence 
(73) 1/ (2p) == m + (a SiN apy, — 2p COS Tyg) COS rpy/Opy,. 


If vn, n are positive integers, we have 


a . T 
(74) f COS ppt COS ppt dE = (2/4) ` COS THp COS Tfn, (ar); 
-T 


T 
(75) f SID ppt SİN ppt de == (— 2b/a)* (cos ryuy/up) (COS tHn/en), (mv). 


wT 
13. The FB series (71) is uniformly equiconvergent in the closed 
interval (¢,¢-+27) with a Fourier series, though not with the Fourier 


series of a function of period 27. We have the following special case of a 
known theorem ([3], Theorem 1). 


LEMMA 7. If s,(v) is the n-th partial sum of (71), t. €., Sn = DY cpet, 
k&n 


and if Teon (t) is the 2n-th partial sum of the Fourier sertes of the function 
(c), of period 4r, defined by b(@) =f(@) f aS sS a+- 2r and by 
b(t) =—f(w—2r) f atr <r <a- 4r, then Ssu(£)—rTtan (t) 30 uni- 
formly in (x,a -+ 227) as no. In particular, s,(a-+- &r) + Sa (a)—0 as 
Fi —> OD. 





According to the last clause of Lemma 7, 
(76) D, Cyette? (gim 1 J) = 0. 
Equation (70) can be written e?7* == (A +-7B)/(A —iB). Hence 
TT) Tie d ] = Bitten / (p + tap, + b) == Qiapy/[ (pr + iMm) (ay + im.) |. 


We shall suppose that a? 4b > 0, so that mı, ma are real and different. 
We shall now prove the analogue of Theorem 1. 
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Turorem 10. For any FB series (71), we have 


(78) Dy cnet [ (ur + iM) (ur + ima) | = 0, 
and 
(79) Dy cetto / | (un + im) (ux + tM) ] = 0, 


or, what is equivalent, 
(80) > Cpe Hra / (pr +. im) m 0, > Ce tHKe / (uk 4- iMa) = 0. 


Proof. Equation (78) follows from (76) on substituting the value of 
e°Tiun 1 1 from (77). To prove (79), or, what is equivalent, 


(81) D cr/pr ` otma (grim +1) = 0, 
it suffices to show that 
(82) DY Ax / un © COS mpe HT-a) wae (), 


uniformly in (¢,a@-+ 27). For then, on taking conjugates, multiplyutg by 
f(c) and integrating over (o,a + 27), we obtain (81). 
Changing the variable to s— «— r, we have to prove that 


(83 ) È An/ fn © COS Tun SIN pnt = 0, 
1 


uniformly in (—r, r). 
Consider the F B series, in the interval (— r,r), of the function sin piv; 


say 
(84) > by Sim gaye, 

For k > 1, we have by (75), 

(85) Dy = —4DA;,/a * COS Thaf pa” COS THR Bk 
Further, 


by = 2A. (r — 1/pa ` sin mp, COS Tp), 


(86) bi — 1 = 2A, (m — 1/ (21) — 1/1 ` sin wp, COS mp) 
== ZÀ, (— 2 COS T pi/ pai ) (SID mpy — p/a * COS mp) 
== — 4b /a (COS rpa MY 


by (73) and (70). By Lemma 7, the series (84) converges uniformly to 
siny,t. Substituting the values (85), (86), we obtain (83). Clearly, (78), 
(79), are equivalent to (80). l 


AN OUTLINE OF THE THEORY OF F, SERIES, 647 


14. Lemma 8. If v ts a positwe integer >1, then 
fi (£) = — COS 0/608 par + COS py@/COS pyr, 
is tts own FB series in (—r, r); and 
Jy (T) = — py SID 21 Z/COS pir +- py SID pyt/COS pyr, 


ws tis own FB series in (—-x, r). 
Proof. The FB series of f (x) can be written Sia, Cos pns. If n41,y, 
i 


r 
then an= 2A, | f(T) cos unt de= 0, by (74). Hence the F.B series of 
-w 


fo (x) is d, cos p® -+ ap cos pp. This converges to f(x) for |s| <r. Giving 
« the value w/2y,, we find a, == — sec pr. Hence a, == sec pyr. The proof 
of the second part is similar. 


THEOREM 11. Tn order that 


(87) È Cpe ten? C-t = Ep, 
VS Pon 


shall be an F.B series in (aa +- 24), tt is necessary and sufficient that 


(88) D> ete (e2rtue +. 1) == 0, 
jk] En 
and that 
(89) D Cr / py + Eea (e Tils | 1) om Q, 
|e Sn 
Proof. By Theorem 10 and (77), the conditions (88), (89) are 
necessary. To prove that they are sufficient, we may suppose that «== —r. 


Then the conditions become, on using the notation Cry == 4(a,—1b,), 
n 4 
S ak COS ruy = 0, » bx / ur ” COS Tuk =m (), 
1 1 
td ; 
Hence > a; cos upe + bysin pæ becomes 
1 


> ar (COS pr — COS pyr / (COS pyr) * COS wT) 
j n 
+- $ by (Sin prt — p COS pyr / (pu COS par) * Sin p). 
2 


By Lemma 8, each term is an FB series in (—m, m). So then is the first 
member, i.e. (87). 

Enough has now been said to make it clear that F B series may be 
investigated in the same way as F A series. Some results are simpler, since, 
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in an F,B series, C, C, are determined by the remaining coefficients, and 
there is no constant term. We shall not enunciate the analogues of Theorems 
3-8. We shall merely enunciate a special case of the analogue of Theorem 
8(a), which will be used below. 


Lemma 9. Let cn |v{| > 1, be complex numbers such that >” | ey |? <, 


Cy =p Gwen the interval (a,a-+- 21), there ts precisely one real function f 


a+r 
of class L? (a, a + 2r), such that comm Ay f f(t)ettdt, (|v| > 1). 


15. We now turn to the problem of the uniqueness of convergent series 
of the form $y c47 with c,—¢, We shall prove (Theorem 12) that any 
series of this form which converges to zero in the open interval (— r,r), 
is a linear combination of two particular series with this property. The 
particular series are (83), and the series obtained from it by termwise differen- 
tiation. We shall use the fact that, since tan mup == (7+ 0) /apux, we have, 
by (7), 


tan mye = — apr/ (ux? + b) = —a/py + O (k), 
qe = — O/ opr + O (kè), 


COS apy, == (— 1) sin ryg = (—1)"a/ur + Ok), 
and 


(90) | ax COS mpr | —> | a |, as k—> o. 
16. Lemma 10. If 
(91) Dy cpetee®, C-e = C1, ke, = 0 (1), 


converges uniformly to zero in (—r, m), then there is a real number 1 such 
that | | 


(92) ` k = TOTA, * COS arr 5 
i.e, (91) is a constant multiple of (83). 


Proof. The series $y” c,e+#** converges uniformly to — c,e#™* — e_ etha, 
By Lemma 9, there are numbers c,*, ¢..* (=é,*) such that 


C” eis + C1 “giat + S” CpOTEKE 
is an FB series in (--z,7). It is the FB series of its sum, viz., 


(cë — ¢,) etm? + (¢..* — Ca etme, 
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Write ¢,*—¢,==4(¢—-18). Then, for 





ek 


ar 
(93) Ck/ Àk = f (a COS pt + B sin pjer dg 
-w 


r ‘7 
=g f COS 118 COS ppt dE — ip | SIN pX SIN wpe AD 
T -7 


me 


== 20/0 ` COS pr COS upm + 208/4 * COS pir / uai * COS py / Uks 


by (74), (75). By hypothesis, ke,;—0. By (70), coswp,540. Multiply 
(93) by ux, and let k->0. By (90), a=-0. Hence we have (92) for 
lk|>1, with == 2b8/a -` cos pr/pı Since ¢,=4(a,—1b,), (91) is 


[es] 
@, COS paT -+ b, SIN pt — BL Y, Àn/ Bn © COS nr SIN pr, 
2 


and converges to @, cos pt + 6, sin pw + 21 (Ar/m)' COS pir sin piw, by (83). 
By hypothesis, this is zero. Hence @, = 0, b, ==—21(A;/u.)* COS u, as 
required. 


LEMMA 11. The series 
(94) D, Ay COS mpg CEET 
converges boundedly to zero in the open interval (~= m,r). 

Proof. By Lemma 9, there are numbers A,*, Aa* (=4,*) such that 
(95) Aetat L Aate te +. D” dj. COS wrppetHat 


is an FB series in (—-7,7). Hence it is summable (C,1) almost every- 
where in that interval, and can be integrated term by term. The same is 
therefore true of (94). Denote the sum (C,1) of (94) by f(z). Then 


> An/ Cpr) © COS mupe tH? = f f (é) dé. 
0 


By (83) the first member is zero. Hence f=0 almost everywhere. Then 
(95) is the F.B series of 
(96) (A,* — M) gtir -4- (_.* — À ) ae oe 


By Lemma 7, (95) converges boundedly in the open interval (— 7,7) to 
(96). Hence (94) converges boundedly in this interval to zero. 
We finally have, 


THEOREM 12. Jf $ crete, where c.4=C,, converges to zero in the 
open interval (— 7,7), then it is a linear combination of the two series 
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Dy A, Cos mupe, = DY Ag / (tup) * COS mppettre, 


of which the first converges boundedly, and the second converges uniformly 
to zero in the open interval. 


Proof. As for Theorem 9, — >? Cr/pp? ` ett == la + m with real constant 
l and m. Qn integrating (83), we infer that > Ax/p,? * cos mppett? con- 
verges uniformly to a constant p. By Lemma 10, this constant is not zero. 
Then >” A;/ (tu) + cos rp,e***? converges uniformly to pz. Hence 
D [7/p ` An/ (iux?) ` COS mp A+ M/p * Ay/ p47 COS mur F Cxe/ px” ete? 
converges uniformly to zero. The coefficients are o(k-?). By Lemma 10, 
there is a real number ¢ such that l 
Cy / pas? + m/p > Xx/ px? COS apy A- 1/p > Ax/ (ipp) COs mpe = t (Àr/pr) * COS mpK. 
Since cy = 0 (1), it follows from (90) that 0. This proves the theorem. 


Appendix. 


17. The simple arguments of this paper, depend on the fact that the 
integrals 


w T 
f COS fy COS pnt dT, f SID py SIN unt dT, 
-T i -T 


where v, n are different positive integers, can be expressed as a product of a 
function of u, and a function of un by means of the equation (1) which p, 
and p, satisfy. The question arises: For what relatively prime polynomials 
A,B with real coefficients, one of which is even and the other odd, have the 
above integrals the form described? 

For v&n we have 


f COS pyL COS unt AL = Sin pyr COS unr (2p / pry? — Hn) 
-7T 
+ SID unr COS pyr (Ryan / pn? — pry) 
= 2 COS pyr COS pint / (uy? — un’) [pyB (ny) /A (uv) —pnB(un)/A (un) ], 


by (1). We therefore require that the value of the symmetric polynomial 
(97) P(x,y) = (yB(y) A(x) —zB (z) A (y))/ (7—4?) 


shall be of the form b,bn when = my, Y = pn, navy. We shall prove (see 
Lemma 11 below), that this can only happen if P (z, y) =f(x)f (y), where 
f(x) is a polynomial. 


AN OUTLINE OF THE THEORY OF F, SERIES. 651 


Again, 


f “sin Uyt SIN py ® dT 
= È COS pyr COSpam/ (py? — pn?) [nB (mv) /A (Hy) — pB (pn) /A (Hn) J. 


We therefore require that the value of the symmetric polynomial 


(98) Q (2, y) = (xA (x) Bly) —yA (y) B(x) )/ (2 —4*) 


shall be of the form c,¢, for © = py, Y = un, v&n. According to Lemma 11, 
this can only happen if Q(2,y) =g(2z)g(y), where g(x) is a polynomial. 

There are two possibilities. (i) A’ even, B odd. Put z=?0 in P. Then 
A(0)B(y)/y==—f(0)f(y). Now A(0)540, since (4,B)=1. Then 
f(0) 40. Hence 


(99)  yB(y)A(2)—aB (e) A (y) = (y?—2*) f(w)/F(0) > Bly) /y» 4 (0). 


Hence B(y)/y divides A(y). Since (4, B) =1, B(y) = by with a constant b. 
By (99), A is a quadratic. Suppose that its leading coefficient is 1. Then 
there are two cases, A (y) = 4°? +a, A(y) =1. 

Consider next, the possibility (ii), A odd, B even. We put c—0 in Q 
and find that A(y) ay with a constant a, and that B is a quadratic. If 
its leading coefficient is 1, then there are two cases, B(y) =y? +b, B(y) =1. 

Thus, the only cases in which the integrals are of the required form, 
are the two cases considered in this paper, and the two cases for which (1) 
becomes 


(a) sin mz — bz cos rz = 0, (B) az sin mZ — COS rz = 0, 


respectively. The case («) has been the subject of recent investigations 
(see the remarks in [4], 324). The case (8) can be treated on similar lines. 

We now turn to the lemma mentioned above. We note first, that when 
A is even and B is odd, P(x,y) and Q(x, y)/(zy) are symmetric polynomials 
in (2) and q (—y?); and that when A is odd and B is even, the same 
is true of P(s,y)/ (zy) and Q(a,y). It therefore suffices to prove 


Lemma 11. If p(& 7) is a symmetric polynomial, not identically zero, 
and 


(100) P (Gr; ds) = brbs, (rs), 


where O <a La: L~ + +, then p(é,n) —c(Eje(m), where c(é) is a poly- 


nomial in é. 
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Proof. If, for some r, b, ==0, then p(@,,ds)=0, (sr). Hence, 
plann) =0. Let (€—a,)” be the highest power of (€—a,) which divides 
plén). We consider p(é,n)[(€—4,-) (y—a,)]~", and omit a, from the 
sequence @,d2,---:. Thus, we may suppose that b,~0 (r—1,2,-- >). 


Then, if r4s, p(d;,a,)/b, = p (at @s)/bs for tr, ts. Hence 


(101) p (£, ar) /by = p (£, as) /bs 
for all & Write 

(102) c(f) = p ($, a1) /b1. 
Then by (101), on putting s=1, © 

(103) p (Ë, ar) = bre (£) 


for r==2,3,-- +, and also for r==1, by (102). 
For a given s, choose an r&s in (103). Put =a, By (100), 
c(as) == b; for s= 1,2,- :. Thus, by (103), ei 


(104) p (E, ar) = ¢ (@r) C (É), (r= 1,2,° i J5 
and so p(é n) =¢(é)e(y). 


18. Historical note. The investigations of this paper are based on [3], 
Theorem 1. There are points of similarity between the proof of that theorem 
and the investigations of Dini [1], who, writing before the era of the 
Lebesgue integral, could not easily attain to general and precise results. 
In a subsequent paper [2], Dini considered the problem of deciding when 
the equation (1) has all its roots real and simple. He examined the equations 
which form the subject of [3], Theorems 2, 3, 4; but his results are 
fragmentary. i 


19. (Added 1 May, 1955). - 


The series we have considered in this paper, can be written in the form 


(105) J de(u) —lim f“eiag(u), 


where (u) is constant in each open interval (pz, urn), = 0,+1,42,°°-, 
and (v,+)—¢(ux—) cy. A theory of integrals (105) has been 
developed ([5], [7]) partly with the object of enabling one to deduce 
analogues of theorems concerning ordinary trigonometric series 


| (106) > netna C-n == En 
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without having to write out analogous proofs. As pointed out by the 
referee, this theory has a direct bearing on some of our results, in particular, 
Theorems 9 and 12. 

Consider for example, the following proposition which generalizes 


Theorem 9: If 
(1 07) >» Cpe Hae Cak == Ük 


converges lo f(x) for læ! <r, where f(«) is finile and e L(—r, r), then 
there is a renl conslani c such that 


Ck = Ctpeyr + Joyr/ (1 — yo) + grs (ka 1 Ra 
T 
where m= def f(t)e-e dt, (k= 0,21,42,° °°). 
-r 


To prove this, we observe that the hypothesis implies that cp ==0(1). 
Let e be a small positive number. By [7], Theorem 4, there is a series 


(108) > wp nE On = Wn, Wp == 0 Gl ) 3 


such that (107), (108) are uniformly equiconvergent in (—r + er—e)}, 
l.e., 


D Cpo bene — p w,6 the 


iklEn es 

converges uniformly to zero. Since (108) converges to f(@) in (—r +e, 
a-—«), the theory of trigonometric series ([6], 286(i)) tells us that (108) 
is uniformly equiconvergent with the Fourier series S of a function of 
period 2m which equals f(z) in (— r + %e,r7—2e). Let 

(109) f(t) ~ > gree, (—-7. 7). 
By Lemma 1, the series (109) is uniformly equiconvergent with the Fourier 
series of f(x) in (—-a,7). Hence the series (109) is uniformly equi- 
convergent with S in (— r- 3e, m— 3e), and hence with (108) and with 


(107). Since e is arbitrary, it follows that 


> Ce thee — > gretbne 


|kiEn lEn 
converges to zero for |e] < r. 
Using the notation and results of Section 11, $ goyzet*t/ (1 — yo) con- 
verges uniformly to gy in (—~7,7). Hence 


2s [Cx — Jr ~ Joyr/ (1 — yo) Jet 


converges lo zero in (—7,7). By Theorem 9, the desired result follows. 
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ISOMORPHISM BETWEEN He AND L?.* 


By R. P. Boas, JR. 


Let p be finite and greater than 1. By £L? we understand the Banach 
space of complex-valued measurable functions f (those differing only on a set 


2r 
of measure zero being identified) of period 2, such that f | f(a) |? dz is 
0 


finite, with norm 
2r 
EE MOO 


An element f of L? has a formal Fourier series, 


res) 2r 

(1) f(t) ~ X ene, a= i f, I0) da. 
na- © 

M. Riesz’s theorem on conjugate functions may be stated in the following 

form (cf., in particular, [1], p. 791): 


If fel” has the Fourier series (1), then (1)-with cn replaced by 0 for 
n <0 is the Fourier series of a function f, of L? and | f,|| S Ap || fi], with 
A, independent of f. 


By J? we understand the Banach space, with the L? norm, whose elements 
are the functions f, obtained from Z?-functions according to this theorem. 
It is known ([3]; [2], p. 293) that H?” can alternatively be defined as the 
Banach space (with the natural norm) of boundary values of functions F 
which are analytic in |z] <1 and satisfy 


277 
f | F (ret®) |? d9 = M, parai, 
0 
with Af independent of +. 


Our object is to give a simple proof of the fact, which may be useful in 
investigations involving the spaces HP, that the topological vector-spaces H? 
and LP are isomorphic. The question of whether there is an isomorphism 


* Received March 7, 1955. 


655 


656 R. P. BOAS, JR. 


between them which preserves the metric is left open, as well as the question 
of the relationships of H+ and H® to L and L”. 

Let f be a given element of L? with Fourier series (1). Let f, be defined 
as in Riesz’s theorem and let f- == f — f+; both these functions have period 27. 
Map f into the function ‘g defined by 


g(x) =f, (2) + ef (— 2x) ; 


then the Fourier series of g(r) is Co + > (cn,e?*™* + c_,eC")!*), so that ge H” 


n=1 
and || g| =:2A4,||f||. Thus the mapping is bounded; and it is clearly dis- 
tributive. It is also one-to-one and onto. For, let g be a given element of 


o9 
H? with Fourier series $)0b,e*"*. The series 


z0 
ce) co 
(2) Sbonetint, Y bape ia 
n=0 n=l 


are Fourier series of functions in H”; indeed, the first is the Fourier series of 
gi(@) =4{g(r) +9(4-+7)}, and the second is then the Fourier series of 


g2(@)e**, where ga(®) ~ X bon% We can map g into the element f 
m=1 


of Le given by f(v) =9,(2/2) + g2(—a@/2). Applied to the element g 
obtained from f by the original mapping, this leads back to f; so the inverse 
mapping from H? to L? is one-to-one. Finally, this inverse mapping is 
bounded, either by another application of Riesz’s theorem or because it is 
the inverse of a one-to-one bounded mapping. 
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ON FINITE GROUPS WITH CYCLIC SYLOW SUBGROUPS 
FOR ALL ODD PRIMES.* 


By Micuio SUZUKI. 


The purpose of this paper is to determine the structure of some finite 
groups in which all Sylow subgroups of odd order are cyclic. This assump- 
tion on Sylow subgroups simplifies the structure of groups considerably, but 
the structure of 2-Sylow subgroups might be too complicated to make any 
definite statement on the structure of the groups. In this paper, therefore, 
we shall make another assumption on 2-Sylow subgroups, and our main result 
may be stated as follows. 

Let G be a non-solvable group of finite order. We assume that all 
Sylow subgroups of odd order are cyclic, and moreover that a 2-Sylow sub- 
group is either (a) a dihedral group, or (b) a generalized quaternion group. 
Then G contains a normal subgroup G, such that [@4@:G,] S2and Gi =Z X L, 
where Z is a solvable group whose Sylow subgroups are all cyclic, and L is 
isomorphic with the linear fractional group LF (2, p) over the prime field 
of characteristic p in the case (a), and with the special linear group SL(2, p) 
in the case (b). 

Tt has been proved by Frobenius and Burnside (see Burnside [7]) that 
if all Sylow subgroups of a finite group G are cyclic, then G is solvable. 
In fact, such a group must be meta-cyclic. Zassenhaus [13] has studied 
the structure of such groups completely (sce Zassenhaus [13], or [14], § 4). 
In the same paper, Zassenhaus studied the solvable groups in which all Sylow 
subgroups of odd order are cyclic and a 2-Sylow subgroup contains a cyclic 
suberoup of index 2, and he classified all possible types of such groups. 
Iis results are used frequently in the course of the proof of our main result. 
We refer for these results to the paper [18] of Zassenhaus. 

In the first section we shall give a short summary of known properties 
of linear groups, which are necessary for our purpose, referring mostly to 
the work by Schur [10]. Some general lemmas on group characters are 
proved in the next section 2. Our Lemmas 4 and 5 may be regarded as slight 
generalizations of a result by Brauer and they are main tools for the proof. 
Section 3 contains several characterizations of linear groups by their group 








* Received November 11, 1954, 
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theoretical properties, obtained by Brauer, Suzuki, and Wall. Sections 4 and 5 
are devoted to the proof of our main theorem in case of dihedral 2-Sylow sub- 
groups. The case when 2-Sylow subgroups are generalized quaternion groups 
is treated in Section 6, where we consider a slightly more general situation 
(see Theorem D). In the proof of Theorem D we shall use very delicate 
properties of group characters, namely the block theory of Brauer. The final 
section contains remarks on the applications and the converse of our main | 
theorem. 

We use the standard notations. The linear fractional group LF (2, p) is 
the totality of linear fractional transformations v’ = (ex + 8)/(ye+ 8) with 
elements a, B, y, ô in the prime field F of characteristic p, and with deter- 
minant oS —fBy==1. The special linear group SL(2,p) is the totality of 
non-singular 2 2 matrices over F with determinant 1. A generalized 
qguaternion group is a non-cyclic 2-group which contains only one subgroup 
of order 2. It is generated by two elements o and p with the relations 


o" ==], p=” and pop? == ot, 


The central factor group of a generalized quaternion group is a dihedral group. 
A finite group is called a Z-group if all Sylow subgroups are cyclic. For 
the properties of Z-groups see Zassenhaus [13]. Group elements are denoted 
by Greek letters c, p and r; r stands usually, not exclusively, for elements 
of order 2. An element o is called p-regular if the order of ø is prime to p. 
Otherwise o is p-singular. 


i. We shall make preliminary remarks on the special linear group © 
SL(2,p) and the linear fractional group L/’(2,p) over the prime field of 
characteristic p. | 

The group SL(2, p) contains only one element of order 2, which generates 
the center, and the central factor group is isomorphic with LF(2,p). It has 
been proved by Schur, [10], p. 120, that if a finite group G contains a normal 
subgroup Z of order 2, and if the factor group @/Z is isomorphic with 
LF(2,p), then G is either isomorphic with SL(2, p), or is a direct product 
of Z and LF (2,p). In particular we have 


Lemma 1. If a finite group G contains only one subgroup Z of order 2, 
and if the factor group G/Z is womorphic with LF (2, p), then G is isomorphic 
with SL(2, p). 


We shall consider the group of all automorphisms of LF (2, p). The 
following lemma is proved. 
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LEMMA 2. The indes of the group of inner automorphisms in the 
group of all automorphisms of LE (2, p) ts two. 


Proof. Let L be the totality of linear fractional transformations over 
the GF(p). The transformations with determinant 1 form a normal sub- 
group of index 2, isomorphie with LF (2,p). Now let A be the group of all 
automorphisms of L(2,p). Then A contains a subgroup isomorphic with L. 
LF (2,p) may be regarded as a subgroup J of A, consisting of all inner 
automorphisms. J contains p-} 1 subgroups of order p, and A may be 
regarded as a substitution group on these subgroups. Since A — L, A is at 
least triply transitive. Suppose that an element o leaves invariant three 
subgroups Pi, Pa and Pa. Consider the normalizer N; of P: in J. Since s 
leaves invariant Pa every N; is also fixed by o, and so are N, O N and 
N,N, Now N, may be generated by two elements r and p such that 


{7} =P, {pp = NN Nz, {rp} == NNN, 
and ” 


ptp* = T. 


Since go maps {r}, {p} and {rp} into themselves, we have 


mM 
4 


oro”) =. opo’ =p" and o(frp)o™ = (ro)*, 


where m, n and k are positive integers. These equations imply that 
pip ==" or mrssmr (modp). Since r@-)/?s=1 (mod p), we have 
n==1 (mod (p—1)/2). Moreover since k==n (mod(p-——1)/2), we may 
assume that 2==4—1, and hence m=1. Thus g induces the identical 
automorphism on N., and similarly on Na. Hence o transforms all elements 
of I into themselves, and so is in the centralizer of J in A. On the other 
hand, the centralizer of J in A contains only the identity, since the center 
of / is trivial. ‘This proves ¢==1. Hence A is representable as a triply 
transitive permutation group on p-}1 letters such that no element except 
the identity leaves invariant three letters. By a theorem of Zassenhans [12], 
A is isomorphic with a linear fractional group, and so A coincides with L. 
This proves Lemma 2. 

Ve shall now consider the irreducible characters of SZ(2,p). The 
irreducible characters of SL(2,p) have been determined by Schur [10] (see 
in particular the table on p. 128) and independently by Jordan [9]. 

Let G be the special linear group SL(2,p) over the prime field of 
characteristic p. We are interested in the structure of 2-blocks of characters 
of G. For the theory of blocks see [1], [2] and [8]. Let ebe 1 or —1, 
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so: that p= e (mod 4), and let 2% be the highest power of 2 which divides 
p—e: 
p—e= 2h, (h,2) =1 (a = 2). 

If we set (p+ec)/2—2a+1, G has exactly a 2-blocks of defect 1. This 
may be proved either directly from the table of characters, or by using a 
result of Brauer [3], §8, since the factor group G/Z modulo the center Z 
of G is isomorphic with DLF(2,p), and LF(2,p) has exactly a 2-blocks of 
defect 0. From the general theory of Brauer [1], each 2-block of defect 1 
consists of two characters, and they take the same value on every 2-regular 
element. The degree of characters in a block of defect 1 is p—e. Some 
characters of degree p-e may belong to blocks of defect « In fact, if- 
we put h—1—2b, G has exactly b 2-blocks of defect « From the table of 
' characters we see that each block of defect æ contains 2% characters which 
take the same values on every 2-regular element. 

The first 2-block B, of G is the only block of defect a+ 1. It consists 
of the principal character 1, one character ¢, of degree p, two p-conjugate 
characters ¢. and ¢3 of degree (p-t«)/2, which belong to the represen- ` 
tations of the central factor group, two conjugate characters ¢, and œs of 
degree (p—e)/2, and 2%*—-1 characters ¢; (1—6,7,: - -, 25144) of 
degree p+ e. 

There are several linear combinations of these characters which vanish 
on all 2-regular elements. The following table may be obtained from the 
table of characters (using suitable notations). 


on elements of 
Relations order primeto2 pte ae 2 





oo eee eee 0 0 4 0 
a ae ee 0 2 2 1—ep 
1 — edz + ed 0 2 2 1—ep 
| 0 
tae 0 0 e+; —2(p+e) 
TABLE I 


In the last line of Table I, 6; (1==6,7,---,2%1-+-4) are the values of 
non-linear characters of a generalized quaternion group of order 2%, taken 
in a suitable arrangement; and, in the lower right hand corner, the value 
0 is for those ¢; which belong to representations of the central factor group 
and the value —2(p-+e) is for those which do not. 
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2. In this section we shall prove some lemmas on group characters. 
Some of these lemmas have been obtained by Brauer and Fowler [8]. 


Let Ci, Cat © °, Cn be conjugate classes of a finite group G of order g, 
and st + *,8; the totality of distinct irreducible characters. The product 


ie 

CU; may be written as a sum of conjugate classes: CC; == > dC where aij; 
f=1 

are non-negative integers. The following formula is a consequence of ortho- 

gonality relations (see [5]): 


(*) lip == gigg > Zu *Sa( Ci) Sp (Cj) Sa (Ci). 


In this formula, gi is the number of elements in Ci, Za is the degree of s, 
and §, indicates the conjugate complex of są. In the application to our 
case, classes C; and C; contain elements of order 2. We have 


LEAMA 3. Lel G be a finile group of even order. Assume that G has 
(d k 
only one class T which contains an element of order 2, and that T? = $ a; 
i=i 


Then we have 
ay — gn? Day ¥5y (L254 (Ch) 
fi 
where n is the order of the normalizer of an element of order 2. Moreover 
af lhe class Ci is not self-reciprocal, then a,= 0. 


Proof. Let o and r be two elements of order 2. Then the inverse of or 
is ro, which is obviously conjugate to er. This proves the last assertion. 
The first assertion is a consequence of (*). 

By a (generalized) character, we shall mean a linear combination of 
irreducible characters with rational integral coefficients. Let œ be a character 
of G. Then d= Èp äus and all a, are rational integers, uniquely deter- 


mined by 63 namely a, = J. pa. (The symbol Í A means the average on 


G, i.e. the summation over all elements of G divided by the order of G.) 
The sum of the square of these coefficients is denoted by w(ẹ), and may be 


calculated as w(d) == Dy dy? = J | |°, where | œ | is the absolute value of ¢. 
G 


We consider a subgroup H of G and a character y of H. The induced 
character y* of G may be defined by 


y” (e) =h Z v(pop*), 
peG 


where A is the order of H, and we have put (oc) —0 if cg H. Clearly, y* 
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is a character of G (in our sense). If y= dap, then we have y* = > ay". 

A conjugate class C of a subgroup H is called special (with respect to 
G), if C contains an element o such that the centralizer of o in G@ is 
contained in H. We shall prove the following lemma. 


Lemma 4. Let C,,C2,--°,C, be special classes of H, and oe Cy 


(¢=1,2,:--,r). Assume that c; is not conjugate to oj even n G tf t£]. 
If wis a character of H which vanishes outside of these C;, then y* (oi) = y (01) 


((=1,2,---,7), and w*(o) =0 if o is not conjugate to any o;. Moreover 
we have w(4*) =w(y). $ 


Proof. By the definition of induced character, 


Y* (p) =h Brea Y (ter). 


Hence if y*(p) 340, at least one term of the right hand side does not vanish. 
But y is zero outside of C,, and so y*(p) 40 implies that p is pon jugate to 
some oy. This proves the second assertion. 

If p= o, then y(rpr) 40 only when tor~ op for some k. By our 
assumption o; is conjugate to o, only when &=+1 Hence wW(zpr*) ~0 
implies that ror! is conjugate to o; in H, i.e. tpr = vow (veH). Then 
yr is in the normalizer of o; Since C; is special, the normalizer of c; is 
contained in M. Hence we conclude that re H. We see now that 


w* (o;) == fy} Dren Y (ror) =— y (oi). 


Let N; be the normalizer of o; in G. By our assumption, we may take 
suitable o; so that N; is a subgroup of H. The number of elements which 
are conjugate to o, in G is denoted by gą and similarly h; is the number of 
elements in C; Then g:x=[@:N,;] and h;=—[H:N;,]. Hence we have 
gı=[G:H]h;, (t=1,2,---,r). We shall now compute w(y*). We have 


on es 


=g È [G : H ]hu | Y (01) |? =A 





°? = 9 E gi | 4* (on) |? 


2 





-f 


since y = 0 outside of Ci, which proves the statement. 
As an application we shall prove the following lemma, due essentially to 
Brauer (see [4]). 








Lemma 5. Let Cı, + -+,C, be special classes of H satisfying the same 
assumption as in Lemma 4. If H has s irreducible characters œi, - +, 3 
such that pi = ¢$; outside of Cy, and d:i(o) =O for any element o of H which 
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is conjugale lo cop in G bul nob in I, and if s Z2, then G has exactly s 
irreductible characlers S, © +,83 such thal 


8 
pi” = esi H a X Skt A, (i = 1, 2,- ` tS 
k=l 


where e= +1, 620, a+ce«=20 and A is a character of G which is inde- 
pendent of i and does not contain any s; AU characters of G other than 
these s; contain each dy; with the same multiplicity (as characters of H). 


Defuution. These characters s,,° > >, S are called the exceptional charac- 
ters associated with g1,° + +, ds. 





Proof. Since s2=%, we may consider s— 1 characters == ¢i— ¢s 
(t==1,2,- --+,s—1) of H which satisfy the assumption of Lemma 4. Hence 
w (yt) =w (y) =2, and so each induced character y; contains exactly 2 
different irreducible characters of G with multiplicity +1 or — 1. Since 


w (Wa — pi") = w (pi — Wy) = 2 (i )), 


and since y;* = 0 for the identity of G, we may write y,* = «(s;—s,), (1=1, 
2,°° +,8—1), with e= -+1 or —1. Hence we have gi" — es; == p” — e8,. 
This implies that ¢;* may be decomposed in the following manner: 


8 
py == €S; 4 > QS; +- A, 
j=1 


where A is either identically 0 or a sum of irreducible characters of @ other 
than 8,,: °° °,8 Consider now the difference w(¢;*)—-w(d,*). This is 
equal to 


I Z (pë (0) dr" (07) — $.%(0) be" (0*)). 


If o is not conjugate to any op (k=1I1,2,---,7r), then ië (co) = ¢5*(s). 
Tf o is conjugate to ox, then from our assumption on œ; we see that 
Ji" (oy) == Qile). Tence as in the proof of Lemma 4, we conclude that 


Ht oe) mao 1D (ds**) mm W (pi) — wW (ds) == (), 
Hence we have (u+ e)? -+ a == 0 + (as +e)”, or dimma, Hence we 


S 
obtain ;* = es; -H-a X, sy + A, as claimed. 
Ti 


3. In the proof of our main theorems, we shall need some group theo- 
retical characterization of DF (2, p). We shall state them in the following. 
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LemMa 6. Let G be a finite simple group of even order, satisfying the 
following property: If two cyclic subgroups U and V have a non-trivial inter- 
section,’ i.e, U N V Æe, and tf at least one of these subgroups has an even 
order, then U UV is cyclic. Then G is isomorphic with LF(2,q) for some 
prime power q. 


This result is due to Brauer. See [6]. From this lemma, we conclude 
the following 


Lemma 7. Let G be a simple group of finite even order. We assume 
that all Sylow subgroups of odd order are cyclic, and that the normalizer of 
an element of order 2 is of dihedral type. Then G is isomorphic with LF (2, p) 
for some prime p. 


Proof. Let r be an element of order 2, of which the normalizer N is 
‘of dihedral type. Put Y= {7}. Consider a 2-Sylow subgroup S of N. 
S is contained in a 2-Sylow subgroup S* of G. If SS*, T is not a 
characteristic subgroup of 8, and this implies that S is of order 4. Since 
S is the normalizer of T in S*, S* is generated by two elements o and r 
such that o” 1, ror’ =o", where r==—1 or —1-+4-2"7. (See Lemma 4 
of [11]). Hence r is not conjugate to the central element of S* in G. 
By a theorem of Griin [8], G is not perfect. This contradicts our assump- 
tion. Hence § = §* is a 2-Sylow subgroup of G. We see now that the 
totality of elements of order 2 forms a single conjugate class of G. This 
follows also from the theorem of Grün (loe. cit.). 

Now ÑN contains a normal subgroup Z such that Z8 = N and ZN S—e. 
If Z =œ, then G satisfies the assumption of Lemma 6. Hence our assertion 
follows immediately. | 

Assume that Ze. Consider any subgroup U of Z. The centralizer 
V of UY in G has a cyclic 2-Sylow subgroup. Hence V is a Z-group. We 
shall prove that V CN using induction on the index [Z:U]. First of all 
assume that U = Z. Suppose VÆ N. Denoting by M the maximal cyclic 
subgroup of N with index 2, V contains a normal subgroup W such that 
WM—V and W N M=Z. In the factor group V/Z, the normalizer of 
TZ/Z is M/Z. Hence the element r of T induces an automorphism f in 
W/Z which maps every element onto its inverse. Now W is a normal sub- 
group of the normalizer of Z in G, which contains an element o of order 2, 
ofT. This element o induces an automorphism of each Sylow subgroup of 
W/Z, which is either the identical mapping or the same one as f. ‘This 
implies that every prime divisor of [W :Z] also divides the order of Z, since 
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any element of order 2 is conjugate to r. On the other hand the order of 
the commutator subgroup of a Z-group is prime to the index of commutator 
group, which is a multiple of the order of its center. Hence the commutator 
subgroup of V must be e, and so V is cyclic. Since F.T, and we get a 
contradiction. Hence the centralizer of Z is contained in N. 

Now we consider any subgroup U of Z. Consider all subgroups U; of 
Z such that U; D U and U;/U are Sylow subgroups of Z/U. By the inductive 
hypothesis, each U; commutes only with elements of N, since the centralizer 
of U, is M, and so the normalizer of U; is contained in the normalizer 
of T. Suppose that the centralizer V of U is not contained in N. In V/U, 
each U;/U is a Sylow subgroup and is contained in the center of its normalizer. 
Hence by a theorem of Burnside (see e.g. [14], p. 183), V contains a normal 
subgroup W such that WM = V and W N M==U. We may apply the same 
argument as before to get a similar contradiction. 

We have thus proved that the centralizer of any subgroup of Z coincides 
witheM. Hence our group G satisfies the property of Lemma 6, and is 
isomorphic with L(2,p) for some prime number p. This proves Lemma 7. 

Finally we shall state the following result (see [6]). 


Lemma 8. Let G be a non-solvable group of finite even order. If G 
contains an abelian subgroup A of even order such thal Ase and the 


centralizer of any element 541 of A 1s contained wn A, then G is isomorphic 
with LEF (2, 2#). 


4. This section is devoted to the proof of the following theorem: 


THEOREM A. Let G be a non-solvable group of even order. We assume 
that all l-Sylow subgroups for odd l are cyclic, and that 2-Sylow subgroups 
are of order 4. Then G is a direct product of LF(2,p) and a Z-group. 


Proof. We shall use an induction on the order g of G. 


First of all, suppose that the commutator subgroup G’ of G is a proper 
subgroup of G. Then G’ satisfies all assumptions of this Theorem A, and has 
a smaller order than G. We may, therefore, apply our inductive hypothesis 
to @. G is a direct product of a Z-group U and a subgroup L, isomorphic 
with LF(2,p) for some p. Since U is solvable, L is a characteristic sub- 
group of G’, and hence L is a normal subgroup of G. Consider now the 
centralizer V of L in G. V is a normal subgroup of G, and the factor group 
Œ/V is isomorphic with a subgroup of the group LZ, of all automorphisms 
of L. By Lemma 2, the index [Z):L] is 2. On the other hand, by assump- 
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tion the order of G is not divisible by 8, and hence [G@: VU L] is odd. This 
implies that G=VUL, or G=VX L. 

We may therefore assume that G= G’, i.e. that G is perfect. Suppose 
that Œ contains a proper normal subgroup H. If [@:H] were not divisible 
by 4, then the factor group G/H would be a Z-group, and so solvable. This 
is not the case. If [G:H]s=0 (4), then by assumption H would be of 
odd order, and so a Z-group. Hence H would contain a characteristic sub- 
group of odd prime order g. This is however impossible, because no perfect 
‘group with cyclic g-Sylow subgroups can contain a normal subgroup of order gq 
by Theorem 15 of Zassenhaus [13]. Hence Œ must be a simple group. 

Let S, be a 2-Sylow subgroup of G, and let Z, be the centralizer and Na 
the normalizer of Sa in G. Since G is simple, N: £Z. Hence S. is not 
cyclic, and [N.:Z.]=3. Za is a direct product of S, and a Z-group 
U: Z= U X Go. 

Assume that U==e. Take a subgroup T of order 2 in Sz. Consider 
the normalizer N of T in G. The factor group N/T is a Z-group, and 
hence N contains a normal subgroup Z such that N == ZS, and Z N S: =e. 
An element of Se, which is not in T, induces an automorphism of Z, and 
this automorphism leaves only the identity invariant. Hence by a lemma of 
Zassenhaus ([12], Lemma 1) Z is a cyclic group and N is a dihedral group. 
Theorem A now follows from Lemma 7. 

- Suppose finally that U 4e. This case will be proved impossible at 
the end of this section. Again denote by T a subgroup of order 2 in Sz. 
We consider the structure of the normalizer N of T in G. 

Consider the normalizer VN(U) of U in G. Suppose N(U) N». If 
the factor group N(U)/U is solvable, then by Theorem 6 of Zassenhaus ` 
[13], (UV) contains a normal subgroup V such that VN.—WN(U) and 
VON.,.—U. Smee V is of odd order, V/U is a Z-group, and hence V 
contains a subgroup P such that P is a normal subgroup of N(U) and 
[P:U] =]: is a prime number. Then the centralizer C/U of P/U contains 
Z./U, since N(U)/C is cyclic. This implies that P is a part of the cen- 
_trailzer of S,. This gives a contradiction. Hence N(U)/U is not solvable. 
We may apply the inductive hypothesis to N(U) since G=4N(U). It 
follows, that N(U) is a direct product of U and a subgroup L, which is 
isomorphic with some LF(2,p). Let q be the smallest prime divisor of the 
order of U, Q the g-Sylow subgroup of U. The normalizer N(Q) of Q in 
G contains L, and so it is not solvable. By the inductive hypothesis 
N(Q) =X UW’ where VDL and U’CU. Since g is the smallest prime 
divisor of the order of U, N(Q) coincides with the centralizer of Q. This 
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implies that a g-Sylow subgroup of G is in the center of its normalizer, 
By a theorem of Burnside (loc. cit.), Gis not simple. This contradiction 
comes from the assumption that V(U) Na, and hence N(U) == No. 

Consider next a maximal subgroup M of G, which contains N.. If V 
ix not solvable, N (U) would be larger than Na by the inductive hypothesis. 
Af is, therefore, solvable. Hence by Theorem 6 of Zassenhaus [13], Z con- 
tains a normal subgroup K such that M —= KN, and KO N= U. Since K 
is a Z-group, the commutator subgroup K’ of K is cyclic. Take a Sylow 
subgroup P of K. P is normal in M, so that the centralizer Z(P) is also 
normal, and AJ/Z(P) is cyclic. Hence Z(P)K contains S, and this shows 
that Z(P) 2 Se, or PCZ. Since P was any Sylow subgroup of K’, we 
conclude that K’ CU. This implies that U is a normal subgroup of M, 
or WCON(U) =No. In other words, N, is a maximal subgroup of G. 

We shall show that U is cycle. N. contains a subgroup W such that 
WS.==N. and WNZ,—U. Suppose that the commutator subgroup W 
of Wis a proper part of U. We consider any prime divisor of [U: W], say 
q. and the g-Sylow subgroup Q of U. The normalizer V(Q) of Q in G is 
solvable. since otherwise G would be non-simple by Burnside’s theorem. 
Since Vn U(N2AN(QY)), NV(Q) has no normal subgroup of index 2. 
Tence again by Theorem 6 of Zassenhaus [13], N(Q) contains a normal 
subgroup A such that V(Q)/X is isomorphic with the tetrahedral group. 
Let Y be any Sylow subgroup of X. Then the order of the centralizer of Y 
in V(Q) is divisible by 4, and hence some conjugate subgroup FY, of Y in 
N(@) is contained in Ze, or Y CU. Hence N(Q) coincides with the cen- 
tralizer of Q, which is impossible by virtue of Burnside’s theorem. Hence 
we have W == U, or U is cyclic. 

Consider again the normalizer N of the subgroup T of order 2. Suppose 
that NC Na. Then Z. is abelian, and the centralizer of any element +1 
of Z, coincides with Z.. By Lemma 8 this is impossible, since we must have 
U == e in LE (2, 2"). 

lence we consider the case NÆ N.. We then have N N N.= Z, so 
that we see from Burnside’s theorem (loc. cit.) that N contains a normal 
subgroup ff such that HS = N and HM S.,==e. If H’ is the commutator 
subgroup of M, the subgroup H’ N U is a normal subgroup of both N and Na. 
Since NV. is maximal, we must have H’ N U=-e. H contains a cyclic sub- 
group X such that X OU, X N HW =e and XH’ == H. Since the normalizer 
of U is No, X CON, or X =U. In particular, we have UH’ = H. The above 
consideration is applied to any maximal subgroup M of G which contains N. 
Corresponding to H, M contains a normal subgroup K such that K DH, 
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K N a =e and KS,= M. We want to show that M ==N. If N(H) is the 
normalizer of H in G, N(H) =HUX, where X is the normalizer of some 
Sylow subgroup Q of U in M(H). But N(IT) DN, so that X = Z, or 
N(H)=HZ,=-N. Hence if MN, the commutator subgroup K’ of K 
is not a part of H. The element of order 2 in T induces an automorphism _ 
of K’/K’ N H, which sends every element into its inverse. This implies that 
[K’: Kk’ H] is prime to [K’M H:e] since every Sylow subgroup of K’ is 
cyclic. On the other hand, if g is any prime divisor of [K’: KNH], M con- 
tains an element of order 2q, since the centralizer of a g-Sylow subgroup of K’ 
is of even order. Hence [K’: kK’ AN H] divides the order of H, and therefore 
[K’:K’O H] divides [H:K' N H] = [HK':K']. This is a contradiction, 
' since the order and index of K’ in K must be relatively prime. We must 
have M = N ; in other words, N is a maximal subgroup of G. 

Let [U:e] =u and [H :e] =v. Then we have g=[G:e] =4uum, 
and u,v, mare relatively prime. By assumption U ~e, or u > 1. 

By a well-known argument of Burnside we see that two elements in H 
are conjugate in G if and only if they are conjugate in W. Since N is a 
maximal subgroup of @ and since @ is simple, every conjugate class of 
N containing elements +1 of H’ is special with respect to G. WN has. 

== (v—1)/wu non-linear irreducible characters of degree 2u, which vanish 

on elements outside of TH’. Denote them by ¢:,¢0,:-°-°,¢,. For these 
characters the assumptions of Lemma 5 are satisfied. Hence we conclude 
that G has n “exceptional” characters Æ, --,#, such that œ; = 8E; + A, 
where == + 1 and A is independent of 1. 


Similarly every conjugate class of Na containing elements of Z, with 
order greater than 2 is special. W, has ¢== (u —1)/3 characters 0i, ĝa, --, 6 
of degree 3, which are the characters of N2/S2, and u characters é, - -,& 
of degree 3, which belong to representations which have kernels contained 
in U. All characters 6; and é; vanish outside of Zə. Hence by Lemma 5, 
G has exceptional characters ©; and Æ; associated with 6; and é; respectively. 
(Note that t = 2, since u is odd.) As a character of N =; contains each 6; 
with the same multiplicity, but ©, does not. Hence 2,54 @,. 

Let 6; be the linear character of N whose restriction 6; on Z, induces 6; - 
in Nə. Then we have 6;* = 6;* = 6,* -+. SY r", where >” denotes the summa- 
tion over all subscripts Æ for which ¢; belongs to a representation of N/T. 
Hence for +47 we have 


ys A fs E te $ 
0; — 0; = 6; — 6; == €, (0; — @;),» 
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or 6," == 6 -+ A, (t= 1,2, t), where a= + 1 and A, is independent 
of i Similarly for the principal characters 6 of N and @ of Za, we have 
6% = §* + SY dr”. We apply Lemma 4 to the character y = 1 + o -+ o — b . 
of Na, where 1, , 0’ are linear characters of N/Z. Then w(y*) =w(y) =4. 
Since ¥* contains the principal character of G, y* must be a sum of four 
irreducible characters. Hence we have 


g* — 6,* == 6* — 0" —1+48,X,+8.X2+ 8X5 (= 1). 
Oue of these characters X; must be ©, and we have say X, == ©; and 8, == —e. 
Hence 6*¥ == 1 -+ 8X, + 8.02 -+ Ay. 
We shall consider the linear character ¢; of N such that €;(r) ==— 1 for 


the generator r of T, and the restriction é; of € on Zą induces & of Na. 
By the same argument as above, we conclude that 


£” pees Ti ne g“ 4- S br”, and É” cates En +. Ao, (€z =s Ot 1), 


bd 
where $” extends over all characters ġa for which y(r) ==—-2u, and A, is 
independent of 7. Similarly if é is the lnear character of N such that 
£/(r) == 1 and its restriction on Z, induces é of Nz, we have 


Ef == ED Gr”, and £/% = eg + As (e= = 1). 


Let y and ¢ be characters of Z7’T/T, and assume that y is the principal 
character. Then we have 


fab $3 De 4 DH 
== 1 -+ 8,4, + 82X -+ 8e, 2-a DE + uA, +. A;), 
pt = 2 DEF = eo D Ej -+ Aa. 


The character 7—-¢ of H'T induces a character yo of N. Since wọ vanishes 
outside of H’T’, we may apply Lemma 4. Since yof —»*—¢*, we get 
w(y* — oo") = w(t) =4u. Using Lemma 4 we see that 


f (6* —6;*) (B;— Ex) = + f WE; — ér) =0. 

G J No 

Uence X, and X. are different from Z;, and hence the contributions to 
w(n* —*) by the characters 1, Xi, Xa ©, Z are at least 1, 1, 1, 9(u—1)/3, 
u respectively. Since 1-1- 1- 83(u—1) -+ u= 4u = w (q* — ġp*), these 
values are exact contributions. Hence we conclude that e=«, and 
RAs = A; + As Comparing the degrees of »* and $*, we get 


Reo Dy j D Hj == 1 -|- oD aN, -+ 8D pX. + 3E; Su D Oi H e Sy D gH). 


4 
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Each =; has the same degree, and D,@, is also independent of îi. Hence 
using the facts that e, = «e, and1+8,9,X¥,18.D,X.—= «D,@;, we have 
eD gay == «DO; or e me and D,@,—D,5,;. If r is any character of Z», 
a* is either 6*, 6,*, or &*. Hence the degrees of 1, Xa, Xa, O, Z; are not 
divisible by u, but degrees of all other characters of G are multiples of u. 
Since ©; ©, on every element of H’T, ©; is not an exceptional character 
associated with ¢,. Similarly each =; is not. If X, is one of the exceptional 
characters associated with the ¢; of N, then only X, and X., are exceptional 
with respect to these ¢,;. Hence (v — 1)/u == 2, or v==2u-+1. Since u==1 
(mod 8), v must be divisible by 3. This is impossible, because any prime 
divisor of v is larger than u. Hence X, and X, are non-exceptional for dx. 
Since &* = &* +. I” dr" = &/* + 5 d,” we have now 


eg bay +. Ao + rf) 57 Ex -4 And = ESj -+ Àg + Ò bH E, L nA, 


or Ap-+8 >” Er = A, --+ 383 Er Hence A, = A,—8>’ Er + è a Br, and 
since A, -+ A; = 2Ag, 


A, == Ap +8 >’ Ey, —8 D>” Ey 


Now 
@* = 1 -+ 8X + 8X 4-8 DS! Enr — 8D” Fi, + Ap, 
6;* == <®, AS SY Ermi Ye, 
¿* == eA zy Ao, 
EE = cH, —$ 5! By + 8D” By + As, 
pr” = ô Er +A, 


where we put e, == ez == 63 =«, 
Let 7 be the generator of T, and p the generator of UT. We can com- 
pute the values of characters for r and p. This is shown in table II. 
Denote by <r> and <p> the conjugate classes of G containing r and p 


T p 
1 1 1 
®, Be Bip) 
By —e eé; (p) 
a E, Spul) = + 2ud 0 
| x; 3, Š: 
others 0 — o 


TABLE II. 


CYCLIC SYLOW SUBGROUPS. 671 


respectively. Then if a and b are the coefficients of <r> and <p> resp. in 
the expansion of <7>*, we have a== w and b=0. By Lemma 3, 


w == g (4uv) {1 + d (DX) + (DX) + (Seu — 9) (D 0:) °) 
and 


0 = g (duv) {1 + b (DX) + 8 ( DX)? 
+ (9e 2 (p) + eÈ ép) ) (D ,®:)*}. 


We used the equality D,0,—%,5; But by the orthogonality relations we 
have 


3+ DiGi bp) =0, or Ehle) =l, 
and l 

3 + 2 D oi 9:(p) + 2 Dé ép) = 0, or 2 (p) = D. 
Hence 


0 = g (4uv) {1 + 8 (D,E) + 8e ( D pX) 9e D p0) 


Together with the first relation, we obtain g == 4uvë e D,®,. Since g == 4uvm 
and (m, uv) = 1, we conclude that v= 1, which is clearly impossible. Hence 
U must be the unit group and our theorem is thus proved. 

As a corollary we have 


THEOREM. Let G be a finite simple group. If the order of G@ 1s 
Dio’ * ` Pn (pı are primes and Pı <L P: <L'`` < pr) then G= LF (2, pr). 


5. In this section we shall prove the following Theorem B. 


THEOREM B. Let G be a non-solvable group of even order. If we 
assume that all l-Sylow subgroups are cyclic when 1>2, and the 2-Sylow 
subgroups are of dihedral type, then G contains a normal subgroup G, such 
that [G: G] 2 and G, =Z X L, where Z is a Z-group and L is isomorphic 


with some LF (2, p). 


Proof. We use an induction on the order of G. Throughout the proof 
we may assume that the order of G is divisible by 8, since the other case 
is covered by Theorem A. If G contains a proper non-solvable normal sub- 
group U, U contains a characteristic subgroup L isomorphic with some 
LF(2,p). L is a normal subgroup of G, so that the centralizer Z of L in G 
is also normal, and by Lemma 2 ZU L has index 1 or 2. The assertion of 
Theorem B is then proved by putting ZU L == G. 

We assume that all proper normal subgroups of G are solvable. From 
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this assumption we conclude in particular that G is perfect. By Theorems ð 
and 6 of Zassenhaus [13], a solvable normal subgroup of G contains a normal 
subgroup P of G such that the order of P is either an odd prime or a power 
of 2, Since J-Sylow subgroups of G are cyclic and G is perfect, Œ does not — 
contain any normal subgroup of order 1 by Theorem 15 of Zassenhaus [13]. 
Suppose now that G@ contains a normal subgroup P of order 2%. We may 
assume that P is a minimal one. Since 2-Sylow subgroups of G are of dihedral 
type, the order of P is either 2 or 4. If [P: e] 2, then P is in the center 
of G. By a theorem of Grün (see [8], or [14], p. 184), G is not perfect. 
(Note that S, is a direct factor of its normalizer, since we have assumed 
[82:e] = 8.) If [P:e] == 4, we consider the centralizer V of P in G. VG, 
and G/V is isomorphic with a subgroup of the octahedral group, and so is 
solvable. In either cases we get a contradiction to our assumption of the 
perfectness of G. Hence G is a simple group. 

Since @ is perfect, elements of order 2 in G form a single conjugate 
class, as is seen from Griin’s theorem (loc. cit.). Let r be an element of 
order 2, and put T = {7}. Then the normalizer N of T in G contains a 
2-Sylow subgroup S, of G and a normal subgroup H such that HS, =N 
and HMS,—e. This is proved by using Griin’s theorem as before. 

Consider the normalizer N, of 8S. in G. By our assumption [S,:¢] = 8, 
and so Na = 8: X W. By way of contradiction, we assume that W 4e. Let 
q be the smallest prime divisor of [W:e], and W, a g-Sylow subgroup 
of W. Consider the normalizer U and the centralizer V of W, in G. 
Assume that 054 V. Then V is a normal subgroup of U and the factor group 
U/V is a cyclic group of order less than g. Since V > 8., we have U = VÑ, 
where NV. is the normalizer of S, in U, i.e. Na== NN U. By the second 
isomorphism theorem, [U : V] = [N.:N.9V], and hence [U: V] is a divisor 
of the order of N.. This contradicts with the choice of q. Hence U =V; 
in other words, W, is in the center of its normalizer. Hence by a theorem 
of Burnside, G is not simple. We have thus proved that W =e, or Na = S}. 

ə contains a cyclic subgroup Z of index 2. Since N; == 8a, the normalizer 
D of Z in G is a dihedral group. Hence if N == D, our assertion follows 
from Lemma 7. . 

By way of contradiction we assume that N=4D. The subgroup H is a 
2-Sylow complement of N. Put K=H AN D; K is cyclic. Take an element 
o of order 2 in 82, which is not contained in Z. Then K is contained in 
the commutator subgroup of {H,o}. ‘This implies that K is a normal 
subgroup of H. 


The subgroup HZ is a Z-group and hence its commutator subgroup Jf is 
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cyclic. Since KZ is a maximal abelian subgroup of HZ, we have ZU KZ = HZ, 
or TU K =H. Since we have assumed that N54D, some Sylow subgroup, 
say the g-Sylow subgroup I,, of J is not contained in K. TI, is a normal 
subgroup of N, and Z is not contained in the centralizer of I, since 
Id- K=HND. But the centralizer of I is a normal subgroup of N 
with cyclic factor group, and hence it contains at least three elements of 
order 2. On the other hand, I, is the totality of elements of N with orders 
which are powers of q. Hence the normalizer of I, is larger than NV. Let 
AI be a maximal subgroup of G containing the normalizer of I, in G. 
N must be a proper subgroup of M. 

Suppose first that Jf is not solvable. Then we may apply our inductive 
hypothesis on Af. M contains a normal subgroup M, such that [M:M,] £2 
aud M, =Z, X Lı, where Z, is a Z-group and L, = LF(2,p) for some 
prime number p’. J, is a subgroup of Z,, since J, commutes with at least 
three elements of order 2. Now if M—M,, then J, is in the centralizer of 
S. in "G. This is impossible. Hence [M :M,] =2. Since M/Z, is a linear 
group by Lemma 2, we have [N:2Z,]—=2(p’—.«), where e= (—1)@-0/, 
By the inductive hypothesis, the order of Z, is relatively prime to p’?—1, 
a divisor of the order of Z,, and hence the order of N can not be divisible 
by (p +«)/2. This gives a contradiction, since M contains an element r 
of order 2 such that gL, and m commutes with an element of order 
(p +<«)/2. Hence M must be solvable. 

Now by Theorem 6 of Zassenhaus [13], M contains a normal subgroup 
M, with the properties that M, is a Z-group and M/M, either has order 2 
or is isomorphic with the tetrahedral or octahedral group. 

If M/M, is of order 2, then Af contains a 2-Sylow complement J. J is 
a normal subgroup of Jf and contains H as a proper subgroup. As before, 
K is a normal subgroup of J, since K is in the commutator subgroup of a 
Z-group {J,o}. Similarly, J is normal in J, since J is in the commutator 
subgroup of JZ. Hence H =TU K is normal in J. Since J is a Z-group, 
every normal subgroup of J is characteristic. Hence H is a normal sub- 
group of M. Consider the factor group M/H and the image 7 of the 
generator + of the subgroup T of order 2 under the natural homomorphism. 
The normalizer of 7 in M/H is N/H, and since H =J N N, = induces the 
automorphism of J/H which maps every element into its inverse (see Lemma 
1 of Zassenhaus [12]). Now N/H is isomorphic with S, and is generated 
by two elements p and p’ of order 2. If we take a Sylow subgroup P of 
J/H, p (or p7) commutes with all elements of P. Similarly p’ (or p’T) 
commutes with all elements of P. Hence P U N/H =P X N/H, and this 
is a contradiction. 
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The 2-Sylow subgroup S, coincides with its own normalizer. Hence M 
can not contain any proper normal subgroup with odd index. In particular 
M/M, can not be isomorphic with the tetrahedral group. 

Suppose finally that M/M, is isomorphic with the octahedral group. 
Then M contains a maximal subgroup M, such that [M : M,| 2 and M/M, 
is isomorphic with the tetrahedral group. A 2-Sylow subgroup of M, is a 
dihedral group and its three maximal subgroups are conjugate in M, to each 
other. Hence the order of M, is not divisible by 8, or M, is of odd order. 
Consider a Sylow subgroup S of M, and denote by X and Y the normalizer 
and the centralizer of S in M, respectively. Y is a normal subgroup of X 
and the factor group X/Y is cyclic, since § is cyclic. Put Q = M:N 8Sa. 
Then Q is a non-cyclic group of order 4. Now M,== M,X, and so X/X N M: 
= M./M,. Hence Y U M, is a normal subgroup of M, with cyclic factor 
group M./Y UM,. Since M,/M, is isomorphic with the tetrahedral group, 
the order of Y U M, is divisible by 4, and so YUM, 2 Q =M: N 8a This 
means that Q is contained in the centralizer of some conjugate subgroup of 8. 
Since S was any Sylow subgroup of M, Q is in the centralizer of M,, or 
Q U M, =Q X M, and Q is a normal subgroup of M. The factor group 
M/Q is of dihedral type, because 8, is its own normalizer in G. This implies 
in particular that M./Q is cyclic. M, contains a subgroup Æ such that 
RQ =M, and RN Q==e. Then È is isomorphic with M./Q, and RD M.. 
We want to prove that the normalizer, in G, of any subgroup of È is con- 
tained in W. Consider a subgroup X of R. If XM M,e, the normalizer 
of X is contained in the normalizer of XM Mı. Since M is a maximal 
subgroup of G and G is simple, the normalizer of X N M, is M, and so 
the normalizer of X is contained in M. If X N Mf, =e, then the centralizer 
of X is of odd order. Hence the normalizer Y of X is a Z-group. Since R 
is contained in the commutator subgroup of Y, R is a normal subgroup 
of Y, or Y is contained in the normalizer of M,, i.e. YCM. Hence all 
conjugate classes of M containing elements +41 are special with respect to G. 

Consider the irreducible characters of M and M.Q. Set [M,:e] =v. 
Let 6) be the principal character of M.Q; œ a non-principal character of 
M,Q/M,, and 9,,° ` ', 0q non-principal characters of M,Q/Q, one taken from 
each associated class of characters, where g == (v —1)/2. 

If y is any character of M.Q, we denote by % that character of M which 
is induced by y. The following relations are obtained: 


Og = 1 +n + ho, @ = É -F ba, 
Ö; Pae Pri- -+ bsi-1 ~{- Pais | w; = ®;, 
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where L is the principal character of JM, y the non-principal linear character, 
do)’ © *y¢3¢ Characters of degree 2, é and é characters of M/M, of degree 3, 
and the @; are of degree 6. All these characters of AM are irreducible. 


We apply Lemma 5. G has exceptional characters ©o,- - -,@3g asso- 
ciated with o’ + -,¢3q IË a is the principal character of Ma, then 


o= 1 -4+-n. Hence f | 70° — bi* |? = 3. Since pi” = eb; + Ay, qt =l p 
G 
and 3q Z 3, 


di” = D; + a X Db, + aX +a, (e=); 


and 
go =1 +45; (at) E + A, 


where A, does not contain X or ©, (The multiplicity of ¥ in ¢;* is the 
same as that of ©; in yo”, since w(;*) = w (qo) —1.) Hence 


A)* = 1+ Rep + eX + 8a X Pr + 8aX + 3A, 
0; == e (Paio + Oy; , + Pai) 4+ 38a DO, + aX + 3A. 
Applying Lemma 4, we have 
W ( (w6;) * — 0) = w (©; — fo) = 7, 
w ((a6;)* —6;*) = w(@;— 6;) = 4. 


Moreover. by making computations similar to those used in the proof of 
Lenima 4, we obtain 


(00) ETE T EN 
a G Ar 


Suppose (w;)* contains Py and X with the multiplicities b and c respectively. 
Then 


T= 1+ (83a—b)*3q + (3a -+ 2e—b)? + (Ba + e—0)? +y, 
4 = (3a—b)? (3g —2) + 3 (3a -4-e—b)? + (84—c)? +y, 
where y is a non-negative integer. Hence 
6 = 2(3a—b)?+ (34+ 2e—b)*-+ (3a-+e—c)*4-//, 
4 = 3 (3a +e— b)? + (8a—c)?+-y, 
where y == y + (8a— b)?’ (3q— 2). We have two cases: 
Case I. 3a— b= 0. Jn this case, the above equation can be read as 


2 = (8a-+e«—c)?+y' and 1= (8a—c)?+ y. 
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Hence 8a—c=0 and y =1=—y. 
Case II. 8a-—-b-+-e=0. In this case, 
3 == (3a + e—c)? + y and 4= (8a—c)*-+y’. 


Hence S 

= (3a — c)? + %(8a—c) + 1 -+y = 5 + 2e(3a— e), 
or 3a — c = — e and y = 3. Since y = y + 3q — 2, we conclude that v = 3 
and y =2. 


We shall treat these cases separately. 


Case I. If v>3, G has exceptional characters If,,- - -,H, associated 
with @,,- > -,@, (see Lemma 5). If v==3 we cannot apply Lemma 5; but 
there exists only one character Æ, of G whose multiplicity in (w#,)* is not 
divisible by 3, since y—1. We take Æ, as the exceptional character asso- 
ciated with ©, In any case we have decompositions of induced characters 
in the following form: 

0a” = 1 + 2e, + X + 3a F r + 8aX + 3b Dd E-H 83A, 

6;* TE e( Dg; -+ zii -}- Pai) + 3a >) Dr -4- 3a xX + 3b SE: -+ 3As (2 = 1), 
(00;)* = B; +30 35%,-+ 3X +3 E +A (jZ1). 

Consider then w*; we have from Lemma 4 


w(w*— 0") = 8, w(w* —8*) =5 and w(o*— (w6;)*) =3. 


Since Í w* (®#;,— ğ;) = + Í @(¢;——¢;) =0 and since 
G M 


J EE) =+ f aee) —0, 
G M 
we have the decomposition of w* as follows: 

a* == a Sb, + a” X +b’ E Et Ay, 


where A, does not contain @,, X and E. 
We now get three equations for a’, a”, and b’, namely 


3 = (a — 3a)? (3q +1) + (a” — 38a)? 

+ (P — 3b) (g —1 ) + (b —8b—c)* +T, 
5 == (a’ — 3a)?(8qg—2) +83 (a — 3a — e)? 

+ (a” —8a)?+ (B —3b) °g +T, 
8==1 + (a — 8a)?3q + (a — 3a — 2e)? : 

+ (a —8a—c)?+ (b’—3b)?-+1, 
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where P == w(A,— 3A;) Z0. The first two equations may be written as 

3 = 3(a’ — 3a)? + (V — 3b —c)? + T, 

5 == 8 (w — 3a — e)? + (b’— 3b) +T (z0). 
Honce «= 83a or « = 34-4- But if g =—3a-4-«, then the first equation 
shows that y’ == 3b 4- e and IT” == 0. This solution does not satisfy the second 


one. Hence we have «== 8a and b’ ==8b. If we use these values for a’ and 
b’, then the first and the last equations become 


Mec’ ayaa BS ie = soy ee: 
Hence 2 == (a” — 38a)? — e(a” — 8a) +T =} — e(a” — 8x), or a” = 3a, 
and hence T= 2. Now we can write 

o” == 84 >, Pr -+ 8aX + 3b > f+ As, A, = 8,Y + 8.2 + 3As, 
where 6;==-+1 and F and Z are irreducible characters of G, which are not 
Pay Ñ, By (k==0,-- +,8q; l=-1,2,---,¢). 


We can now compute the values of the characters. Let 7 be an element 
of order 2, and p a generator of the subgroup R. 





1 : 
rn o a ee) 
BR,  6e--+120 —2 0 
b eplan %  €dy 
XY etw è «@ «e 
Bde + 1220 —8, 0 


TABLE IIT. 


All other irreducible characters of G, not listed in Table IFI, vanish on p. 
We compute <r>? in the group ring; then <p> has multiplicity 3v in <7, 
since the normalizer of R contains exactly 3v elements of order 2. Hence by 
Lemma 3 we have 


Bu =g (80)-%{1 + (DX)? + 4e(D Bi) E $10) }. 


If we put c= D,X, then D,6;—2-+-¢«. An orthogonality relation yields 
> di (p) = — Ï, Hence 
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Bu = g (80) *{1 + eat —de(w-+ e) >} = g (80)? (2 — e)? (fe), 
or g = 3: 8w (12av + e) (12av -+ 2e) (120v), that is, 
g = 24v: (12av -+- e) (bav + e) /87a. 
This is impossible, since the last fraction should be an integer. 


Case II. In this case we have v= 3, and the induced characters are 
decomposed as follows: 


6," — 1 4- REP, at. eX ~<- 8A, i” ole (®, - Pa + Bz) 4- 3å;, 
(w8) HE es e(o -+ P, ~t- P, +4- ®;) -}- eX a- ô Y ~- A -+ 8A, 


where ĝ& == + 1 and Y, Z are irreducible characters of G, not equal to X, ®, 
or the principal character. In the same way as in Case I, the induced 
character w* is decomposed into a sum of irreducible characters as follows: 
wo* == a >), ta” X -As where A, does not;contain 6, or X. If we write 
A, == 4 > By + aX + Ay as before, we get three equations for a’ and a”. " The 
equation w(w* — (wf,)*) == 3 implies that 


3 = 4 (d — 3a — e)” + a” —3a— e)? pee’ 
Hence a must be equal to 3a +e. Similarly w (w* —)*) ==8 shows that 
8144-4 (a”—3a—c)? + (Ay 
or (a” —3a— e) + w(A;—3A,) =3. Finally w(o* —6,*) = 5 implies that 





3A2), 


5 == 1 + (a” — 3a)? + w(A;—3Az,), 


or (a —3a)?+ w(A;—- 8A.) = 4. Hence a” — 3a -+ e and w (A; 





3A) — 3. 


_ Let 6, V be the multiplicities of Y in A, and A; respectively, and simi- 
larly let c and ¢’ be those of Z. Then w(A,—3A,) —3 implies that 


(86 — Bb’)? + (8c— oc’)? + T=3 or, since w(w* — (wf,)*) = 8, 


we get (3b -3 —b')? -+ (3¢-+8 +e)? +T—3. Hence 3b =b’ or 30 = C. 
Without loss of generality we may assume that b’ = 3b. Then c¢ = 3e -+ 8, 
and r=. Hence l 


u* =e DO, 4 eX +2 +8: +84 + 8A, 


where 83,8; + 1 and F, W are irreducible characters of G. We have the 
following table. (r and p have the same meanings as in Table IIT.) 
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1 7 p 
aoo S 1 
D; 36a -+ Ile ——€ efi (p) 
YO 86y+63 —2, oO 
2 Sudie e o e 
ee =  —3d 0 
Vo 360+88 —& o 
Wo B6w +38, a OO 
Taste LY. 


All characters of G which do not appear in this table have degrees divisible 
by 36, and hence vanish on r and p. From this table we get, by Lemma 3, 
the fallowing equation: 


9 == g (24) {1 + 4e(D X) + (Ds) * 2 Pil) }- 


Hence 9==9(24)-°{1 -+ 4e(36a + 10e)-*— e(86a-+11e)}, since © gile) 
==-—15;s0 that | 


g==9-8- (36a + 1le) (18a + 5e) (3a -+ €)-*. 


It can be seen easily that 38a-++e is relatively prime to 36a+1le and 
184 + 5e. Hence (8a-+c)* must be 1, Le. 38a + e== -+ 1, or a= 0. Ilence 
ex=t1 and g=8-9:5-11 = 3960. 

We shall complete the first column of the table IV. Since 6,* and 
(w6,)* have the same degree, we get 


Dbi + DX +8,D,¥ +8,D 20, 
or 8y + êz = —]1. Similarly, since D,(w6,)* = D ,o*, 
8,D yK: > 2 8 D Y ote 8D aW, 


or 8,y==8,.v-+5,w. If one of y, z, v, w is greater than 1, then G has a 
representation of degree at least equal to 72—9==63. Since (63)? = 3969 
> 3960 =—= g, this can not happen. Hence each of the integers y, z, v, w 
is either 0 or 1. If z—1, then y must be 0 and §,——1. Hence 
D,Z = 27 == 33, which is impossible. (For the order of @ is not divisible 
by 27.) Hence z—0. So we conclude that 8: = 1, y=1, and §, = — 1, 
i.e, D,Y =30 and D,Z =9. Since 8v + 8,w —=—1, we may assume with- 


A 
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out loss of gnerality that v == 0, 8; = 1, w = 1, and3,——1. Hence D,V=3 
and D,W = 33. The sum of the squares of the degrees of all the irreducible 
characters is equal to the order of G, and the degrees of the missing charac- 
ters are multiples of 36. Hence 


g —1+4(11)? + (10)? + (80)? + (9)? + (3)? + (83)? + &(36)?, 


or k==1. Hence there is only one character missing and the degree of the 
missing character is exactly 36. This is however impossible, since characters 
of degree 36 belong to a 2-block of defect 1, which contains exactly two 
characters of degree 36 (see [1]). 

In both cases we have derived a contradiction, and hence the normalizer 
of elements of order 2 must be of dihedral type. This proves Theorem B. 


6. We shall now prove the following theorem : 


THEOREM C. Let G be a non-solvable group of finite even order, We 
assume that all Sylow subgroups of odd order are cyclic and that a 2-Sylow 
subgroup is a generalized quaternion group. Then G contains a normal sub- 
group G, with the properties that [G:G,] S2 and G ts a direct product of a 
Z-group and a subgroup isomorphic with SL(2,p) for some prime number p. 


Proof. We shall again use the inductive argument. Assume that @ is 
not perfect. Then the commutator subgroup G’ of G is a proper subgroup 
satisfying the assumptions made on @. Hence we may apply the inductive 
hypothesis to @’. G’ has the structure described in Theorem C; in particular, 
G’ contains a characteristic subgroup T of order 2. T is clearly a normal 
subgroup of G. Now the factor group G/T satisfies all the assumptions of 
Theorem B. Hence G/T contains a normal subgroup G/T such that 
[@:G,] =2 and G/T =Zx L, where Z is a Z-group of odd order and È 
is isomorphic with LF(2,p). Hence G, contains two normal subgroups L 
and Z such that G, =1Z, LN Z=T, L=L/T, and Z=2Z/T. Since T is 
normal and the 2-Sylow subgroups are of quaternion type, L contains only 
one subgroup of order 2. Hence by Lemma 1, L is isomorphic with SL(2, p). 
Since Z is of odd order, Z contains a subgroup Z, such that Z =Z, XT. 
Z, is a normal subgroup of G, and G, = Z; X L. This proves our theorem 
in this case. 

We may, therefore, assume that G is perfect. Take a 2-Sylow subgroup 
S, of G. The center T of S, is of order 2. We denote by r the generator 
of T and consider the normalizer N of + in G. Since G is 2-normal in the 
sense of Grün [8], we have an isomorphism G/G@’(2) s:N/N’(2), where 
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G’(2) and N’(2) are the 2-commutator subgroups of G and N respectively. 
Since we have assumed that G is perfect, N does not contain any normal 
subgroup of index 2. 

Suppose that N is solvable. Using a theorem of Zassenhaus, we know 
that N contains a normal subgroup H such that N/H is isomorphic with the 
tetrahedral group. Hence HMS.2—T. Now H is a Z-group, so that H 
contains a subgroup J such that HIT. Let J be the union of I and Sa. 
Consider a Sylow subgroup X of J, the normalizer Y of X in N, and the 
centralizer Z of X. Then we have N—JY and Z is a normal subgroup of 
Y with cyclic factor group Y/Z. Hence ZI is a normal subgroup of N with 
a cyclic factor group. This implies that the index [N : ZI] is odd, and hence 
S, is in the centralizer of some conjugate subgroup of X. Since XY was 
any Sylow subgroup of I, we conclude that J == I U Sa =I X S, Hence J 
must be the centralizer of S, in G. Now N contains a subgroup K such that 
KS,=—N, KNJ =I, and [K:I]==3. If the order of J were divisible by 
3, then the normalizer and the centralizer of a 3-Sylow subgroup would 
coincide with each other, and so G would not be perfect. Hence the order 
of I is not a multiple of 3. Consider then a subgroup P of K with order 3. 
P is contained in a 3-Sylow subgroup 8; of G. Let N, and Z, be the 
normalizer and the centralizer of S; in G respectively. Since G is perfect, 
Zz; is a normal subgroup of N, with index 2. If [Z;:e] were odd, there 
would be an element o of order 2 such that o induces an automorphism of 
Sa which maps every element into its inverse. Hence the normalizer of P 
in G would contain two elements of order 2, o and r, such that one of them 
commutes with every element in P but the other does not. This is impossible, 
since o and r are conjugate in the normalizer of P. Hence the order of Z, 
is even. This implies that G contains an element v of order 4 such that 
vry’ =a for every ze P. The normalizer of P in G contains v, and v? is 
conjugate to + in this normalizer. This is clearly not the case, because of 
the structure of N. Hence N is not solvable. 

The factor group N/T satisfies all the assumptions of Theorem B, but 
does not contain any normal subgroup of index 2. Hence as before N is a 
direct product of a Z-group Z and a linear group. If Ze, we consider a 
Sylow subgroup X of Z which belongs to the smallest prime divisor of the 
order of Z. The normalizer Y of X in G is a non-solvable proper subgroup 
of G. Hence we may apply the inductive hypothesis and conclude that T is 
in the center of Y; in other words, Y is contained in N. From the choice 
of X, we see that Y coincides with the centralizer of X. Hence by a theorem 
of Burnside, G is not perfect. Hence we have Z == e, or N is isomorphic with 
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SL(2,p) for some p. Now our Theorem C is a consequence of the following 
general proposition. 


THEOREM D. Let G be a group of finite even order. If G contains an 
element r of order 2 such that the normalizer of + in G is isomorphic with 
the special linear group SL(2,p) for some p> 2, then G. contains an abelian 
normal subgroup Go such that G/G)s=SL(2,p), and if Gye, then every 
primary component of Gy ts not cyclic. 


Proof. Denote by N the normalizer of the element r of order 2. By 
assumption W is isomorphic with SZ(2,p). In the following we consider 
only the case p==1(mod4). The other case will be treated in exactly the 
same way, with a slight modification on signs. 

Put p—1== 2%, (h,2)=1. Then «22 and (p+1)/2—2a+1 is 
odd. We shall consider the structure of 2-blocks of G with positive defect. 
By Theorem 4 of Brauer [2], G has exactly a 2-blocks of defect 1, (h-—1) /2 
blocks of defect «, and one block of defect «+1. We have a one-to-one 
correspondence between blocks of positive defect of G and those of N. Namely 
if we take a block B of positive defect d (d >0) of Œ, then B determines a 
block B of defect d in the normalizer N(D) of the defect group D of B. 
Since d > 0, D is not the unit group, and we may take D as a subgroup of 
N. Then T, the subgroup generated by 7, is a characteristic subgroup of D. 
Hence the normalizer N(D) is also a subgroup of N. Hence B determines 
a block B* of N. In this manner we get a one-to-one correspondence B <> B*. 
We want to show that B and B* consist of exactly the same number of 
irreducible characters. Consider any subgroup X of N, whose order is a power 
of 2, and a block P of the normalizer Y of X in G. Then B determines a 
block E of G and a block B’ of N. Let G be the linear character of the center 
of the modular group ring of Y, corresponding to the block B. Then the 
corresponding linear character w for B satisfies 


o(C) == 2,0(C,) (mod p) 


where p is a prime divisor of 2 in a suitable algebraic number field and Cy 
ranges over all classes of Y which lie in C and whose elements belong to the 
centralizer of Y. Similarly the linear character w’ of B’ is defined by 


wo (C) = 5(C’,) (modp); hence o(C) == So’(C’,) (modp), 


where C”, ranges over all classes of N which belong to C. This implies that 
B’ = B* in the previous notation. Hence if a block B of X determines a 
block B of G, then B determines a block B* of N. We apply Theorems 2 


4 
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and 3 of Brauer [3] to G and N, and conclude that the number of characters 
in B is equal to that in B*. 

Let B, be the first 2-block of N. Then B, consists of the principal 
character 1, one character œ, of degree p, two conjugate characters ġa and 
$, of degree (p +1)/2, two characters p, and œs of degree (p—1)/2, and 
2a-1 — 1 characters ġ; (i= 6,7, - +,2%-+ 4) of degree p-+-1 (see Section 1 
of this paper). Let ¢ be a linear combination of these characters which 
vanishes on all 2-regular elements, say ¢==1-+-¢:—¢2—-¢3. Since all 
2-singular classes of N are special with respect to G, we may apply Lemma 4. 
It follows that w(¢*) ==w(¢)=4. On the other hand, ¢* contains the 
principal character of G with multiplicity 1. Hence 


Peery E EA (a= + 1). 
Similarly we get 
í (1— pt pa)" =l Air k (== 1); 
But (1+ 6X, + Xe -+ e£) — (1+ Ya -+ 8222) == (p1 — pa + pa)" isa 


sum of three irreducible characters. Hence 


(1— p + ha)" = 1 -4 aXe -+ Xs (eg== 1). 
Similarly 
(1 — ps + ps) * = 1 + Xs H ess (s = + 1), 
and 
(pi — pa — bs) * = eX; + oN 2 + E343 berets 1). 


These characters X; are all different. Any one of the above relations between 
the X; vanishes on all 2-regular classes. Hence by Theorem 6 of Brauer- 
Nesbitt [4], these relations remain true if we omit all characters which are 
not in the fixed 2-block B of G. Hence if some £y is not in the first 2-block 
Bı of G, then X, must vanish on all 2-regular classes. This is clearly 
impossible. Hence all the X, are in B, and B, contains no other characters. 
Using Lemma 4, we obtain the following table (for notations see Table I): 


2-regular order 2 order2®° p+1 


1- eX: + eo ++ eg Xs 0 0 4, 0 

1+ eX s + eX, 0 1l—~p 2 2 

eee eee a 0 1—p 2 2 
Tere ee 0 

ciXi H eX + e43 0 ere 2 -+ 0; 0 


Pere n eee er entneeetata: na ainan en en e eannan e e 


TABLE V. 
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These relations are linear equations of the values of X, for elements of order 
2, etc. We want to solve these equations. Before doing so, we shall derive 
other relations. 

If Bx is a block of defect æ of N, Be m of 2% characters @,,: > >, Oza 
of degree p+-1. They take the same value; on every 2-regular class. We 
apply Lemma 5. The exceptional characters @,,-- +,@,, associated with 
these 6;,° * -, 0. belong to the same block Bk of G, since they are identical 
on 2-regular classes. ‘This block has defect greater than 2, since «= 2. 
In the first 2-block B,, we have several degree relations, for instance 
1+«6D,X¥,— «4D ,X;—0. Hence at least one of X, and X; is not excep- 
tional. Hence B, contains at least 4 characters which are not exceptional 
for 6; Hence By is a block of defect a. i Since each’ block of defect a 
contains exactly 2° characters, Bx contains only exceptional characters 
®,,: *',®. By definition of exceptional characters, @; is decomposed as 

= +A (4=1,2,- + -,2*) on N. Hence if o is any 2-singular element 
of G, we have @;(o) ==«6;(0) -+-c¢, where c is independent of 7. The ortho- 
gonality relation yields 


> (D ,@;)0;(c) = 0, or > 9;(c) == (), 
Similarly Zelo) =0. Hence we have cat = 0, c==0. Hence we conclude 


that @;(c) = «;(c) for any 2-singular denent If we take another block 
B, of defect a, then the exceptional characters of G associated with characters 
in B, form a block By of defect «, and B) s4 Bx. Hence every block of defect 
a of G is obtained in the above process of taking exceptional characters. 

If B is a block of defect 1 of G, B consists of two characters Y, and Fe 
which take the same value on every 2-regular element. Hence we have 


2 == w (P, -— F3) =f | Y, —wW, is 


or Yi — Fo = pı — ya on N, where y, and ya are irreducible characters of N. 
y, is not in any block of defect a. For if y, belongs to a block B of defect a, 
then W, will belong to B. Since (y, — p2)" = Y, — Ya, Y; must be exceptional 
characters associated with y; But y; belongs to B, and so Y; belongs to a 
block B of defect « This is not the case. Hence y; does not belong to any 
block of defect œ. Since : 


f (F, — Ya) (1 + 2X2 + Xs) -=Í (1 — de) (1—¢2-+ p4) = 0, 
JG N 


W; is not ġa and similarly y; is not equal to any oe By. Hence y, and ye 
are in a block of defect 1. Hence for any 2-singular element of G, we have 


Vi(c) = yi(o) (t= 1,2). 
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Let o be any 2-singular element of G. The orthogonality relation yields 
S | Xn(c)|?== n(o), where xX, ranges over all irreducible characters of G and 
i 


n(c) is the order of the normalizer of o. Since the normalizer of o is con- 
tained in N, we have the same relation for N, namely, > | ¢)(c)|? == (co), 
Pp 


where p ranges over all irreducible charatcers of N. Now any character of 
defect 0 vanishes on o. If B is not the first 2-block of G, then the con- 
tribution of the characters in B to X is equal to that of the corresponding 


B 
block of N to Si. Hence we conclude that 
(*) È | Xi(o) |? = F | di(o) |? 


where the summation is extended over i == 1,2, = 0, Re -L 5. We apply this 
relation for o==7r,p,v, Where 7 is an element of order 2, p an element of 
order 2% and v of order p-+-1. 

Put e;==eA;(7). Then we have from table V 


Te ty fe ty + Te = 0 
1+ t + t = 1 — p 
L- t -H 7; =1l—p 
ti- ta + a; = 0 or —2(p-+1). 


Pub ve=s and 7,—#. Then s and é are real. The relation (*) is now 
written as 


L--(1+s+ e+e 42+ (pHs) (pth? + (s+ #)2(2e2@—1) 
Fetite a lye) 
ma Lops (pend) se Gian Lt (pel) (ae 1), 
or (R= -+ 1)(p +1 +s-+t) -+ (s—t)*==0. Since s and £ are real, we 


have s = {t == -——} (p+ 1). Now we obtain the first column of the following 
table VI. 











; F y 
1 1 1 i 
a exp a an 
T eek (G41) w 9 
wy —ef(pt1) 4 0 
T =e (p= 1) 0 E4 
Tg =g (p= 1) 0 €5 
ee 


TABLE VI, 
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Similarly the relation (*) for e= p is written as 
1+ (3—u—v)(3 —— ü — 7) + uü -+ vT + U —u)(1—#) + (i— »)(1 —%) 
F > (8; + 2—u—v)\( + 2—ü—7) == 4 -+ È; 0: 
where u = t:X2(p), V = eX; (p) and the bar indicates the conjugate complex 
numbers. Using the relation 2 6,0, we get 
24 1)(u+ 020+ T-—2) + (u—a)(a—7) = 0, 


| 
or u==v =]. Hence we obtain the second; column of table VI. 


For the last column, we get | 
L-(Qtw+2\b+ EDERT EEEREN 
+AA) + Ilw HeD 
setting w = e% a(v) and z= e&3 (v). Hac 
29-2 (w +- z) (G+ 2) + ae + 22% = 0, 


or w==z=(0. This completes the last column of table VI. 

Since ‘NV is isomorphic with SL(2,p), ‘N contains only ‘one element of 
order 2. Hence there is no element of order 2 which transforms p or v into 
its inverse. This means that neither p nor y appears in the expansion <r)’. 
Hence by Lemma 3 we obtain two relations: 


14 PDX) + GOH DADA GO + DDA = 


and 
1 — pe D X) + (3(p — 1))’e(D X + (3(p — 1))?es(D X) = 0. 


Note that characters belonging to a block B of defect 1 or « do not contribute 
to these sums, since Sis(c) = 0 for all 2-singular elements ø. We obtain 
f geB l 


moreover the following degree relations from Table V. 
1+64D,X, +e¢D,X,+ DX, = 0 
14+ 6D Xo+eD,X,=0 | 
1+ es D Xa+ es DX == 0. 


We can solve these equations for a® ,X;j. Put é = aD, X; (i= 1,2, 5) 
Then the first two relations are 


EEo&3 + pEeés + + [4p -+ Die + Éa). = Í, 
£16465 — p Esés + + [4(p — NFEE: + és) = 0. 
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We use the relations — é = 1 -+ é — é; == 1 + é and make these substitu- 
tions in the second equation. Then we get 


S(t pt) aa ee) Sa) (Pee ean) ae 


Now put VY=é, and Y= éé; then &+&——(1+4). We have then 
two equations for X and Y, ie. 


VY + pY — [3p + D]Px(1+ 4) =0, 
A ep ee pee rt a 0. 
Add these two equations and then divide by X. We get 
2¥ —X(p+1) —4(p?—1). 
Substituting this value in the first equation, we obtain 


HHO + PE — Fp — 2) — [Hp + DPA + YX = 0, 
or .\?—2p.V¥ + p= 0, and hence X =p. 


Since X = é =D, Xp we must have ea =]1 and D,Y, =p. From 
table VI, we see that Xı(r) =p. This means that r is contained in the 
kernel K of the representation corresponding to X,. K is a normal subgroup 
of G, and hence KON is a normal subgroup of N, which contains r but 
not p. Since N = SL(2,p), the only normal subgroup of N which contains 
r but not p is the center T = {7}. Hence KN N=T. By assumption N 
is the normalizer of r in G. Hence the normalizer of + in K coincides with T. 
By a theorem of Burnside, K contains a normal subgroup G, such that 
tol == K and Goi O T =e. If cis any element ~1 of Go, e does not commute 
with 7z, so Go admits an automorphism of order 2 which leaves only the 
identity invariant. By a lemma of Zassenhaus G, must be abelian. 

We have to prove that the factor group G/G, is isomorphic with S/-(2, p). 
K= (oT is a normal subgroup of G, and T is a 2-Sylow subgroup of K, 
since Gy is of odd order. Hence G is a join of K and the normalizer of T 
in @. But is the normalizer of T, so that G = KN, or G=G,N. Hence 
G/ Ge = N/C OA N =N. 

Let P be any Sylow subgroup of Ge. If P is cyclic and s&e, then the 
centralizer Q of P in G is a normal subgroup with cyclic factor group. 
Q ON is then a normal subgroup of N, but it does not contain T. Hence 
Q N N =e; but this is impossible because N is not cyclic. Hence every 
Sylow subgroup of Gy is not cyclic. This completes the proof of Theorem D 
for the case where p= 1 (mod 4). 
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If p==3 (mod4), we can use the same method by changing the signs 
suitably. Hence our Theorem D, and therefore Theorem C also, is proved. 

It can be proved that Theorem D is still true if we assume that the 
normalizer of an element of order 2 is isomorphic with SL(2,q) over any 
finite field with prime power q = p” elements (p>2). The proof is quite 
similar to the proof given here, and depends upon those properties of 
irreducible characters of SL(2,q) which are given by Jordan [9] and 
Schur [10]. | 


7. We shall add a few remarks. It is well-known that if every abelian 
subgroup of a finite group G is cyclic, then Sylow subgroups of G are either 
_ cyclic or a generalized quaternion group. If moreover G is non-solvable, then 
a 2-Sylow subgroup must be a generalized quaternion group. Thus our 
Theorem C gives the structure of such groups. The complete characterization 
may be found in Theorem E below. 

There are many occasions that we have a finite group G in which every 
abelian subgroup is cyclic. We shall mention here two cases: (a) G is a 
multiplicative group contained in some non-commutative field, and (b) the 
cohomology groups of G over the rational integers are periodic. In both 
cases every abelian subgroup of @ is cyclic. (For the latter case (b) cf. 
the recent work by Artin and Tate.) 

Finally we shall consider the converse to our main theorem. Let G be 
a finite non-solvable group, all of whose abelian subgroups are cyclic. Then 
by Theorem C, G contains a normal subgroup G, such that [@G:G,] =2 and 
G,=—Z X L, where Z is a Z-group and L=SL(2,p). But a group having 
this structure may contain an abelian subgroup which is not cyclic. For 
instance, the group consisting of all 2 X 2 matrices over the prime field with 
determinant + 1 or — 1 has the above structure, i.e. it contains SL (2, p) 
as a subgroup of index 2, but it contains non-cyclic subgroups of order 4. 
If G, coincides with G, then a necessary and sufficient condition is simply 
that the order of Z is relatively prime to that of L. However if G, is a 
proper subgroup of G, the condition is not so simple. To state the condition 
explicitly we define an automorphism 6 of SL(2,p) by 


GGD aeS) 


where w is a primitive element, i.e. a generator of the multiplicative group 
of the underlying field. In fact, 6 is induced in SL(2, p) by the matrix 
—1 


transformation by ( 0 
w 


), It is easy to see that ?—1 and @ is not an 
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inner automorphism of SL(2,p). Moreover if f is any automorphism of 
SL(2,») which is not inner, then f induces an automorphism f of the central 
factor group LF (2,p). If f were inner, then SZ(2,p) would admit a non- 
trivial antomorphism of the form A->Ar(A) where (A) is a central element. 
Since 7(A) would be a homomorphism of SL(2,p) into its center, r(A) 
would be trivial. Hence f is not inner. By Lemma 2, @“f induces an inner 
automorphism of the central factor group. Using the same argument as 
above, we conclude that @"/ is an inner automorphism of SL(2, p). This 6 
has the following property. 


Lemma 9. If dO(A) is wm the center of L for some rXeL, then 
AO(A) == 1, where L= SL(2,p). 


Proof. We may use the matrix notation. Let r—(° : ), a3 — By = 1. 
J 
Then A#(A) is in the center if and only if 


i (2 (0 —t\(2 2 E-i 
y 8/ \o O}\y 8/\—-1 0/7 \O e’ 
where e= 1. A little computation shows that «== 1. 
Using this 6, we now state the final theorem. 


THEOREM E. very abelian subgroup of a non-solvable group G of 
finite order is cyclic tf and only if either (a) G ts a direct product of a Z- 
group Z and a group isomorphic with SL(2,n) for some p> 3 and having 
order relatively prime to the order of Z, or (b) G ts generated by L == SL(2, p) 


and three elements, o, p and + such that 


pop * =o", ToT) == 07}, Tp == pT 


pA == Àp, ov == ÀG, TAT == 6(X) 


for any A£ L, and 7? is in the center of L, Here m, n, and r are integers ` 
such that 


(m,n) ==1, (mn, p(p?—1)) =1 and r*==1 (mod m). 


Proof. Suppose that every abelian subgroup of G is cyclic. Then G` 
contains a subgroup G, such that [@:G,]=2 and Gi =Z X L where Z is 
a Z-group and L= SL(2, p). Since all abelian subgroups are cyclic, the 
order of Z must be prime to p(p?-——1). If G, =G, ‘then we are finished. 
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Assume G G. Then G contains a subgroup Lo such that L is a subgroup 
of L, with index 2. Since the 2-Sylow subgroups of Leo are generalized 
quaternion groups, J, contains an element! such that 7 £L and x? is in 
the center of L. ~ induces an automorphism of L, which is not inner. 
Hence there exists an element Aye L such that màm* = Að (AJA for every 
Ae L. Since ~? is in the center of L, we must have 


A = aha? = Aob (Ao JA CAO (Ao) ) 3, 


or ào (ào) is an element of the center of L. By Lemma 9, we get oð (ào) = 1. 
Let t= o*r. Then 
T? = h rio r = Mt rio mr r | 


== Àg? (Ao (Xo) 197) )ar? == (AoA (Ap) r = r. 


Since G/L is a Z-group, we can take a set of generators {c,p} of Z which 
satisfies all the requirements of Theorem E. 

Conversely we assume that G has the structure in ‘this theorem. Then 
it is easy to see that any 1-Sylow subgroup of @ is cyclic if > 2. It remains 
to show that a 2-Sylow subgroup is a generalized quaternion group. It suffices 
now to show that a subgroup {L,7} contains only one element of order 2. 
Suppose (Ar)?==1 for some Ac L. Then 1 =ArAr—=A(rAr*) 7? == A8 (A)T. 
It follows therefore that A@(A) is in the center. By Lemma 9, this implies 
that A0 (à) = 1, or 7? =1. This is clearly: impossible. Hence the 2-Sylow 
subgroups of G are generalized quaternion groups and our assertion is proved. 
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ASYMPTOTIC INTEGRATIONS OF ORDINARY NON-LINEAR 
DIFFERENTIAL EQUATIONS.* 


By PHILIP HARTMAN and AUREL WINTNER. 


Introduction. It is well-known that Poincaré’s classical results on systems 
of differential equations dy*/di==fi(y',: + -,y%), t=1,:'',d, where the 
functions ff are power series convergent near, and vanishing at, the origin 
and have a non-vanishing Jacobian there, can be extended so as to dispose 
of the conditions of analyticity ; in fact, this matter has an extensive literature. 
In what follows, the problem will be taken up in its full generality, by methods 
previously applied by us in particular cases (for the non-conservative linear 
cases, cf. [6]; for binary non-linear cases, cf., e. g., [8], [4]). The gerferality 
of the methods will have two different aspects. On the one hand, nothing 
like a Lipschitz condition will be needed (so that no local uniqueness is 
assumed) and, on the other hand, the matrix of the linear approximation is 
allowed to have characteristic numbers and elementary divisors of arbitrary 
multiplicities. The continuous functions ft will be allowed to depend on ¢ also. 

As in [6], the problem of the asymptotic integration of the system near 
(yt, + +, y?) = (0,--+,0) will be treated at two different stages of refine- 
ment; first, on a “logarithmic scale” (Part I) and, second, on the basis of 
the resulting rough asymptotic formulae, without this logarithmic reduction 
(Part II). The results of the available literature on the first stage are more 
complete than those on the second stage. 

In order to describe the problems in a more detailed form, consider the 
system of differential equations 


(1) y = Jy + E(t, y) 


(with y = dy/dt), where J is a constant d by d matrix, y and F are 
d-dimensional (column) vectors, and F(t;y) is defined and “small” for 
large ¢ and small |y|. The method to be employed is a combination of the 
procedure involving Riccati differential equations as majorants (in the same 
way as in the linear cases treated in [2], [6]) and of the procedure involving 
“zero velocity curves” (as in the binary cases of (1) treated in [8]). The 
variant of the “zero velocity curve” argument (cf. Sections 7, 13 below) 
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replaces that involving the superposition principle in Sections 7 and 16 of [6]. 

For the sake of simplicity, only the case where the elements of J, # and 
y are complex-valued will be treated. Hence there is no loss of generality 
in supposing that J is in its Jordan normal form, say, that the linear system 


(2) y= dy 
has the form 
Ba yi = Ayi! 
(3j) y y”, 
(8z) yi = NYT F yi 4, k =R, > +h, 


where à==A (7); h=—=h(j)3 =I, > ,g9; RO) +: > -+A(g) =d; and 
(3), for k > 1, is missing if h(j) ==1. Corresponding to the notation y™, 
where j=1,---,g and k-==1,---,h(j), for the d components of y, let 
Pit — Fit (iy) denote the corresponding d components of F(t, y). Thus (1) 
has the form 

(4y:)° yi me Ay? + EP (ty), 

(Ez) yi s= yg a + PE, y), b = 2, Ah. 


It will be clear from the proofs that the methods to be used supply 
analogous theorems for the case in which the elements of J, # and y are 
real-valued; so that the normal form of J involves binary blocks of the type 


(_* *). 


Part I of the paper deals with the asymptotic integration of (1) on a 
logarithmic scale. Theorems (*), (**) below are analogues of Theorem (*) 
of [6] in the linear cases of (1) and of Satz 11 of Perron [11], pp. 148-149 
(cf. [12]), dealing with non-linear systems. In Theorems (*) and (**) 
below, the condition on F(é,y) is that | F(t,y)|/|y|—-0 as (¢,y) > («, 0) 
(or even relaxed forms of this condition ; cf. Section 10). Perron [11], p. 149, 
requires a Lipschitz condition of the type 


| F(z, Yı) — HF, Ya) 


and his assertion is less sharp than the assertions (11), (12) of (*), (**) 
below. On the other hand, Perron’s theorem contains an assertion of unique- 
ness. Such an assertion in (*) is impossible, since the conditions on F(t, y) 
do not even imply the local uniqueness of solutions of (1). (See Section 2, 
for references to known cases of (*), (**), with d= 2.) 





/| Gi-—~ Yz | —>0 as (E Yis Y2) ii (œ, 0,0), 


Part II deals with asymptotic formulae for solutions y == y(t) of (1), 
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rather than with asymptotic formulae for the logarithms of their magnitudes. 
The theorems (t+), (tt) below are analogues of the refinement (**) in [6] 
of Dunkel’s theorem [1] dealing with linear systems. The theorems (tł), 
(tt) are known in cases of conservative binary (d==2) systems. For 
references to the literature, see Section 12 below. 


Part I. Solutions tending to the origin. 


1. Notation. Let A(1),---,A(g) denote the eigenvalues of J belonging 

to its g elementary divisors; cf. (3). It is not assumed that the numbers 
A(1),° + +,ACg) are distinct. Let u(y) ==RerA(y) and let p<: <y 
denote the distinct numbers among the g numbers p(1),--:,4(g). For a 
fixed m, where 1 S m =f, an integer 7 in the set 1,2,- - -,g will be denoted 


by p, q or r according as »(j) < p”, p(j) =u” or w(j) > p: 


(5) uli) Sp” according as {== p, q or r. j 
Put 
h(a) i 
(6) La=3 3 |y% |’; 
Q k=1 


so that | y |? = L, +: - ++ Ly is the square of the length of the vector y. 


From time to time, it will be convenient to use the conventional notation 
y = (y',--+,y*) for the components of y and to consider the set, say 
Aiy’ t *>Ag, of the d eigenvalues of J. Jn such cases, it will be assumed 
that the numeration is chosen so that the k-th component y* corresponds to 
the k-th eigenvalue àx, in the sense that the differential equation for y* in 
(1) or (2) is of the form y% = d,y*-+--: -, 


2. Theorems (*) and (**). In terms of the above notations, the 
following theorem will first be proved: 


(*) Let the linear system of differential equations (2) with (comples- 
valued) constant coeficients have the form (3). Let Fi(t,y) be a vector 
(with complex-valued components) defined and continuous for OSt<o, 
| y | S const. and let 


(7) |F(t,y)|/|y|—0 as (t,y)—>(%,0). 


Let the number p = p” be negative, 


(8) p” <0. 
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Then, if y is any number on the range 0 <q < 1, there exist positive numbers 
8==8(7) and T =T (q) with the property that if to ZT and if the set of 
Ship) + 3h(q) numbers yor and yo* satisfies 


(9,1) ZI | yo? 
p k 





Sg | Yo™ 
qk 





E (92) 0O< zs | You 
k 


qk 





reo. 


the system (1) has a solution y = y(t) which exists on the half-line to Sto, 
satisfies the (partial set of) inttial conditions 


(10;) YP (to) = Y, (102) yE (lo) = Yo, 
and, as tow, the limit relations 
(11) Lj=o(Lmn) if jm, (12) log | y(t) | = (w+ 0(1) ye. 


It is understood that if m = 1, so that »™==min(#(1),:--,2(g)) and 
the set of integers p is vacuous, then (9,) and (10,) are missing. If m =f, 
so that w= max(p({1),---,2(g)) and the set of integers r is vacuous, 
then {10,)-(10.) constitutes a complete set of initial conditions. 

The cases of (*) in which it is assumed that A(q) ==1 (that is, that the 
elementary divisors belonging to the A (k) satisfying ReA(k) == p” are simple) 
are contained in [15], pp. 293-294, and [18], pp. 25-26, under the additional 
assumption of local uniqueness. 

A partial converse of (*) is as follows: 


(**) If F(t, y) ts a continuous vector (with complex-valued components) 
for 0St<o, |y|Sconst. satisfying (7) and if y==y(t) (s40) is a solu- 
tion of (1) for large t such that 


(13) y(t) —->0 as t->, 


then there is an mleger m, 1 & m Sof, with the properties that u= p" satisfies 
ps0 and that (11) and (12) hold. ` 

In order to illustrate the meaning of the assertion (11), suppose that 
y = (y',y°) isa binary vector, that p, £ pe, where up == Re àp and that p, < 0. 
Then, by (*), the system (1) has solutions y(¢) == (y(t), y?(¢)) satisfying 
(13) and 
(14) y (Ey (LE) 20 as to. 
According to (**), if m> 0, then all solutions y==y(t) (£0) of (1) 
satislying (13) also satisfy (14). But if (4:54) ua 0, then all solutions 
y(t) (s£0) satisfying (13) satisfy either (14) or 


(15) y(t) /y?(t) 30 as to. 
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No positive assertion of the type (14) or (15) is possible when g, = po (< 0), 
without further restrictions on F'; ef. [5], p. 499. The conservative binary. 
cases of (*) and (**) are contained in [7], [8], [8], [4]. 


3. A lemma. Lemmas 1 bis and 2 bis of Section 3 in [6], dealing with 
Riccati differential inequalities, will be needed below. In addition, there 
will be needed the following O-variant of Lemma 1 bis: 


Lemma. Let c>0,0<¢,<4 and let c° denote a number satisfying 
(16) 0< e< co and e < min c(i —v) FOL Co SV E&E Rce. 


Let f=f(t) be a real-valued, continuous function on TSt<o satisfying 


(17) f(t) Se, 3 (T<t<o), 
or, more generally, | e 
U+V 
(17 bis) f f(t)dtSo(i+V) for TSU<U 4T. 
U l 


Finally, let v= v(t) be a real-valued, continuously differentiable function on 
some interval (TS) bS tS i, satisfying | 


(18) vo’ = cv(1—v) — Y(t) 
and 
(19) U(bo) Z 2Co. 


Then, for h StS t, 


(20) °” v(t) > oo. | 


In the case (17), the inequality (20) can trivially be improved to 
v(t) Z 2c since v(t) > 0 whenever v(t) = 2c. 

In order to prove the assertion under the assumption (17 bis), suppose 
that (20) fails to hold for some t, where ti Stt. Then [t,¢,] con- 
tains an interval (U,U+V) such that v(U) =2a, v((U+V)=c and 
Co S v(t) S2e, on (U,U + V). A quadrature of (18) and the second part 
of (16) give 

U+V 
o(U+V)—0(0) > ov f f(t) at. 
U 
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The left side of this inequality is Co— 2Co = — co < — c°. Hence 


U+V 


f fdt > c(1+ 7). 
U 
Since this contradicts (17 bis), the Lemma follows. 


4. Proof of (*). Preliminaries. Let the number'a, where 0<a< 1, 
be chosen so small that 


(21) C= Cy = 2 (ue — ph — 2a) > 0 for m—2,- - -,f. 
Put 
h(a) 
(22) L m Lina = x > qPk | yt E 
q k=1 
so that 
(23) A Lima < Le = aly D 


For l=m Sf, put 
m-1 f 
(24) M = Mn = 3 Li and N =N n= 3 Dy. 
j=1 j=m 
Then, for a solution y = y(t) of (1) on some interval, the expressions 
(22), (24) become functions of t. The function (22) then satisfies 


(25m) | Lime — 2p" Ling | = 2ALma + d | F(t, y) | ` | y l5 
and so 
(26m) W S(p a)M +a? | Fy) yl, 





(27m) Nl = 2(u™—a)N— ad? | F(t, y)| ly |; 
cf. Section 4 in [6]. 


Although the conditions of (*) on (1) do not imply the unique deter- 
mination of solutions of (1) by their initial conditions, any solution y = y(t) 
vanishing at some large value of ż, say t = To, is identically 0. This is clear 
from condition (7) of (*). Hence, if y—y(t)=£0 is a solution of (1) 
on some interval V=t=U+V, where U =T, then y(t) +40. Hence 
M4+N2Za**|y|*>0. Consequently, it is possible to define an auxiliary 
function v = v»(t) by 


(28) == Nin/ (No ++ Ma); 








and this function satisfies 


(29) 0OSv=1 
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and 
(30) v Z no (1—0) — da | F(t, 9) |/|y |; 
cf. Section 4 in [6]. ! 
If m < f, then it is possible to define the function W=Wm(t) (= Umi (t) ) 
by 
(31) w =N ma/ (Nm + Mn), 


and this function satisfies 
(82) 0<wH1. 
and has a continuous derivative satisfying 


(33) w = cmaw (1—w) — da?) F(t, y)|/|y . 


5. The case m = f. As in the linear case treated in [6], the case 
m =f is quite simple. If m—f, the real parts p? of all characteristic | 
numbers of J satisfy pi p< 0. This will be shown to imply that if a> 0 
is fixed so that u -+ 2a < 0, then there exist positive numbers T =T (a) and 
«= e(a) with the property that if 


(34) SX [yor |? +33 | yor 
pk q k 


2 








hea? 


and if to Z T, then a solution satisfying the (complete set of) initial con- 
ditions (10,)-(10,) has extensions over the kali line to St < co and all such 
extensions satisfy 


(35) ly|<e for t= ty 
In order to see this, let T= T (a) and e(a) be chosen so that (35) and 


(36) t2T 
imply 
(37) dat | F(t,y)| S2aly|. 


The existence of such T and ʻe is clear from (7). 

Since m=f, it follows from (24) that |y | Sa Mm. Thus if 
y= y(t) satisfies (35) on some t-interval StS, where to = T, then 
(26m) and (37) show that 


(38) Ming’ S 2 (p+ 24) Minas. 
Hence, Mme (t) S Mma (to) Ho-t) < Mii (to) on this interval, and so 


(39) y(t) |? So | y (to) Perar2an(e-tod, 
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Let (34) hold. Consider a solution y = y(t) of (1) determined by the 
initial conditions (10,)-(10.). Then, by continuity, (35) holds for ¢ near 
to (ZT). By (34) and (39), 


(40) | y(t) |? SZ peoo fe 


for such t (= to). Consequently, any extension of y(¢), with increasing t, 
continues to satisfy (85) (in fact, (40)). Hence y=y(t) has extensions 
over ka & é <w and all extensions satisfy (40). This proves the assertion 
concerning (84) and (35). 

Let 8 in (9.2) be so small that 28 < dea?4, where «e—e(a) is the number 
defined in connection with (35), (86). Since 7<1, the inequality (84) 
follows from (9;) and (9). Hence any solution y= y(t) of (1) satisfying 
(10,)-(102) has extensions over to <:¢< and any extension satisfies (40). 
Consequently, l 
(41) Pyy as t>o. 

Since 7 < 1, condition (9,) implies that 
(42) V(to) Z co where Co = 1/2(1+y7) <4. 

Let T= T (a,ņ) be so large that (85) and (36) imply 


F(ty)|Sely|, 


if c° is a constant satisfying (16), where c is Ca and ce is given in (42). 
Hence, by (80), (42) and the Lemma of Section 3, (20) holds for t St <. 
By (29), (41) and Lemma 1bis in Section 3 of [6] 


(43) d?a? 





(4t) u(t) —1 as t=. 
The definition (28) of v(t) and the limit relation (44) imply that, as 
t—> 00, : 
(45) Lilt) =0(Lmet) if jm. 
By virtue of (28), this proves assertion (11) of (*). 
Since, by (45), |y |? Sa-*4(1-++ 0(1)) Lima, the limit relation (41) shows 


that the differential inequality (25m) can be written as 


| log Lina)’ — 2p” | S 2a + o(1). 
Hence, 
i w 


lim sup | ¢* log Lma — 2a” | S 2a, and so lim sup | t log Lm — 2g” | S 2a, 
t~> 0 


by (23). Since @>"0 can be chosen arbitrarily small, (12) follows. This 
completes the proof of (*) if m =f. 
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6. The case m < f. If a solution y= y(t) of (1) on some t-interval 
has an auxiliary function v =v (t) satistying (20) and an auxiliary function 
w= w(t) satisfying | 


(46) | w(t) < $o! 
for some constant co œ> 0, then the definitionis (28), (81) of v, w show that 
(47) Lima > 469(Mm = Lima a Nin) > 


and since |y |? S a”? (Mm + Lmat+ Nm); | 
(48) ly Ps atiet Tma, 

Thus, when (20) and (46) hold, the differential inequality (25m) shows that 
(49) | Lina’ —2 pL | SS {2a + adartae,-4 | F(t, y)|/] y |}Lne- 


Let @>0 be so small that »+2a<0 and let T=T(a,ņ) and 
e==«(@,7) > 0 be chosen so that (85) and (36) imply the inequalities 
(50) odaie | F(t, y) |< 2a| y| 


and (43), where, in the latter, c° is a constant satisfying (16) in which c is 
Cm OT Cmi aNd Co is 1/2(1+ 7). | 
Thus, if (20), (46) and 


(51) 20 96st Ling < € 
hold, then 3 
(52) Dna. < 2 (u + 2a) Lmao, (u+ 2a <0). 


On any interval, to S t £, on which (52) ‘holds, 
(53) Lma(t) S La (to) e228) (t-te) < Ding (to). 


Consider a solution y = y(t) £0 on some t-interval, bounded by t= t, 
(=T) on the left, satisfying (42), (46) and (51) at f=¢,. For an 
extension of y(t), with increasing ¢, there are two possibilities: either y(t) 
exists on tf) =¢<oo and satisfies (20), (46) and (51) throughout or there 
exists a least value of t= £ (> to) such that y(t) satisfies (20) and (51) 
on tbo St t, and (46) on bE t< t, oag 


(54) w(t) = Zos 
at t= t. 

In order to see this, note that if (20), (46) and (51) hold on 4 St < t, 
so that (35) holds by (48), then y(t) has ‘extensions ‘over an interval con- 
taining toSt < t in its interior. Thus, the assertion above is merely to 
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the effect that if (20), (46) and (51) hold on Sit < t, then (20), (51) 
also hold at t= #°. In fact, (20), (46) and (51) imply (53) for t S t < 8, 
so that (51) holds at ¢° since it holds at to In view of (30), (86) and (43), 
the Lemma of Section 3 implies that (20) also holds on & StS 0°. 

Note that the differential inequality (83) and the inequalities (20) 
(hence (48)) and (51) imply | 


(55) w(t) >0 when w(t) = $c and t= T; 
ef. (33) and (48). 


7. Smooth F(t,y). The proof of (*) will now be completed for the 
case that the solutions of (1) are uniquely determined (locally) by initial 
conditions (say, that #(¢,y) has continuous first derivatives with respect to 
yt, + +,y%). The proof will depend on a generalization of the “zero velocity 
curve” argument used for binary cases in [8]; this generalization can be 
considered as a particular case of the topological argument formulated in [14]. 

It will be shown that to the partial set of conditions (10,)-(102), where 
è `> 0 ts sufficiently small in (92), there belongs at least one set of Xh(r) 
numbers yo such that the solution determined by (10,), (102) and 


(56) YE (to) = yo™ 
exists for to SS t <œ and satisfies (46), that is, 
(57) N mir < $6o(Mm + Lma + Nma), 


In other words, it will be shown that, among the set of 3 A(r) numbers yo" 
satisfying 


(58) (L—$o0) 3 | afya |S eo (33 | yo |? + 33 | ayot |?), 
r pk gk 


there is at least one set such that the solution of (1) determined by (10,)- 
(10.) and (56) exists for io & t <œ and satisfies (57) on this half-line. 

For any choice of (56), condition (9,) implies (36), hence (20). If 
(58) holds, then w(t) = 4c, and so (48) holds at t= fo. Let 8 in (9.) be 
so small that (9.) implies (51) at == to. 

Consider the (unique) solution determined by (10,)-(102) and (56), 
when (58) holds. Corresponding to each choice of (56), define a number 
t? (3a) as follows: If equality holds in (58), let £ = t; if inequality 
holds in (58), let ¢° (> to) be the least t-value (Soo) at which (54) holds. 
According to Section 6, y(t) has an extension on such an interval t <i < t° 


6 
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(00) and (20), (46) and (51) hold on ta St < 8. Furtherniore, if t° <0, 
then (20), (51) and (54) are satisfied and (55) is applicable at t= 7°. 

If ¿° =œ for some choice of (56) satisfying (58), then the italicized state- 
ment concerning (56) is proved. Suppose, if possible, that (to = ) t° <œ for 
every choice of (56). Clearly, y(t?) 40. The mapping (to, y(to)) —> (t°, y(t°)) 
is one-to-one, by the local uniqueness of solutions of (1), and is continuous, 
by the continuous dependence of solutions of (1) on initial conditions, and 
by the fact that (55) is applicable at t= 1%° (so that y = y(t) intersects, and 
is not tangent to, the “conical” surface N m1 — $Co(Nm + Lima + Nma) = 9 
at t= t). 

The domain of definition, say D, of the mapping (to, y (to) ) > (t, y (t°) ) 
is the set of points with the d + 1 coordinates (to ; yo?*, Yo, Yo™), Where to, Yo, 
yo are fixed and (58) holds. Since this is a closed set, and since 1? <œ and 
y(t?) s40, there exist positive constants such that to Æ< t < const. and 
| y(é°) | = Const. > 0. Hence, the range, say R, of the mapping is contained 
in the product set of the t-interval ta S t & const. and the “lateral surface 
of the frustrum of a cone”: 


(59) {to StS const. } 
X {C1 — $60) N mı = Z CoM m -+ Lma) 9 < 61 S Mm + Line S 62}, 


where c, and c are constants. ‘T'opologically, (59) can be considered as a 
product set Iı X [2 X C (dı) X C (d2), where I, and I, are closed (real, linear) 
intervals, C (47) is the boundary of a j-dimensional sphere (that is, of a 27- 
dimensional real sphere), and d,=3h(p)+3h(q), do =Zh(r). Such a 
representation results, for example, by writing a point of the set (59) as 
(t, p, e(dx), e(d2)), where tpt const., c3SpXc.3, (a*y?*, ayt) = peldi), 
(1— $c.) (a*y"®) = $cope (d2), and e(7) is an arbitrary unit vector with 7 
(complex-valued) components. 

Since the definition of ¢° includes the identity t° — tọ when equality holds 
in (58), the set C = C (d) of points (t; y”, y™, y™), where t= to, YE = yo, 
y% = yo and equality holds in (58), is both in the domain D and in the 
range k of the mapping (to; y(to)) > (y°, y (t°) ). Consider a deformation 
of C and D into the point (to, Yo™, Yo, 0). The topological mapping 
(tos Y (to) ) —> (4°, y (t°) ) induces a deformation of C in R (hence in (59)) 
into a point. In view of the product set structure of (59), a projection leads 
to a deformation of C in itself into a point. Since this is impossible, the 
assumption that ¿° <œ holds for all points of D is untenable. This proves 
the italicized statement concerning (56). 

The proof of (*) for the case at hand can now be completed at once. 
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Let y = y(t) be-a solution determined by (10,), (102) and (56), where (56) 
is chosen so that y(t) exists on to & t<% and satisfies (46) there. Then 
(20) (and (51)) holds for t;t<0oo. In particular, (35), and so (41), 
holds. 
Tn view of (20), (30) and (41), Lemma 1bis in Section 3 of [6] 
implies (44). Similarly, it follows from (33), (46) and (41) that 


(60) w({t)—>0 as to. 


The definitions (22), (28), (81) of Lma, v, w show that (44) and (60) 
are equivalent to (45). The passage from (45) to (11) and (12) is the 
same as in the case m =f treated in Section 5 above. 

This proves (*) provided that the solutions of (1) are uniquely deter- 
mined (locally) by initial conditions. 


8. Completion of the proof of (*). In order to prove (*) without this 
proviso, note that if £ (> T) is fixed, then there exists a sequence of (vector) 
functions Fi(t,y), #2(¢4,y),° °° which are defined and smooth (say, of 
class C?) for TStSt°, |y| const. and such that 


(61) Falt y) 3 Fy) as n> 0, 


wniformly for TStt°, |y|<const. It can also be supposed that if y 
and ¢ (S$ 1°) satisfy (35) and (36) respectively, then (48,) and (50,) hold, 
where (43,) and (50,) result from (48) and (50), respectively, by writing Fn 
in place of F. It can then be supposed that the domain of definition of 
F, (ty) has been extended over TS t<, |y |S const., so that F,(t,y) is 
smooth and that (48,) and (50,) hold whenever (35) holds (whether or not 
t= t). 

After letting 2—7-+1,7+2,---+ and applying a diagonal process, 
it can be supposed that the sequence #,(t,y).#2(t,y),° ©- is independent 
of #°. Thus (61) holds uniformly on every set T & tS Const., | y | < const., 
for arbitrary Const. (> T). It can also be supposed that (35) and (36) 
imply (48,) and (50,) for every n. 

According to the considerations of Section 7%, the system of differential 
equations 


(62) y = Jy + Paty) 
has a solution y=yn(t) on (TS) tp S&S t<% satisfying (10,)-(10.), (20), 


(46) and (51). By yirtue of (46), the functions Mn, Lma, Nm: belonging to 
yn(t) satisfy (1— 4c.) Nm < $co(Lma -+ Mm). Since $c <1 and since La, 
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Mm are independent of n at t= ta by (10,)-(102), it follows that the com- 
ponents y™* (to) == Yn"! (to) of yn(to) are bounded (as functions of n). Hence 
there exists a subsequence of the integers 1,2,- - - (which can be supposed to 
be the full sequence after a renumeration) such that 


(63) lim yn (t) = y(t) exists 


at f==t,. (In view of (10,)-(10.), this merely requires the existence of the 
limits l 

lim Yn” (to) 2 yo" 
for every (rk).) . 


The uniformity of the limit process (s1) implies that, after another 
selection, it can be supposed that (63) holds uniformly on every bounded 
t-Interval to & tZ Const. and that the limit y=y(t) is a solution of (1) 
on tot <o. 

The solution y = y(t) of (1) satisfies (10, )-(102) since y==yn(t) does. 
In view of (63), y(t) satisfies the inequalities which result from (20), (46) 
and (51) if < is replaced by =. Finally, it can be verified as in Section 5 | 
that y = y(t) satisfies (11) and (12). This completes the proof of (*). 

9. Proof of (**). The function v(t) = v»,(é) belonging to the solution 
y == y(t) in the statement of (**) satisfies (29) and (80) for large t, where 
(7) and (18) imply (41). Lemma 1 bis in'Section 3 of re] shows that 


(64,) lim vm (t) == 1 or (642) lim m(t) = 0 
t-> co {> cc 


for m==1,2,:--,f. It is clear from the definitions (24) and (28), that 
if (64,) holds for some m = mo, then (642) holds for m= mp». Also, (64,) 
holds if m==1, since v,(t)==1. Let m denote the largest integer (with 
1 mÆ f) for which (64,) holds. 

Thus v(t) =0m(t) satisfies (44) and, if m <f, w(t) = Vma (t) satisfies 
(60). These relations imply (45) and, therefore, (11) and (12); cf. the end 
of Section 5. Finally, u & 0 follows from ( 12) and (13). This provés (**). 


10. Variants of (*). It will be shown that the condition (7) in (*) 
can be replaced by an “averaged” form of (7), a condition of the type 
employed in [2] and in the linear case [6]! of (1). The methods of proof 
of this fact will have applications below. 

(*bis) Assertion (*) remains valid if (92) is replaced by 
(65) eri SS | Yo P< e2(urdyt 

q k 
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and tf condition (7) on F(t,y) is replaced by the requirement that, for 
sufficiently small 38> 0,. there exists a continuous function f(t) =f(t;8) 
with the properties that 


(66) (PEDIS |g |f() if e < jy | < oen 
and 
U+y 
(67) a f(t)dt/(1+V)~>0 as U—>o. 
U 


The changes in the proof of (*) needed to prove (* bis) will be indicated. 
It will be seen that difficulties arise from the fact that (55) is no longer 
valid, but that these difficulties can be avoided. 

As above, let a denote a small positive number. In view of (66) and 
(67), there exists a T == T (a,n) such that 


(68) 5 g(u-2a)t Z | y | < ge(ur2a)t 


implies the inequality in (66), 


U+vV 


(69) adtattes* È f(t)dt<2a+2aV if TSUSULV 
U 
and 
U+V 
(70) dow f (Dde +y) if TSUSU+Y, 


U 


where c° satisfies the inequalities in (16) for c= Cm and c= cm, and for 
Co = 1/2 (1 -+7), as in (42), or if c, is replaced by ¢,/4==1/8(1++7). 
Note that the applications of the Lemma in the proof of (*) remain 
valid if (43) is replaced by (70) (that is, if (17) is replaced by (17 bis) ). 
For brevity, consider the proof of (*bis) only in the case m < f. If 
(20) and (46) hold, then (47) is valid and (48) can be changed to 


(71) Lima S | 





2< 2a o Lra: 

The inequality (49) can be written in the form 

(72) | Lima’ — 2pLima | S {2a + 2da tco] (t) } Line 

if t2 T and (67) hold. In view of (70), the relations (68) hold if 


(73) g?lu-20)t L Ting < Facey tere 2a) t, 
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When (738), hence (72), is valid on an interval b St < t, a ees and 
(69) give 


(74) en 2a g2(u- 2a) t-te) < Fma (t) /Lima (to) S e2te2ur2a)(t~t0), 
Hence (73) is assured at t= 7° if 
(75) e2ag2(u-2a)t < Tina (£) < 6-2 (Za?tco teua) 


holds at t= to. 

Thus, if y=y(t) satisfies (42), (46) and (75) at t= t, (= T), then 
(20) and (73) hold on StS and (46) holds on to & t < t. 

The condition (75) at t==¢, is implied by (10,)-(10.) and the in- 
equalities (9,) and (65) if 8 > 0 is sufficiently small. 

It is clear that if (55) holds, then the remainder of the proof of (*) 
becomes applicable to (*bis) (if the inequalities (94) and (51) in that proof 
are replaced by (65) and (73) respectively). It will be seen that the possible 
failure of (55) is not a serious difficulty. s 

Let Fo(t,y) be a continuous function on the set of (t, y) satisfying 
inequalities T= t <%, (68) and 


(76) N ma S = 460(Min -4 La -+ N mire 
Let F, have the properties that Fo(t, y) == F (t, y) when 


(77) Nine S (60/4) (Min + Loma +F Nima) 5 

that, for other points (¢,y) of the domain of definition of Fe, 

(78) PEDIS +0 | 

where 0 =— 0 (a) is a positive number to be described below; finally, that 
(79) d?a*4| Fo(t,y)| Seely | if Nm = 4$¢0( Min + Lma + Nma). 


‘In the considerations involving (68)-(75) and the definition of Fe, let 
a be replaced by a smaller positive number, say 4a, and, correspondingly, 
T =T (a,n) by T'(4a,7). Then, if 6=6@(a) > 0 in (78) is sufficiently small, 
it is clear that the remarks concerning eer (75) remain valid if y = y(t) 
is a solution of 


(80) yf = Jy + Folt, y). 


In addition, the inequality in (79), which,is the analogue of (43), assures 
that (55) is applicable to the solutions y(¢) of (80). 

Thus, the arguments of Section 7 show that, if 8-is sufficiently small in 
(65), then there is on fp) ¢< a solution yy(t) of (80) which satisfies 
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the (partial) set of initial conditions (10,)-(10.), where t => 7, and the 
asymptotic relations (11)-(12) as ¿—> o. 

In particular, the auxiliary function w(t) of y= y(t) satisfies (60). 
In view of the fact that T =T (a,n) was chosen so large that (68) implies 
(70) if c° satisfies the inequalities in (16) when c==¢,,, and c, is replaced 
by ¢,/4:1/8(1-- 7), it follows from (60) that w(t) < co/4 for fSti<o., 
For, according to the Lemma (and the Remark following its proof) in Section 
3, if w(t) È ¢,/4 for some i= t (21,27), then w(t) 2c,/8 for tZ v. 
This contradicts (60). 

Hence, for the solution y= y(t), the functions Mm(t), Lne(t), Niner (t) 
satisfy (77). But the defining properties of /,(t,y) show that this implies 
F(t, y(t)) =F (t, y(t) ), so that y= y(t) is a solution of (1), as well as of 
(80). ‘This proves (* bis). 


Remark. For applications below, uote that the proofs of (*) and (* bis) 
show that analogues of these assertions remain valid if the “linear part” (2) 
of (1) is replaced by a suitable system with coefficients depending on é or on 
(¢,y); for example, by a system of the type 

yam ty )y, y E(t yy + BEE, y) yf, 


Where AJ*(t,y), &¥ (t, y) are complex-valued, continuous functions for large ¢ 
and small | y|. Corresponding to the sets of integers p, q, r in (*), suppose 
that it is possible to divide the integers j==1,--+,g into three sets, the 
elements of which will be denoted by p, q, r, with the property that for some 
pair of constants c and a, where ¢>0 and 0<a<1, 


Re Ait < —e—a| 87 | if jg, 
ReX + a |8 | = Reat —a |t| —e for all p,q, 
ReA*-—a | 8 | > Reat +a|s*|+ oe for all q,r, 


where 8 ==0. Let Lm be defined by (6). Then (*) and (*bis) remain 
valid if (11) and (12) are replaced, respectively, by 


| y*(t) |? =o(Lm(t)) if j54q and lim sup +? log | y(t) | S — c. 


Part II. Asymptotic formulae. 


li. The linear case. Let h, denote the maximum multiplicity of the 
elementary divisors of J belonging to characteristic numbers A(7) satisfying 
ReA(j) ==; that is, 
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(81) hex — max h (q). 

q 
Let ha denote a number (not necessarily an integer) satisfying 


(82) ho = hy. 


Finally, let g = go denote any fixed value of g, let ko be an integer on the 
range 1k, Sh(q,), and let b = b (Qo, ko) be defined by 


(83) b = ho — h (qo) + ko (so that ko SS b S ho). 
As a refinement of a theorem of Dunkel [1], it was shown in [6] that if (1) 


d 
is a linear system, say F’ (t, y) =Z g(t)y*, subject to 
k=1 


(84) | pee | g(t) | dt <, 

then (1) has a solution y(t) =Yqox.(¢) the components of which have the 
following asymptotic properties, as t—>œ : when q = qo, 

(85, ) y(t) == o (ertt) if Lk<h, 

(852) yE (t) = ND ttk-ko/ (l — ko) ! + o(emtit?) if ke Sk Sh(q); 


when 93 qo, 

(853) yt (¢) = o (ettik) if lSkSh(¢); 
finally, when 7 =p or j=r1, 

(854) y(t) == o (ertt?) if LS ksh). 


Furthermore, corresponding to every solution y == y(t) of the linear cases of 
(1) satisfying (12), there exists a set of 3 (q) constants c%, not all 0, with 
the property that y(t) has the following behavior as ->o : 


(86) y(t) =3 3 cygan (t); 
do &o 
where y == Ygoko (t) is a vector satisfying the asymptotic formulae (85;)-(85,). 


Note that if ho = 2h,-—1 (for example, if h, = 2d—-1) in (84), then 
the remainder terms o(e#*é*-») in (85,)-(85,) are o(e#*). 

It is clear from (86) that certain terms on the right of the asymptotic 
formula (86) may be redundant. Thus, for a fixed (gk), the error terms 
o(e#ttk-b) are o(e#'tk-P), where 8 = ho— jo and 7, is the maximum of the 
differences (go) — ko for which c= 340. Consequently, a “ principal” term 
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eMat{k-ko of (85) contributes to (86) only if ko& 8. The sum (86) can be 
abbreviated to 


IQ) 
(87) y(t) == 3 cMya.(t), 
q k=i(q) 
where k= 1(q), k(q) are the least and greatest values of k (if any) satisfying 
(88) 1S1(g) Sk(q) Smin(h(q),ho—Fo) and h(g) —1(q) Z jo 
For a given q, the number of terms in the last sum is 


ka) —l(q) +1 Smin(jo,ho—h(q)) +1. 


12. Statement of the theorems. In what follows, corresponding asser- 
tions will be proved for non-linear systems: 


(+) Let the linear system of differential equations (2) with (complez- 
valued) constant coefficients have the form (8). Let p==p™ satisfy (8) and 
let (81), (82) hold. Let fo be a number satisfying OS jo < hy and Iq), 
(qg) the least, greatest integers, if any, satisfying (88). Let c™, where 
l(q) Skk(q), be gwen numbers, not all 0. Let F(t,y) be a vector 
(with complex-valued components) defined and continuous for 0OSt<o, 
|y|<sconst. Finally, let d(t,p) be a continuous (scalar) function defined 
for. OSt<w, OSpSconst. such that F and o satisfy 


(89) FEDS g |y l) 
(90) (i, p) is non-decreasing in p (for fixed t), 
(91) f et{ho-fo-14 (1, const. ettii) dé <oo for every const. > 0. 


Then (1) has a solution y==y(t) for large t satisfying the asymptotic 
formula (87). 


Conditions (89), (90), (91) are surely satisfied if there exists, for large 
t, a continuous function f(t) satisfying 


(94) \F(t,y)|S(é)|y| and f thf (t) dt <o. 


In fact, (t, p) can then be chosen to be f(¢)p. 


In the conservative case, where F(t,y)==F(y) does not depend on t, 
conditions (89), (90), (91) are satisfied if there exists a continuous function 
(p) satisfying the following conditions: 
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(95) Fy) | Se(y)), 
(96) (p) is non-decreasing, 
(97) f eloge ['*4(p) dp <0. 


+0 


(In order to verify that (91) is a consequence of (97), introduce the new 
integration variable in (97) defined by'p= const. etti and note that 
pdp~ pdt and that logp~ put as t—>œ (and/or p—0).) 

Assertion (ft) has the following partial converse : 


(tt) Let pp" (<0), hy and ho be defined as in (t). Let F(t,y) 
be defined and continuous for OSt<o, | y| S const. Let there exist a 
continuous function f(t) for large t satisfying (94) or let there exist a con- 
tinuous function d(t,p) for large t and small p= 0 satisfying (89), (90), . 
(91) and such that 


(90 bis) (t,o) is non-lncreasing in ¢ (for fixed p). 


Let y=y(t) be a solution of (1) for large t satisfying (11) and (12). 
Then y = y(t) satisfies the asymptotic formula (86) (that is, the asymptotic 
formula (87)-(88) for some 4), where OS] Jo < hy, and some constants c%, 
not all 0). 


Under conditions (90) and (90 bis), the assumption (91) is implied by 


(91 bis) f p>? | log p | *-14(v | log p |, p)dp.<oo for some v< 1/| u]. 
+0 ; 
The proof of (jf) will consist essentially of two steps: first, of showing 
that the conditions on F(t,y) and on y(t) imply 


J MCF y))I/ u(t) D dt <0 5 


second, of showing that (11), (12) and the last relation imply the asymptotic 
formula (86) for y(t). , 

The conditions of (tt) on F, that is, either the condition (94) or the 
set of conditions (89), (90), (90 bis), (91), are sufficient for the validity 
of both (t) and (ft). In particular, in the conservative case, where 
F(t, y) =F (y), the conditions (95)-(97) are sufficient for the truth of (t) 
and (jt). For variants of these assertions, see Section 18 below. 

It will be clear from the proofs that, under condition (94), (+) and 
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(7+) remain valid if p <0 is relaxed to p=0 (and F(t,y) is defined for 
all ¢=0 and all y). The simplest case of these two theorems, where (94) 
is assumed, J is the zero matrix and h,—1, is contained in the theorem 
of [17]. The latter allows a relaxation of (94), with h,==1, to 


[es] 


FLMISIMS( 9D, fFe f d/l) =x 


(where f(¢),¢(p) >0 are only assumed to be continuous); for a further 
refinement of this case, see [9], p. 51. It is easy to see, however, that the 
conditions in the last formula line cannot replace (94) in (TT), say, even 
if J = pl, where u0, I is the d by d unit matrix and 4, = 1. 

The binary conservative cases (d = 2) of (t), (TT), when the real parts 
of the characteristic roots à, A» of J are equal (and negative), the elemen- 
tary divisors of J are simple (h,—1) and o= 1, are given in [18]; ef. 
Section 18 below for a slight refinement. The analogue of the case A, = As 
(<0) and a double elementary divisor is treated in [8], pp. 526-528 (cf. 
[7]), in the form 


dy/de= (y +s + l?(a,y))/(e+ il (a,y)) 


under assumptions less severe than (95)-(97), with ho (= h) = 2. Perron 
[10] had dealt with the general equation 


(ax + by +F! (x,y) )dy = (co + dy + F? (x,y) )da 


under the assumption that #1, F° satisfy Lipschitz conditions with Lipschitz 
constants of the order p€, for some e > 0, on the circle x? +y? S p?; cf. [16]. 


18. The case h, = hą = 1 of (+): Preliminaries. The proof of (t+) 
will be given first for the case hą= 1 (so that the elementary divisors 
belonging to the eigenvalues A, for which Re Ap = p(= pu”) are simple). In 
this case, the double sum (22) is a single sum over q (with & 1), and so 
the differential inequality (25m) can be replaced by 


(98) | Lma — 2p" Lima | Sd! F(t,y)| |y l. 


In the proof, it can be supposed that m>1. It will be clear that the case 
m= 1 is substantially simpler (since v, (t) =1). 

Let y==y(t) #0 be a solution of (1) satisfying (20) and (46) for 
some positive Co (<4) (hence (48)) on some interval. Let K be a positive 
constant so large that 


(99) Kert L Dima < K7e7#t 
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holds on this ¢-interval. Then, by (89) and (48), 

(100) [Fy Eeli y) Salt, com), where oc? 2a? cK. 
By (48) and the first inequality in (99), 

(101) | y |/Line SS C/Lmat SS Kett, 

and so (98), (100), (101) imply ) 

(102) | La’ — 2p” Ling | SS cdKette (t, cett) Lma 


If the interval [t, to] is contained in the interval under consideration, a 
quadrature gives 


(103) | log (e-?## Lma(t) /e7?#* Lima (to)') | SS cd KI (c, t), 
where f 
(104) I (e, t) = f eH (u, cett) du, Á 


f 


If a, co and K (hence c) are fixed, it follows from (91), where ko — 1 = jo = 0, 
that there exists a T =T (a, Co K) such that: (99) implies 


pS etet Loma (t) et Lima (to) S2, if T StS to 


This argument shows that if (20), (46) and (99) hold on an interval 
2 < tty, where £ =T, and if 


(105) 2E-*eHto < Lma(to) < $k rem, 
then (99) holds at t == £. 


If, in addition, T is sufficiently large and w(t.) 0, then (46) holds 
at t= t. For, by (48), (99), (100) and |y |? = Lmao 


|F(t,y(t))| S| u(t) | Kerto (t, cert), 


Since f(t) == fgr(t) = Kert o(t, ce”#t) satisfies (91), hence (70), the state- © 
ment concerning (46) at ¿== ¢ is a consequence of the Riccati differential 
inequality (37) and of the Remark following the Lemma of Section 3. 

Consequently, if w(t) = 0 and (20), (105) hold at t= tə then, when 
t decreases from to, either the solution y(t) exists on T=: tt, and satisfies 
(20), (46) and (99) on this interval or a point t == t° (> T) is reached with 
the properties that (46) and (99) hold on #@ StS to, while (20) holds on 
E < tE to but not at i= £. 
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14. The case hy = ha = 1 of (+): Completion of the proo’. <A repeti- 
tion of the arguments of Sections 7, 8 and 10 shows that if T == T (a, Co K) 
is sufficiently large, tf to > T, and if the numbers y% (to) = yo™ satisfy (105), 
then there exist at least one set of Xh(p) numbers y and a solution 
y= y(t) of (1) on TStSt, satisfying 


(106,) yP* (to) = yor 
and 
(1062) y™ (bo) = Yo, (1063) y™* (to) == 0, 


finally (20), (46) and (99) on TStSh. 

_ Note that (106,) implies w(t.) =0. The fact that the last italicized 
statement concerns ¢ == tọ while that in Section 7 concerns t = tẹ means that 
the rôles of p, r, of Mm, Nma and of v, w are interchanged. The “cone” 
v © Co, that is, Nm Z Co(Nm + Mm) or 


Co% Ra% |y |? S (1— co) (3 Rar] ye |343 Za] y), 
Get q k r k 


plays the rôle of (58) in the proof of the desired statement. 

Let y= y(t) be a solution of (1) on 7 St, supplied by the last 
italicized statement. Since == 1, the index k% is 1 in any pair of indices 
(qk) and the corresponding differential equation for y% is 


yt’ = A(qg)y@ 4+ Fe (ey). 


This gives |(y@eA@t)’| S ert] F(t, y)| Sete (t, | y(t)|), and so, in view 
of (48) and (99), (yP eNd) | < ezte (t, cert). Hence a quadrature over 
[t to], where T StS ty, gives 


(107) | YP (t) MDE — ytet | < I (e,t); ef. (104). 
The assertion of (+), where h,==1, is to the effect that if 3h(g) =31 

numbers c4, not all 0, are given, then (1) has a solution aenn as EN 

(1081) yA (E) = NDE 4. o (gat) ; (1082) y(t) =o(e%t) if fq. 
In terms of the given numbers c®, put 


(1 09 ) Yor == OT eM) to, 


When the numbers c% are fixed, it is possible to choose a fixed, sufticiently 
large, constant K so that (106.) satisfies (105). 

If to =n is a sufficiently large integer, then, according to the last section, 
(1) has a solution y==y,(¢) on TS t&n, where T = T (a, co K), satisfying 
(106:), (106;) at t = t (==7), and (20), (46) and (99) on TSt<n. 
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The inequality (107), where TStSt,(—n), is applicable to the 
solution y =y (t). Hence, | y,%(t)e*!—c@|<TJ(c,t). The numbers 
| Ya (T)| form therefore a bounded sequence as n>. Hence it is possible 
to select a subsequence (which can then be supposed to be the full sequence) 
from y,(t), y2(¢),° - - so that 


(110) y(t) = lim y(i) 


holds uniformly on every bounded t-interval T StS const. The limit 
y = y(t) is a solution of (1) on TSt<o. 
Consequently, for TSi<o, 


(111) | ya (t) — oe | = I (ce, t). 
The definition (104) of I (c, t) and the assumption (91) of (t) show that 
(112) I(c, t) =o0(1) as t—>o, 


if c is fixed. The relations (108,) follow from (111) and (112). 

The auxiliary functions v(t), w(t) belonging to y(t) satisfy v(t) = co, 
w(t) =e, for T & t <«, since the corresponding functions of y,(¢) satisfy 
(20), (46) for TS tS to (=n). Hence (11) and (12) hold; cf. Section 5. 
The relations (88,) follow from (11), (12) and (108,). This completes the 
proof of (+t) for the case ho (= hy) =1. 


Remark. For reference below, note that, according to the proof just 
completed, if F(t,y) is defined for tÈ& T, |y|S1<K(t), where K(T) 
—o as T — œ, then (t) remains true in the case ho =— 1 when u = 0 and (89)- 
(91) are assumed. 


15. The case h, > 1: Change of variables. The proof of (ft) in the 
cases ho > 1 will depend essentially on the case h,—1 and a change of 
variables similar to that used in the proof of (**) in [6]. Let the independent 
variable t be replaced by s—log?t (for large t and/or large s), 


(113) tes (ds = dt/t). 


Let the dependent variables be subject to a linear transformation, depending 
on t= t(s), 


(114) y = Qz, where Q = D,D,CD», 


and Do D,, C, Da are d by d matrices to be given below. 
The transformation y = Dou is given by 


(115) yE =— ety and yik = ettuik if 754 q. 
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The triangular matrix D, depends on the fixed number £8, where 
(116) B = ho — fo, 

and is the matrix of the linear transformation given by 

(117) UT == -Py and utk == {1Byik if izq. 


The matrix C is constant and is the matrix of the linear transformation 
y= Cw, where 


k 
(118) VE == J wm/(k—n)! and v == wi if jq. 
nzi 


The change of independent variables (113) and the successive changes 
(115), (117), (118) of dependent variables transform the system (4) into 


(119) WE == (B—h)wt -~ He (sw) 
and. if j9, 
w= ((A(j) —n)E-+ B—1)w* + BA(s, w), 
b= ((A(j) —a) E+ B— 1) wh + twita + Bes w), k>, 


(120) 


where a dot denotes differentiation with respect to s and E (s, w) is the vector 
t(D,.D,C)7F (t, DaD:Cw), where t==e*. Cf. [6], Sections 12 and 13. 

The choice of the transformation w == D.z depends on the given 7, deter- 
mining /(q) and (q). In terms of 8 and the numbers I(q), k(q), define 
the linear transformation w = Daz by 


WH == [Pkg if (g) Sk=Zk(q), 
(121) wE = gN if k<l(q) or k>k(q), 
WIF mn gih if Ji: 
since = es, (101) transforms the system (119)-(120) into 
2% = Q- gk + Boks 2) if UQ SkSk(q), 
gm == (B—k)2t +. Bak (sg, z) if k<l(q)or k>k(q); 


and. if 7544, 


(122) 


ñ = ((A(j) —p) t+ 8 —1)z + BR(s,2), 
gik — ((A(j) — a) t+ B— 1) +4 taft 4 B52) kD 1, 


(123) 
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where the vector B(s,z) is 
(124) B(s,z) =1tQ°F (t, QzY, {= e 


and @ is the matrix of the transformation y = Qz; cf. (114). 
By (115), (117), (118) and (121), the transformation y = Qz is given 
by | | 
y& — eMODt{4-B Sy zt / (k — i) ! 3u tzt (k — i) l}, 
(125) i 
yik — eht{-Bgik if jq, 


where 3; indicates the sum over the indices i satisfying +k and either 
i<llq) or i> k(q), and Xyu is the sum over the indices t satisfying tS k 
and (gq) =tk(q). The transformation z= Qy is given by 


k 
gt — eNDt 3 (—1)it-iyt/(k—i)! if 1(q) SkSk(q), 
į=1 o 


i 
(126) gu — e MOt Z (—1)i{P-iytt/(k—i)! if k<1(q) or k>k(q), 
i=1 | 
ZU — e-Btih-iyik if Æq. 


If | Q| denotes the norm of Q (that is, max | Qz | for |z| =1), then 
(125) shows that | Q | is O (e#t) times tY, where y = max (h4 — B, h(q) — Kq) ) 
and the max refers to the set of q’s for which c £0 for some k. Since 
he — B = fo + hy — ho = jo it follows from the last part of (88) that 


(127) |Q |= 0 (ertt) as’ to. 


. By (126), | Q| is O(e-“*) times tY, where y = max(8—1,k(q) —1). The 
first part of (88) shows that k(q) =Sh.—j.(—£8). Hence 


(128) | Q> | = O (e#tthefot) as tooo. 
In view of (89) and (124), 
(129) |B(s2)| St] 7] $(6 | Qe). 
16. Completion of the proof of (+). The relations (127)-(129) give 
(130) | B(s,2)| Sy(s,|21), 
where, for a sufficiently large Const., | 


(181) w(s, p) = Const. te-#ttho-jo-ig (t, Const. e#ttjep). 
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The function (181) satisfies the condition that 
(132) y(s,p) is non-decreasing in p (for fixed s) 


and, by (91) and ds = dl/l, 


(133) f y (s, const.)ds <æ for every const. > 0. 


Conditions (180), (1382), (133) are the analogues of (89), (90), (91) for 
the case p==0 and ho—1=j,—0. 

The fact that the coefficient of 2% (in the linear terms of the first 
equation of (122)) is 0, rather than a negative constant, does not prevent 
the applicability of the case ho==1 of (+), under assumptions (89)-(91), 
to the system (122)-(123); ef. the Remark at the end of Section 14. Nor 
does the fact that the coefficients of the linear terms on the right of the 
equations in (123) are not constants prevent the applicability of this asser- 
tion, stuce Re(A(7) —») 40; cf. the Remark at the end of Section 10. 

Hence (130), (182) and (133) imply that, for given numbers c%, not 
all 0, where (q) Sksk(q), there is at least one solution z==z(s) of 
(122)-(123) satisfying, as s> x, 


z™(s) = c4 if Iq) SkSk(q), 
(134) 2% (s)->0 if k<l(qg) or k>k(q), 
Zik(s) 0 if jq. 
In view of (125), the corresponding solution y= y(l) of (1) satisfies (87). 


This proves (t). 


17. Proof of (Ff). Let y= y(t) 540 be a solution of (1) for large £, 
It is clear that, under the assumption (94) on F(t,y), the (vector) function 
y==y(t) does not vanish and satisfies 


(135) S BL Py) 9) |) dt <o. 


It will be verified that the same is true if y — y(t) satisfies (11) and (12), 
where a <0, and F(t, y) satisfies (89), (90), (90 bis) and (91). 

That y(t) does not vanish (for large ¢) follows from (12). In view 
of (11), the auxiliary functions v(¢), w(t) satisfy the respective limit rela- 
tions (44), (60). Jn particular, (20) and (46) hold, where 0 < co < 4, and 
so (48) and (49) hold for large t£. Tet 


(136) p(t) = Lmai(t) (> 0), 
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so that, by (11), there exist positive constants c, K such that 


(137) Kp(t) S | y¥(t)| Sep(*), 
and, by (12), 
(138) log p(t) ~pt as too; 


in particular, 
(139) t > v | log cp (¢)| 
if ¢ is sufficiently large and y < 1/ļ a |. 
In view of (89) and (90)-(90 bis), it follows that 
(140) | P(A, y(#)) |/| E)E gl | log op (4) |, ep (4) /Kp (1). 
In order to prove (133), it will first be shown that 
(141) |F(t,y(#))|/|y(t)| 20 as tse. 


To this end, it is sufficient to show that ¢(v|logp|,p)/p—-0 as p> 0; 
actually, even more is true, namely, 


(142) | log p |**6(v|logp|,p)/p>0 as p—>0. 
In order to see this, note that an integration by parts shows that the integral 


f lige pa 


p 


where y (p) = $(r | log hp), is 


y (p) f o`? | log o 
p 





hot da f f r? | log r [to dr)dy (o), 
p e 


Since (90)-(90 bis) implies that dy (c) = 0, it follows that 


f o? | log e 


p 
The factor of (p) on the right is O(p7 | log p |1) as p—>0. Thus (142) 
follows from (91 bis) (which, in turn, is a consequence of (91)). 

It is seen from (141) that 





be-Lb(a)do = w(p) f g`? | log o |ko-1 do. 
P 


(143) dp/dt <0 for large t; 
in fact, for large t, 


(144) , (u— 2a)p < dp/dt < (n + 2a)p, 
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by (49) and (141). The inequality (143) assures that it is possible to 
introduce the new integration variable p = p(t) into 


(145) f p* (E) tiep (v | log cp (t) |, cp (t) ) dé. 


In view of (91 bis), (188) and (144), the integral (145) is finite. Conse- 
quently, (185) follows from (140). 

In terms of the vectors F == (F1, --, F8) and y(t) = (P (t), > +, y7(t)), 
define, for large t, a d by d matrix G (t) = || g(t) || as follows: 


(146) galt) = F(t, y (4) ) 9 (t)/| y(t) P, 
where the bar denotes complex conjugation. The function (146) is con- 


tinuous for large ¢ and, by (185), satisfies condition (84). Since y—y(t) 
is a solution of (1), it satisfies the linear system 


(147). y = (J + G(t))y. 
Hence, the assertion (86) of (tt) follows from the theorem (**) of [6] on 


the linear systems described in Section 11 (or, equivalently, from (+) above, 
applied to (147), and from the superposition principle). This proves (fT). 


18. Variants of (+) and (tf). The variant of (t) to be considered 
implies that in the conservative case, F(t, y)==F (y), of (1) the condition 
(96) can be relaxed to 


(1-48) [F(y)|/ly{|>0 as |y|—>0 
(whereas (95)-(97) imply the stronger condition 


(149) (log |y})** | F(y)|/|y] 20 as jy|>0; 


ef. the deduction of (142)). It can be remarked, however, that a disadvan- 
tage of the requirement of the existence of a (ø) satisfying the set of 
conditions (95), (148) and (97), rather than the set (95), (96) and (97), 
is that the first set is not invariant under affine transformations of the 
variables y. 

(f bis) Assertion (+) remains valid if the conditions (90), (91) on 
d(i,p) ure replaced by the conditions (7) on F(t,y) and the conditions 
(90 Dis), (91 bis) on (4, p). 

It will be clear from the proof that (7) can be relaxed to the require- 
ment that 
(150) LP(ty)I/ly|30 as te 
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‘ uniformly on every (¢, y)-set | 
(151) K-1e#t tio < | y | <= Kerttic, 


where K > 0 is an arbitrary constant. 

In view of (f bis), there arises the question whether or not conditions 
(90), (91) in (tT) can be replaced by conditions (7), (90 bis), (91 bis). 
This question will be answered here only in certain cases. 

(ttbis) Suppose that either hy =1 or p <—1. Then (ft) remains 
valid when condition (90) is omitted and condition (91) ts replaced by (7) 
and (91 bis). 


The number 1 in the inequality »<—J is the number occurring on 
the subdiagonal of J. ! 


19. Proof of (} bis). Consider the change of variables (118), (114) 
in (1), leading to the system (122)-(123). For any solution z=—"z(s) of 
(122)-(123), let y==y(t) denote the solution of (1) given by ¢—e*® and 
y = Qz. 

It will first be shown that, under condition (7), when a and 1/K are 
fixed (suficienily small) positive numbers, there exist positive numbers 
T=T(a,K) and «=«(a) with the property that if z—=2(s) is a solution 
of (122)-(1283) on some s-interval, where t= e0 = T, satisfying 


(152) | 2*—c%| <e if (gq) SbSK(q)! (153) |z| <e otherwise, 
then the corresponding solution y= y(t) of (1) satisfies 
(154) K*enttio < |y | < Kenttir, (155) ||yl/—e#ly||Salyl. 


In (154), jo denotes the maximum of the differences h(q) — k for which 
c% 0; so that it can be supposed that 7,—h(g)—l(q) for some g. Let | 
q = qo denote any g satisfying j7,—h(q) —1(q). Let 


(156) ida 


where $° denotes a sum over those qg = qo, Let K be so large that (152), 
(153) imply | 
(157) (4K) < 3°] oh |?< |z| 4K. 


Then (125), where hy— Sj, and (152), show that 
| yik | = eet tie if 15% q, : 
ly | Sh demttie if g== qo, k <h or if Aq RSA, 
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and that | y%(t)|, when q= ge differs from | c% | erttie/(h—1)! by terms 
which are majorized either by ee#ttie or by Kerti, Hence, if e=«(a) is 
sufficiently small, T = T (a, K) sufficiently large and t = T, then (154) holds 
and 


(158) L(t) Sl y@) PS (1+ a?) Lo(2). 


From the differential system (4) and from (| y” PY == gFy 4. gyt, 
it follows that | | y |7 —2pL,(¢)| is majorized by a constant multiple of the 
sum of | y(t) |?—L°(t), | y(@)|(j y(t) [?—Le(4) )* and Py) yE). 
Tn view of (7) and (158), the mequality (155) follows if @ is sufficiently 
small and T (= 7) is sufficiently large. This proves the italicized statement 
concerning (152)-(155). 








The proof of (7 bis) can now be completed along the lines used in Sections 
13-14 in the proof of (t) when 2,==1. To this end, define Lg, M == M ma, 
N == N mia by the formulae 








DO = klò 
(159) La=0 3 3 | 2 |2, 
q k=1(q) 
(160) M= 3 Sak |2| Sy |t |e, 
P k q k>k(q) 
(161) N == 3 Zak |z| Lae S| gah]? 
rok q ky) 


Thus, the analogues of the auxiliary functions v==v(s), w==w(s) are 
(162) v= (N + La)/ (U + Lat N), w =N/(MU + La +N). 
These satisfy the Riccati differential inequality 

(163) Z łu(1—u)— d?a-“4B(s,2(s))|/| 2(s)|, (u == V Or u =W); 
ef. the derivation of (80), (33). 


Consider a solution z==z2(s) of (122)-(123) satisfying the (possibly 
incomplete) set of initial conditions 


(16-5) 2" (so) = ce if (q) SkSk(q); N (8) == 0. 


Suppose further that (152) and that (20) and (46) hold on some s-interval 
(S, So) for some Co where 0 < co < 4. Then the analogue of (47) gives 


(165) M+N < (2%—1)L, 


on this interval. Thus, if c.—¢,(a@) is sufficiently near 4, the inequalities 
(152) on (s, 80] imply (153) there. 
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A quadrature of the equations (1227 shows that 
(166) | 2#*(s) ot |= È |B(s,t(8))| ds, 1(q) Sk Sk(q). 
, 8 


In view of (128), (129) and ds = dt/t, 


8o ; to 
f | B(s,2(s))| ds S Const. f g-Mttho-Jo-l h(t, | y(t) |) dt, 
8 t 


where t= 6%, {== @, 


By virtue of the last italicized statement, (154)-(155) hold on the 
interval under consideration. If a is so small that u+ a < 0, then, by (155), 
| y(t) | is decreasing on the interval under consideration, and so it is possible 
to introduce p==|y(t)| as a new integration variable in the last integral. 
By (155), dt & |u +a |> | dp |/p and, by (154), emits < K/p. In addition, 
t>v|logp| for y == ay) p—a|andt= Tf if T= T(a, K) is sufficiently large. 
Hence 


(167) f | B(s,2(8))] ds Sel (Kerti), 


8 
where c—c(a,K) is a constant and 


g 


(168) Io) = f p | loge |*= (> | log |, 0) dp 


40 


It follows from (166), (167) and (168), that if (152), (20) and (46) 
hold on an interval 9 < s&s, (that is, P< tÆ to) and if ¢° exceeds a 
sufficiently large T ==T (a, k), then (152) also holds at s==s° (that is, at 

== 2°), In view of the case u =w of (163), where |z] > 1/K (ef. (157)) 
on t < tS to, and of (167), (168), the Lemma of Section 3 implies that if 
T =T (@, Co K) is suitably chosen and £ = T, then (46) holds at £°, since 
w(t) = 0, by (164). 

These facts and the estimates (166), Bi show that the proof of (f bis) 
can now be completed by the arguments of Section 14 used to complete the 
proof of the case h,==1 of (t). 


Ne 
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20. Proof of (+} bis). It is cicar from the proof of (tt) that in order 
to verify the variant of (tt), it is sufficient to show that, under the conditions 
of these statements, (1385) holds or, what is more, that 


(169) f 84 Ly (D)) EES 
To this end, it is enough to show that, for large t, 
(170) | y(t) |’ < — const. | y(¢) |, (const. > 0). 
For this means that it is possible to introduce the new integration variable 
p= | y(Ł)| in the last integral and that di const. | dp |/p. This fact, when 
combined with 
(171) log | y(l)|~pl as too 
(cf. (11), (12)), and assumption (91 bis) imply (169). 
Condition (11) means that, as low, 
(172) IO~ LÇ), 
where L= Lm 1s defined in (6). It is clear from the differential equations 


(4) that |(| y(¢)|*)’—2eL(t)| is majorized by 


const. {([y()|*—L(t)) +1 Fy) | |y |) +23 2 


q k=2 











yiya k-1 | , 


If h= 1, the last term is missing. If h, = 1, the last term is not greater 
than 24(/). Hence (170), for large ¢, follows from (172) if either hy = 1 
or a < — 1. This proves (ft bis). 


THE JOWUNS HOPKINS UNIVERSITY. 
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PRIMITIVE ALTERNATIVE RINGS AND SEMI-SIMPLICITY.* 


By Erwin KLEINFELD. 


1, Introduction. Jacobson has characterized primitive, associative rings 
as dense rings of linear transformations on vector spaces over division rings 
and developed a structure theory for semi-simple associative rings without 
chain conditions [3], which generalizes the well known Wedderburn theorems. 
It seems natural enough to ask whether this theory extends to alternative 
rings. This question was first proposed by Smiley ([8], question 5). 
Kaplansky has shown [4] that p-regular, primitive, alternative rings are 
either associative or Cayley-Dickson algebras. He also conjectured that the 
assumption of p-regularity would prove to be superfluous. The present note 
shows that indeed this is the case. 

The method of attack is to prove a primitive, alternative ring either 
associative or simple. This in turn is facilitated by the ease with which one 
can construct two-sided ideals within right ideals. As a by-product we obtain 
an elementary proof that an alternative, non-associative ring without proper 
two-sided ideals has no proper one-sided ideals. This accentuates how 
different the associative theory is from the alternative, for while it is an 
elementary exercise to show that an associative ring without proper right 
ideals is either trivial or a division ring, the last mentioned result does not 
seem to make the classification of simple, alternative rings any easier. Indeed 
it is still an open question whether alternative, non-associative nil rings with- 
out proper ideals exist. 

The notion of primitive ring lends itself to a structure theory for semi- 
simple rings. very alternative ring modulo its radical turns out to be a 
subdirect sum of primitive rings. 


2. Definitions and identities. In order to facilitate the reading of the 
proofs we mention some of the essential definitions and identities. For back- 
ground material as well as development of the identities we refer the reader 
to [2]. 

We define (a, b,c) =ab-c—a-be, and (a,b) =«ab—ba, for arbitrary 
elements, a, b,c of a ring E. If # is assumed to be alternative then (a, b,c) 
becomes a skew-symmetric function in its three variables. 

The function f(w,2z,y,z) is defined by the equation 


(we, Yy, 2) == f (W, T, Y, z) A uv (Ww, Y, z) aie (2, Ys z) w. 


* Received Mey 25, 1955. 
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f (w, x,y,z) turns out to be skew-symmetric in its four variables. Furthermore 
it satisfies the equation f(w, x,y,z) = ((w, 2), 4, 2) + (w,2, (y,2)). 

The nucleus N of R is defined as the set of all n in R with the property. 
(n, R,R)==0. The center C of R is defined as the set of all c in N with 
the property (c, R) 0. The connection between N and C is explained by 
Lemma 2.3'of [5]. 

An alternative ring is defined to be simple in case it has no proper two- 
sided ideals and is not a nil ring. 

An alternative ring is defined to be saved in case it contains a regular, 
maximal right ideal, which contains no two-sided ideal of the ring other 
than the zero ideal. . 

The radical of an alternative ring is Heute as the intersection of its 
regular, maximal right ideals. 


3. Construction of ideals. If A is any right ideal of an alternative 
ring R then we define an element s to be special relative to A in case (i) 8 is 
an element of A and (ii) Rs CA. The pane Lemma justifies this 
definition. 


Lemma 1. For any right ideal A of an alternative ring R, the special 
elements form an ideal of R. 


Proof. Let s, s’ be any two special elements. It follows directly 
from the definition that s—-s’ must then be special. If « and y are arbi- 
trary elements of R, consider first vs. By definition 2s is in A, while 
y's = — (y, 2,8) + ya:s. Since A is a right ideal of È and s is a member 
of A, it follows that (y,2,s) = (s, y, ©) —sy-~—s-ya is also in A. We 
have shown that y-zs is an element of A and consequently ws is special. So 
far it has been established that the special elements form a left ideal of R. 
But also y:sx—=— (y,8,@) -+-ys-@. Since ys is in A, so is ys: and there- 
fore yss. But then the special elements form a two-sided ideal, as was to 
be shown. | 

In the next Lemma we develop an important property of the ideal of 
special elements. | 


Lemma 2. For any right ideal A of an ‘allernalie ring R all elements 
of the form (A,A, B} are special. 


Proof. As before (A,A,R@)C A. Let us consider elements of the form 
R(A, A, E). Select any a, a’ in A and r, s in R. Then 


s(r,a, a) == (178, a, a’) — f (r,8, a; a’) — (s, a, a’) nr. 
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Clearly (7s,a,a’) is in A, as well as (s,¢,a’)r. Since 


fr, S, a, a’) ee ( (r, s), A; a’) F (7, 8, (a, a’) J; 


we obtain also that f(7, s, a, a’) is a member of A. Consequently R(A, A, B) CA, 
which makes all elements of the form (4, 4, F) special. 
At this point we obtain the following result: 


THEOREM 1. If R is an allernative, non-associalwe ring which has no 
proper two-sided ideals, then it has no proper left or right ideals. 


Proof. Let us suppose that A is a proper right ideal of &. Then by 
virtue of Lemma 1 the special elements of A consist of just the zero element. 
Then we may use Lemma 2 to get (A,A,#)=0. From Theorem 3.2 of [5] 
it follows that the nucleus WV and the center C of Æ coincide. This in turn 
is used to prove Lemma 3.8 of [5], which asserts that if (x, y, R) —0 then 
(x,y) =0. From this we conclude that (4,4) —0. In other words A 
must be an associative, commutative subring of R. For any elements 1,5 in 
Rand a,a@’ in A, 


f (1,8, a, &) = (1s, 4, a’) —s(1, 4, a’) — (8,4, 0’) 7 = 0, 
thereby making f(4, A, k, R) =0. As a consequence of this 
0 = (ar,s,a’) =f (a r,s, e) +7(a,s,a') + (7,5, 0), 


so that (7,8, @’)a==0. This implies that (R, R, A)A=0. Since (R, R, A) CA, 
while A is commutative, also A(R, k,A)=0. But then 


(aa’,7,s) =f (a, e,r, S) +a’ (a,r, S) + (a,r, sja = 0. 


Consequently (47, R, R) =0 and A? is in the center of R. In that case 
RA? = A'R C A, and hence all elements of the form A? are special. This 
of course implies again A? =—0. Now A+ RA is a two-sided ideal of R. 
Since it contains A 540, it must be all of R. But then RA = (A + RAJA ==0. 
Therefore A is a two-sided ideal of R. But this contradicts the original 
assumption that Æ has no proper two-sided ideal and the proof is completed. 

This result is new only to the extent that it applies to nil rings. For 
we have shown elsewhere [6] that alternative, non-associative, simple rings 
are Cayley-Dickson algebras. The present proof however is quite elementary. 
In fact we may use it to establish the well known result that Cayley-Dickson 
algebras have no proper left or right ideals. The question of whether alterna- 
tive, non-associative, nil rings without proper ideals exist is an open one. 
For aesthetic reasons one would like to be able to answer this in the negative. 
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4, Primitive rings. Throughout this section Æ will denote an alterna- 
tive, non-associative, primitive ring and A a regular, maximal right ideal of 
R, which contains no two-sided ideal of Æ other than the zero ideal. Again 
_ it is clear that the special elements of A are all zero, so that (4, A, R) =0 
and (R, R, A)A —0, using the same arguments as before. Next we prove 


Lexma 3. If an element t of R has the property ki =Ù, then t=0. 


Proof. The regularity of A assures the existence of an element g in R 
with the property that for every v in R gr— z is in A. Then in particular 
gi—t isin A. But gt—0, so that ¢ itself must be in A. In that case ¢ 
is special relative to A and t =Q. | 

The next step is to show that R is prime. 


‘ 


LEMMA 4. If B and B’ are ideals of R such that BB’ =0, then either 
B=0 or B’ =Q. ) 


Proof. Suppose that B40. Then B cannot be contained in A. Since 
A is a maximal, right ideal and A + B is a right ideal properly containing A, 
we must have A+ B= R. Then RB’ == (A + B)B’ = AP’ + BB’=AB CA. 
But clearly RB’ is an ideal of R, so that AB’=0. Lemma 3 now tells us 
that B’ == 0, which is what we wanted to show. 

Denote by N the nucleus of R and by C the center of Æ. Then with 
the aid of Lemma 2.3 of [5] we prove the following results. 


Lemma 5. (i) N=C. (ii) f a,b are elements of R such that 
(a,b, R) = 0, then (a,b) =0. 


Proof. Suppose S is any non-zero subset of R and suppose the two- 
sided annihilators of S form an ideal T of R. Then T must be the zero 
ideal. For since T is an ideal, the two-sided annihilators of it also form 
an ideal, which moreover contains ©. Then by virtue of Lemma 4, T must 
be zero. l 

If we assume N ÆC then (N, R) 0. Since (N, R) CN, the anni- 
hilators of (N, R) form an ideal, which must then be the zero ideal. From 
this point on we appeal to [5]. Let x be an arbitrary element of R. Then 
every element of the form ((R, R, R), R, R) or'of the form (a, R, R) (x, R, R) 
is in this ideal. The latter leads us to conclude that if u is any element of 
the form (F, R, R), then v is an element of N and u? = 0. The annihilators 
of (u, R) form an ideal, which contains u since (z, R, R) (z, R, R) =0. If 
uws£0 then (u, R) =0, so in either case u is an element of C. Note that 
Ru is an ideal of R and that (Ru)? =Q. Using Lemma 4 we obtain Ru = 0, 
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so that with the help of Lemma 3 w==0. Since the argument holds for any 
associator wv, R must be associative, which is contrary to assumption. The 
contradiction arose from the assumption that N ~C, hence (i) is established. 
Let c, ce’ be arbitrary elements of C. Then Re and fic’ are ideals of R. 
Tf in addition cc’ =Q, then (fc) (Rc’) —0 and as before either Re= 0 or 
Re’ =0. Consequently either c=0 or ce =0. In other words C has no 
divisors of zero. Assume now that (a4,6,#)—0. Then as before it follows 
that f(a, b, R, R) 0, and then ((a,6), R, R) =0, which means that (a,b) 
belongs to the set N =C. But (a,ab, R) =Q, so that (a,ab) =a(a,b) also 
belongs to C. Then 0 = (a(a, b), b) = (a, b)’, and from the previous remark 
we may conclude that (a,b) =0. This concludes the proof of the lemma. 
Now for the main result: 


THEOREM 2. Livery primitwe, alternative, non-associative ring is a 
Cayley-Dickson algebra. 


Proof. Using (A, 4, R) =0, (A,R,R)A=0 and Lemma 5 we obtain 
(A, A) =0, f(A, A, R, R) =0, (4?, R, R) —0 and A? CC. Suppose c belongs 
to the intersection of A and C. Then Re= ck CA. Since Re is an ideal 
of R, we get Re —0, which implies c=0. Since all elements of the form A? 
belong to this intersection, A?—0. Again either A is an ideal of R, in 
which case Ad = 0, or A + RA, which is an ideal of R, contains A properly 
and so A -+ RA = k. But if the latter is true then RA = (A+ PRA).1—0, 
so in any case d=(0. As A was chosen to be a maximal right ideal of R 





this simply means that I has no proper right ideals. Also g now becomes 
a left unit of R and hence R cannot be nil. Then R is a simple ring and 
therefore a Cayley-Dickson algebra. 


0. Semi-simple rings. Having defined the radical Q of an alternative 
ring i as the intersection of its regular, maximal right ideals, we shall call 
kR semi-simple in case Q —0. An ideal of R will be said to be primitive in 
case Æ modulo this ideal is a primitive ring. It is clear that the intersection 
of the primitive ideals is contained in Q and we proceed to prove equality 
using our knowledge of primitive rings. It will suffice to show that in a 
primitive ring the intersection of all regular, maximal right ideals is zero. 
We have already seen that Cayley-Dickson algebras contain no proper right 
ideals, while it follows from Jacobson’s density theorem for associative, 
primitive rings that the intersection of all regular, maximal right ideals is 
zero. For take a fixed representation of R as a dense ring of linear trans- 
formations. Then the annihilators of any non-zero vector a form a regular, 
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maximal right ideal (an element sending a into a acting as left unit) and 
the intersection of all of these is clearly zero. We have proved 


THEOREM 3. The radical Q of any alternative ring R is a two-sided 
ideal having the property that R/Q is a subdirect sum of Cayley-Dickson 
algebras and primitive, associatwe rings. 


The radical Q has also been characterized by Brown [1] as the set of 
all elements a in & such that every element b in the ideal generated by a has 
the property that (1—b)E generates FR as a right ideal. Kaplansky has 
shown [4] that the radical defined by Smiley [7] is always contained in Q 
and coincides with @ in the case of a Zorn ring. Whether it coincides in an 
arbitrary alternative ring R is an open question. No general structure theory 
for & modulo its Smiley radical seems to be known. 

In conclusion we point out some immediate applications of Theorem 3. 
Various associativity conditions that hold for Cayley-Dickson algebras now 
carry over to semi-simple alternative rings. For example it follows that the 
square of every associator of a semi-simple alternative ring lies in its center 
while the square of every commutator lies in its nucleus. For arbitrary 
alternative rings it is known only that the fourth power of every commutator 
lies in its nucleus [6]. 


OHIO STATE UNIVERSITY. 
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APPENDIX TO THE PAPER “MEAN PERIODIC FUNCTIONS 1”.* 


By LEON EHRENPREIS Ak 


In our paper, “Mean Periodic Functions I” (see [2]) we considered 
the problem of whether an entire function f of n complex variables can be 
approximated by linear combinations of the exponential monomials which 
occur as the limits of its translates. The following result was proven: Let 
9 denote the space of entire functions of n complex variables with its usual 
topology (see [3]), and let V be any variety in &, i.e, V is a closed linear 
subspace of X with V {0} which is closed with respect to translation. 
Denote by &’ the dual of & with the topology of uniform convergence on the 
bounded sets of X; H’ is a commutative topological ring under convolution. 
Call V’ the set of all Se W’ such that S:f—0 for all fe V. It is readily 
verified that V’ is a closed ideal in &’ which we call the annihilator ideal 
of V. Then we showed that if V’ is a principal ideal (that is, V” has one 
generator as a closed ideal) then every fe V is the limit of the linear com- 
binations of the exponential monomials in V. In the present paper we shall 
show that such is not the case if V’ is not principal. (See [2], Problem 2, 
p. 306). 

We showed in [2] that the question of whether or not every variety 
V is the closure of the linear combinations of the exponential monomials 
in V is equivalent to the following problem on ideals in rings of ana- 
lytic functions: Denote by H’ the Fourier transform of 9’, so H’ is the 
ring of all entire functions of exponential type of n complex variables 
Z,,2Z2,: © `, Zn; the topology of H’ is described in [2]. Let Z be a closed 
ideal in H’; is I determined by its cospectrum (see [2])? That is, suppose 
F eĦ has the property that, for every point z in complex Euclidean n space 


and any non-negative integers 71, Ta, ° *,7,, the conditions 

(1) [ (av +r +r OZ mV OZ a"! o - OZ") H] (z) = 0 

for all Hel whenever 0S ri Sr, 0 Sr Sr,: +: -,0S T Sty imply 
(2) [ (Orittet 48 /9Z AZ ore + 0Z,'") F] (z) =0; 


is Mel? We shall produce a closed ideal Z in H’ and a function F e H’ such 
that conditions (1) imply (2), but FTI. 


* Received July 22, 1955. 
** Work supported by National Science Foundation Grant NSF5-G1010. 
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(At this point we should like to note some error in the terminology 
used in [2]. We have often used the term “exponential polynomial in V” 
for “linear combination of the exponential monomials of V.” The spectrum 
of a variety V as defined in [2] corresponds to the exponential monomials 
in V. Thus, problem 2 on p. 306 should be formulated as follows: “Is 
‘every variety determined by its exponential monomials, that is, if W is a 
variety and fe W, is f the limit of the linear combinations of the exponential 
monomials of W?” This is equivalent to the statement about cospectra. of 
ideals made there. Thus, our proof of Theorem 9 on p. 321 really proves 
that V is determined by its exponential monomials—a much stronger state- 
ment than that made in Theorem 9. The reader will have no difficulty in 
correcting the other cases of this error m notation.) 

Indeed, let n==z, and let I be the closed ideal in H’ generated by 
the functions H; (21, 2.) = 21+ Z2, He(%, Z2) == 2122. Since the topology of 
H” is stronger than pointwise convergence, every Hel must vanish at the 
origin. On the other hand, the only common zero of H, and Hz is clearly 
the point (0,0). Moreover, [ (0/0Z,)H,|(0,0) 1, [ (0/022) H,} (0,0) =1. 
Thus, in order to construct our example, we need only produce one function 
F e H which vanishes at (0,0) but does not belong to 7. We claim that such 
a function is #'(2,, 2.) = 2%. 

To see that z,# 7, denote by I* the (algebraic) ideal generated by H, 
and H, in Y. Then by a result of H. Cartan, Z” is closed in & (see [1], 
p. 62, Theorem 11). On the other hand, by [2], p. 29%, Proposition 4, the 
topology of H’ is stronger than that induced by &. Thus, I* D I. But it 
is clear that there do not even exist formal power series Gi, G. in two 
variables such that H,G,+H.G,—F. Thus, F#I*, so FZI. This com- 
pletes the proof of our assertion. 


| Remark 1. Let us consider the change of coordinates Z,>X,— Xe., 
Zə—> Xo. Then 


(3) H>H =X, Ha — H: == X,X,— X,’, F -> F = X, — Xo. 


Thus, by (5), [(4/AX2)H,](0) = 0, [(8/@X2)H2](0) = 0, but [(8/3¥+) F1(0) 
= 140. (This gives another proof that FI.) Thus, though we have 
shown that the answer to problem 2 of [2], p. 306 (as amended above) is in 
the negative, it seems reasonable to expect that the answer to the following 
problem is in the afirmative: 


Problem 2’. Let J be a closed ideal in H’, and let G eW. Suppose 
not only that conditions (1) (for J instead of I) imply (2) (for @ instead 
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of I’) but that the similar property holds after an arbitrary affine change of 
coordinates. Then, is GeJ? . 

An affirmative answer to Problem 2’ would clearly imply that every 
variety is determined by its exponential polynomials; the converse is, how- 
ever, not obvious. Problem 2’ will be discussed in detail in a later publication. 


Remark 2. lt is a simple matter to extend the above to the case of 
more than two complex variables. Moreover, the space 9 can be replaced 
by essentially any space such that the Fourier transform of its dual is a 
space of entire functions. In particular, we may replace & by the space € 
of Schwartz (see [3], [4]). 


Tus INSTITUTE ror Apvancrep STUDY. 
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ON THE REGULAR SOLUTIONS AT A POINT OF SINGULARITY 
OF A SYSTEM OF NON-LINEAR DIFFERENTIAL EQUATIONS.* 


By Robert W. Bass.* 


1, Introduction. A theorem of Lettenmeyer [3] (which is a generaliza- 
tion of a theorem of Perron [5], reproduced in Bieberbach’s recent Theorie 
der gewöhnlichen Differentialgleichungen auf funktionentheoretischer Grund- 
lage (1953), pp. 161-172) concerns the existence of solutions of a system of 
linear differential equations 


; 

(1) zew (2) == 2, Qi (2) W; (t= 1,: i *,%), 
aire, 

where wi —dw;/dz. In these equations s; (t==1,; >+, n) are non-négative 

integers such that 

(2) S== 8) + S.-- + <2, 

and the aj(z) (i,j =1,::-,n) are regular in some neighborhood of z= 0. 


Then ([3]) the system (1) has at least n-—s linearly independent solutions 
regular at the origin. 

The object of the present paper is to generalize this result of Lettenmeyer 
to the non-linear system 


(3) zsiw (z) == fi (2, Wis " Wn), (i= 1,: ` n), 


in such a manner as to include the classical Cauchy-Poincaré theorem as a 
special case. This problem was suggested to me by Professor Wintner, 

To be precise, let fi(2, W1,* *'°, Wna) be n functions of n -+-1 variables, 
regular on some neighborhood of (z, Wi, © *, Wn) == (0,0, > *,0) and such 
that their power-series representations converge absolutely on the closed 
product set 


(3a) ae er (3b) | w | Ste, (i= 1,: 7,0). 


Suppose further that f;(z,0,0,- - -,0)=0, so that the fı can be written in 
the form 


(4) fi= È a(z) ws + gals, wi,” " > Wn); (i= 1,- i n), 
j= 


* Received May 13, 1955. 
2 National Science Foundation Predoctoral Fellow. 
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where the g; are power series which converge absolutely on (8a), (8b) and 
contain only terms of the second degree or higher in the w. 


THEOREM 1. Let (2) and (4) hold. Then the system of differential 
equations (3) admits of at least an (n—s)-parameter algebroid family of 
solulions regular ai z==0. The solutions will have algebroid dependence on 
any additional parameters in which the fi are given reguiar. (The precise 
meaning of “k-parameter algebroid family” and “algebroid dependence” 
will be set forth in Section 2.) 


The technique of the proof constitutes an application of Wintner’s theory 
({7 |) of analytic functions of infinitely many variables and of infinite implicit 
systems. We first suppose that (3) has a regular solution of the form 


[è] 
(5) w;(z) = > dizz, (4—1,- i * 4b) 
j=0 


s 
Then insert (5) in (3) and compare coefficients to obtain the necessary 
conditions 


(6r) (v— si -4 1) di vs = fir (dio lit © +, dimi =l + +2), 
(== 1, © n; y= 0,1,2, :). Here d= 0 for k <0 by definition, and 
the fi, are polynomials in dy, dj: © °, Qi (J=1,:- n) with coefficients 
regular in dj (J=1, n). 

Tn the classical case, s= 0 (¢==1,--+-,2”) and the conditions (6v) are 
recursive; the coefficients d; for f = 2,3,- > - are known explicitly as regular 
functions of the n parameters dyo,- + -,dno. By Cauchy’s majorant method 


it is then proved ([6]) that for every r<7;, an r, can be taken so small that 
(5) converge for | z | Sr and satisfy (8b) whenever | dio | < Ta (t==1,:--,2) 
holds. 

Tn the general case, however, the conditions (6v) are not recursive. Note 
that by (2) we have in general excluded the Fuchsian theory of regular 
singular points (s;=1,g;e=0;4—1,---,2), but have not excluded those 
regular singular points for which some f; contains a factor z. (Nor have we 
excluded those irregular singular points which satisfy the necessary con- 
ditions ([1], p. 417) for the existence of n—-s solutions “regular” in the 
sense of [1].) 

Suppose now that some s; is positive, so that the system (6r) is non- 
recursive. 

When the f; are linear in the w; (i.e, gı==0), the conditions (6v) are 
linear. Consequently the theory of infinite matrices may be applied. By 
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using the resolvent series (C. Neumann), Perron ([5]) and Lettenmeyer 
({3]) showed that the system (6v) (v= 0,1,-- -) admits of at least n— s 
linearly independent solutions, each of which is such that the corresponding 
solution (5) of (8) converges for all |z| Sr. 

In the general case, the conditions (6v) are neither recursive nor linear. 
Our method of proof will be to effect a change of variables such that Wintner’s 
fixed-point theorem for analytic (but not in general completely continuous) 
mappings in a separable Hilbert space is applicable. This theorem allows 
us to conclude that for a sufficiently large integer N the components of the 
vector representing the fixed point will be regular in the dy (i==1, > n; 
j==1,---+,N) and any parameters in which the f; are given regular. (The 
algebroid dependence occurs only among the dj; (t= 1,- n} = 1," ,N).) 
Since the (modified) coefficients of the power series (5) obtained in this 
way are components of a vector in the Hilbert space we can easily prove the 
convergence of the solution (5). 

Our change of variables is 


(7) bin = kdir, 


(i= 1, : n; k= 1,2,- -), i= dio which differs slightly from that of 
Lettenmeyer: our proof of the boundedness of the matrix of the linear terms 
of the fi, in (6v) roughly parallels his proof, but by using (7) we can 
conclude directly (without explicit estimates) that the non-linear terms do 
form a mapping in Hilbert space. In fact, explicit estimates of his type 
would imply that the power series (5) converge only in the open circle 
|z| <r; but (7) and Schwarz’s inequality imply that the series (5) con- 
verge absolutely on the closed circle 


(8) [z|sSr. 
Now (8) allows the Parseval relation for the gı to be applied at |z| =r, 


which produces the desired result. 


We shall also generalize Theorem 1 as follows: 


THEOREM 2. Let fi(z,W1,° + +; Wn), (t= 1,: + +, 2), be as in Theorem 1. 
Let by(2), (4,k==1,---,n), be regular on some neighborhood of z==0 
and convergent on (8a) ;. furthermore, assume that det || bin(z) | 5&0, and 
that det || b (2)|| has an s-fold zero at z=0 with s<n. Then the system 
of differential equations 


(9) Šiba 2) me’ (2) = fi (2, Wi * i ` Wn), 
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(t—1,:-+,n), has at least an (n—s)-parameter algebroid family of solu- 
tions regular at z==0. The solutions will have algebroid dependence on any 
addilional parameters in which the fi are gwen regular. 


2. Definition. We shall say that (3) has an m-parameter algebroid 
family of solutions regular at the origin when the following conditions are 
satisfied : 


(1) For every positive r<r, there exist a positive 73 < 7's, 2m non- 


negative integers ty jx (k==1,---+,m), a positive integer N and n2N° 
(complex) constants Pmp (i, k= 1, - +,39,b—=-1,---,N), such that for 
any choice of complex numbers pz, (k=1,:--,m), satisfying 

(10) lpn | LTs (k=1,; + -,m), 


there exists a power series solution (5) of (8), absolutely convergent on (8), 
satisfying (8b), and such that if we put 


n N 


(10) n= 2 È Pyrin (¢==1,- : n3] = 1, ` NY; 
l 


=I EST 
then 


(ii) the transformation (10’) is non-singular, and 


(iii) all the imtial conditions dy== w; (0), (i= 1,- n; J= 1,2,- ) 
are algebroid functions of the m parameters py, where 


(11) BE Firik (k = 1,: " m). 


If the f; contain g additional parameters, then the pi; of (10°) depend linearly 
on them (as well as the di), which by (11) implies the algebroid dependence 
of the solution on these m -q parameters. 


3. Proof of Theorem 1. Substitute (5) into g:(Z, Wi, *`,Wn) and 
expand formally, 


(12) Ji = È Giv (dia) 2” (i=1, < -+,n), 
p=0 

to define the polynomials gip = giy(dia,* - <, devi k = 1,- -+ n) whose coeffi- 

cients are uniformly convergent power series in the dw (k==1,---,n). 

Also, let 


(13) ay(z) = Le lint", Ce a er pe 
=0 
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Let M, be the largest maximum modulus of the gı on (3a), (3b), and Ma 
the largest for the ay on (8a). Let r be fixed such that O<r<r,. By the 
remark following (8), whenever (5) converges on (8) and satisfies (3b) 
there, 


(14) 2 | gir |r S M, (=1,: n). 
=0 


Since the g; are, by (4), power series containing no terms of degree 
lower than the second, replacing the w, in (3) by pwy (kK==1,---,n), 
replaces g; in (12) by (u?)*gi(dx u), where 1g: (dx) is a power series in p. 
If this change of scale is made, (12) and (13) inserted in (16r), and the 
result divided by u, we have the equivalent conditions 


2 y 
(15i) (v— si +1) divs = A 2 dij v- i F w gif din p)» 
j=1 = 


Split off the nN + s equations (15iv) for p0,1,---,N+s5,—1, is 1, 
-+,n), and call them (15a); call the remaining infinite system of equations 


(15b). 
Now when (7) is used, (15iv) become 
(15iv) £i p-s = Fa (Épi; 1 = 0, - : v) + uir 


where (letting 1/A==1 at A= 0) 
(16a) Fip =r/1 3) D (dig oat A) En; 
g=1 'A=0 


(16b) Gay = (9/7*) [P gis (drn m) 07] = (1/11) gin (Enr/Fer, w) 77]. 


To consider (15b’) put y-—s;— a in (15i), (16a), and (16b), and require 
a= WN (N is to be fixed later). We then have 


(15b’) i on = inai + pay a+8; (u), ' (a ZN). 
Let r} be such that 0 <r; < 2r < min(1;,72) and require that 
(17) | Ein | L Tra L min (r, T2). 


Suppose also (subject to later verification) that (15a) can be solved in such 
a manner that 


(18) | éir | < 2e, (k=l, N); 


where 0 <e& r, Since the right hand sides of (15b’) contain no é; with 
} greater than g- s, the functions Fi as, and Cias, are “analytic functions 
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of the infinitely many variables & ysn €insey (band: > ‘,m)” in the 
sense of [7]. The remaining é, (k == 0, 1,- + +,N) are for the present to be 
regarded as parameters. Note that by (16a), (16b), and the remark following 
(12), the Pi and Giy converge uniformly in these parameters when the para- 
meters are restricted hy (17) and (18). 

Let, Man and Nee be the regions (17) and (18), and define M,, and N, 
similarly. Let ka represent the open disk |r| <A and Ks the sphere 





(19) > » | él < &. 
izi keNoi 

Fix 8 such that 

(20) ò <L 3i (Ta — 293) /r; 


note that decreasing r, (which must be done later) does not disturb the 
inequality (20). At first suppose merely that e 5&7, <8, so that whenever 
(17). (18), and (19) hold, the inequality 


(21) 
holds for all i, k. 





Ein | < 26 


If we can show that for some fixed A, say A, > 0, there exist numbers 
wy and o such that, on the product set Ks X Man X Nog, 


(22) a 2 Fi +s < ON, (28) >, > | Gi key, a < Oy 


421 kdy 
and that (keeping 8 fixed) oy—>0 as N-—>oo, then by Theorem IIa of a 
there exist an V and a A< A, such that (15b) has exactly one solution 
Exj(u), analytic on ka and satislying (19), for each point of Mon X Noe. 
(This is true because by letting A be sufficiently small, not only wy but also 
| + [' can be made sufficiently small in relation to the fixed ô.) This solution 
xj (k ==], + n; f= N41, N +2, ++) is analytic in all parameters on 
ka X M,, X Ne; it is also analytic (for a halved radius of convergence) in 
any other parameters in which the fi (and so the F’s and Gs) are given 
analytic. 
We first consider the validity of (22). By (16a) and (21), 


he Gt, 
(24) | Fi ars; | < 2r8/rsi 2 È | Qij assin | TAAA, 
xL = 


Now by the choice of r, O=7/", <1. We next use Cauchy’s coefficient 
estimate for (18) to establish that 


j ats 
(25) | Fi ars, | < Bnr Ma /rs Y gere), 
Azo f 
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‘By splitting the sum in (25), using Schwarz’s inequality on the first half 
and majorization by a geometric series on the second, we find 


a+s 
(26) SGA < oled + 203/ (a +8, —1), 
A=) 


where c= | (1+ 77/6)/(1—#) J® and co=-1/(1—96). By (25), (26), 
and Minkowski’s inequality, we can take for wy in (22) 
(27) wy == n (2nrdlle/r8')?Oy, 


where Qy = | (¢,64/?/(1 — 6#)4) + 2e.(1/(N —1)?+--: - -)4]*. Consequently, 
we can choose N so large that wy is as small as required. 

We have assumed «7;<8. Now that N is fixed, we may further 
diminish 7, if necessary, in order to ensure that 


(28) An Ne = 4nNr.? < ô. 
We shall next prove (23), under the hypotheses (17), (18), (19). By 
(28), the hypotheses (18), (19) imply ° 
(29) > Dd | & |? < 28%. 
gal k=l 


This holds a fortiori if the first summation sign is removed. Hence by 
Schwarz’s inequality and the fact that })1/k? = r?/6, 


(30) Š | dee | oS | be //h S 78/3 


which proves that the series (5) converge absolutely on (8). Furthermore, 
by (17), (20), and (80), 


(81) | (2) | S| dio | + | È daa | < ta, 


In proving (23), we need only (by the maximum modulus theorem for the 
partial sums of (28), as stated in Littlewood [2], p. 288) consider the 
functions gi (u) of, (12), (14), and (16b) at | u | = 1, as will now be shown. 
Equation (31) (which continues to hold when the dy, are each multiplied by 
ett, p > 0) shows that for any choice of the coefficients of (5) satisfying (17), 
(18), and, above all, (19), the power series (5) can be inserted in the g; and 
expanded as in (12). Then (14) holds, and continues to hold, if the first 
N -+-s,—-1 terms are omitted. Comparing this with (16b), we see that on 
|» |==1 we may put 

(32) w = 77 M? > aaa 

jet 


But then by the argument of [2], (23) holds for all |a| <1. 
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Thus we have not only shown that the system of conditions (15b’) 
possesses solutions £j = éz (m w ° t’ Ewart) (4=N+1,N4+2,---), 
analytic on ka X Mn X Ne but in (31) we have shown that the solutions (5) 
resulting from (15b) converge on (8) and satisfy (8b), provided only that 
(15a’) and (18b) can be satisfied simultaneously for values of ém, (k =0, 
1,,--,N), lying in Mn X Ne. 

First, fix » on ka. Then the solutions of (15b’) just established can be 
rewritten by means of (7) in the original variables: 


(33) — diya = p(y, + +, djn) O +, dj wso-1 == N 0-1 (ajot © *, day) 


(34) dj wep = nip (djo + $ din), (p==0,0-+1,-- -) 
where o = maxs, (t=1,-:-+,n). The functions y; are analytic in their 
N +1 variables. Since the solution (83)-(34) is unique and (8) admits the 
solution w;==0, (¢t—1,:--,2), we know that ,,(0,0,---,0)—0O for 
all 4, k. 


The 5 (N -+- s;) =nN +s equations (15a) have the form 
i=1 


0 = fio (din), ` +, 0 = fj 5,-1 (djo ° *, Gj 5-1) 


din = Fis, (djo ° *, dis) 5° f `, Qin = fi Nesp- (Qjo; i “y Aj Nasya) 


(35) 


According to the definition of o, none of the equations (35) contain variables 
which do not occur in the n(o—1) equations (33). Furthermore, 
Fal, > -,0)==0, (4 =0,---,N-+s;—1). Considering (83) and (85) 
as a single system, we then have nN -Hs -+ no—n analytic implicit equations, 
vanishing at the origin, for the n(V-+-c) unknowns dj,:- *, dy Nro- 
(j==1,:--+,n). Consequently, by a theorem of Weierstrass (as stated in 
[4], p. 132), at least n(N -+ o) — (nN + 8 + ne —n) =n—s linear com- 
binations of the unknowns can be left as parameters, say the my of (11), with 
m Z n— s; and the remaining unknowns can be found as algebroid functions 
of them. Moreover, the transformation (10’) is non-singular, and since 
these algebroid functions disappear at pr = 0, (k= 1,---,m), the equations 
(17) and (18) can be satisfied (with 7; and e replaced by dr, and de) by 
decreasing the value of ra which appears in (10). 


4. Proof of Theorem 2. Let cz,(z), du.(z), (i, k = 1,: + -,n), be power 
series regular near z = 0 and such that det || cy, ||, det || dix || have no zeros in 
some neighborhood of the origin. In (9) put w,— > ¢ix(2)v,3; then (9) 

. gz. 


becomes a system (9’) of the same type for v,. If fi is given by (4), then 
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bi, is replaced by > Dici and diy replaced by 5 (isd jx — biti). The new g; 
t=1 jal 


are of the second degree or higher in the v. Now multiply the k-th equation 
of (9) by da (z) and sum over k (k= 1,: - -,n); the result is a system (97) 


of the form (9) again, but with by, replaced by eip = 5 > dij(z) by(z) Cx (2). 
i j=1 Ist 


Lettenmeyer [3] has shown that dj;(z) and ey,(z) of the type mentioned can 
be so chosen that ey, = 25'8p, (8, = 0,136 k; —1,1—k), where s; are integers 
satisfying (2). Theorem 2 then follows as an immediate corollary of 
Theorem 1. 
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REPRESENTATIONS OF SEMISIMPLE LIE GROUPS IV.* 


By HarisH-CHANDRA. 


1. Introduction. In an earlier paper of this series, I have given a 
method of constructing all irreducible quasi-simple representations of a con- 
nected semisimple group G (at least in case G has a finite-dimensional faithful 
representation) up to infinitesimal equivalence (see Theorem 4 of [5(d)]. 
ITowever this method has one serious drawback. It can happen very well 
that the representation so obtained is infinitesimally unitary without being 
equivalent to a unitary representation. In order to make it unitary one has 
to introduce a new scalar product in a dense subspace of the representation 
space in some more or less artificial fashion and then complete this subspace 
with tespect to the new norm. It would of course be much better if the 
unitary representations could be obtained in a more natural manner especially 
since it is often a rather difficult matter to decide whether a given repre- 
sentation is infinitesimally unitary or not. Suppose, for a moment. that G 
is a linear group and A is a Cartan subgroup of G. Then A can be written 
as a direct product of two subgroups A_ and A, of which the former is 
compact while the latter is isomorphic to a vector space. We say that -{ is 
incompact if A, has the maximum possible dimension. Now in the above- 
mentioned construction it was quite essential that one should start from an 
incompact A. However the study of simple examples (such as that of the 
2X2 real unimodular group [1,5(e)]) is enough to convince one of the 
necessity of searching for alternative ‘natural’ methods of construction 
which start out from other types of Cartan subgroups. The work of Gelfand 
and Graev [4] on the Plancherel formula of the nX n real unimodular 
group points to the same conclusion. In a recent note [5(f)] I have given 
such a ‘natural’? mode of construction based on the concept of induced 
representations (see Mackey [6]), which is applicable to all Cartan sub- 
groups. By a simple argument the main problem can be reduced to the 
case when A is compact and therefore it is this particular case which requires 
intensive study. The object of the present paper is to deal with the algebraic 
aspects of this case, the function-theoretic aspects being left to a subsequent 
paper. Assuming that G is simple and its first Betti number is 1, we shall 
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give a quite general method of constructing a series of irreducible unitary 
representations of G parameterised by the characters of A. However if the 
first Betti number is zero (and G is not compact) this method does not give 
anything at all [5(g)]. (It seems likely that this is not due to a fault of 
the method but rather reflects an essential difference in the two cases with 
regard to representation theory. It is noteworthy that a similar difference 
has been observed by E. Cartan [8(d)] in his theory of bounded homogeneous 
symmetric domains. There also exactly those simple groups come into play 
whose first Betti number is one.) The representations obtained in this 
manner bear a very close resemblance, in their algebraic structure, to finite- 
dimensional representations. As we shall see in another paper, they are also 
somewhat remarkable in so far as their matrix coefficients are square-integrable 
on the group [5(f),(g)]. In the last section we obtain a formula (see 
Corollary to Lemma 21) for the multiplicities of the various weights of these 
representations. 

Some of the results of this paper have been announced in a short note 


L5(g) J. 


2. Preliminary lemmas. Let Æ be the field of real numbers and F a 
vector space over & of finite dimension. We shall say that V is ordered if 
there is given an order in V satisfying the following condition. If u,v are 
two elements in V and a is a positive real number then u +-y>0 and au >0 
whenever u >0,v>0. An element ue V will be called positive (with respect 
to the given order) if u>>0. Let % be the space of all linear functions on FV. 
Then there are two simple ways of introducing an order in % which depend 
on the choice of a base either in V or in %. Let Hı, - -, H, be a base for V. 
We define a function Ae % to be positive if A540 and A(H;) > 0, i being the 
least index such that A(H;) 40. This is called the lexicographic order in § 
corresponding to the base (H,,---,H,). Similarly let (Ai,---+,A:) be a 
base for 3. Then every Ac can be written as A = Cià, +: +--+ cA; (ge R). 
We now define à to be positive if A340 and c; > 0 where 1 is the least index 
such that c;5£0. The order so defined is called the lexicographic order in $$ 
corresponding to the base (An: - -,Az). 

Let g be a semisimple Lie algebra over the field C of complex numbers 
and let h be a Cartan? subalgebra of g. Let he denote the subset of those 
elements of § at which every root æ (of g with respect to b) takes a real 
value. Then hr is a vector space over R and if Ha, - -,H;is a base for br 


* We use the standard terminology of the theory of semisimple Lie algebras (see 
for example [5(b)]). 
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over K, it is also a base for h over C. We say that a linear function A on $ 
is real if A(#Z) is real for Heg. Then the set pr of all such real functions 
may be identified in the obvious way with the space of all linear functions 
on hy. Hence corresponding to the base (Ha, - -,H,) we get a lexicographic 
order in re. Similarly if o4,- --,a, are 2 linearly independent roots they 
form a base for r and we obtain the corresponding lexicographic order in pr. 

Let + be a representation of g on a vector space V over ©. A linear 
function A on § is called a weight of + if there exists an element y +40 in V 
such that r(H)y—A(H)y for all Heh. A weight A is called extreme if 
it is impossible to find a root « such that both A-+-a and A-——g« are also 
weights of +. It is well known (see Weyl [7]) that if dim V is finite every 
weight A is real. 

For each root œ choose an element X,5<0 in g such that [H, Xa] 
= 4(H)X, for all Heh. Then Ha == [Xa X-a] lies in § and we may suppose 
that Xa is so chosen that «(H,)==2. Let B be the universal enveloping 
algebra of g. We identify representations of g with those of @ in the usual 
way. 

Lemma 1. Lel w be a representation of g on V and let p40 be an 
clement belonging? to the weight A. Suppose a is a root such that 
n(A a)y = 1(X_o")p = 0 for some integer r221. Then A(Ha) is an integer 
and A— ka is a weight of m for all integers k such that 

min(0, A(H,)) Sk S max(0,A(H,z)). 


In particular A—-A(IIg)a is a weight of w. Moreover if w(Xa)y =0, 
A(IZ,) is equal to the smallest integer r= 0 such that w(X_o") y= 0. 


The proof of the first two statements is substantially the same as that 
of Lemma 11 of [5(b)]. Now suppose r(Xa)y ==0. Let sbe the least non- 
negative integer such that +(X..5*)y=0. Then if yı =0, yo=yŅ4 and 
Wr =r(X a)y (kZ 1) the argument of Lemma 11 of [8(b)] shows that 


(Xa) We = (A (Ha) — k + 1) es (k 0). 


Putting k =s -+ 1 we get A(H,) = s and this proves the last part of assertion. 

Let A be a linear function on §. We say that an element be% is of 
rank A if [H,6]==A(H)b for all Hel. Elements belonging to different 
ranks are linearly independent and if y is the set of all elements in B of 
rank A, B is the direct sum of B, for all A [5(b), Lemma 2]. By the com- 
ponent of z of rank A (z2e%) we mean the component of z in B, in this 
direct sum decomposition. 

Now suppose § has been ordered in some way. 
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Lemma 2. Let w be a representation of B on a vector space V. Suppose 
A is a linear function on § and w540 a vector in V such that: 


(1) a(Xa)y=0 for every positive root a; 
(2) w(H)w=—A(H)y for all Heh; 
(3) F =xr(B)y. 


Then tf %,°--,%, are all the distinct positive roots of g every weight of x 
is of'the form A — (mıı +` +--+ m,a,) where Mm: + +,m, are nonnegative 
integers. Moreover if for each œ, we can find an integer nı Z0 such that 
m(X-a >) y =0 then dim V ts finite and x is irreducible. 


Since g is spanned by (Xas' © +; Xan J X-as * °,X-a,) it follows from 
Lemma 1 of [5(a)] and our assumptions above that V is spanned by elements 
of the form r(-ar: © -X-a )y. In'view of Lemma 10 of [5(b)] 
our first assertion now follows immediately. Moreover it is clear that Cy is 
the space of all elements in V which belong to the weight A. j 

Now suppose m(£-a t )y =0, 1S&ti&r. Then we claim that V is 
spanned by r(t Xar, OS nus n i SiS r). For let U be 
the space spanned by these elements. It would be sufficient to show that 
(Xa + + Xo weU for all mi: + +-,m,=0. We shall do this by 
induction on M==m,-+-::+m,. If M==0 the statement is obviously 
true and so we may suppose M>0. Also we may assume that m; > m, for 
some t. Let 7 be the largest index such that m; > n; If j =r, x(X_,")y = 0 
and so our statement is again true. Hence suppose 7 <r. Put 


2 == Aa e a Xat, w = Aca e. Aa, 


(z=1 if j=1). Then zX «ĉň™w = z[X o", w] +2wX_.," and since 
m; > nj n(A- )y =0. Therefore 


=n (X-a Xa) y= (2l Xa w] yp. 


But X-as’ © °, X-a, span a subalgebra of q and therefore from Lemma 1 of 
[5(a)] z[X-a;"", w] can be written as a linear combination of X-a! +> +X g,™"" 
with m,’+----+m,’ <M. Hence by our induction hypothesis ee U. This 
proves that U == V and therefore dim V is finite and V is fully reducible 
under +. Hence there exists a subspace of V’ which is invariant and 
irreducible under +(®) and which contains a nonzero vector y” belonging to 
the weight A. But then, as we have seen above y == cp (ceC) and therefore 
VW’ = 2(B)y’=V. This proves that 7.is irreducible. 
We shall need the following lemma due to E. Cartan [3(a) ]. 
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LEMMA 3 (Cartan). Suppose m is an irreducible finite-dimensional 
represeniation of g and A, is tts highest weight. Then if W is the Weyl? 
group of g (with respect to h) sA, (se W) are exactly all the extreme weights 
of i: 


We sketch the proof for the sake of completeness. It follows from the 
argument of Lemma 13 of [5(b)] that if A is an extreme weight of a so is 
also sA for every se W. Since the highest weight is obviously an extreme 
weight. såọ (se W) are all extreme weights. Conversely suppose A is an 
extreme weight of m. Let A, be the highest one among sA (se W). Then 
A, is also an extreme weight and it would be enough to prove that A, == Ag. 
Let æ be a positive root and Sa the corresponding Weyl reflexion. Then 
Sai; = A, —A,(Ha)@S Ay. Hence A (Ha) 20. We claim that A, -+ is 
not a weight of +. For if it were we could conclude from Lemma 1 (since 
r(A a) and (X-a) are both nilpotent) that A,-+-a-~va is a weight for 
Sr sS A (Ha) +2. This would imply however that A, + æ and A, — g are 
both weights, contradicting the fact that A, is extreme. Let y540 be an 
element in F belonging to the weight A,. Since A,;-+@ is not a weight, 
a«(V,)w—=0 and it follows from Lemma 2 that A, is the highest weight of r. 
Therefore A, == A, and Lemma 8 is proved. 


A set (a,,- *,%:) of roots of g is called a fundamental system if it is 
a linearly independent set and if every root æ can be written in the form 
g == di% -H +--+ da, where d; are integers which are either all nonnegative 


or all nonpositive. 


Lemma? 4. Let m be a subalgebra of g such that 6 C m and for each 
root a either Xa or Xa ts in m. Then it is possible to choose a fundamental 
system ("© °,%:) of roots such that X,,em, 1S71l. 


Let T be the radical of m and let X —> X* denote the natural mapping 
of m on in*==m/T. Then m* is a semisimple Lie algebra and b == (9 +T)/Ir 
is an abelian subalgebra of m*. Let X —>adX denote the adjoint represen- 
tation of g. Then if Heb, adH is a semisimple® linear transformation of g. 
Hence if ad*H* denotes the linear mapping of m* corresponding to H* 
under the adjoint representation of m*, it is clear that ad*H™ is also semi- 
simple. Therefore h* can be extended to a Cartan subalgebra ),* of m*. We 
introduce some lexicographie order among the roots of m* with respect to },*. 
For every root y* of m* choose an element Y4.*540 in m* such that 
[FT*, X,.* | = y*(H*)X,.* for all H*eh,*. Let Ty* == h,” + 2 CX,» and 

à ee 


? A very similar result has been obtained independently by A. Borel. 
‘This means that g is fully reducible under adH. 
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let T, be the complete inverse image of T,* in m. It is clear that T,” is a 
solvable subalgebra of m*. Hence T, is a solvable subalgebra of m containing 
p -+T. 

Now let 8 be any root of g. We claim that at least one of the two 
elements Xg or X_g is in T,. In order to prove this we may clearly assume 
that Xgem but Xe¢T,. Then [H, Xs] =8(H)Xg (Heh) and by going 
over to m* we get [H*, X,"] = 8(H)X* (Heh). Since Xer, Xp* 0 
and so we can choose a root y* of m* such that y*(H*)==8(H)}) for all 
Heb. Define «<1 or —1 according as y* is positive or negative and, put 
Y* = Xeys*eT,*, Then if Y is any element in T, whose image in m* is 
Y*, Y 540 and . 

[H,Y]==8(H)Y modr (Heh). 


However T, is invariant and fully reducible under adh. Therefore we can 
select an element Zer, (4540) such that 


LH, Z] =«B(H)Z. 


But then Z can differ from X.g only by a nonzero factor in C and therefore 
Agel, Cm. This proves our assertion. 

Put B(X, Y) =sp(adXadY) (X,Y sg). For any linear function A 
on H let Hy denote the (unique) element in § such that B(A)’, H) =aA(Z) 
for all Heb. Define <A, p> == B(Hy,H,’) =X(H,’) for any two linear 
functions A,z. Then it is well known [7] that if a is a root Hy’ = ta, 
where Ca is a positive real number. Let yı: - -,y; be a fundamental system 
of roots of g. We introduce the lexicographic order (in $r) corresponding 
to this system. Let A, be a linear function on h such that Ao( Hy) lStSl 
are all positive integers. Now if æ is a positive root a == diy, +` ` = diy 
where d; are nonnegative integers and therefore H,’ = d Hy +: hB. 
Hence 


f 
Cado (Ha) = Ao (Hd) = X dA (H7) = > diey, Ao (Hy) 
į=1 i 


and in view of the fact that ‘Cas ¢,,,Ao(Hy,) are all positive and not all d; 
are zero we can conclude that <Ao,@> and A,(H,) are both positive. Let r 
be an irreducible finite-dimensional representation of g with the highest 
weight Ao. (We know from Theorem 1 of [5(b)] that such a representation 
exists). Since T, is a solvable algebra, by Lie’s theorem we can choose an 
element #340 in the representation space V and a linear function p on T, 
such that (X )yo=p(¥)yo for all Xer, Since ġ CT, it follows that p 
coincides on ġ with some weight A of m. Let 8 be a root such that Xg eT. 


REPRESENTATIONS OF SEMISIMPLE LIE GROUPS IV. 74.9 


Then ya is an eigenvalue of r(Xg). But m(Xg) and «(X_g) are both 
nilpotent and therefore a(Xg)yo=0 and x(X.s")w)—=O0 for r sufficiently 
large. Hence it follows from Lemma 1 that A(H,) =0 and A(Hg) «0 
unless r(X_g)Wo=0. Let (Bı, ` +, Bs) be all the distinct roots B such that 
gel, and among these let (@:,- - *, 8r) be all those for which A(Hg,) 0. 
Then A(H,,) >0, 1Sir and in view of what we have proved above, 
g is spanned by b, Vg, and Xg, 1Sixs. Hence it follows from 
Lemma 1 of [5(a)] that m(B)yo =V is spanned by elements of the form 
T(A p + + X¥_g.™)u, where m,°-° +, mM; are nonnegative integers. Since 
a(X_g,)¥o= 0,7 <j Ss, F is actually spanned by 1(X_,,.™- - -X_g,.™)y. This 
proves that every weight of + must be of the form A—(m,8,-+- - --+-m,B,), 
(m,=20). We now claim that A is an extreme weight of m. For otherwise 
let x be a root such that A-+-a and A—g are both weights. Then in view 
of the above result 


M = M: Bi H: +--+ m,f,, —a =m Bi +: -H om,’ Br 
where m,m 20. Mence 0 = (m, + mi )Bi t: +--+ (m,+m,’)B, and so 
(mi -H ma) KA; Bid + (Ma + ma!)ZA, Bed H > + (my F my!) KA, B> = 0. 


But we have seen above that A(/Tg,)>0 and therefore <A, BY > 0, 
t= l,- 7. Hence the above equation implies that m; =mi =0, 1Si<r. 
This however is impossible since #540. Therefore A is an extreme weight 
and we can conclude from Lemma 3 that A.==sA, for some se W., 

We recall that <Ao,¢> 340 for every root « Hence <A, &> == (Ag, 8125 
7) and therefore A(Hg) > 0 for every root B such that Ag lies in T;. This 
shows in particular that for any root 8 exactly one of the two elements Xg 
and Ag is in F. Now put o—=sy, 1<i<l. Then (æ` © *.&1) is also 
a fundamental system of roots of g and <A,%>—=<Ay,y > 0. Therefore 
A(/T,,) > 0 and hence Xare r Cin. This proves the lemma. 


COROLLARY 1. Lel*P be a set of roots of g (with respect to h) satisfying 
the following two conditions. 

(1) For any root B exactly one of the two roots B and — lies in P; 

(2) If «and B are in P and a+ Bis aroot thenatBeP. 
Then il is possible to select roots we”, ISS] such that (a,,- © +, a) is 
a fundamental system of roots and this system is unique (apart from a permu- 
tation of its elements). Moreover P is exactly the set of positive roots in 
the lexicographic order corresponding to (d1,° >,a). 

It is clear that = 2 CXg is a subalgebra of g and m =b -+n fulfils 

£ 
9 
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_ all the conditions of Lemma 4. Hence we can choose a fundamental system 
(o;,° ° *,@) such that X,,em. It is obvious that aeP. Let 8 be any 
positive root in the lexicographic order corresponding to this system. Then 
X g is contained in the subalgebra of g generated by Xap 1S1 S1 (see Lemma 
18 of [5(b)]). Hence it follows from the second condition of our hypothesis 
that Xgen and therefore Be P. So every positive root is in Pjand hence in 
view of condition (1) no negative root can lie in P. This proves that P is 
exactly the set of all positive roots. Finally it is obvious that if « is a root 
in P, it lies in the fundamental system (@,,- + - ,@;) if and only if it cannot 
be written in the form a—f,-+--+--+ 8, where £,,:--,8, are all roots 
in P and r= 2. This shows that the system (o1,:--+,a,) is unique apart 
from order. 


COROLLARY 2. Let P be the set of all positive roots under any gwen 
order in Br. Then there exists a fundamental system (a, + +, 41) consisting 
of positive roots and this system is unique apart from a permutation., M ore- 
over P is also the set of all:posiitwwe roots in the lexicographic order corre- 
sponding to (a:,° + +, a). 


For it is obvious that P satisfies the two conditions of Corollary 1. 


3. Representations with an extreme vector. 


DEFINITION, Let x be a representation of B on a vector space V. An ` 
element y in V will be called an extreme vector of w (with respect to h) 
if the following two conditions are fulfilled: 


(1) y0 and there exists a linear function A on ý such that 
a(H)p=A(H)y for all Heh. 

(2) For any root B at least one of the two elements (Xg)y, 7(X-g)W 
aS zero. 


Suppose y is an extreme vector of m. Let m,be the subalgebra of g 
consisting of all elements Xeg such that y is an eigenvector of r(X). 
Then m satisfies the conditions of Lemma 4. If 8 is a root such that 
a(Xg)y 540, r(Xg)y belongs to the weight A+ @ and therefore Xgém. 
Hence if Xgem, r(Xg)y =0. Therefore from Lemma 4 it is possible to 
choose a fundamental system of roots (æ, >,a) such that r(X,,)y==0, 
a==],---,1. Then if we consider the lexicographic order corresponding to 
this system and set ñ = VA s, t Cm (Lemma 18 of [5(b)] and therefore 


a(Xpg)y==0 for all B>0. If B,,: + -,B, are all the distinct positive roots 
and we assume that V ==7(%)y, it follows from Lemma 2 that every weight 
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of + is of the form A — (m Bı +: +--+ ,8,), (mÆ 0) and therefore also 
of the form A— (dia +` ° -+ di) where dı- dı are nonnegative. 
integers. 

Conversely suppose we are already given an order in r and y is an 
extreme vector of the representation m. We say that y is a positive extreme 
vector if ~(Xg)y==0 for all positive roots 8. The above remarks show that 
any extreme vector is positive with respect to the lexicographic order corre- 
sponding to some fundamental system of roots. 


anai 


' Lemma 5. Let A be a linear function an §. Then there exists at most 
one maximal left ideal Mt in B such that + 


M LBX + %B(Hp—A(H~)) 
p>0 p>0 , 
where B runs over all positive roots. 
This is proved in exactly the same way as Lemma 1 of [5(b)]. 


COROLLARY. Let mı, ma be irreducible representations of B on the vector 
spaces V,, Va respectively. Suppose there exists an order in r such that 
with respect to this order both w, and ~, have positive extreme vectors 
belonging to the same weight A. Then m, wo are equivalent. 


Let y; be a positive vector of m; belonging to the weight A (t= 1,2). 
Let M, be the set of all be B such that w;(b)y,—0. Since r; is irreducible 
M; is a maximal left ideal in B and a; is equivalent to the natural represen- 
tation (see [5(c),§3]) of B on B/M; But M, =M, from Lemma 5 and 
so our assertion follows. 

For reasons which we have explained briefly in Section 1 (see also [5(f) }), 
we shall now consider the following special case. Let gẹ be a semisimple 
Lie algebra over R. Henceforward I shall use the notation of my two 
previous papers [5(c), (d)]. Define £, and Po as in [5(c),§2] and let o 
be a maximal abelian subalgebra of.f). We shall assume that Hy, is also 
maximal abelian in go. Complexify go to g and let §, p, Ë denote the sub- 
spaces of g spanned over C by fo, Po, fy respectively. Then ý is a Cartan 
subalgebra of g and [§,%] CÉ [6,p] C p. Therefore if 8 is any root (of g 
with respect to }) it is clear that Xg lies either in f or in p. We say that 8 
is compact or noncompact according as X,ef or X,gep. Two roots a and 8 
are unlike if one of them is compact while the other is not. Otherwise they 
are like. Since [p,p] Cf, [fp] C p and [Xu X-a] = Hach C É, it follows 
that « and —« are always like. If «,8 and a + £ are roots, it is known that 


t That Yt always exists follows from Lemma 16 
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[Xu Ze] == cXag where c~0 (ceC). Therefore «-+ 8 is compact or not 
according as @,@ are like or unlike. 

Let + bea representation of g on a vector space V with an extreme 
vector yo (with respect to h) belonging to the weight A». Introduce a 
lexicographic order so that r(Xg)wo—=0 for every positive root 8. Let P 
be the set of all positive roots and Py, and P,, respectively the subsets of P 
consisting of all compact and noncompact roots in P. Then it is clear that 


f =b + 2 (CX, + CZ-a), p= > (CXg + CXe). 


In accordance with our earlier notation [5(c)] we denote by Æ the sub- 
algebra of B generated by (1,£). Since we are ultimately interested in the 
irreducible répresentations of the simply connected group corresponding to 
the algebra go, we shall now make the further assumption that dim 2(X) wo 
is finite and V = x(B) do. Í 

Since Æ is the universal enveloping algebra of £, we can identify repre- 
sentations of £ with those of X. Let o denote the representation of Tong 
given by o(X)Y =[X, FY] (Nef Feg). 


DEFINITION. A root B of g will be called totally positive if there exists 
a subset Pg of P such that o(£)Xg = >, OX}. 
rye Pp 


It is clear that every totally positive root is positive. Later (in Section 4) 
we shall give another equivalent definition of totally positive roots (see the 
corollary to Lemma 12). Let P, be the set of all totally positive roots and- 
Q the remaining set of positive roots. Our main object at present is to 
prove the following theorem. | 


THEOREM 1. For every BEQ, Ao(Hg) ts a nonnegative integer and it 
îs the least integer += 0 such that 7(X_g"*) yp. = 0. 


Let Q’ denote the set of all positive roots 8 such that 2(X_p")Wo = 0 for 
some r= 1. Since r(Xg)yo—=0 for BeP, it follows from Lemma 1 that in 
order to prove the above theorem it is enough to show that QC Q’. For 
this we need some lemmas. | 


Lemma 6. Suppose Be Q’. Then for any we V we can choose an integer 
r= 1 such that r(Xg jy = 2(X_—")y = 0. 


Let B,,- > -,8; be all the distinct positive roots. As we have already 
observed earlier V==2(B)y. is then spanned by elements of the form 
m(X-p + -X_g,™')ho, (m;20). Hence it is enough to prove our state- 
ment for y=r(x)yo where c—X_g,™---Xg.™eB. Now if Xeg, 
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Xe= sX + [X,2]. Therefore if we denote by adX the endomorphism 
b—>[X,b] (beB) of B, it follows that (see pp. 40-41 of [5(b)]) 
XPy== DS) Oy { (adX)? 14} Xe 
asp 
for any integer pz 0. (Here Ce = p!/(p—q)!q4!). However if X == £g 
or ¥.g the restriction of ad X on g is nilpotent and from this it follows easily 
that (ad¥ )e” = 0 if m is sufficiently large. Since Be Q, r(Xa)yo=0 and 
we can choose an integer s= 1 such that d o Then if we put 
p= m -+8 we get 
AMA ce > Cyt (adX ) qints-a) Xa ss > Car (adX ) eee 
0Sq=mr+s sKqsmr+s 
since (adX)a”" = 0. On the other hand r(X3)yo = 0 for q Z s and -therefore 
a (YS) y = ao (Las) y,—0. This proves our assertion. 


COROLLARY. Let W be the subgroup of the Weyl group W generated 
by the” Weyl reflexions sg corresponding to BeQ’. Then if A is a weight 
of x and se W’, sA is also a weight of r. 


Suppose S= 848g, ° s, Where BeQ’. If r—1 the result follows 
immediately from Lemmas 6 and 1. Hence assume 7 = 2 and use induction 
on r. Then if s’ == sg: - -sg, it follows from our induction hypothesis that 
sA is a weight of + Hence again by the above argument sg (SA) ==sA is 
also a weight of r. 


LemMA 7. Let B be a positive root. Suppose sB <0 for some se W’. 
Then Bed. 


Let £,,: - +, Bı be a fundamental system of positive roots (see Corollary 2 
to Lemma 4). Then we know from Lemma 2 that every weight of + must 
be of the form A y— (m,8,-+- +--+ MB) where m; are nonnegative integers. 


Now suppose +(X_g")o540 for some positive integer. Then A,—7f is a 
weight of +. Since se W it follows from the above corollary that both sA, 
and s(Ay-—78) are weights of m. Therefore 


sAo = Ao — (dibi ++ + ++ bi) (d, 2 0) 
So ——TrS B == Ay — (m8: + me eS te ao m1) (m = 0). 


But s£ is a negative root and therefore s8 = — (6:81 +: +--+ eb) (a Z0), 
e; being integers which are not all zero. Hence 


— r (eB 4- e > + eB = rs = 8A, — (SA — 1s) 
= (m — h) Bi +: > ++ (mi— di) Bi 
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and therefore m= di — re = 0. Put d==maxd Then d = max Tq Er, 
This proves that a(X_g#*)W. == 0 and so Bed’. 

Notice that if œ is a positive compact root ae Q’. For the dimension 
of m(Æ)yo is finite and the nonzero vectors among w(X_,")) (r= 0) are 
linearly independent since they belong to the distinct weights A,— ra. Hence 
n(X-a)yo = 0 for r sufficiently large. Therefore if W, is the subgroup of 
W generated by the Weyl reflexions corresponding to the compact roots, 
Wa C W. 

Let co be the center of f) and let Ey == [$o fo]. Then f, is the direct 
sum of cy and f,’ (see [5(c),§2]|) and since hy is maximal abelian in {o 
Co C Bo. Let c and f be the respective complexifications of tọ and f,’ in f. 
Put hb P. 


Lemma 8. Let B be a positive root. If B 1s zero on c, sB <0 for some 
se W; and therefore Be Q. 


It is obvious that every compact root is identically zero on c. Since 
B—sB (se W,) is a linear combination of compact roots it follows that if 


B vanishes on c the same holds for s8. Now consider A== X, s8. Then 
sey; 


Saà =à and therefore A(H,) ==0 for every compact root œ. Since H is a 
Cartan subalgebra of the semisimple algebra (see [5(c), Lemma 3]}) it 
follows that the elements H, corresponding to all compact roots « span Jy’. 
Hence 40 on §’. But as we have seen s8 (se W) and therefore also À 
vanish on c. Hence A==0 and therefore s8 cannot all be positive. This 
proves that s8 <0 for some se W}. But W} C W and so we can conclude 
from Lemma 7 that Be Q’. 


We define the representation o of Ë on g as before. 
Lemma 9. Let y be a root of g. Then o(X)X, is irreducible under f. 


Since f is reductive in g [5(c), Lemma 3] the representation o is semi- 
simple. Also it is obvious that g is fully reducible under o(h) and CY, 
is the space of all elements Y eg such that o (H) Y —y(H)Y for every Meb. 
Let q be a subspace of o(¥) £y which is invariant under o(f). Since o is 
semisimple there exists a subspace q’ complementary to q in o(¥) Xy which is 
also invariant under o (f). Since X,eq-+q’, we can choose an element Y ~0 
either in q or q’ such that o(H)Y = y(H)Y for all Heb. Let q,—q-or q 
according as F is in q or q’. Then as we have remarked above CY = CX, 
and therefore o(X)X ,==o(X)¥ Cq. This proves that gq, —o(X)X, and 
so o(¥) X, is irreducible. l 
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CoroLLARY. Jf B is any rool such thal Xgeo(X)X, then B—y is 
identically zero on c. 


For if Mec, o( H) lies in the center of o(X). Hence in view of the 
irreducibility proved above, it follows from Schur’s lemma that there exists 
a complex number ¢ such that o(H)Y ==cY for all Yeo(¥) Xy. Hence in 
particular if Y == Xg, cYa =o (H)Xg = B(H)Xp. Therefore c= (IZ) and 
similarly c=y(H). Hence (H) —y(H) =—0 for every Hec. 

Now we come to the proof of Theorem 1. Let yọ be a positive root 
which is not in Q^. We have to show that yọ is totally positive. Since 
Pr C Q’, yo is not compact and therefore Y.,ep. Put p,,=o¢(%)X,,. Then 
by C p and since p is fully reducible under o(§), Pyy can be spanned by the 
clements Xg corresponding to a certain number of noncompact roots 8. Let 
By and 8, respectively be the highest and lowest among all those roots 8 for 
which Agep.,. Then Bo = yo > 0 and in order to prove that yẹ is totally 
positive it would be enough to show that 8, > 0. So suppose this is false 
and 8, is negative. Since =c -H ¥, it is obvious from Schur’s lemma and 
Lemma 9 that Py, is irreducible under o(f’). Let r denote the irreducible 
representation of Y on Py, defined by « Now D is a Cartan subalgebra of 
the semisimple algebra f and 

Pah -+ & (CX, + CX 4). 
tte P), 

IJence if we identify linear functions on Y’ with those linear functions on $ 
which vanish on e, the roots of f (with respect to 1) coincide with the 
compact roots of g. For any root 8 of g let 8’ denote the restriction of 8 
on §’. It is clear that [Xa Xp] = [X-a Xp, | 0 for all positive compact 
roots « Therefore it follows from Lemma 2 that Bọ is the highest and B,’ 
the lowest weight (with respect to ’) of the irreducible representation r 
of P. Hence from Lemma 3, there exists an element ¢ in the Weyl group 
of f with respect to h’, such that 6,’=-i8,’. This means that we can choose 
se Wy such that 8ı,— sgo is identically zero on W. However B,—~sfo is a. 
linear combination of compact roots and therefore it vanishes on c. On the 
other hand from the above corollary 6,-— Bo is also zero on c. Therefore. 
Bı—sßo vanishes on both H} and c and so ~,;=s88. Since 8, >'0 and 
SBo = B, <0, we conclude from Lemma 7 that Boe Q’. 

Now Xy,€ py and yağ Q. Choose the highest 8 such that Vgep,, and 
BEQ’. Then B2yo>0 and BAB. We claim that [Xu Xg] 540 for some 
positive compact root a. For otherwise suppose [Xa Xg] = 0 for every ae Pp- 
Let œ: + *,% be all the distinct positive compact roots of g. Since Pa, is 
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irreducible under o(f), it follows that o(X)Xg==p.,. But then from Lemma 
2 and the corollary to Lemma 9 we can conclude that 


Bo = B— (mya, +: - ++ m, ar) (mi = 0): 


Since Bo = 8 this implies that m, =' > <== m,==0. However this is impos- 
sible as B54Bo. So let æ be a positive compact root such that [Xa Xg] 0. 
Then 8 -+ g is a root and X pia = c[X a Xp] E Pya (c£ C). Moreover 8+ >B 
and. therefore Be Q’. Now B+ (B+ 2) is not a root. For since 8-++ @ and 
B are both noncompact B+ (8+), if it is a root, must be compact. 
On the other hand 8— (8 -+4-«)=—a« is also a compact root. Since 
2B = B+ (B+-2)—a, B is a linear combination of two compact roots and 
so it must be zero on t. Therefore from Lemma 8, BeQ’. As this contra- 
dicts the definition of 8, it follows that B+ (8+) is not a root while 
B— (B+ a) isa root. Let v be the largest integer = 0 such that B—v(B + a) 
is a root. Then v©1 and 


eae ea eR) a i) a 


But B+aeQ’ and therefore from Lemma 7, Be @’ giving again a contra- 
diction. ‘This proves that 8, > 0 and so yọ is totally positive. 


4. Another characterization of totally positive roots. We shall now 
study the totally positive roots a little more ohne ye We call a root 8 totally 
negative if — 8 is totally positive. 


Lemma 10. Let B be a totally positive root. Then sB (se Wx) is also 
totally positive. Similarly if B is totally negative the same is true of sp. 


Let « be a compact root and let y = Sag. Then it is known (see Weyl 
[7]) that Xy can be written in the form XY ,=co(¥")Xg, where ceC and 
Y = X, or X.a and m is a nonnegative integer. Therefore from Lemma 9, 
o(X)Xy==a(X)Xg. This shows that if 8 is totally positive the same holds 
for s,8 and therefore also for s8 (se Wz). On the other hand if 8 is totally 
negative s(— B) —=—-sB (se Wx) is totally positive and therefore s£ is totally 
negative. 


COROLLARY 1. If Bis totally positwe it cannot be identically zero on c. 


Put A= X, s£. Then sf are all totally positive and hence positive. 
sew: 


Therefore A>0. But ssA=A for every compact root æ and so A is zero 
on f’. Hence A cannot be identically zero on c. But B—s® (se Wx) being 


a linear combination of compact roots is zero on e. This shows that if w 
á 
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is the order of the group Wx, À coincides with w8 on c. Therefore 8 cannot 
vanish identically on c. 


COROLLARY 2. Every totally posite root 1s noncompact. If c= {0} 
there are no totally positive roots. 


This is an immediate consequence of Corollary 1 above. 


LEMMA 11. Let B be a totally positwe root and y a noncompact root 
which is not totally negatwe. Then B+ y is not a root. 


For otherwise suppose 8+ y is a root. Since 8 and y are both non- 
compact z = 8 -+ y must be compact. Then —y=—f8—za and 


Xy ==6[ X26] eo (X)X5 (ce), 


Licence from Lemma 9, o(X)X_,—=o0(X)Xg and therefore since 8 is totally 
positive the same must hold for —y. But this means that y is totally 
negative and so we get a contradiction. 

Let @ denote the automorphism of g of order 2 given by @(XY¥ +Y) 
=X¥—F (Xet, Yep). We define a linear mapping @ of g over R by the 
rule 6(¢X) —0(X) (ceC,X ego) where é is the complex conjugate of c. 
Then ð is the conjugation of g with respect to its compact real form * 
u = fp -+ (—1)4p, (see [5(c),§$2]) and it is known (see Weyl [7]) that one 
can choose the elements Xy corresponding to the various roots y in such a 
way that Yy — E.y and (—1)4(X,-+ X_,) both lie in u (without disturbing 
our earlier condition that y(H,) =2 for H,=—[X,,X_,]). Assuming that 
this has been done, it follows immediately that (Xy) =— eyX-y where 
e, =] or —1 according as y Is compact or not. 


LEMMA 12. Lel ac>- -.0, be all the distinet positive compact roots 
and B a totally posilwe rool. Then if y is any root of the form 
B> mizi + + myo, (where mi, + +, m, are integers), y 1s totally positive 


and Vy yeo(X) Az. 


We shall make use of an argument due to E. Cartan [3(c)]. Define 
the bilinear form B(Y,¥) on g as before. Then —B(X,6(X)) (Xeg) 
is a positive definite Hermitian form on g. Since 8 is noncompact, 
pg o(X)V, is a subspace of p. Let q denote the orthogonal complement 8 


5 We fix once for all one square-root of —— 1 in C and denote it by (—1)3. 

e I take this opportunity to correct a slip in one of my earlier papers [5(d)}, p. 29 
bottom paragraph]. There the orthogonal complement is taken with respect to B(X, Y) 
instead of B(X,6,¥)}. This is a mistake which however is easy to rectify without 
making any substantial change in the argument. 
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of pg-+6(pg) in p (with respect to the above Hermitian form). ‘Then we 
shall prove that [pa-+-6(bg),q] = {0}. Since q=@(q), it is enough to 
show that [pgs, q] = {0}. Let XYeps, Yeq and Zef. Then | 


B([X,¥],4(Z)) =B(¥,[6(Z), X]) =0 


since [0(Z), X] lies in pg and q is orthogonal to @(pg). But [X,Y] e [p,p] 
C Ë and so this shows that [Y, Y]=--0 and our assertion is proved. Let fg 
be the centralizer of q in f. Put gg—bs+6(be) +s. We claim that gg 
is an ideal in g. Since pg-+6(pg) is invariant under o(f), the same holds 
for q and fg. Therefore [f,g¢] C gg- Moreover [q, gs] = {0}. Since 
a—t -q+ pet lps), it is enough to prove that [pe -+ Â(ps), ge] C op. 
But gs == ps +0(pe) + fs and pe +0(pg) is invariant under o(f). So it 
would be sufficient to show that if X, Y are in ps -+ @(pg), [X,Y] lies in fp. 
However [X,Y] ef and if Zeq 


since [X, Z] = [Y,Z]|==0. This proves that [X,Y]efg and therefore gg 
is an ideal in g. Let I be the orthogonal complement of fg in f. Then 
g' =q -+I is clearly the orthogonal complement of gg in g. Let Yeg and 
Yeg’. Then if Zegg, | 


B([X, ¥],6(Z)) ——B(Y, [X,6(Z)]). 


But i i i 
o(LX,0(2)}) = L0 (X), Z] £ gg 


and since g’ is orthogonal to gg, B(Y,[X,6(Z)]) =0. Hence [X,Y] being 
orthogonal to gg lies in g’. This shows that g’ is also an ideal in g. Hence 
[ggs] Cg’ Ngg= {0}. Moreover since q=6(q) it follows that fg == ĝ (fg), 
6 (gg) == gg and 6(q’) = g’. Now supposeXec. Since f= fs + LÆ =Y +Z 
where Yefg and Zel. But [f,,!] — {0} and so it is obvious that both Y 
and Z are in c. This shows that e—cMfg+eNl. 

Now suppose y==£-+ ma,-+---+ mar is a root. Then y and 8 
coincide on c. Since Xgegeg, it commutes with { and therefore 8 vanishes 
identically on cN I. Hence the same holds for y. Moreover since both gg 
and g’ are invariant under o(h) it is clear that X, lies either in gg or -g’. 
We claim X,egg. For otherwise if X,eq’ it commutes with gg and there- 
fore y vanishes identically on cM fg. But we have already seen that y is zero 
on cM. Therefore y and hence also 8 vanishes identically on c. But since 
B is totally positive this is impossible in view of Corollary 1 to Lemma 10. 
This proves that Y,egs. Now y cannot be a compact root since it co- 
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incides with 8 on ¢ and therefore is not identically zero on ¢. Mence 
Xe pN gp—=pe+O(pg). Since pg and @(pg) are both invariant under o(h) 
either X epg or X,eO(pg). But 6(X,) ——e,X_, and so either Xy or 
X. y lies in pg. Now if X_,eh,, it follows from the corollary to Lemma 9 
that B+- is zero on c. But we have seen above that 8 —y is zero on c 
Therefore 28 == (B-+ y)-+ (B—y) is also zero on c. Since 8 is totally 
positive this is impossible (Corollary 1 to Lemma 10) and therefore Xy € pg. 
Hence from Lemma 9 o{(X)X,=-o0(X)Xg and this proves that y is totally 
positive. 


COROLLARY. Lel y'> +,%, be all the positive compact roots of g. 
Then a root B is totally positwe if and only if every root of the form 
B+ mya,+: om, a, (where m,,:°+,m, are integers) is positive. 


Suppose y== B + mig +: - --+-m,a, is a root. If 8 is totally positive, 
it follows from the above lemma that y is positive. Conversely suppose every 
root y of this form is positive. Then it is clear that BAta, 1S1 Sr and 
therefore 8 is noncompact and o(X)Xg is spanned by the elements .-\,, 
corresponding to certain roots y of the above form. Since every such y is 
positive, it follows from our definition that 8 is totally positive. The above 
corollary thus gives an alternative definition of total positivity. 


5. Some further results on totally positive roots. First we reeall a 
few well-known facts in the theory of semisimple Lie algebras. Let a be an 
ideal in g and 8 a root of g. We say that 8 is a root of a if Xgea. Let 
(B1,-- B) be a fundamental system of roots of g and suppose among 
these £1,-°*°,Bm are all the roots of a. Then every root of a is a linear 
combination of Bi, ©, Bm. Let s; denote the Weyl reflexion corresponding 
to £: and let Wa be the subgroup of the Weyl group W generated by s,,- ++, 8. 
Then if 8 is any root of a the corresponding Weyl reflexion sg is contained 
in Wa. 

Now as before let P, be the set of all totally positive roots. Put 
b, Eo CX, and p. g 2, OX_g so that p- = 9 (p,). Let q be the orthogonal 


complement of p, + p- in p (under the Hermitian form B(X,6(X))). Then 
if I is the centralizer of q in Ë we can show, as in the proof of Lemma 12, 
that gq = p, -+ p- -+I is an ideal in g. Let g” be orthogonal complement of 
g. in g. Then g’ is also an ideal in g and [g’,g,]— {0}. It is obvious 
that g N Ë and g'N p are the orthogonal complements of I and p,- p- in f 
and p respectively ‘and g’==q’N f-+q’Np. Now if B is a root, Vg lies 
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either in g, or g’. Since g, N p= p, + p- it follows that if 8 is a noncompact 
root of g, it is either totally positive or totally negative. 

Let (8,,--°°,8:) be a fundamental system of positive roots of g 
(Corollary 2 to Lemma 4). If y is a positive root which is not contained 
in this fundamental system, then it is well known that y— £8: must also be 
a positive root for some + (11551). On the other hand B;— 8 can never 
be a positive root for any root B>0. Hence a positive root is contained in 
the set (Bu: °, 8.) if and only if y—f is never a positive root for any 
root 8 > 0. 


Now it follows from the definition of total positivity that p, is invariant 
4 


q 
under o(f). Hence p, = $ qy where q,, 1 Sv q, are nonzero subspaces of 
yal 





p, which are invariant and irreducible under o(f) and the sum is direct. 
(Tf p, = {0}, g=0). Let y, be the lowest root such that X,, eq, and let g 
be a positive compact root. We claim y,—a is not a root. For otherwise 
it follows from Lemma 12 that Xy,-a€q» which however is impossiblé since 
yu —%< yr Now let 8 be a noncompact positive root and suppose «= y, — B 
is a root. Since y, and 6 are both noncompact, g is compact and 8 = y,— &. 
Hence by the above argument « cannot be positive. This proves that y,— 8 
can never be a positive root for any root B>0. Therefore it follows from 
our criterion above that y, is a root of the fundamental system (Bu - -, 8:2). 

Now suppose (f:,: © -,8,) are roots of g, while (Bm © -, Bi) are roots 
of g’ (0&r&1). Then if « is a positive compact root of g+, 


a— mbi ++ - -+-m,B, (m; = 0). 
We recall that if y is any compact root >) sy==0. Now suppose f:,-- -, Be 
se W, 
are compact while Bea © -,8, are noncompact (and hence totally positive). 


Then 
= 5 sa = mi 2 spi= È m È Spi 


ae ly i=1 0s ste W, tlisr se W), 
But from Lemma 10 sf; (t> t) is also totally positive. Since m;=0 
the above sum cannot be zero unless m==0 ({<tSr). Therefore 
a == MBa -+----+ mB; On the other hand let y be any positive noncom- 
pact root of g. Then X,eq,—o(X)X,, for some v. Since [g g] = {0}, 
it is clear that q, is irreducible under o({) and therefore y—y, is a linear 
combination of compact roots of g,. Hence y= yp + mB: --+ mf; 
where m,,' °°, are real numbers. But y» is contained in the set 
(Rit sr) and since it is noncompact, ypy 12+ t. Therefore 
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since yœ 0 and’ (8u: 8) is a fundamental system, mM ©, m, must 
all be nonnegative integers. Thus we have obtained the following result. 


Lemma 13. Let (Bı, -+,81) be a fundamental system of positive rools 
of g. Let (a, --+,4,) be all the (distinct) compact roots of g, und 
(yu © +, ye) all the (distinct) noncompact roots of g, which occur in this 


fundamental system. Then every positive root y of g, can be writlen in the 
form 


y= myt e H ayet ma H i H Mas 


where p, Mm; are all nonnegative integers. Moreover m +: > 4- p=0 or I 
according as y is compact or not. 


COROLLARY 1. t= dim (cN g) and r= dim (Y NA g4). 


For it is easy to see that h==§Ng.+HhN gq’ and c=cNng+eny. 
From this it follows that r + t = dim (Ņ N g.) and r= dim (h’Mg,). Since 
DNg=Y Ng. +c¢Ng,, E= dim (cN g4). 


COROLLARY 2. If the algebra gy is simple, only the following two cuses 
are possible. 


(1) There are no totally positive roots. 
(2) Every noncompact positive root is totally positive. 


Suppose we are in case (2) and gozo Then there is exactly one non- 
compact root in the fundamental system (Bı: © +, Bi) and dimp to = 1. 


Let y denote the conjugation of g with respect to go so that 
(£ -+ (—1)4Y) = X — (—1)4¥ (X,Y € go). 


Then »=606 and since g+ and g’ are invariant under both 6 and 8 they 
are also invariant under y. Therefore go == go N ge Hgo N g and g, g are 
spanned over C by oN ge and go N g’ respectively. Hence it follows that 
if go is simple either g, or g’ is {0} and so we get the above two cases, Now 
suppose we are in case (2). Then every positive root is either compact or 
totally positive. Therefore if go54%), totally positive roots must exist and 
so ¿21 in the notation of Lemma 13. On the other hand it follows from 
the simplicity of go (see Cartan [8(e), p. 247]) that dimrc <1. Therefore 
from Corollary 1 above ¢==dimpe, = 1. 


LEMMA 14. Let (81,:-+,Bq) be all those roots in the fundamental 
system (Bı: ` +, Bı) (of Lemma 18) which are not totally positive and let W 
be the subgroup of the Weyl group W generated by the Weyl reflexions 
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corresponding to By 1Sissq. Then if B is any positive root of g which 
is not totally positive we can find an index 1 (1S5 q) and an element 
se W such that B = 8sß:i 


For any root y let sy denote the corresponding Weyl reflexion. Put 
S= Spo 15131. Then it is well known that s,,- > -,s; generate W. Now 
if some £; is a root of g’, it cannot be totally positive and therefore 1= q. 
So we may suppose that (81,-:-+,8a) (OSdqQ) are all the roots of g 
among (Bu °*,8:). Since [gn g] = {0}, it is easy to see that if y and y’ 
are roots of g, and g’ respectively then s, and s, commute and syy =y, 
Syy=y. Therefore in particular s; and s; commute iftd and j} >d. Let 
W” and W, be the subgroups of W generated by s, 11d and sj 
d < 451 respectively and let 8 be a positive root which is not totally positive. 
First suppose 8 is a root of g. Then B=sf; for some se W and some 1 
(1=i51). But we can write s?—wuv where ue W” and veW,. - Then 
vB = 8 and therefore Bi = s8 ==uß. Since we W”, uB—B, and therefore 
also 8;, is a linear combination of roots of g’. This proves that f; is a root 
of g and therefore zd. Since wte W” C W and B=w"'8;, our assertion 
is true in this case. On the other hand if 8 is a root of g,, it must be com- 
pact. Now ¥ N g, being an ideal in the semisimple algebra f’, is semisimple 
and the compact roots of g, may be identified in the obvious manner with 
the roots of ¥ N g, with respect to Y N ge Then it follows from Lemma 13 
that (Bau,' © °, Ba) is a fundamental system of roots of }¥ N g, and therefore 
B = sß; where d < 7g and s lies in the group generated by (Sa.n,: © -, Sq). 
This completes the proof of the lemma. 

We shall now prove a result which will be needed in a subsequent paper. 


LemMA 15. Let y be a totally positwe root and a a compact root. Let 
k and k respectively be the largest nonnegative wiegers such that y—ka 
and y+ k'a are roots. Then k+-k’ S 2. 


Put yo==y + k'a. Then it is known (see Weyl [7]) that Sayo == y— ka 
and yo— ve is a root for an integer y if and only if OSv=k+ Kh == y Ha). 
So we have to prove that yo(H,) & 2. Hence let us suppose that yo (Ha) = 3. 
Then yo—a is a root and therefore also «— y» Hence œ and œ — y, are 
roots while «-++y) is not a root. This implies (see Weyl [7]) that 
Sy SS a— yo or a (Hy) = 1 and therefore yo(Ha)a (Hy) = 3. Now consider — 
_ the root y == Sy Sayo. It is easy to verify that y == my.—-+y)(Ha)« where 
m =y (Ha)a (Hy) —1. Since y is totally positive the same holds for yo 
and Sayo (corollary to Lemma 12) and therefore y’ ==8,,Sayo is a root of g.. 
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However m = 2 and so we get a contradiction with Lemma 13. . This proves 


6. The converse of Theorem 1. Assuming that we are given an order 
in % we shall now pove the following converse of Theorem 1. 


Tireorrm 2. Let Ay be a linear function on fy such that Ao(Hg) isa 
nunnegative integer for every positive root B which is not totally positie. 
Then there exists a representation x of B on a vector space V and a vector 
y0 in V such that the following condilion holds: 

(1) w(Xg)y—0 for every posilwe root B. 

(2) a(H)y =A (H)y for all Hin §. 

(3) a ts irreducible and dima(X)y ts finite. 


Moreover such a representation is unique up to equivalence. 


Choose a fundamental system (8,,---+,8:) of positive roots and let 
(Bi,° Ba) be all the roots in this system which are not totally positive. 
Then in the notation of Lemma 13, (y1,: °°, y+) are exactly the remaining 


roots of our fundamental system. Consider the left ideal 
M= I BXp+ I B(Hp—Ao(Hp)) + X BYP" 
BeP - ReP ELS 


in 8. Here P is the set of all positive roots, à; = Ao(Hg,) and Yi = X_g,, 
1&iS& q. First we claim that 91,5498 (cf. Lemma 8 of [5(b)]). For 
otherwise if M, == we can choose zeH (1 Stv=q) such that 
J = p? giy het mod Pa, 
isiq 


where Piu —= > BYg+ X B(Hs— A (Hg))- Since 1 is of rank zero 
BeP BeP 


(see Section 2 for the definition of rank) while V4" is of rank — (A;-4-1)8;, 
we may assume (see the proof of Lemma 8 of [5(b)]) that z; is of rank 
(Art I)i Put X;= Xg, Yiı=X.p, and Hiı=Hg, (13151). Then 
(1, Xo Ha Ya)isiss generate B (Lemma 18 of [5(b)]). Therefore if U, 6,8 
are the subalgebras of B generated by (1,%,,- --,24.), (1, Mac ee, Hai) and 
(1. Fu, > +; Yı) respectively, it is easy to see that B — BHU (see the proof 
of Lemma 2 of [S(b)]). However in view of the argument given in the 
proof of Lemma 8 of [5(b), p. 87] we may assume that zieu. Since 
the product Xn ¥Ya' - - 4%, is of rank Ba + But- + Bi, and since But -, 8; 
are linearly independent, it follows that the only elements in 11 of rank 
(A:+ 1); are the.numerical multiples of X+, Therefore 2;—=¢,X,* 
(ese C). But from Lemma 6 of [5(b)], 
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A Atty Att EE XN [Xi Y+] -+ AMY ALY, 
== MANY AM (Hi— M) HENYA X =0 mod By, (1Sissq). 


Therefore 1 == 0 mod Pa, and so B—,,. But in view of the following 
lemma this is impossible and therefore We, 54 B. 5 


Lemma 16. Let A be a linear function on Ņġ and let Pa be the left 
ideal in B defined by Pa—= DS BX + X B(He—A(Hg)). Then Pa 8. 
BeP BeP 


The proof is similar to that of Lemma 5 of [5(b)]. Let us suppose. 
Pa =V. Then if P— J, BXg, we can choose elements ugeB such that 
BEP 


ae ug(Hg—A(Hpg)) mod $f. 


Again since both 1 and Hg—A(Hg) are of rank zero we may assume 
that ug is of rank zero. Then ug(Hg—-A(Hg)) = (Hg—A(Hg))ug and 
uge B= BHU. Since wg is of rank zero and we are interested only ,in the 
congruence mod P, we may assume that ugeS. Hence 


1— J up(Hp—A(Hp)) e$ N § = {0} 


from Lemma 33 of [5(b)]. Now § is the universal enveloping algebra of 
the abelian Lie algebra h (Lemma 21 of [5(b)]). Therefore if p is the 
representation of Ņġ of degree 1 given by p(H)=—A(H) (Heb), p can be 
extended uniquely to the representation of © such that p(1)==1. But since 
1= 2 Mela A(Hs)) it follows that 


1=p(1) = È p (ue) {p (He) —A(Hg)} = 0 


and so we get a contradiction. This proves the lemma. 

Since Me B, by Zorn’s lemma’ there exists a maximal left ideal M 
in B containing Mt). Let b—>b* denote the natural mapping and m the 
natural representation of B on B* = H/M. Since M is maximal, r is 
irreducible. Moreover since M-48, 1*0 and r(WM)1* = {0}. Hence if 
we put V= * and y=1* the first two conditions of Theorem 2 are 
fulfilled. So we have only to prove that dimw(X)1* is finite. 

For any root 8 let sg denote the Weyl reflexion corresponding to 8 and 
let W be the subgroup of the Weyl group W generated by s;==8,,, 1 SiS q. 
Since X; and VY," (171 q) are in M it follows easily (by the argument 
used in the proof of Lemma 6) that for any b*«8* we can find an integer 


7 Since % satisfies the ascending chain conditions for left ideal (see [2]) it is not 
necessary to invoke Zorn’s lemma. 
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r= 0 such that w(X,7**)b* = w(Yi"4)b* 0, +—1,---,¢. Hence we can 
conclude from Lemma 1 that if A is a weight of m the same holds for sA 
(se W°). Now let « be a positive compact root. Then « is not totally positive 
and therefore from Lemma 14, a ==s@; for some se W’ and some 2 (1 S14). 
Therefore sy==ssjste W’. Now suppose d is a positive integer such that 
m(X -a)i 0. Then A,— d« is a weight of m and hence Ssa(Ao— da) 
= S,A,)-+ da is also a weight of m. But then it follows from Lemma 2 that 
Ao — (SgAo -H da) = (Ao (Ha) —d)a 220 in Be and therefore d= Ao(A,). 
This shows that if r> A,(Hq), r(X.7)1*—0. Hence if a1,:--,% are 
all the distinct positive compact roots of g, we can choose a positive integer m 
such that r(4_,,"™)1*—0 (lsisp). From this we can conclude (see 
the proof of Lemma 2) that r(X)1* is spanned by w(X_g,™-° © - Xua,"?)1", 
OEM, mpm. This proves that the dimension of r(X)1* is finite. 
Since the last statement of Theorem 2 is an immediate consequence of the 
corollary to Lemma 5, the proof of this theorem is now complete. 

We denote the representation + of Theorem 2 by mı, Then rA, is 
uniquely determined by A, up to equivalence. 


7. Infinitesimally unitary representations. For any given linear 
function A on fj, define the left ideal P, of B as in Lemma 16. Then 
3,543 and therefore by Zorn’s lemma‘ there exists a maximal left ideal 
in 8 containing P,a. Moreover we know from Lemma 5 that this maximal 
left ideal is unique. We shall denote it by Mt, and the natural represen- 
tation of B on B/M, by ra. In case A satisfies the condition of Theorem 2, 
this definition of m, agrees with the one given in Section 6. We shall say 
that a, is infinitesimally umtary (see [5(c), p. 233]) if it is possible to 
define a scalar product (a*,b*) in B* = 8/M, (a*, b* eB") such that under 
this product 8* fulfills all the requirements of a Hilbert space except com- 
pleteness and (a*, ma (X)b*) = — (m, (X )a*, b*) for all X £go and a*, b* e B*. 
We shall now propose to investigate the conditions on A under which wy, is 
infinitesimally unitary. 

Let H ,- + -, H, be a base for hy over R and let zi, © +, be I inde- 
pendent (commutative) indeterminates. Let § be the subalgebra of B 
generated by (1,9). Since § is the universal enveloping algebra of §, there 
exists a uniquely determined homomorphism &, of § into Ofe] = C[a,,---, 2] 
such that €,(H;) = t, i=1,---+,l and é&(1)==1. We shall now extend é, 
to a linear mapping of $ into C[] as follows. Put p= BXg as before 

£ 


and let U and Y respectively be the subalgebras of B generated by (1, Xa) pep 
and (1,X_s)ger. Then as we have seen above B— BHU and therefore it is 


10 
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obvious that B == H +- BSH. Now every element of BH, which is of rank zero, 
must lie in § and so for every be% of rank zero we can choose an element 
he & such that b==hmod%. Moreover h is unique since H N $= {0} from 
Lemma 33 of [5(b)]. We define &,(b) —&,(h). Now let z be any element 
in B and z, its component of rank zero (see Section 2). We extend é on 8 
by setting é,(z) ==é(%). If is the center of B and xs is the mapping of 8 
into C[z] as defined in [5(b), Lemma 36], it is obvious that és (2) = x.2(2) 
(ze). 


Lemma 17. Let 2, 2. be two elements of B and suppose at least one 
of them has rank zero. Then & (4:22) = Ês (2221) = ér (21 )ér (42). Moreover 


és (2) = xe(z) if ze. 


Suppose z, is of rank zero and (22) is the component of z, of rank zero. 
Then 2,(2:)9 and (22)o2, are the components of rank zero of 2,2. and 222, 
respectively. Let zı = h, + pı, (22)o = he + pe where hy, hoe S and pi, me. 
Then (42) 9% $= 2, (22) 9==h,h,mod P and this proves our assertion. ° : 

A being any linear function on §, we denote by &,(b) (be) the value 
of the polynomial é,(6) under the substitution v; = A(H:), 13181. Let 
n be the conjugation of g with respect to go. We can extend —y uniquely 
to an anti-automorphism ¢ of B over R. Then d(ab) —¢(ba) (a,be8) 
and (X)=—7(X) (Xeq). 


Lemma 18. Let A be a linear function on h. Then x, 1s infinitesimally 
unitary if and only tf &,(b(z)z) is real and nonnegative for every zeB. 


Suppose + ==, is infinitesimally unitary. Let a—>a* denote the natural 
mapping of H on B* — V/M, and (a*,b*) the corresponding scalar product 
on 8*. We assume, as we may, that (1*,1*)—1. Then if Hebo 
(1*, w (H)1*) =: — (r(H)1*,1*) and therefore A(H) is purely imaginary. 
Now suppose z is an element of 8 of rank A so that [H,z] =A(H)z (Heb). 
Then if He ho, 


ACHT) (1*, æ(2)1*) = (1*, r (LH, 2])1*) 
== — (or (HT) 1*, (2) 1*) — (1*, m (2H) 1*) 
—A(H) (1*, x (2)1*) —A(H) (1*, 0(2)1*) = 0 


and so if As£0, (1*,r(z)1*) 0. Therefore if b is any element in B and 
bo is its component of rank zero, (1*,2(b)1*) = (1*,7(bo)1*). Moreover 
if bb==hmod P (he S), it is obvious that 


(1*, m (b)1*) = (1%, (h) 1*) = é (h) = £ (b) 
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since 7($)1* == {0}. This proves that (1*,7(b)1*) =£é,(b) for all be B. 
On the other hand (#(X)a*, b*) = (a*,a($(X))b*) (a*, b*e, X eg) and 
so it is clear that (w(z)a*,b*) == (a*,a(o(z)b*) (2&8). Hence 


Ex (p (2)2) = (1*, (bp (2)2)1") = (7 (2) 1%, m(2)1*) = 0. 


This shows that our condition is necessary. 

Conversely suppose §\(#(z)z) is real and nonnegative for all zeX. 
Put (0,2) =é (ġ(w)z) (w,zeB) and |z|= (z,2)}=0. Then a well- 
known elementary argument shows that |[(w,z)|SS|wj||z| and |z+ | 
<!z2;+1/w|. Let M be the set of all elements ze% such that |z| = 0. 
Since |z -Hza S]a] + , Mè is a vector space. Moreover if b, z, we% 
and b’ = ẹ (b), 


(w, bz) = é (p(w) bz) = é (6 (b'w)z) = (Vw, z). 


Hence if |z| =0, |(w,bz)| S |b'w||z|==0 and therefore in particular 
|bz|°==0. This proves that Mt is a left ideal. Let b—»b* denote the 
natural mapping and ~ the natural representation of @ on B* — B/M. 
It is clear that (w,z) depends only on w* and z*. Put (w*,2") = (w,z) 


Zo 











and |z*|=jzi. Then |2*|540 unless z*==-0 and if X € go, 
(w*, a (X )z*) = (w, Xz) = a (ġ (w) Xz) =— éa ($ (Xw)z) 
= — (r(X)}w*, 2*) (w,2z£€ %8). 


[Hence m order to prove the lemma it only remains to prove that M = M.. 
It is clear that €\(2) ==0 if ze% and therefore it follows from Lemma 17 
that €,(B,) — {0}. But since 4 is a left ideal this implies that M D Pa. 
Hence it would be enough to prove that Mt is maximal. Since é (1) 1-40, 
MB. Now suppose W is a left ideal in B such that BPV and 
M DM. Then if ’ eM’ and Heb 


[H, b] = Hb’ —b'(H —A(H)) —A(H)b’ e WY 


and from this we can conclude that all the components of b’ of various ranks 
also lie in W. Let (b) be its component of rank zero and choose te § such 
that (b°),==hAmod$. Then it is obvious that (b’)>==h==£,(h) mod H. 
Since (b’), and a are both contained in W, éa (b) ==&\(h) eM’. However 
M s£% and so this implies that é,(b’) =0. Now put b’==¢(z’)z2’ where 2’ 
is any element in W. Then b’cM¥ and therefore (2’,2’) = &,(6(2’)2’) =0. 
This shows that eM and hence WY = Mt. Our proof is now complete. 
Notice that it follows automatically from the above condition on é, that 
dimz(X)1* is finite. For this it would be enough to verify (see Lemma 2) 
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that if « is a positive compact root of g, r(X_.”)1*==0 for some integer 
r>0. But 7(X,) =— X.a (see Section 4) and therefore 

Ex (p (X-a) Xa") = Ea (Xa Xe") Z0 (r= 1j. 
Moreover we know from Lemma 6 of [5(b)] that 

Xa Xa" = Xd [Xo Xo" |] + Lott X_ Xa 

ser X X (A (Ha) —r + 1) mod By (r= 1). 

Therefore if Ag =A (Ha), | 
OSEE) =r! TL Qaj H1) 


by induction on 7. Putting r==1 we conclude that 4,=20. Now let r be 
the least integer such that Ag—r+1=0. Then the above product is 
negative unless Àa = r—1. Hence we conclude that A, is a nonnegative 
integer and therefore é,(X,7X_.") =0 for r= a+ 1. But since e 


Eq (Xa X-a" T |a(X-a) Js E 


n(X-a)1*=0 for r2A,-+1. This shows that m then satisfies all the 
requirements of Theorem 1 and therefore A(Hg) must be a nonnegative 
integer for all positive roots 8 which are not totally positive. 


Now suppose £ is a noncompact root. Then »(X_g) == Xg (see Section 4) 
and therefore | 


En (p (X-er) X_p") = (— 1)", (Xe Xp) =r! IL, (j—-1L—Ag) (r=1) 


where àg = A (Hg). Since again this product must always be real and non- 
negative, we conclude that Ag is real and =0. In particular if @ is not 
totally positive it follows, in view of our earlier remarks, that Ag—0. Thus 
we have obtained the following corollary. 


COROLLARY 1. In order that w, be infinitesimally unitary it is necessary 
that A should satisfy the following condttions: 

(1) A(H,) ts a nonnegative integer for every positive compact root a. 

(2) A(Hg) =0 for every noncompact positive root B which is not 
totally positwe. 

(3) A(H,) is real and 0 for every totally positive root y. 


The space 3 of linear functions on §, being a finite-dimensional vector 
space over C, has a natural topology. 
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COROLLARY 2. The set of all linear functions A on D for which my ts 
infinitesimally unitary, 1s closed in %. 


For a fixed element beH, A->& (6) (Ae) is obviously a polynomial 
function on $. Hence it is continuous and therefore the corollary follows 
from Lemma 18. 


Define g’ as in the proof of Lemma 13. 


Lemma 19. Suppose A satisfies the conditions of Theorem 2 and 
A(Hg) ==0 for every positive root B which is not totally positwe. Then 
za( X) == 0 for all Xeg. 


We use the notation of the proof of Lemma 13. Let a be a positive 
compact root of g. Then we can choose a noncompact root 8 of g’ such 
that B-+ a is a root. For otherwise [Xa Xg] =0 for every noncompact 
root 8 of g. Since it is obvious that q==g’M p is spanned by the elements 
Ag corresponding to all noncompact roots 8 of g’, Xa lies in the centralizer | 
of qin f. But [C g, and therefore Y,e9,.9 g = {0}, which of course is 
false. So let 8 be a noncompact root of g” such that y == -+g is a root. 
Since qN (p, -+ p_) = {0}, no root of gq’ can be totally positive or totally 
negative. Therefore A(H,g)==A(H.)=0. But since a=y—f, Hy, is a 
linear combination of Hg and H, and so A(H,)==0. This shows that 
A(/IZg) ==0 for every root 8 of q’. Moreover if B is a positive root of g’, 
it follows from Theorem 1 that 7, (X_g)1* == 0 since 8 is not totally positive. 
Therefore z, (g’)1* == {0} and since q’ is an ideal in g and zy, is irreducible, 
ma (g) = {0}. 


COROLLARY 1. Jf ma is infinitesimally unitary malg) = {0}. 


This is an immediate consequence of the above lemma and Corollary 1 
to Lemma 18. 


COROLLARY ?, Suppose Qo ts simple and goz£ to. Then if to == {0}, wy 
cannot be infinitesimally unitary unless A==0 in which case it is the zero 
representation of g of degree 1. 


For then we know that g =g (see the proof of Corollary 2 to Lemma 
18). Now apply Corollary 1 above. 

In Corollary 1 to Lemma 18 we have obtained certain necessary con- 
ditions on A in order that a, may be infinitesimally unitary. It is natural 


to ask how far these conditions are also sufficient. The following result 
gives a partial answer to this question. 
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THEOREM 38. Let 2p denote the sum of all positwe roots of g and let 
A. be a linear function on satisfying the following conditions: 

(1) A(H,) is a nonnegative integer for every positive compact root a. 

(2) A(Hg) ==0 for every noncompact positive root B which is not 
totally positive. 

(3) A(H,) + p(H,) ts real and 0 for every totally positive root y. 


Then va ts infinitesimally unitary. 


We leave the proof of this theorem to a subsequent paper (see however 


[5(h)]). 


8. Representations of the group. Let GŒ be the simply connected Lie 
group with the Lie algebra g, and let K be its analytic subgroup corre- 
sponding to fp. Let A be a linear function on which fulfills the conditions 
of Theorem 2. We shall now show that ra can be ‘extended’ to a repre- 
sentation of G on a Hilbert space. Let Q be the set of all equivalence classes 
of finite-dimensional irreducible representations of K. Henceforth we shall 
make free use of the terminology of [5(c) ]. 


THEOREM 4. Let A be a linear function on ġ such that A(Hg) is a 
nonnegative integer for every positwe root B which is not totally positive. 
Then there exists an irreducible quasi-simple representation, o of G on a 
Hilbert space § with the following property. Let Sy (MEQ) denote the 
subspace of § consisting of all those elements which transform under o(K) 
according to D. Then the corresopnding representation o, of B defined on 


i= X Gq ts equivalent to zy. 
DeQ 


Put r=, and define H, and Nt, as in Section 7. If z is any element 
in B of rank zero, z==&,(z) mod 8, and therefore in particular if ze 8, 
g—é,(z)eMt,. Moreover we know from Theorem 2 that dim¥/XM M, is 
finite and so we can conclude from Lemma 9 of [5(c)] that r is a quasi- 
simple ë irreducible representation of B. 

Let (8:,;:°*,8:) and (B:,--*,8,) be defined as in the proof of 
Theorem 2 and let A’ be the linear function on } given by A’(H~,) = A (Hg), 
1Sixq and A’ (Hg) =0, q <11.. Then from Theorem 1 of [8(b)], 
there exists a finite-dimensional irreducible representation p of g with the 
highest weight A’. Let U be the representation space of p and ¢ a nonzero 
vector in U belonging to the weight A’. Then if «æ is any positive compact 


*See [5(d), p. 56] for the definition of quasi-simplicity in this case. 


we 
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root of g, p(Yajo = 0 and pU/,)6 = A U1.) 6 = A (Ha)o since a is a linear 
combination of Bi: °°,8, (Lemma 13). Similarly if y0 is a vector 
belonging to the weight A of m, r(Xa)y =0 and r(Ha)y = A(He)y. Let 
X’ be the subalgebra of B generated by (1#). Since f is semisimple we can 
apply Lemma 2 to X’ and conclude that the representations of f defined 
on (jy and p(X’) ¢@ are both irreducible and therefore from Lemma 5 they 
are equivalent. Since p is a finite-dimensional representation of g, the 
existence of e now follows from Theorem 4 of [5(d) |. 


COROLLARY. Let à, p be two linear functions on ġġ. Then if my and my 
are both infinitesimally unitary the same holds for myra- 


Suppose my and mw, are infinitesimally unitary. Then A and pa both 
satisfy the conditions of Theorem 2 (see Corollary 1 to Lemma 18) and 
therefore from Theorem 4 above and Theorem 9 of [5(c)] we can find two 
irreducible unitary representations o, o, of G on the Hilbert spaces $y, Oy 
respectively such that the corresponding representations of B defined on 


Ge = 2 (Ox)g and §,° = 2, (9.) are equivalent to 7, and z,. We denote 


these representations of B by o° and o°. Then it is clear from the proofs 
of Lemma 18 and Theorem 9 of [5(c)] that we can choose YeH)° and 
Yu E Qae such that 


(yaon (2) dr) == Áá (z), (Yu, Ou (2) Ya) = $a (2) 


for all ze%8. Let © be the Hilbert space which is the Kronecker produet 
of ©, and %, (in the sense of Hilbert space theory) and let y == y) X yg 
Then if y’ and y” are well-behaved under c and o, respectively it is obvious 
that yX y” is well-behaved under the representation oo, Xo, of G on ©. 
Let o° denote the representation of @ defined under o on the subspace $° 
consisting of all well-behaved elements in §. Then it is obvious that 
o°(X) (1X hz) = (on°(X) 1) X ho + p1 X (on (Xho) (Leg, 1 € Hx, pE Gy’) 
and therefore o°(Xg)y==0 for all positive roots 8 and o®(H)W= (\(#) 
+-p(H))y if Heb. Hence o° (By.n,)y~— {0} in the notation of Section 7. 
On the other hand since o is a unitary representation of G, 


(p!, (X)p) =— (0° (1) 9’, 6) (Xe gos, $e H°). 


Therefore if z is any element in $ of rank v40 it follows (see the proof of 
Lemma 18) that (¥,0°(z)w) =-0. This shows that 


(y, (b)y) = falb) |y |? (be B) 
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and therefore 


| o°(z)y |? = (o° (z)4, o° (z)y) = (y, o° (p (2)2)Y) = énralp(2)2) | Y |? 


for any ze. Hence mysy is infinitesimally unitary from Lemma 18. 





9. An auxiliary result. In this section we shall prove a result which 
will be required in another paper. Let A, be a linear function on b satisfying 
the conditions of Theorem 3. As before let P be the set of all positive 
roots and Py and P, respectively the subsets of P consisting of all compact 
and all totally positive roots. Let P’ be the complement of PŁ UP, in P. 
We know (Lemma 5) that there exists a unique left ideal Y}, in X containing 
$, EX, a aa ). 


aeP, 


Our object now is to prove the following theorem. 


THEOREM 5. Let Ay be a linear function on satisfying the conditions 
of Theorem 3. Then 


M— TV BX, + I BI +BY 
yeP yeP’ 


aa 


as a maximal left ideal in B. 


_ Jt is obvious that A, fulfills the conditions of Theorem 2 and therefore 
we can consider the representation ~a, and choose a vector y +40 in the 
representation space corresponding to Theorem 2. Define g, and g’ as in 
Section 5. Then we know from Lemma 19 that ma (g) = {0}. Moreover it 
follows from Lemmas 2 and 5 (applied to £) that rie(Da py = {0}. This 
shows that a,,(Mt)y— {0} and therefore M£% since y0. 

Let M, be the set of all elements be® such that 7,,(b)y—0. Since 

a is a maximal left ideal in X, it is clear that M, N == Yı. Therefore 

in view of the fact that g’ C WM, we can conclude that gN fC Y,,. On the 

other hand gq’ = 2 (CX, + CX) + g’M¥ and so it follows that g’ C M. 
yeg 


Let b—b* (be) denote the natural mapping and ~ the natural 
representation of B on P* == B/N. In order to prove that M is a maximal 
left ideal in $H it is sufficient to show that r is irreducible. Let B, be the 
subalgebra of B generated by (1, g+). Since g’ is an ideal in g and g’ C M, 
it follows that (g) = {0} and therefore B* — r(8,)1*. Hence it would 
be enough to prove that 8,9 M is a maximal left ideal in B, Let X, 
be the subalgebra of X generated by (1, N g). Since m(Ya)1* == {0} 
and since Yy, is a maximal left ideal in ¥, it is clear that &* == 2 (X)1* is 
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irreducible under r(X) and therefore also under 7(X,). Hence Y, = £, N Yan 
is a maximal left ideal in X,. Let Q denote the set of all positive roots of g, 
(see Section 5). Then from Lemma 5, ¥), must be the unique maximal 
left ideal in X, containing 


Z Yat Bs (Hy — A (Hy) 
ye 


yeQr 
where Q=QN Pr Now if Mt-== > B.X,+ 8.9, it is obvious that 
yeQ 


B,N MDM, and therefore it is enough to prove that M, is a maximal 


left ideal in 8,. Let 2p,— X, y and 2o== Dy. If B is a root in g’ and y 
¥ye@Q vyeP 


a root in g, then @(H.)—0. Hence it follows that p(H,) —p,(H,) for 
all ye@. This shows (by comparison with the conditions of Theorem 3) 
ihat the problem of proving the maximality of Yt, in B, is exactly the same 
as our original problem if we replace g by g.. ‘Therefore we may assume 
that g’=={0} and P= PU Pa 

Let Mı M be a left ideal in H containing M. We have to show that 
M, == 8. For any linear function A on 0, let B4” denote the set of elements 
b*¢B* such that w(H)b*—=A(H)b* (Heh). Then it is clear that 
DT some Ba" and %,* == {0} unless Aj A is a linear combination of positive 


roots with coefficients which are all nonnegative integers (see the proof of Lemma 


2). Moreover Mt,* == > (Mu * N Ba”) A {0} since Mt, +4 Mt (Lemma of [5(b)]). 
A 


Hence in view of the above remarks, there exists a highest weight A, such 
that Ut." NOB {0}. Choose an element ġ 0 in Mt," By". Then 
if y is a positive root Wu” N Bany” == {0} and therefore r(Xy)ġ =0. Now 
define y,(z) (¢e8) as in Lemma 17 and for any linear function A on fh 
let X, (z) denote the value of this polvnomial under the substitution z; A(H;) 
(1s:1</). (Here we are using the notation of Section 7). Then it is 
clear that 7(z)¢=y,,(z)¢ for all ze 8. Similarly r(z)1* = y,,(2)1* (ze 3) 
and therefore x(z)b* == y,,(z)b* for every b*e¢B*. Since 6540, we conclude 
that y.,(2) = x4, (2) for any ze 8. But then if W is the Weyl group of g with 
respect to h, it follows from Theorem ë of [5(b)] that A, ++ p==s(Ao + p) 


for some se W. (Here 2p—= © y). 
vyeP 


Let N_ denote the set of all totally negative roots (Section 4) and put 
P = PUN. Since g’ — {0}, it follows from Lemmas 11 and 12 that P 
satisfies the conditions of Corollary 1 to Lemma 4. Put A’ == Ao +p and 
let §n(P) denote the set of those linear functions on ý which are linear 
combinations of roots in P with real nonnegative coefficients. Since 
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p(Hs) > 0 for every Be P (see Weyl [7]) it follows from our assumptions 
on Ao that Aoc (Hy) = 0 for all ye P. As we'shall see presently (Lemma 20 
below), this implies that A,’ —sA,’e%*(P) for every se W. Let (B:,-- -, 81) 
be a fundamental system of roots in P. Suppose (f:,°- -,f;) are all the 
totally positive roots and (a%,---,@,) all the (distinct) compact roots among 
(Bot +B). Then we know from Lemma 13 that every totally negative 
root is of the form — (Bi-+ ma, +--+ ma) where 1S:1S7% and 
M1,°°',m,=20. Hence 


Ao — Ay = (Ao + p) — So(Ao + p) 
= — (mpi H i H ebe) H mM 4° o My Gy 


where m, `<, Z0. On the other hand 8,,*=4 {0} and therefore, as we 
have seen above, 


Ao ų— Ay =n fi + ° i of nbe t m H ; -E Mp 


where my’ vgn © *,M220. Since (f,,: + >’, Bı) are linearly ifdepen- 
dent we conclude that —pj==»,=0 (1S:715¢) and therefore Ay— A, is a 
linear combination of compact roots. Let yı,’ *,yp be all the (distinct) 
totally positive roots and ô,’ - -,8_ all the compact roots in P. Then B* 
is spanned by elements of the form r(X-y t + Xyp Xan + a)l 
where A; and p; are nonnegative integers (see the proof of Lemma 2). Since 
ġe B,,*, it must be a linear combination of those elements of the above form 
for which 


Bayi be Bye F Mdi H + Agdg = Aa — A. 


However since A,-—A, is a linear combination of compact roots it follows 
from Lemma 13 that p,==--:-=-p,=—0 and therefore der(X)1* =k". 
But r(X,)¢—0 (ee P,) and as we have seen above X* is irreducible under 
a(X). Therefore it follows from Lemma 2 (applied to X and ¢) that 
Ay—Ap=z0. But Ap—Ay==A,8,-+°> + *-+AS,=20. Hence Ay=A, and 
ài =; + = Àq 0. This shows that d—=cl* (ceC) and since ġ£0 it 
follows that M” > r(S)d==8* and therefore M, =H. Hence in order 
to complete the proof it remains to prove the following lemma. 


Lemma 20. Let P, be a fundamental system of roots of g and let %*(Po) 
denote the set of all linear functions on h which can be written as linear 
combinations of roots in P, with real nonnegative coefficients. Then if Ae Sr 
and A{Hg) =0 for all Be Py, A—sdAe (Po) for every se W. 


It is enough to prove this lemma under the additional assumption that 
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A(ifg) (8Be€Po) are all rational since the general case then follows imme- 
diately by continuity. Moreover by multiplying A by a suitable positive 
integer, the problem may be reduced to the case when A(Ha) (BePo) are all 
nonnegative integers. But in this case we know (Theorem 1 of [5(b)] that 
there exists a finite-dimensional irreducible representation ~ of g such that A 
is a weight of + while A -+ y is not a weight for any root ye}t(P.). Then 
it follows from Lemma 2 that if A’ is any other weight of r, A—A’e%*(P)). 
Therefore since sA is a weight for every se W, we get the result. 

Let us keep to the notation of the proof of Theorem 5 and put 
p-= > CX_,. Since [p p-] = {0} (Lemma 11) the subalgebra P- of B 


ver, 


generated by (1, p_) is abelian. We consider the tensor product B_XX*. 


Lemma 21. LelT denote the linear mapping B.XX* into B* such that 
C(ipX2*)—=a7(p)e* (pe, rž e"). Then T is a linear isomorphism of 
B -XFE* onto B*. 


We have seen during the proof of Theorem 4 that B* == 7(%,)1* and 
Z= == 27(X,)1*. Also we proved that M, == $, BAX, +BY, is a maximal left 
yeg 


ideal in B, Therefore B =— B, -+ M, Z= E£, -+ Ya and MN B, =M, Put 
p. = >, CX, and let $B, be the subalgebra of B generated by (1,p,). Then 


yeP. 


if f= fNg., g.=b.+p.+, and it follows from Lemma 12 of [8(c) | 
that B, = PB_B.X,.. But [p,, Ff] C p CM, and therefore 


BE, = X, + Bp, CH, + Mz. 


Hence B, = PE, -+ Mt, and B* == 1(G,)1* == r(P_)X* = T(B_XK*). More- 
over the mapping (pX p Xx) —>opp'e (pe, pe B,,ceX,) defines a linear 
isomorphism u of B.XB, XX, onto B, [5(c), Lemma 12]. Therefore 


Me, = a peo -+ BY), an B- (B-p) X -+ P-P. + 
=u ( (BX (Bp) XZ) + (B-XB,XY,)). 


Hence by considering p (M N p (P-X,) it is obvious that W.L, NM, = 8.9, 
and this shows that the kernel of T is zero. Therefore T is an isomorphism 
of P.X! onto B*. 

For any linear function A on ý put n(A) =dim %,*. We have seen 
above that X* is irreducible under w(f). Let Ag,Ai,°°*,Apr be all the 
distinct weights of the corresponding representation of f and let yu; denote 
the multiplicity of A; so that w: = dim (Ba * N X%*) (OSisr). Then we 
get the following result from the above lemma. 
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COROLLARY. Let (y1,° +‘, yq) be all the distinct totally positive roots 
of g. Then if A is any linear function on}, 


n(A) = San (A) 


where n(A) (0SiSr) is the number of distinct sequences (m , - -, ma) 
of nonnegative integers such that A = Ai— (miyi +: ` ++ Mgaya). 


Put ¥:* =B 1X*, OS+ssr. Then &* is the direct sum of X,*, 
0=i<% and we can choose a base 2,*,- - -;æa¥ for X* which is composed 
of bases for the various X;*. Since $- is the universal enveloping algebra of 
the abelian Lie algebra p_ and since (X_y,,- + -°,X-y,) is a base for p, it 
follows that the elements Xoy ™X y"? + +X" (Mmi, *, Mg = 0) form a base 
for $_. Hence it follows from the above lemma that w(X_,,™- - -X_,")a;* 
(ma'e mZ 0,1 S7 Sd) is a base for H. Moreover it is obvious that 
if a eX" (0OS1S 71) 


a{ Kory POX, ry 8 SE Xy") že Pat 


where A = Ai— (Mmiıyı +H: -<+ Mgya). Our assertion now follows imme- 
diately from these facts. 
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INVARIANTS OF FINITE GROUPS GENERATED BY 
REFLECTIONS.* 


By CLAUDE CHEVALLEY. 


1. An invertible linear transformation of a finite dimensional vector 
space V over a field K will be called a reflection if it is of order two and 
leaves a hyperplane pointwise fixed. A group G of linear transformations 
of V is a finite reflection group if it is a finite group generated by reflections. 
The operations of G extend to automorphisms of the symmetric algebra S 
of V by the rule g(P) (£) =P (g>(<)), (PeS,ceV), and an element PeS 
such that g(P) =P for all ge G is said to be an invariant of G. i) main 
purpose in this note is to prove the theorem : 


(A) Let G be a finite reflection group in a n-dimensional vector-space 
V over u field K of characteristic zero. Then the K-algebra J of invariants 
of Gis generated by n algebraically independent homogeneous elements (and 
the unit). 


A vector space A is graded by subspaces A‘, {i positive integer), if it is 
the direct sum of the Aż. The degree d°P of PeA is the smallest integer j 


such that Pe> A‘; the elements of A‘ are the homogeneous elements of 
iSi 


degree 1. When the A? are finite dimensional, the Poincaré series of A in 
‘the indeterminate ¢ is defined as 
P,(A) => dim. At: t. 
iZ0 

‘In particular S is graded in the obvious way and P,(S) = (1— t)”. Let 
F be the ideal generated by the homogeneous elements of strictly positive 
degrees in J. Then the grading of S induces a grading of the quotient 
space S/F’. Since F is invariant under G, the operations of G in S induce 
automorphisms of S/F. We shall also prove: 


(B) Let I,,---,In be a minimal system of homogeneous generators 
of J and let m; be the degree of I (1Si& n). Then 


P,(8/F) = a—:) -Ti (1— zm), 


_ ™ Received June 9, 1955. 
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The product of the m; ts equal to the order of G and to the dimension of 
S/F. The natural representation of G in S/F is equivalent to the regular 
representation. 


2. Two lemmas, Jn this paragraph, the characteristic p of the infinite 
groundfield K is allowed to be s40 and G denotes a finite reflection group in V 
whose order WV is prime to p.t To any element PeS we can then associate 
its average over G: 


M(P)=1/N Zg (P). 
geG 
LEMMA 1. Let U,,---,Um be invariants of G such that U, does not 
belong lo the ideal generated in J by Us,---,Um. Let Py (AStSm), 


M 
be homogeneous elements of S satisfying a relation $, Pi: Ui =0. Then PeF. 
1 


If Pı = 0, then it follows from the assumption and from the relation 
M (Pi) Uit: +++ M(Pm)-Un=0 
that Pı = M (Pı) =0. Assume now d°P, > 0 and the lemma to be true for 


all relations X Qi- U= 0 with homogeneous Q: and d'Q, < d°P,. Let s be 
i 


a reilection of G leaving pointwise fixed a hyperplane with equation L =Q. 
Then s(P;) —P;=L-Q, (Qie g, +=1,:--+,m), and 


Qı Ui +: " “Ea Um =9 


whence, by induction, Qı € F or, otherwise said, s(P,) =P, mod. F; the group 
G being generated by reflections, we have then g(P,) ==P,mod.F for any 
ge G, whence P, = M (P1) mod. F; since P, is homogeneous of strictly positive 
degree, the same is true for M(P,); therefore M(P,)e¢F and PeF. 


LEMMA 2. Assume K to be a perfect field. Let I, (1Siz=m), be 
homogeneous invariants which form an ideal basis of F with m= d°I, 
prime to p fori&r. Then I,,---+,I, are algebraically independent. 


Let us suppose the lemma to be false and let H(I,- --,7,) =0 be a 
non trivial relation of minimal degree between I, + +, I, where H(y,,---, Yr) 








*In this paper, we are primarily interested in the case p = 0, but Lemma 2 will 
be used in a fortheoming paper of A. Borel, to appear in Jour. Math. Pur. Appl. 

* This always exists since by the classical theorem for invariants of a finite group, 
J is a finitely generated K-algebra. 
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is a polynomial in r letters y; We may assume that there exists an integer A 
such that for any monomial y,4-----y,** of H we have 

kiom j ‘tL kr: Mm, =h. 


The partial derivatives 0H/dy; are not all zero, because otherwise (for 
p30, the only case for which it is not obvious), K being perfect, H would 
be the p-th power of a polynomial H*, and H*(d,,- --,I,) ==0 would be 
a non trivial relation of strictly smaller degree. Set 


H,== 0H /dy; (11,- - +; Ir), (lStSr); 


then H,,-:-,H, are in J and not all zero; after a possible permutation of 
indices, we may assume that they belong to the ideal generated in J by the 
first s of them, hut that none of H,,: - +, Hs belongs to the ideal generated 
by the other ones in J. Set 


Hej > V 54H. ə 
j=1 

Let a, (1k), be coordinates in V. Since 
SH: (3l ðt) = 0, (Skan), 
i=1 

we have by Lemma 1 

Mient S Vrait) EF, (1<SissstSkSn) 

j=l 

(the left hand sides are homogeneous in the a, by the above remark on the 


monomials of H). Multiplying this relation by 2, and adding the relations 
thus obtained, we get 


jar-3 =m 
mili + 2 ViaMmarjlerj— 2 Ardi (1 S158). 
=i =1 
where the A,, are forms belonging to the ideal generated by 21,- © -,2n. 


For reasons of homogeneity, we have A;,,—0 if I, is not of strictly lower 
degree than J;; m; being prime to p for 17, we see that Z; belongs to the 
ideal generated by the other Z; which is a contradiction. Thus J,,---,J, 
are algebraically independent. 


3. Proofs of Theorems (A) and (B). We assume again the ground- 
field to be of characteristic zero and denote as in Lemma 2 by Zn’ - - Im 
homogeneous invariants of G forming an ideal basis of F. By Lemma 2 
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they are algebraically independent, whence also msn. Using averages over 
G, it is readily seen by induction on the degree that the unit and the J, 
generate J and thus, to finish the proof of (A), there remains to show 
that m =n. 

Let sı, © -,@, be coordinates in V and let K (a) be the field of rational 
functions in the v, It is acted upon in a natural way by G and we denote 
by L the subfield of elements invariant under G. Then (2) is a Galois 
extension of L, with Galois group G and L has also transcendence degree n 
over K. On the other hand, G being finite, every invariant in K(x) is 
classically the quotient of two invariant polynomials; thus L=-K(J) is 
generated by the Z, and m==n. 


LemMa 8. Let Pa: - +, Pa be homogeneous elements of S whose residue 
classes mod F are linearly independent over K in S/F. Then Pa, - -,Ps are 
linearly independent over K (J). 


Let V,-P,+---+ V,-P,==0 be a relation with VieK(W/), GSSs). 
We have to prove that V;—0 for all 2 and it is enough to consider the case 
where the V, are homogeneous elements of J such that d° Y; -+ d°P; is equal 
to a constant 2 independent of 4. 

By the degree of the monomial Z, <- +». I" we mean its degree as 
element of S, i.e. kimy: -eH huma Let 8; (j==1,2, <), be the 
different monomials in the 7, arranged by increasing degrees, with S, —1. 
We have 


V; = > kii (kei; € K, kij == 0 for d? V54 dP Si (1 < a = n) ), 
jz0 
aud our relation may be written 
i=9 
> W;:S;=0, (W; == > kP), 
j=0 iat 


where W; is homogeneous, of degree equal to h-—d°S;. Assume that ky = 0 
for l==1Ss and <t. Since by Theorem A the monomial §; does not 
belong to the ideal generated in J by the 8; with 7 > t, we have by Lemma 1 
We F and the hypothesis gives then ky,—0 for t==1,--°+,s. This proves 
by induction on 7 that k; = 0 for all 2,7, and the lemma. 

We now come to the proof of (B). The field K(a2) being a normal 
extension of K(/) with Galois group G, has degree N over K(J), hence 
the dimension of S/F over K is finite. Let Ai,- + -,A_g be homogeneous 
polynomials whose residue classes mod F form a basis of S/F’. By induction 
on the degree we see that every Pe S may be expressed as linear combination 


11 
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of the A, with coefficients in J, and this expression is unique in view of 
Lemma 3. Hence 


PS) = PA(S8/PF) Pi) 5 


but P,(S) = (1— t)” and Theorem A gives P;(/) —TI (1 -—t™+)-1, whence 
' 1 . 


the first assertion of (B). We may also write 


P,(S/F) = TE 1+ E+ 8+: + +f fmt) 


and, setting ¢—1, we get dim. S/F == mi'''** My Since every element 
of K(x) may be written as the quotient of a polynomial by an invariant 
polynomial, it also follows from the above and Lemma 3 that the A; form a 
basis of K (æ) over K(J), whence N = dim. S/F. 

We have for ge G 


j=N , 
g (4) =Z alg) Ais (=1,: i 6, N), 


where the ai;(g) are homogeneous elements of J and where au(g)eK by 
homogeneity. The matrices (ay(g)) describe the natural representation of 
G in K(«), considered as vector space over K(J). If we reduce the coeffi- 
cients mod F we get the natural representation of G in S/F, considered as 
vector space over K; this reduction does not affect the diagonal coefficients, 
hence both representations have the same character and are equivalent. But 
G is the Galois group of the normal extension K(x) of K(J), so that the 
former representation is equivalent to the regular representation, which proves 
the last statement of (B). 
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ON THE ARITHMETIC STRUCTURE OF A CLASS OF 
COMMUTATIVE SEMI-GROUPS.* 


By Lee M. SonNEBORN. 


1. Introduction. Let S be a commutative semi-group [Jacobson [3], 
Chapter IV] im which both chain conditions hold for non-associated elements, 
and consider a multiplicative diophantine system [Skolem [6], Chapter TV] 
of the form 


(1) VTT . 8 r pF Us = YP Yati » 4 6 jpt” (4 = 1; 2, a, Pag m) 


where the ay and b; are non-negative integers and the z; and y; are indeter- 
minates over S. 

lt was shown by E. T. Bell [1] that if S is the semi-group of positive 
integers, the solution of (1) may be reduced to the special case 


(2) tity =Y Yo, for which 
(3) vy = UV 1, Ta = UUs, Yi cana Uy; U2, 4 z= DU. 


We investigate here what restrictions are imposed on 9 if, whenever (2) 
holds in S, elements tii, te, 01, V2 exist in S such that (3) is satisfied. Such 
a system § is said by Birkhoff [2] to satisfy the Riesz Refinement Postulate 
after F. Riesz [5]. We shall prove that upon identifying associated elements, 
S becomes the sub-direct product of a distributive lattice. and a Gaussian 
semi-group [Jacobson, loc. cit.]. 


2. We say a “divides, or does not divide,” b (ajb or afb) if there 
exists. or does not exist an element, c, of S such that ac ==b. If a divides b 
and b divides a, then æ and b are called associates (a~ b). Otherwise a+b. 
If 5 contains an element ea such that caa = a, then ea is called an identity 
for a. If e]e for all v in S, then e is called a unit. It is not, in general, 
true that iwo associate elements differ by a unit, as is shown by the system 


l a b 
1 l a b 
a aa b 
b b b aua 


in which a~ b, but 1 is the only unit. 


* Received May 18, 1955. 
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We consider now an associative, commutative semi-group S in which 


(1) Every ascending or descending chain of non-associated divisors of 
any element, a, of K is of finite length. 


(2) ab—cd if and only if there exist elements x, y, 2, w in 8 such 
that a == ty, b= zw, c= 22, and d= yw. 


On applying (2) to the equation aa == aa, we find that 
Q = BY, = BW, == Ty 21 = YW. 
Tf 2, a a, then 2,7, = 2,7, implies 
Uy == LoYo = ZW == Vag = YW. 


Continuing in this fashion we obtain a chain of divisors of @, Ti, Zat + -2° °°, 
in which each element divides all the preceding elements. By condition (1) 
above, only a finite number of the z; can be non-associates. Hence £n ~ Sw 
for some n and n’. But then a = ka, = Ix, for some k and l, and Zn = Mty 
and zy == ptn Hence mpa=kmpit, = kmey = btn = Q, 80 mp is an identity 
for a. But a was arbitrary; hence we have proved 


(3) For each element a of S, there exists an ea, called an identity for 
a, such that e,a =a. l 


Condition (3) implies that the relation ~ is reflexive. Hence ~ 1s an 
equivalence relation; for its symmetry and transitivity are obvious from the 
definition. 


THEOREM 1. The system 8", whose elements are the equivalence classes 
of S under ~, is an associative commutative semi-group in which | 


(1) Any ascending or descending chain of proper divisors of an element 
of S’ is of finite length 

(2) ab ~ed if and only if a~ wy, sz~st|c, c~ su, and 

b~2zw, yw ~uv|d, d~ tv. 

(3’) For any ain 8’, there is an e, in S’ such that ea =a. 

Proof. Since ~ is defined by division, a ~ga’ and b~ WB’ imply a= kg, 
a = la, b = mb’, bV = nb for some k, l, m, and n, and hence ab =kma’b’ and 
d'b = lnab which gives ab~a’b’. Thus multiplication is well defined in S’. 


Properties (1’) and (3) then follow immediately from conditions (1) and 
(3) in 8. The proof of (2’) rests on two lemmas. 
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Consider the co-ideal {a}, [MacKenzie [4]], consisting of.all divisors 
of the element a. Clearly {a} C {b} if and only if ajb, and {a} = {b} if 
and only if a~ b. 


Lemma 1. {a}{b} = {ab} where {a}{b} is the set of all elements a,b; 
with a,e {a}, and bie {b}. 


Proof. Trivially {a}{b} Œ {ab}. Let ce {ab}. Then c|ab and therefore 
ab = cd for some d. But then, by (1) a = vy, b = zw, c == xz, d= yw, where 
c has been displayed as vz and ala and z|b. Let a, =z, bı =z. Thus 
ce {a}{b}. 

The following two corollaries, amounting to little more than restatement, 
will be useful later: 


COROLLARY 1. If {co} C {ab}, then c= cic, where ce {a}, and cze {b}. 
COROLLARY 2. If {ced} = {ab}, then ab a,b, where a,e {c} and be {d}. 


LEMMA 2. If {ab} == {cd}, then there exist a’, b’, d, and d’ such that 
ab = «b, cd = ed’, and {0} == {ce} C {ce} and {V} = {d’} GC {d}. 


Proof. We form a chain which is forced to terminate by condition (1) 
in & By Corollary 2, we choose a, and b, such that a,b, == ab and {a,} C {0} 
and {b,}C {d}. Then from {a,b,}== {cd} we choose c, and d, so that 
cd = cd and {¢,} C {a} C {c} and {d,} C {b,} C {d}. Continuing in this 
fashion, we obtain a, and b, such that ab = a,b, = azb; and 


{a2} G {er} C {ai} © {c}, and {bz} C {di} C {b} € {4} 
and, eventually, 


ab = 040, = Qaba = Qgba ==" == Andy = e o 
and 

Cd = tidi = Cala == balg =: + == Codn = * = 
in which 

(an) S {Gna} E flra) © {en-2} Go G {ec}. 
and 


{On} E {dns} G (bn) S {dre} C+ + -C fd}. 


But now, by virtue of condition (1) in S, there is an m such that {äm} == {cm} 
and {bm} = {dm}. Let am =U, by = 0’, Cn =C and dm= d and the lemma 
is proved. | 

We may now conclude the proof of (2’) and hence of Theorem 1 as 
follows: We have {ab} = {cd} if and only if ab ~ed. Then by Lemma 2, 
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ab ~ cd implies ab =a'b’, and c’d’==cd where a’ ~c’, b~d and a’|c, and 
b’|d. But by condition (2) in 8, we have | 


a= ty, d = ta~ st = c |c, c=su; F 


= zw, Y = yw ~ uv = d' |d, d= t. 


Clearly equality implies equivalence, so all equalities in the above may be 
replaced by equivalences, thus completing the proof of Theorem 1. 


3. In the remainder of the paper the system S” is considered where equi- 
valence in § is replaced by equality in 8’. 8’ is then an associative, commu- 
tative semi-group in which 


(1°) Any ascending or descending chain of proper dwisors of any 
element of S’ is of finite length. 


(2’) ab==cd if and only tf there exist L,Y, 2, W, 8, t, u, and v such that 
a = Ty, wz = stile, cm su; 
b==2w, yw = w| d, d= tv. 

(3’) For any a in S’, there is an identity for a, and 

(£) Ifa|b and bla, then a=b. 

THEOREM 2. There is an element 1 in 8’ such that laa for all a in Ñ. 


Proof. Clearly any divisor of an identity for a is an identity for a, 
by virtue of condition (4°). Also any two identities for the same element 
have a common divisor, for if e,a—e.a—a, we have from (2’) ea= £y, © 
zz = st\ eq’, ea = su etc., where z|e, and zie’. Now, if eua =a and erb =b, 
é, and ep have a common divisor which is an identity for a and b, since 
lab = eab = ab. Consider now a maximal chain of divisors of e, where 
eaa =Q. It has a smallest element eo, which has the property that it divides 
all elements of the chain. If a second chain is picked, its smallest element eo, 
must equal eo, since the two minimal elements must have a common divisor. 
Hence eo, depends only on a, not on the chain selected. For any other 
element b there is similarly an identity ĉo But then, by the above go, 
` and e» have a common divisor which must be equal to both by minimality. 
Hence eot =v for all x and eo, is the element 1 with properties stated in 
Theorem 2. ` 
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4. We define an element p, to be irreducible if the only divisors of p 
are identities for p and p itself. Clearly any element of S’ can be written as 
a finite product of irreducibles in at least one way because of the descending 
chain condition.” 


THEOREM 3. The set of idempotent elements of S’ is identical with 
the sel of elements which are identities, 


Proof (a) Any non-idempotent irreducible has all its powers distinct. 
For suppose p is irreducible and pp? and p"==p"™ for some n and m. 
Then p"|p"*!| p”+* — p» implies by (4’) that p” = p". We pick the smallest 
n for which this is true (n = 2) and eventually arrive at the contradiction 
that p” == p*! implies p" = p”. Now p"** == p" is the same as p: p” = p> p"? 
where the only divisors of p are p and identities for p. But 


p= zy, tz == st| p, su =p; 
. pi == zw, yw = wel ph), tu = ph 
Clearly, « or y, and s or u, must be p since p is non-idempotent and irreducible. 


Case I. £= S= p; Y= lp, U= lp Where ep and ep’ are identities for p. 
Then z and ¿ must be identities for p, say ep” and ep”. Then p” == zw = ep” w 
and ep w= yw| p”! But then epep w| ep” p*? == p and ege w = ep p” = p” 
from which p"™|p*-', or p” = p"", the desired contradiction. 


Case Il. Yy =S= p; == lp, U= ey, E= 6)", z= p. But then, similarly 
p” = zw = pw and yw = pw|p™+. 


Case TIT. t=u=p; yep, Z= ep, S=; and t=p. Then 
p° = ZW = 6p W, YW = epw| p. But epp" = p” = epep w and 


Cp YW == Cp Ept | ep p% t =p"! or p” = epep w | p". 


Case IV. Yy =u = p; €= lp S= ep. Two cases are possible. First if 
z = p, then p? = pw, yw = pw | p", or p" = p”. Otherwise z = e,” in which 
case p° == zw = ep'w and pw]p*? whence p p”= p'ep” w= pw| pt from 
which p”*!| py"! which is false and completes the proof of (a). 





(b) Any divisor of an idempotent is idempotent. For let a be idem- 
potent and a= pb where p is irreducible. Then a*=p"b"-—a. Hence p"la 
for all n. But the p” are an infinite ascending chain of divisors of a unless 
p is idempotent. Hence p is idempotent. But then any irreducible divisor 
of an idempotent is idempotent. But any divisor of an idempotent is a 
product of irreducibles and is hence idempotent. 
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(c) Any identity is idempotent. Consider an element ea with the 
property that eaa =a. Let p, an irreducible, divide ea. Then p”ļa for all 
a and hence p is idempotent. But ea is the product of:a finite number of 
such idempotents, and is thus idempotent. But clearly any idempotent is 
an identity (for itself) and so the set of identities is the same as the set of 
idempotents completing the proof of Theorem 3. 


THEOREM 4. The identities of S’ form a distributive lattice. 


Proof. Let I be the set of idempotents partially ordered by «Sy if y|2, 
and consider the product ab with a and b in J. Then ab is in I and ab Sa, 
ab b. Assume vind ands S&a, e S< b. Then s= ka and av = aak = ak = x 
and abz =v. Hence ab|e and «Sab. Thus ab=an b, and I is a lattice, 
for it is a partially ordered set with a unit element 1, the descending chain 
condition, and is closed under finite intersection. J is distributive for if 
a=b ce, there exist b, and c, such that a = b, N ce, with bi ÈZ b and ¢, Ze. 
This is easily shown to be equivalent to distributivity in a lattice, and, 
rewritten in terms of division, is precisely Corollary 1 of Section 2. Now, 
ab = cd if and only if a = xy, b = zw, c= xz, d = yw, for distributivity in a 
lattice is also equivalent to a N b =c N d if and only if a= (aU e)N (a U å), 
b= (bU c)N (bU d), c= (aU c)N (bU c)andd = (aU dN U d). Hence 
condition (2) of S holds among the identities of 8’. 


5: THEOREM 5. If an element of S’ is factored into irreducibles in 
two ways, the non-idempotents and their powers are identical in the two 
factorizations. 


Proof. Let p, pi, po denote non-idempotent irreducibles. 


(a) If plab then pla or p{b. For let pk —ab. Then by condition (2’) 
on S’, 


pay w= sta, 
where z or y=p and ala,y|b. 
k=zw yw= urd, 


(b) Any non-idempotent irreducible has no non-idempotent divisors 
except itself. 


(c) In two factorizations of an element into irreducibles the distinct 
non-idempotents occurring are the same. For, let p occur in one factorization, 
then by (a) it must divide a p’ in the second factorization and by (b) it must 
be the same element. 
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(d) No non-idempotent irreducible divides any power of any other 
non-idempotent. For let p,54p. and p,|p2% where œ is minimal with this 
pop. But by (a), pil pz or pr} pe*? both of which 





property. Then p 
are false. 


(e) Tf p"lab and pře then p"|b. We prove this by induction on n. 
By (a) this is true for n==1. Let m be the smallest integer for which 
p"|ab, pfa and p"{b. By the induction hypothesis, pab and pfa implies 
pe |b. From kp” = ab, we have by (2’) 


p" == vy, vz = si | 4, SU = Q ; 
k = zw, yw = wo |b, tv = b. 


But pfa and hence v, z,s,l and u are not divisible by p. But then p” == ey 
where pfe and hence p*|y. Hence pp” = wy from which 


-1 Jat adat —— ff ee 
gn) = ey’, aa! = ot! |T, Sw =T; 
p=z w y w =w |y, Uo =y. 


But p cannot divide a, or hence 2,7, t oru. But if pfr’, then ply’ and 
if pie’, p=, Thus p-p" = p»|wy |y and y|b, so p”|b contrary to 
assumption. Now, if an element a of S’ has two factorizations 


a == lapi" . ` Ptr = egp,Fr- . Pas 


in which ea and eg are the idempotent parts, «;== 6; for all + since p;*'|kp,F 
where pk. This completes the proof of Theorem 5. 

The set of idempotents which divide a, an element of §’, has a maximal 
element ea. Say it has a second eg. Then caa = la Q = Q = balat. But 
since Ca and e,’ are maximal they are equal. Hence we may factor the element 
a uniquely into ea, its maximal idempotent divisor, and powers of irreducible 
non-idempotents. Let © = lep: > pe, and b= epp: -pr (a; and 
B: = 0) be factorizations in this unique fashion. Then 


4b == Calp pir P: one prer*ßr 


is ihe factorization of their product. For clearly eeep|ab, and eas|ab implies, 
by Corollary 1 of Section 2, that eeb —ea’ey’ such that eg |ea and eé,’|e,. But 
this in turn implies that Cay = éq’¢y’|eaey|@an. Hence eals = eqn. 


THEOREM 6. ab==cd if and only if there exist x, y, z, and w such that 
a= tY, bzw, c= %2 and d= yw. 





Proof. Q= eg: > -p,%, b= eh - ph C= epn p and 
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d=eyp,- pê. By the above ab=— cd if and only if ege,==eeg and 
a; + Bi = y+, From the remark on distributive lattices eg == 1, €p = 211, 
Cp = 4%, and ea == YW, and from the truth in integers (or arbitrary Gaussian 
semi-groups), the truth for irreducibles is immediate. The product of the 
separate parts clearly suffices. 


THEOREM 7. The system S’ ts the sub-direct product of a distributive 
lattice and a Gaussian semi-group. 


Proof. Replace a == egpi%™: > > pœ by the pair (ég,pi%: + + p,*"). Then 
ab = (la N ep pith + - - p28), However, the product is not necessarily 
direct. For consider the set R= {(é,1), (61, 1), (e p”) (n = 1,2,83, - -)} 
with @ N ¢,==¢,. All the postulates are satisfied, but Æ is not a direct 
product, for the {(¢, p”)} are missing. 

The question of whether or not any diophantine system may be reduced 
as in Bell [1] to the special case considered here will be treated elsewhere. 


The author wishes to thank Professor Morgan Ward who suggested the 
problem, and whose helpful suggestions and encouragement are greatly 
appreciated. 
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ON A PROBLEM OF POINCARE CONCERNING RICCATI’S 
EQUATION.* 


By PHILIP HARTMAN and AUREL WINTNER. 


l. For large positive ¢, consider the differential equation 
(1) a” + f(t)e=0 
in which f(¢) is a real-valued, continuous function having the property that 
(2) w = lim f (¢) exists 
tro 


(as a finite limit). Then equation (1) can be considered to be a “small” 
perturbation of the equation with constant coefficients 


(3) £” + wz =Q. 


This prototype of (1) has the pair of solutions s == e*, g = eM or z= 1,4 
according as w =— à? < 0, w =à? > 0 or w=0. Correspondingly, an asser- 
tion of Poincaré [9], pp. 227-236, implies that (1), in the case (2), has 
solutions z = 2z(¢) with a logarithmic derivative 


(4) w = 2 /% 
satisfying 
(5) w? (t) >—w as to. 


But the mdications given by Poincaré are incomplete, and the purpose of this 

paper is to examine the validity of the assertion (when o =}f(œ) =0). 
What is at stake is the existence, and not the evaluation, of a limit, 

w(co), of (4) as ¿—>æœ. For if it is assumed that w(0o) exists, then 


w?( œ) =— w (so that (5) holds). In order to see this, note that (4) 
satisfies the Riccati equation 


w+w?+f(t)=0 


(at those ¢-values at which z340). Hence the assumptions that f (co) =w 
and w(co) exist imply that w(t) tends to —w?(0)—w as to. But 
the existence of w(co) means that w(t) is improperly integrable at t= %0, 
and so the limit of w(t) at ¿=œ must be 0, which proves that w? (co) =— vw. 


* Received May 5, 1955. 
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Poincaré’s statement is correct if f(o) <0 and, in this case,” every 
non-trivial (£0), real- or complex-valued solution æ ==z(t) of (1) satisfies 
(4)-(5); see Perron [6]. When 


(6) ast 


then (1) can be non-oscillatory or oscillatory, where, in the terminology of 
A. Kneser, (1) is called non-oscillatory if one (hence, by Sturm’s separation 
theorem, every) real-valued solution (£0) of (1) does not vanish for large ¢. | 
In the non-oscillatory case (2), (6) of (1), it is known that every (real- or 
complex-valued) solution w==z(t) (540) of (1) satisfies (4), (5); see [2], 
p. 391, Theorem B. 

If (1) is oscillatory and «= 2z(¢) is a real-valued solution, then the 
ratio (4) is undefined at the zeros of z(t). On the other hand, if s= g(t) 
and t==y(t) are two real-valued, linearly independent solutions of (1) 
(which, therefore, do not vanish simultaneously), then the complex-valued 
solution z 


(7) z= v(t) + iy (t) 


of (1) has no zeros (so that (4) is defined for all t). Perron [7] has 
shown that, nevertheless, Poincaré’s assertion in the case (6) is false; that 
is, that there exist differential equations (1) which have coefficient functions 
satisfying (2), (6) (and which are necessarily oscillatory) but are such that 
no (complex-valued) solution s= z(t) satisfies (4), (5). Strictly speaking, 
Poincaré’s paper assumes that f(t) is a rational function, but this is of no 
avail (in this connection, cf. the positive results of Perron [6] as well as his 
negative observations in [6], pp. 269-270). 

The question of the validity of Poincaré’s assertion in the case 
w=f(%) >0, say 
(8) o = 1, 


does not appear to have been treated in the literature. The chances for the 
truth of the assertion in this case seem to be higher than they are in the 
case (6). In fact, the prototypes (3) in the cases (6) and (8) are z” == 0 
and gz” -+-v==Q, and the former has secular solutions (i.e. it leads to a 


* In view of the superposition principle, the assertion is implied by the statement 
that if f(¢) is a real-valued continuous function and if (1) has a real-valued solution 
a(t) for which neither x(t) nor #’{t) vanishes for large t, then (2) implies (5) for 
the case z(t) = a(t) of (4). 

A simple proof follows by applying l’Hépital’s rule to the function #’*/a*. In fact, 
the ratio of the derivatives of #* and æ? is 2a’a" /2az’ = a” /x, which is —f, by (1), 
and so the assertion follows from (2). 
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multiple elementary divisor), whereas the roots of the characteristic equation 
of the latter are distinct (A= = 1), and even the title of Perron’s paper [7] 
emphasizes the multiple character of the roots in his case (6). It turns out, 
however, that Poincaré’s assertion is false in the case (8) also. In fact, if 


(9) f(t) =1 + (sin t)/ (3t), 


then (2) and (8) are satisfied (and f(t), instead of being just continuous, 
is an entire function) but (1) fails to possess any solution æ = z (t) for which 
Riccati’s quotient 2’/z tends to a limit as ft o. 

In order to see this, let 


(10) r—r(t) = | 2(t)| = (+). 
Then 

(11) ry = ae + yy’; 

so that, from (4), 

(12) w = 1" /r + i¢/7, 

where c is the Wronskian constant, 

(13) vy — ry =c (£0). 


It is clear from (12) that (5) cannot hold if r—=r(t) is unbounded, as ¿> o. 
This will be the case if (1) has some unbounded (real-valued) solution ; that 
is, if (1) has some solution satisfying 


(14) lim sup | æ (t) | =. 
t> 0 


But Perron [8] has shown, in another connection, that (2) and (8) are 
compatible with (14); in fact, (9) is a simplified version of his example 
(cf. [10], pp. 386-387). Hence, the case (9) of (1) has no solution satis- 
fying (5), where o = 1. 

The considerations leading to these remarks will be considerably refined 
below. 


2. The following conventions will be used: The assumption that f(t) 
is real-valued and continuous for large ¢ will not be repeated below. a(t) 
aud y(t) denote real-valued, linearly independent solutions of (1) and 
c (7&0) denotes their Wronskian constant (13). A solution z—=2(t) of (1) 
will be called of type (7), (18) if it is the linear combination (7) of real- 
valued solutions satisfying (18) with a c0. 
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(I) Let (1) possess a solution z—2(t) of type (7), (18)-having a 
Riccati quotient (4) which satisfies (5), where w is (finite and) real. Then 


tts 


(15u) i b. | J (f(u)—o)du|/(1+s8s)—0 as too. 


This shows the extent to which (2) can be altered when (4), (5) hold. 
The theorem is known in the cases that o <0 in (5) ([1], pp. 570-571) 
and in the case that (1) is non-oscillatory and w= 0 (see [2], p. 391). 

The contrast between the cases o = 0 and w > 0 is shown by the following 
theorems: 


(IIo) Let z—2(t) be a solution of (1) of type (7), (18) for which 
the Riccatt ratio (4) satisfies 


(16o) > w(t)— 0 as tooo. 

Then every solution of type (7), (13) satisfies (16a). 
If (16.) is replaced by (5), where w œ> 0, say by 

(16,) w(t)—i as t=, 

then there is a uniqueness theorem. 


(IL) Let z=z(t) be a solution of (1) of type (7), (18) for which 
(4) satisfies (16,). Then the solution z =z(t) ts unique up to a constant 
factor. 


If (16_) means the relation which results if i is replaced by — 4 in (16,), 
then z = z(t) satisfies (16,) if and only if its complex conjugate a(t), which 
is also a solution of type (7), (13), satisfies (16_). 


(IIL) Let z=z(t) be a solution of (1) of type (7), (18). Then the 
conditions : (15) and . 


(17) |z(t)|—>% as toa 
are necessary and sufficient for (165). 
The analogue for (16.) is as follows: 


(III) Let z =z(t) be a solution of (1) of type (7), (13). Then the 
condition (15,) and the condition that 


(18) lim | 2(t)| exists 
t> 


(as a finite limit) ‘are necessary and sufficient for (16.). 
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In this theorem, (18) can be replaced by the condition that 
(19) lim | 2’(¢)| exists. 
i> o9 
(IV,) Let z=z(t) be a solution of (1) of type (7), (18). Then 
(15,) and (19) are necessary and sufficient for (16.). 


It will be seen from the proofs that if (15,) is assumed, then the 
necessary and sufficient condition (18) and/or (19) for (16.) can be replaced 
by the condition that lim (| 2(t)|?-+ |z (t) |>) exists and is 2] ¢|. 

f -> 0 

For the case w = 1 in (5), there results the following existence theorem : 

(V,) If (15,) holds, then necessary and sufficient for the existence of 
a solution z==2(t) of (1) of type (7), (18) satisfying (16,) is that 
(20) lim | e+ ia’ | exists 

t> wo 
for every (real-valued) solution x= x(t) of (1). 

It may be remarked that (20), as a sufficient condition, cannot be relaxed 
to the assumption that 
(21) |+ iz] == O(1) as t>o 


holds for every (real-valued) solution e==a2(¢) of (1); cf. Section 9 below. 
Tt will, however, remain undecided whether or not the sufficient condition 
(20) can be relaxed to the assumption that (20) holds for some (instead of 
every) real-valued solution z = g(t) 0. 


(VI,) Jf (1) has a solution z= 2(t) of type (7), (13) satisfying (16,) 
and if h=h(t) is a continuous function for large positive t satisfying 


oO 


f |h(t)| dt <, then @” + (f(t) +h(t))e=—0 has a solution z==z(t) 
of type (7), (18) satisfying (16,). 

In fact, since the solutions of (1) are bounded, as t->0, by (HL) 
and/or (IV), it follows from [11], p. 261, that to any solution g ==@(t) 
of (1) there corresponds a (unique) solution % == 2)(¢) of the last equation 
satisfying, as Ta, 


(1) a(t) + 0(1), — @o’(#) =x (t) + 0(1). 


Thus, (VI,) is a consequence of (V,) (for instance). 


3. Proof of (1). Let z==2(t) be a solution of (1) for which the 
Riceati ratio (4) satisfies (5}. Since (I) is known when o < 0, it will be 
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supposed that either » 0 or w=1. In view of (12), the relation (5) is 
equivalent to the pair of limit relations 


(22) 1/r—>0 as ta 

and 

(230) t->% as t—> %0 if o= 0, 
or 

(23,) r?—»|c| as to if w=}. 


The relations (28) express the fact that 
(24) c? /r (t) > as to. 


If (10) is differentiated twice and (1) is used in the form t” ==—fz 
and y” == — fy, there results the relation — r” /r == f— (ay’—ya’)?/r*. In 
view of (13), this means that r==r(¢) satisfies the “linear” differential 


equation Š 


(25) _ 4 g(t)r=0, 
where 
(26) g(t) =f (t) —e/r*(t). 


The equation (25) is non-oscillatory, since it possesses the solution 
r==7(t) >0. By Theorem B in [2], p. 391, a necessary and sufficient 
condition for (25) to possess a solution r==r(t) satisfying (22) is that 


f+s 


f g(u)du|/(1-}s)—0 as t-o. 


(27) l. u. b. | 
olga 


Hence (15) follows from (24) and (26). This proves (I). 


4. Proof of (II,) and (III,). The assertion (III,) will be considered 
first. If (1) has a solution z==z(t) of type (7), (13) satisfying (160), 
then (15o) holds, by (I). In addition, the proof of (I) shows that (16e) 
implies (23o), that is, (17). Hence (15) and (17) are necessary for (16o). 

Conversely, if (155) and (17) are assumed, then (27) holds. Conse- 
quently, Theorem B of [2], p. 391, shows that the solution r==7(¢) of the 
non-oscillatory-equation (25) satisfies (22). In view of (12), the relations 
(22) and (235) (that is, (17)) give (15). This proves (III,). 

In (IIg), it is assumed that (1) has a solution z==2z(¢) of type (7), 
(13) satisfying (16,). Thus, (15) holds, by (I). The assertion (ITI,) 
implies, therefore, that a solution z = z(t) of (7), (18) satisfies (16,) if and 
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only if (17) holds. Consequently, it is sufficient to show that if a pair of 
real-valued, linearly independent solutions æ == x(t), y= y(t) satisfies (17), 
then any pair of real-valued, linearly independent solutions, # == ¢,@ +- c24 
and y= C% + cyy, where ¢,¢,— CoC; 30, satisfies (17), that is, (cx + coy)? 
-+ (est + cy)? >œ as t—>œ. But this is clear, since ¢,¢,— CzC 340 implies 
that there is a const. > 0 satisfying 


(cit + Coy)? + (cst + Cay)” Z const. (2? -+ y”) 
for arbitrary 2,y. This proves (II). 


5. Proof of (II,). Suppose that (1) has a pair of solutions z, = z, (t), 
Z = Za (L) satisfying Z4 /2ı — f, Zy /Z ->t as t=. Then 


Zi Zi —— Bo! Ze = (Zy Zo —- Zitz )/Zı22—> 0 as to. 


and 





Here the Wronskian 2,2 —z:2/ is a constant. On the other hand, | 2, 
Zo tend to finite limits, as ¢->00; cf. the derivation of (23,) from (5). 
Thus, the relation in the last formula line cannot hold unless 2,’2,-— 2,2)’ == 0, 











that is, unless z, == const. za. This proves (IL). 


6. Proof of (III,). The necessity of (15,) and (18) for (16.) follows 
from the assertion (I) and its proof (cf. (28,)). 

In order to prove the sufficiency of (15,) and (18), let z==z(t) be a 
solution of (1) of type (7), (18) satisfying (18). The proof of (IIL) 
will be completed first under the assumption that 
(28) (15,) and (18) imply (23,). 

It will then be shown that (28) is always true. 

If (28,) holds, then (27) follows from (15,) and (26). In this case, 
(22) is a consequence of (25), (27); see [2], p. 391. Finally, (16.) 
follows from (12) and (22), (28,). 

Thus, in order to complete the proof of (IIL, ), only the assertion (28) 
remains to be proved. It should be noted that if (15,) is replaced by (2) 
and (8), then (238,) is a consequence of the fact that, on the one hand, the 
number W(t) of zeros of y(s) on 0<s< t satisfies 


(29) aN (t)~t 
and, on the other hand, 


t 
(30) | rN (t) — f | c | ds/r?(s)| S Const. as t—>o ; 
ef. [4], pp. 210-211. 


12 
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In order to prove (28) (without the assumptions (2) and (8)), note 
that, since (25) is non-oscillatory, 


t t 8 
either f g(s)ds—>—% or lim my ( f g(w)du)as exists 
t> w ‘ 
(as a finite limit); cf. [2], p. 390. Hence (15,) and (26) imply that 


1 < lim c/r#(t) (So). 
t-> 9 


Suppose, if possible, that (23,) does not hold, so that — 
(31) 1 < lim ¢?/r*(t) (S00). 
$> 0 


Then the solution r—r(t) of (25) satisfies 

(382) 1+ (’/r)? shim e/t (t) (Sa) aston. 
t-> o 

This follows from [1], pp. 570-571, if the limit in (31) is finite and from - 

this result and from comparison theorems (cf. [5], pp. 635-636) if the limit 


is infinite. In view of (81), the relations (81), (82) imply that 7’/r <0 
for large t; in fact, 77/7 < — const. <0 for large ¢. Hence 


(33) r < exp(— Const.¢) for large ¢ (Const. > 0). 
By (13) and Schwarz’s inequality, e° S 1° (t) (7+). Consequently, 
(84) t? Hy? > ¢? exp (2 Const. t) for large t. 


Jf (1) is multiplied by @ and if aw” is written as (æg) — e”, then a 
quadrature leads to 


t t 
(351) f eds = xa" +f f(s)2*(s)ds + const. 


An integration by parts gives 
f ‘ 
(352) f feeds =P —2 f ae ids. 


t 
where F(t) =f f(s)ds. Since 2|ab|< 4a? + 2b? for any pair of real 


numbers a, b, 
t 


t t 
(353) | 2 J vg Rds |S} f tds +- 2 d F?xĉ?ds. 
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The relations (35,), (852), (853) give 
t 
$ f vds S ae’ + O(t) +O), asto, 
since F(t) = 0 (t) and |x| & r(t) = 0 (1), by (151) and (31), respectively. 
Thus 


t 
af (2? +y ds Ser + yy’ + O(#) as toc. 


Another quadrature shows that 


rf Cf (wv? + y’) ds) dus 37° (t) + O(#*) as too. 


In view of (81), the term 7?(7¢) is bounded as t—> œ, and so the last relation 
contradicts (84). This contradiction shows that the hypothesis (81) is 
untenakle. Hence (28) follows. This completes the proof of (III). 


Remark. In this proof of (28), the full force of (18) was not used. 
Correspondingly, the proof remains applicable when lim|z(t)|, as too, 
exists as a finite limit or as œ. In fact, whether or not r(«) (<0) exists, 
the proof shows that 


(36) lim inf 67/7? (t) S 1 SS hm sup ¢?/r*(¢) ; 
t> © 1 0 
cf. (29), (30) for the case that (2), (8) hold. 
v. Proof of (IV,). Let p= p(t) denote 


(37) p(t) = |2"(t)| = (2 +y”) > 0. 

Then a differentiation of (11) leads to rr” + r? == p? + ax” + yy”. Hence, 
if (1) is written in the form g” ——fza, y” =— fy and (25), (26) are used, 
it follows that 

(38) p? = 1 LG? /p?, 


Since (16.) is equivalent to (22) and (281), it is seen that (19) is a 
necessary condition for (16.). Thus, all that remains to be shown is that 
(15,) and (19) are sufficient for (16.). In view of (IIL), it is sufficient 
to show that 


(39) (15,) and (19) imply (18). 
To this end, note that 


(40) p*(co) — lim (t) 2 |e]. 
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In fact, it is clear from (38) and 72 = 0 that lim sup ¢?/r° (t) S p° (œ); so 
t>o 


that (40) follows from the second inequality in (86). 

If « > 0 and if ¢ is sufficiently large, then c?/r?(¢) S p? ( œ ) — 2e? implies 
that |1’(t)|><« by (88). If ¿=t is sufficiently large and ¢?/r°(to) 
< p?(co) — 2è, then either 1 (to) >e or 7 (ta) <—e. In the former case, 

o/e (t) S (2) — 2e, 


hence 17 (t) >«, for all ¿Z to But 7 (t) >e for large ¢ implies that 
 r(t)—œ as t—>œ, and this contradicts (36). Consequently, 7 (to) < — € 
whenever c?/r? (t) S p? (%0) —2e? (and t, is sufficiently large). It follows 
that c?/r?(t) > p? (œ) —2é for all large t, that is, lim inf c?/7*(¢) Zp’ (œ). 
Thus, by the last formula line, lim ¢?/7? (t) exists and is p?°(co). Since 
p? (%2) = |c|>0, by (40), the relation (18) holds. This proves (39) and 
completes the proof of (TV:). 


8. Proof of (V,). Let z—2z(t) be a solution of (1) of type (7), (18) 
satisfying (16,). In view of (22) and (23;), 


(41) vr’ —0 and r?->¢(>0) as tom. 

Consider the first of these two relations and iie relation (13), that is, 
ax’ + yy =o(1) and yx’ — qty = — c, 
as a pair of linear relations in 2’ and y’. Solving for z’ and 7’, one obtains 
(a+ y?)e—=—cy-+o(|2|) and (2%+y")y’—cx-+0(|y|), as te. 
Hence, in view of the second relation in (41), 
(42) v =—y+o(1) and y =2-+0(1). 
Thus (20) follows from (18). Similarly, 
(20 bis) _ | y + iy’ | exists. . 
Finally, an arbitrary real-valued solution, c,v-+ coy, of (1) satisfies 
(43) (Gt + Coy)? + (a2 + Coy")? 

= 6,7 | w+ ia’ |? + c| y + iy’ |? + 2ce: (£y + ry’). 

In view of (42), 


(44) ty + v’y’=0(1) as t>o. 
Hence 


(45) ` lim | (cis + coy) Hilat + coy’) | exists, 
i> o 
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by (43), (20) and (20bis). This proves that the condition that (20) holds 
for every real-valued solution (t) of (1) is necessary for the existence of a 
z = z(t) satisfying (16,). 

Conversely, suppose that (20) holds for every real-valued solution v = r(t) 
of (1). In particular, (45) holds for arbitrary constants cı, C2 and a pair of 
real-valued. linearly independent solutions, e==«(t) and y==y(t), of (1). 
with c > 0 in (18). 

Tn view of (43), the assumption (45), for arbitrary constants ¢, and c», 
implies that lim (wy -+ 2’y’) exists. Without altering the value of c in (13), 
the solution y(t) can be replaced by ba -+ y, where the constant b is arbitrary. 
Then xy- wy’ becomes replaced by 


“(bz + y) +a" (ba + y’) == (2? + 2,7) + ay +ea'y’. 


Thus, if b is suitably chosen and bs +- y is renamed y, then (44) holds. If 
the pair of relations (13) and (44), which are linear in x, y’, are solved for x, 
one obteins (y? -+ y” )s=cy +o0o(1). If the solutions x, y are replaced by 
const. z, y/const., then (13) and (44) remain unchanged and it can be 
supposed that y? -+ y” =-e-+0(1), (c> 0), after a proper choice of const., 
if y/const. is renamed y. Thus z =y 4+- 0o(1). But then (20bis) gives (18), 
hence (16.). In fact, (16,) holds, since c > 0 in (13). This completes the 
proof of (¥,). 


9. Examples to the case (8). There exist real-valued, continuous func- 
tions f(t) which satisfy (2) and (8) but are such that (1) has no (complex- 
valued) solution z = z(t) satisfying (16.). In fact, it was pointed out above 
that (9) is an example of such an f(t). 

As mentioned above, there exist continuous f(t) satisfying (2) and (8), 
but such that (1) has no solution z==2(¢) satisfying (16.), although (21) 
holds for every solution e==2(¢) of (1). Such an f(t) can be obtained by 
modifying the example in [5], pp. 631-632, as follows: Let àn Ant- be a 
sequence of numbers satisfying 


(46) àz- 1 as ko, 


k 
put Bı =0 and Br = ġr 3 1/A; for k >1, and define f(t) by placing 
gal 


(47) P(t) =M? if Pra St < Be (4==1,2,+ + -), 


Thus f(¢) is defined for OS t <c. It is not continuous, but it will be clear 
that its discontinuities can be smoothed out (locally) without affecting the 
asymptotic behavior (as ¿—> œ) of the solutions of (1). 
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Let d,,d2,: °° and @€,,@2,: + be the sequences of numbers 
k-1 k-1 

(48) Ge o Aoje1 and er = H Aajs/ À2j+23 

so that 

(49) er = Ào/ (drAzx). 


On the half-line 8 S t <œ, define a function s == g, (t) by the formulae 
(—1)*d;, Cos ro, (t— Box) or (— 1) dra SiN Aars (t — Bors) 


according as Bo, © t < Baxr OF Bors St < Bore. On the half-line, 8 St <0, 
define +==2.(¢) by the formulae 


(— 1 ) Fek COS Avkes (t — Bons) OF (—— 1 ) Kelok, SÌN Azke (t aiik Ber+2) 


according as Bsr £ t < Bor Or Bora t < Bors. The functions s(t), 
T(t) have continuous first derivatives for t= Bə, t= Bs, respectively, and, 
in the case (47), satisfy (1) for all ts4ßBı B.,- + -3; so that 2,° £ are 
“solutions” of (1). Tt is clear that 


| 1 (Ber) | = dy, | ay’ (Box) | = 0 and | Tz (Bors)! == Ok, ta! (Boxer) | = 0. 


Hence, (20) cannot hold for == gv, and/or z == x, respectively, unless 





(50) lim dą exists and/or lim ey, exists. 
ks ko 00 

On the other hand, (21) holds for x == z, and 7 =, (hence for every solution 

of (1)) if and only if 


(51) dy, —=O(1) and .e,—O(1) as k-o. 


It is clear that the sequence M, Às - - can be chosen so as to satisfy (46) 
and (51) but to violate’ (50). Since (46)-(47) implies (2) and (8), there 
results an f(t) for which (1) has no solution z==2(t) satisfying (16,), 
although (21) holds for every solution. 

It is also clear that the f(t) in this example can be chosen so as to 
satisfy f(t) = 1 for all é (or f(t) S1 for all ¢). On the other hand, if f(t) 
satisfies (2), (8) and if 


(52) f(t) is monotone 


(or just of bounded variation on 0OSt<oo), then (1) has solutions (7) 
satisfying (16.). This follows from asymptotic formulae ([11], p. 270) 
for the solutions of (1). i 
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10. Examples to the case (6). As mentioned above, Perron [7] has 
shown that there exist functions f (4) which satisfy (2) and (6) but are such 
that (1) has no solution z ==2(4) satisfying (16)). In view of (I,) and 
. (Uo), an f(t) has these properties if it satishes (2), (6) and if (1) is 
oscillatory and possesses a solution «= v(t) 3£0 satisfying 


(53) tolt) =0(1) as Low 
or merely 
(54) volt) == O(1) as too. 


For | z(¢)| == const. | £o(t)| at the zeros of a fixed solution e = y(t), linearly 
independent of waf) (while the zeros of yo(f) tend to co, since (1) is 
assumed to be oscillatory). 

It follows that the example of [3], p. 534, has the desired properties 
and, in addition, (52) holds (the fact that f(¢) is a step-function, and not 
continuous, is unimportant for the considerations at hand). In other words, 
(2) and (52) do not assure the truth of Poincaré’s assertion concerning (5) 
in the case (6), although, as mentioned above, (2) and (52) are sufficient 
for the truth of Poincaré’s assertion in the case (8). 

It is curious that in the example of Perron and in the example of [3], 
just mentioned, (1) has a solution satisfying (54), but not (53). In fact, 
if (2) and (6) hold and if (1) is oscillatory (so that f is positive and non- 
increasing), then no solution v= 2(t) (£0) can satisfy (58) (since the 
relative maxima of |«(¢)| form a non-decreasing sequence); cf., e.g., [12]. 

lt is therefore worth noting that f(t) can satisfy (2), (6) and have 
the property that (1) is oscillatory and hus a non-trivial (340) solution 
satisfying (53). An example of such an f(t) is given in [5], pp. 643-644. 
The function given there even satisfies f(4)=O(l-%) as too (hence 


f |f |dt <% ) and is such that (53) becomes improved to x(t) = O (8-37) 


as ¿—>%, where y (> 1) is a fixed (but arbitrary) number. 


Note that (2), (6) prevent that (53) holds for all solutions of (1). 
In fact, the same is true if (53) is relaxed to (54). This follows from (30) 
and from the fact that (29) must be replaced by V(t) = o(t) as t->o in 
the case (6); ef. [18]. 
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ISOMORPHISMS BETWEEN PROJECTIVE UNITARY GROUPS.*? 


By Jonn I. WALTER. 


I. Introduction and Preliminaries. 


1.1. Introduction. The problem of finding the automorphisms of the 
classical groups and the related problem of determining isomorphisms between 
particular groups has been studied by Dieudonné [5] and Rickart [7,8] 
among others. With regard to the projective unitary groups, this question 
has been unanswered except when the underlying vector spaces are over 
finite fields (Dieudonné [5, p. 82]; the proof given there for the proper 
projective unitary groups applies also to the projective unitary groups). We 
shall treat this problem here. 


Denote by # a right vector space of dimension n over a sfield K of 
characteristic not 2. Assume furthermore that K possesses an involutive anti- 
automorphism J:¢—¢/. Then we can define a sesquilinear form f as a 
mapping fF: EX E—K such that f(a,y) is additive in both z and y and 
f(x, yB) == of (a, y)B where « and 8 are in K. The form f is said to be 
hermitian if f(y, £)” =f(z,y) and nondegenerate if f(z,y) = 0 for all y 
in Æ implies that «==0. We shall assume henceforth that f is a non- 
degenerate herimtian sesquilinear form.’ 

The group U,(K,f) of the linear transformations of Æ onto itself which 
leave invariant the form f is called the unitary group. The inner auto- 
morphism ¢@—>A"pA of K induced by the element A will be denoted by A*; 
so $Y ==\ dA. The transformation hy:s— xà for all s in # is semilinear 
with respect to the automorphism A* of K and is called a homothetic trans- 
formation. The group of homothetic transformations is denoted by H,(X). 


* Received June 8, 1955. 

1 This paper is based on the author’s dissertation submitted for the degree of Doctor 
of Philosophy at the University of Michigan. The author acknowledges the guidance 
and encouragement given by Professor J. A. Dieudonné. In part, this work has been 
sponsored by the Office of Ordnance Research, U. S. Army, under Contract DA-20-018- 
ORD 1328). 

2? Birkhoff and von Neumann [1] have shown that if f is reflexive and not alter- 
nating, then there exists an element a in X such that af is hermitian. The projective 
group associated with these forms then will be identical to the projective unitary groups. 
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The factor group Un (K, f)/Ha (K) O Un(K, f) is the projective unitary group 
PU,,(K, f). 

Dieudonné [5] and Rickart [9] have shown that if certain involutions 
of PU,(K,f), called extremal involutions, which are defined by the way they 
act on Æ and which are associated with the 1-dimensional nonisotropic sub- 
spaces of Æ can be characterized strictly in terms of the multiplicative struc- 
ture of PU,(K,f), then the automorphisms of ?U,(K,f) can be determined 
and the related question of determining the isomorphisms between certain 
subgroups of PU,(K,f) and similar subgroups of another projective unitary 
group can be answered. The group-theoretical characterization of extremal 
involutions is our principal result. 

Besides the aforesaid restriction on K, we assume, whenever we use Lemma 
1.5, that K is not the finite field GF (3), a case which has been considered by 
Dieudonné [5]. For the sake of convenience, we furthermore assume that n 
is finite although the extension to the infinite dimensional case is immediate 
due to some remarks of Rickart [8; p. 700]. We shall ultimately restrict n 
to be greater than 4 but we do not assume this from the outset. Of course, 
we take n = 2 in all cases. 


1.2. Definitions and Notations.” In the study of the projective unitary 
group, we shall consider also the group of collineations ['L,(K) which consists 
of all 1-1 semilinear transformations of E, and the factor group PTL,(K) 
== [D,(K)/H,(), which is called the group of projective collineations. By 
the group TU,,(K,f) of semisimilitudes, we understand the subgroup of 
Tl, (XK) consisting of those elements ¢ which satisfy the equation 


f (t(s), t(y)) = ef (a, y)? 


where 7 is the automorphism of K associated with ¢ and e, is an element of 
K, which depends only on ¢ and is called “the multiplier of t4.” It can be 
shown that if ¢@ is in K, $7 == epte". A homothetic transformation hy is 
contained in TU,(K,f) with multiplier AYA. The factor group 


PTU AK, f) =TU,(K, f)/H(K) 
is called the group of projective semisimilitudes. 
If K is commutative and J is the identity, the groups U,(K,f) and 
PU,(K,f) become orthogonal and projective orthogonal groups O,(K, f) 


* The reader is referred to Dieudonné [2] from which this paper takes its point of 
departure. In places where details have been omitted, the reader is referred to Dieu- 
donné’s treatise. 
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and P0O,(K,f), respectively, which we merely consider as special cases of 
the unitary and projective unitary groups. 

The symplectic groups will be introduced. Such a group is defined, 
when K is commutative, as the group of linear transformations leaving 
invariant an alternating bilinear form f and will be denoted by Sp,(K,f). 
The corresponding group of semilinear transformations, however, will still 
he denoted by [U,(K,f). 

With the exception of the case where U,(K,f) is the orthogonal 
group O.(K,f), K is the finite field G#(3), and f is of index 1, the center 
of U,(K,f) is C,=H,(K)N U,(K,f). Let Z denote the center of K; 
then C, consists of those homothetic transformations A, where A is in and 
WaAs=1. The set of such elements A forms a multiplicative group of Z which 
we denote by C. At times, a homothetic transformation h will be denoted 
by A and a(z) by A(z). 


1.3. Classification of the involutions of PU, (K, f). 


We shall use the methods of linear algebra and for that reason we look 
upon an element ¢* of PU,(K,f) as a coset in U,(K,f). In particular, 
if w* is an involution’ of PU,(K,f), then an element u of u* will be called 
a projective involution. If w* is an involution of PrU, (K,f) then u* will be 
called a semilinear involution and u of TU,(K,f) in the coset u* will be 
called a projective semilinear involution. The relation w==y with y in Ca 
characterizes projective involutions. 

We shall now distinguish various types of projective involutions u, where 
u’ =y In Gpr: 


(i) wis of the first kind if y =à? when à is in Z and XA = 1. 

(ìi) uis of the second kind if y = Aà" when A is in Z and AA = — 1. 
(iii) uis of the third kind if y=? when à is not in Z. 
(iv) wis of the fourth kind if y is not a square in K. 


Note that if y= Aà? and à is in Z, then y’y= 1 implies that WA == +1. 
So in this case « is either of the first or second kind. If a projective involu- 
tion u is of the &-th kind, then so is every projective involution yu, where y 
is in Ca. So we can say that the involution u* of PU,(i,f) which contains 
u is also of the k-th kind. An extremal involution is a particular kind of 
involution of the first kind. Because the identity 1 can obviously be dis- 


involution, we mean an element u* such that u** =}. 
‘By an involution, we me l t u* h that u*? =] 
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tinguished group-theoretically from other imvolutions, we shall exclude it 
from the set of involutions of the first kind and the elements of C, from the 
set of projective involutions of the first kind. 

It is clear that if two involutions in U,(K,f) or two involutions In 
PU,,(K,f) are conjugate, they are of the same kind. 


1.4. Definition of the invariants v,” and @,*. We shall use in our 
characterization of extremal involutions of PU,(K,f) group-theoretical in- 
yariants similar to those introduced by Mackey [6] and effectively used by 
Rickart [7,8]. Let d* be a set of involutions in PU,(K,f) and define 
c(3*) to be the set of those involutions of PU,(K,f) which commute with 
every element of d*. Denote by 


y (u*, v*®) the number of elements in e(c(u*, v*)); 
yu” the maximum of »(u*,v*) for all mvolutions v* 54 u* such 


that u*v” — v*u*, u* s41*, and v*¥ ~1*. 
2 ? 


It is easily seen that c(c(u*,v*)) always contains 1*, u*, v*, and u*v* 
when u* and v* are chosen as above; sO vs = 4. Rickart [7,8] showed in 
the cases he considered that the minimum of the invariant corresponding to 
vy» was attained only for extremal involutions. In the case of the projective 
unitary groups, this is no longer true. So we introduce a new invariant. 

Let &* denote the set of involutions of PU,(K,f) for which rys = 4. 
As v,» is not defined, 1* is not in-&*. With one exception when n= 6, we 
shall show that &* contains the extremal involutions and the involutions of 
the third and fourth kinds. Denote by 


w (u¥, v*, w*) the number of elements of ¢(c(u*, v*, w*) ) ; 
Wy the maximum of w(w*, v*,w*) subject to the condi- 
tions that u*, v*, and w* are distinct mutually com- 
muting mvolutions in &* such that u*v* 4 w*, 


The condition that u*v* 4 w* implies that wy. = 8. We have been able 
to show that the invariant w,» alone distinguishes extremal involutions when 
n>4 and n5<6, 8, or 12. However, in order to include the cases n — 6, 8 
and 12, we do not rely completely on this invariant in this paper. 

If u* and v* are commuting involutions, Dieudonné [5, p. 8] has shown 
that for u in u* and v in v*, uv = + vu and that the choice of sign is indepen- 
dent of the choice of representatives. It is convenient to denote the set of 
elements of U, ,(K,f) determined by a set 3* of PU,(K,f) by 3. Con- 
versely, if d is a set of elements in U,(K,f), we write .d* for the set of 
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elements in PU,(K,f) which have, as cosets, representatives in ð. Likewise, 
when @ is a set of projective involutions, let c(d) and c{c(d)) denote the 
sets of projective involutions determined by c(3*) and c(c(#*)), respectively. 
Then ¢{3) can be characterized as the set of projective involutions which 
commute or anticommute with the elements of æ. 


1.5. Some concepts in linear algebra. The usual concepts of ortho- 
gonality, isotropic, and nonisotropic subspaces, ete., will be used. By S4, 
we mean the subspace orthogonal to a given subspace S. A 2-dimensional 
subspace will sometimes be called a plane. 

We shall say that a 1-dimensional subspace XY of a vector space Æ is 
f-commensurable (or in short, commensurable) to a 1-dimensional space F if 
there exists a linear ¢ of # mapping X onto Y such that F (t(x), t(z)) = f(a. x) 
for all z in X. We shall say that the vector x is f-commensurable to the 
vector t(x). The relation of commensurability is obviously an equivalence 
relation. A subspace U of E is said to be f-commensurable to a subspace V 
if dim U == dim V and the 1-dimensional nonisotropic subspaces of U7 are 
commensurable to 1-dimensional subspaces of V. 


LEMMA 1.1. Suppose that E can be decomposed into the direct sums 
E =U PU: -OUr and E =V, OV: OV; 


of orthogonal subspaces such that U, ts commensurable to Vi, 1==1,2.---.h. 
Then there exists an element t in U,(K.f) such that u(U;) =F, 
REAREA 


Lemma 1.2. Suppose that E can be decomposed into the direct sum 
E =U, Q: QUL VD: - OLOW of orthogonal subspaces such 
that U; is commensurable to Vi, 1=1,2,--°,h. Then there exists an 
involution u in U,(K,f) such that u(Ui) == Vi, t= 1,2, >>,h and u leaves 
fized W. 


The proofs of these lemmas are obvious and will be left to the reader. 

We now say that E is a f-commensurable (or, in short, commensurable) 
vector space if all its 1-dimensional nonisotropic subspaces are commensur- 
able. It follows that any two nonisotropie subspaces of the same dimension 
which are contained in a commensurable vector space are commensurable 
to each other. 


LemMA 1.3. Let E= U @ V where U and V are orthogonal nonisotro pic 
subspaces which are commensurable to each other. If dim U = dim V = 3, 
E is commensurable. 
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Let z be a nonisotropic vector of # not in U or V. We shall prove the 
lemma by showing that 2K is commensurable to a nonisotropic subspace of 
U or V. Indeed, z = x, + z where v, is in U and 2 isin V. Not both x, 
and #2 can be isotropic; for then z would be isotropic. Suppose 2, is non- 
isotropic. If xə is nonisotropice let Q = sK and pick y in QL V so that y 
is nonisotropic. If x. is isotropic, let Q be a nonisotropic plane contained in © 
V and containing z: Then, dim QLN V È 1; so again pick y in QL NV so 
that y is nonisotropic. 

Let X¥=—2,K, X’=XLNU, Y=—yK, Y’'=—Y1InVvV. Then 


E=XOXL OeYoeyY’. 


Hence by Lemma 1.2, there exists an involution u of U,(K,f) such that 
u(x.) =y, where œ is in K, and u leaves fixed X’ and Y’. But then 
u(z) =y,a+ 2. is in V; so 2K is commensurable to (yi,a-+%.)K in V. 


1.6. Involutions of the first kind.’ Let u* be an involution eof the 
first kind in PU,(K,f) and choose a representative u in u*. Then w’ =y 
and y= à", where à is in C. The projective involution Aw is easily seen 
to be an involution in wu*; so we may consider v to be an involution. Then 
E is the direct sum U+®U- of the eigenspaces of u, where u(t) = +2 
according as z is in Ut or U~, respectively. The subspaces U* and U- are 
orthogonal and nonisotropic (Dieudonné [4; p. 19]). If dimUt—p, u is 
said to be a p-involuttion. As both u and —w are in u*, we can always: 
choose u so that p= [n/2], where [r] designates the greatest integer less 
than or equal to a rational number r. With this choice of representative, 
we also call u* a p-envolution. Those linear involutions for which p—1 or 
p =n— 1 are called minimal involutions and the corresponding cosets are 
called extremal involutions. 

An element ¢ in TL,(K) commutes with an involution u if and only 
if ¢ leaves invariant the eigenspaces of u. If u and v are commuting 
involutions of U,(K,f) with eigenspaces U* and V*, respectively, then 
E=P,@P.@P;@P;, where P= UtN Ve Foe V, Pa UN VY, 
and P= U-N V- The subspaces P, are orthogonal and nonisotropic when 
they are not zero. If ¢ in rL,(K) anticommutes with u, then ¢ maps the eigen- 
spaces U* and U- onto one another. In this case, dim U+ = dim U- = n/2 =m. 
That is, no element t of TL,(K) can anticommute with an involution u of 
U,,K&,f) except if u is a m-involution. 


“ Dieudonné [2] has characterized the centralizers of projective involutions in 
TU,(K,f). The next four sections are an adaptation of this characterization to our 
case. 
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If two 1-inyolutions commute, their 1-dimensional eigenspaces are ortho- 
gonal. Thus a maximal set of commuting 1-involutions consists of n 
involutions whose 1-dimensional eigenspaces are mutually orthogonal. When 
n> 2, no element of U,(K,f) anticommutes with a 1-involution. Conse- 
quently a maximal set of commuting l-involutions of U,(K,f) determines 
a maximal set of commuting extremal involutions of PU, (K, f) which always 
contains n involutions. The product of p mutually commuting 1-involutions 
of U,,(K,f) is easily seen to be a p-involution. Therefore, the product of p 
mutually extremal involutions is a p-involution or (n— p)-involntion accord- 
ing as pS [n/2] or n—pS[n/2]. 

When # is commensurable, it is a direct consequence of Lemma 1.1 that, 
for each p, all p-involutions in U,(K,f) are conjugate. Then, for each p, 
all p-involutions of PU, (K,f) are conjugate. 


1.7. Involutions of the second kind. Let u* be an involution of the 
second &ind in PU,(K,f) and choose a representative u in u”. Then u’ = y, 
where y= Af, A is in Z, and YA==—1. Then w’ =A“ is a linear involu- 
tion of TU,(K,f) with multiplier —1 and E = U+ @ U~, where U* and U- 
are the elgenspaces of wu’ and of U for any u in w*, The subspaces U* and 
U- are totally isotropic of dimension m = 12/2; consequently n must be even 
[3, p. 225]. The conditions for ¢ in TL,(K) to commute with u are the 
same as for involutions of the first kind. If v is a projective involution of 
the first or second kind, then we have E= P, @P.@®P,G Pa, where the 
subspaces P, are’ defined in Section 1.6. 


1.8. Involutions of the third kind. We shall consider the following 
generalization of projective involutions of the third kind, which arises in 
the subsequent developments. Let u be a projective semilinear involution of 
rU,(K.f) relative to an involutive automorphism ø with multiplier e such 
that w ==y in Ca, where y==AA% for some A in K. In case Af = À, we 
furthermore assume that Ais notin Z. Then wv’ ==A- is a semilinear involu- 
tion of TU, (K,f) relative to the automorphism o’ = (A7')*o == oA* and with 
multiplier g == (\A7)-te. Tt follows that s? = 1 and o’ 541. Let K, be the 
fixed subsfeld of K by o’. Then there exists an element 8 in K such that 
06” =-— and K is the direct sum of the two K,-spaces: K = K, @ K0. 
Thus Æ ean be considered as a right vector space E* over K, and 
dim,,#* = 2n. As a transformation of H#*, w is a linear involution. So 
ij* == U+@U-, where U* and U- are the eigenspaces of w’. Furthermore 
U-89 == U*; so dimg,l/* = dimg,U- = n and E* = Ut @ U+. Thus a K,-basis 
for U/* is also a K-basis for #. We shall sometimes denote U* as F. 
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Now we associate with f another nondegenerate sesquilinear form defined 
on #,. In general, we have ¢/” = e’-t¢/e’ for p in Kı. Dieudonné [2; chap. 
I, $14] shows that e can always be taken to be 1 by multiplying the form f 
by an element d- of K such that e’ == d7 and d? == + d. In fact, if d +£ — 1, 
it suffices to take d= 1 -+ '. If e’=-—1 and there exists an element y 
of K,6 such that y7 4 — y, take d =y +y. In both these cases d == d and 
so the form g= d?f is a hermitian sesquilinear form relative to the anti- 
automorphism Jd*. 

However, if y =— —y for all elements y of 16 and if ¢ is any element 
of K,, we have (y) == — py = y'o =— po’. So the restriction of J to 
K, is the automorphism ¢->y-'¢dy where ẹ is any element of K,0; hence K, 
is commutative. Now take any element of K,6 for d. Then d7 = — 1 =e. 
But now g is a skew hermitian sesquilinear form relative to the antiauto- 
morphism T = Jd*. Furthermore, since d? is in K,, 6? = dpd = dod? = o 
for ¢ in K, and thus the restriction of T to K, is the identity. 

Now we have that TU,(K,g) =—TU,(K,f) and U,(K,g) =Uh(K,f). 
In TU,(K,g), w has multiplier 1; so if z and y are in F, 


9 (2, y) =g (w (s), w (y)) = g(a, y)” 


and g(#,y) is in Kı. Thus we can restrict g to a sesquilinear form f, such 
that f1: 4, X Eı—> K.. In case g is hermitian, fı is hermitian and we form 
the groups U,(K,,f,) and TU, (K fi) acting on #;. 

In case g is skew-hermitian, f, is alternating and we form the group 
Spa(Kı f1). Let « and y be in E, such that g(x,y) =f (z, y) =1. Then 
glz, y) =g(u(z),u(y)) = ATàg (x,y). So ATA—1. In case Af == dA, A is 
in K, and we have à?==1. But we have excluded the case that À == A and 
à is in Z Hence f, can be alternating only if 4°54’; and thus when u is 
linear, this case is excluded. 

An element t of TU,(X,f) relative to an automorphism r, where A7 =À 
and with multiplier e; which commutes with wu commutes also with w. It 
then follows that o'r = rg’; so K," == K,. Thus ¢ can be restricted to a semi- 
linear transformation ¢, acting on #,. Furthermore, ¢ is in TU,(K,g) with 
multiplier e? == ded. But then 


g(u't(x), w'tly)) = e7 g(x, y) — gliw (x), tu’(y)) = egle, y)". 


Since to’ = o'r, e; =ef and e/ is in Kı. Thus the restriction t, of t to Æ, 
is in rU, (K, fı) or SPa(K,, fı) relative to the restriction of + to K,, as the 
case may be. We shall say that ¢, represents t in TU, (Ki, fi). 


°" K can be shown to be either commutative or a sfield of generalized quaternions 
in this case. 
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In general, an element of TU,,(X,,/,) cannot be extended to an element 
t of TU,(K,f). But if t is in Ua(Ka, fa) or Sp,(K,,f1) this can be done 
by setting ¢(y) =¢,(7)6 for y in U~, where v is the vector in U* = E, such 
that y = xð. 

To summarize we have the following remark. 


An element t of TU, (K, f) which ts relative to an automorphism r such 
that A =à and which commutes with the projective semilinear involution u 
as represented by its restriction t, to E, in TUn(Ky,f1). An element of 
Un(Kı, fi) or SPr( Ka, fi) represents an element of U,(K,f) which commutes 


with u. 


Let Z, be the center of K,. For ¢ in K,, we have p% = 6-676" ="; 
so 6" leaves K, and Z, invariant. Since 6? is in K., the restriction of 6* to 
Z, is an involutive automorphism of Z,. Thus either every element of Z, 
commutes with 0 (in case the restriction of 0* is the identity) or by Galois 
theory Z; = Zo @ Zod’, where X8 =-—- OX and every element of Z, commutes 
with 8. 

Let Z’ be the subfield of Z, which is left fixed by 6*. Since K = K, @ K,86, 
Z’C4Z. On the other hand, K,NZCZ’. So as ZCK, =k, Z. 
Therefore if #* is the identity on Z,, Z2,—K,N2Z. If 9* is order 2 on Z, 
with fixed subfield Zo Z,.—=K.10 Z. 

In the important case where u is a projective involution of the third 
kind in U,(K,f), o = (A*)* and so à is in Z,. But A —— AÀ. So 6* is not 
the identity on Z,. We can take X =A. Then Z, =Z @ ZA as K,NZ=Z; 
that is, Z, =Z (A). 

In general, when o’ leaves Z, fixed and 0* does not, we have Z, =Z (X). 
In this case, K, is an interior Galois subsfield of K, and, according to a result 
by Dieudonné [3, p. 182], K = K, @ Ki, where y is an element of K whose 
square ¥*==-@ is in Z. However, this implies that y7” ——vy. Indeed 
y” =a + by with a and b in K,. Therefore y =y"? —=a(b -+1) + by. 
Thus b= = 1. Tf b=1, then a= 0 and y% = y, which contradicts the fact 
that y is not in K,. Therefore, y” =a-—y and 


(Y7)? =a + p? — (ya + ap) = (Y°) = a. 


This implies «= 0 and y” ——y. Since 6 was chosen arbitrarily to satisfy 
the condition 67 == — 0, we can henceforth assume that 0 = y so that 8? =a 
is in Z and (0*)?=1. 

Now we consider the case that ¢ in TU,(K,f) anticommutes with 1, 
where w is now a projective involution of the third kind in U,(K,f). Let + 
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be the automorphism of K associated with ¢ and let e; be the multiplier of t. 
Assume AT—=2. Then ¢ commutes with hy- and hence anticommutes with w’. 
As 97 = — 6, hou’ =— why. Sot’ = hgt is a projective semilinear involution 
of TU,,(K, f) relative to the automorphism 76* and Vu’ =w't’. The multiplier 
of t in TU,(K,g) is d-*6%e,6d™ which again must be in K, by the argument 
given previously in this section. Furthermore K,7" =K; so @’ can be 
restricted to a transformation t, of rU„(K., fı) acting on &,. We say that 
in this case ¢, represents t. 


In summary: Let t be a projective semilinear mvolution of TU,(K,f) 
relatwe to an automorphism t of K. Then tf ut——tu and X =À, t ts 
represented by a transformation t, in TU,(K,, fi), which as semilinear with 
respect to the automorphism r0”. 


1.9. Involutions of the fourth kind. Let u” be an involution of the 
fourth kind in PU, (XK, f) and choose a representative u in u*. Then w? =y 
. in Ca, where now y is not a square in K. Again we consider a generdiization. 
Let u be a projective semilinear involution in TU,(XK,f) relative to an involu- 
tive automorphism o of K and with multiplier e such that u? = y, where y 
is in Č and is not of the form AA’ for A in K. 

Dieudonné [2, chap. I, §13] has shown that there exists a quadratic 
extension L of K obtained by adjoining a square root p of y such that do = pd” 
for ġ in K. (Obviously L is not commutative when o=41, even though K 
may be. So the consideration of sfields is necessary at this point.) Now 
if can be considered as a right vector space F over L by setting tp —=u(z) 
for v in Æ. The L-dimension of F is m =n/2. Consequently n must he 
even, if this type of projective involution is to exist in TU,(K,f). The 
antiautomorphism J can be extended to L by setting p’ = pety = ep". 
Corresponding to f, we define a new nondegenerate hermitian sesquilinear 
form g by setting g(x,y) =f (zy) + pf(a,u(y))%y. In TU,(L,9) u is 
the homothetic transformation hp with multiplier e = p/p. 

It is easily seen that if ¢ is an element of TU,(K,f) which is relative 
to an automorphism 7 of K and which commutes with u, then ¢ can ‘be 
considered to be in TU,,(L,g) relative to the extension of the automorphism 
7 to L obtained by setting p” =p. Conversely, if t is an element of TU,(L, g) 
which is relative to an automorphism r such that K7—= K, then ¢ can he 
considered as an element of TU,(K,f) which is relative to the restriction 
of r to K and which commutes with u. 

Let a be the automorphism of L leaving K fixed which is defined by 
the relation o ):p—>—p. Clearly sọ commutes with any automorphism + 
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of L such that K7 == K and p™==np with yin K. Therefore, if ¢ is an element 
of TU,(K,f) which is relative to an automorphism r of K and which anti- 
commutes with wu, ¢ can be considered to be in TU,,(L,g) relative to the 
automorphism oor == T0o Where now r is extended to-L by setting p7==p. 
Conversely, any element ¢ of TU,,(L, g) which is relative to an automorphism 
of the form oo7, where p” =p and K" = K, can be considered as an element 
of TU, (UK, f) which is relative to the restriction of + to K and which anti- 
commutes with u. 

Denote the center of L by Zz IË ġ = é+ pn is in Zg with é and y in K, 
the condition that œ should commute with every element of K implies that é 
and y are in Z Hence 2CZ,CZ(p). Now if o—1, p is in Zr ==Z (p). 
However, if ¢341, Zr==Z as Z(p) is a quadratic extension of Z. 

Jn Section 4.2, we make reference to the case where U,(K,f) is the 
orthogonal group O,(K,f) and u is a projective involution of the fourth 
kind in O,(K,f). Then K is commutative and J is the identity by definition 
of O,tK, f). If y==u?, we have now y’y—+?=1. As yis not a square in 
K, y=— 1, p=71 and L= K(i), where t= V—1. In this case, the exten- 
sion of the identity automorphism J to L is obtained by setting i7 = t? == — i, 


1.10. A result on fields. The following remark is a special case of a 
well-known result on fields. 


Let 4’ be the splitting field of an irreducible equation z? — a= 0 over 
a field Z. Then if B is an element of Z’ such that B? is in Z, either B is in 
Z or B= àp, where p is a root of t? —a = 0 and à 18 in Z. 


1.11. Some preliminary lemmas. The lemmas of this section apply 
to sfields K which will be identified with the sfield, subsfields, or extension 
sfields which we associate with the projective unitary group under investigation 
in the following sections. 


Lemma 1.4. If K is not of characteristic 2, then for every pair of 
orthogonal nonisotropic vectors « and y and for any a in K, at least one of 
the vectors x--y(a—1), e+ ya, and «+y(a+1) is nonisotropic. 


Clearly, as x and y are nonisotropic, f is not alternating and hence is 
hermitian. Compute first 


(11) fæ +- yB,% + yB) =f (a,x) + B’f(y,y)B. 


The lemma is trivial if e—=-0 or g= +1. So suppose #540 and ¢s4+1 
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and that v+ ya and «+y(a-+1) are all isotropic. Then (1.1) vanishes 
for B=a and 8=g& Æ+ 1. Setting é= f(y, y) ~0, we have 


(1.2) — f(z, x) = alfa = (a + 1Vé(a +1). 


From this it follows that é= = (£+ x), which is clearly impossible as 
€=£0. This proves the lemma. 

Let r be a projective semilinear involution in a group of semisimilitudes 
U,(K,f) relative to an involutive automorphism o of K such that r? == e and 
eis in Z. Let K, be the subsfield of K left fixed by o. We must assume that 
K., zÆ GF (3) in the following lemma. In the applications of this lemma, 
this is assured, of course, if o= 1 or if K is not commutative, whence K and 
K, are infinite. In the remaining cases, the sfield K, will be identified with 
the sfield of the projective unitary group which we investigate; so the 
assumption that this latter sfield is not the field GF (8) is all that will be 
required in order to apply this lemma. 


Lemma. 1.5. Let be a nonisotropis subspace of dimension s Ze: 
Assume that the characteristic of K 1s not 2 and that K, AGF(3). If, for 
every nonisotropic vector x in N, r(x) = 28, where §, is in K, then r(x) == r$ 
for every x in S where § is mdependent of æ. Furthermore o = ò*. 


It is an immediate consequence of this lemma that if o—1, ô is in Z. 
In all cases o leaves Z fixed. 


Proof. Let sọ be an arbitrary, nonisotropic vector in S. Then 
7 (Zo) = Xda, Let = ssn. Let K, be the subsfield of K left fixed hv 
r= òo. Then r?=e« implies that 58°’—«, which is in Z. From this it 
follows that z? = 1. Then [K:K,]—1 or 2 according as r—1 or not. 
This means that K, 4 GF (3). For, if K is infinite, this is clearly the case; 
if K is finite, it is commutative: and r = so whence K, = K Æ GF (8). 

Let 2) be a nonisotropic vector of S orthogonal to zə. Then 
T(E?) = To ðr. Set è — ôr. By Lemma 1.4, there exists an element « in 
K, such that 2) -++2,’a is also nonisotropic. Because K,54GF(3), we can 
choose «0. Then r(@o + £oa) = (zs + G0'@) Bay:a'a. On the other hand 
(2 + a9’) =T (20) H r(A. So Lo (Baraota— 8) = Lo (Fal — drra). 
Because Tto and £o are linearly independent relative to K, it follows that 
rea = 5 and then that Var— gð. But a®=a as æ is in K,. So 
af == q% == tas and ad =de%. Thus 8’ =ð. 

As 2%,’ was chosen to be an arbitrary nonisotropic vector orthogonal to zs, 
ôo =ò for d in K. So r(a'h) = Tdp = 265. Thus = tds and 
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o=8". Let totu’ ' 8s form an orthogonal nonisotropic basis for 8S. 
By the above argument r(e) ==28. Then for 


g-1 3-1 
z= Saja; in 8, r(v) = Dr (z) f = 20, 
4=0 4=0 


which completes the proof of the lemma. 


LemMa 1.6. Let S be a subspace of E of dimension greater than 1 
and let l be an element of TU,(K,f,) relative to an automorphism r of K. 
Then tf b(v) = 28, with 8, in K for every vector æ of S, t(x) = 28, where è 
is in K and is independent of x in S and 7 is the inner automorphism 8* of K. 


The proof is an obvious simplification of the proof of Lemma 1.5. 
This lemma, includes the case that f, is alternating. 


II. Involutions of the First Kind. 


Henceforth we shall assume that K 4 GF(3). 

In this part w* will represent an involution of the first kind in PU, (K,f). 
The usual restrictions on K shall hold. In accordance with Section 1.6, we 
choose the representative u of u* which is a p-involution with p S [n/2]. 
Then # == Ut @U-, where U* and U- are the eigenspaces of u. 


LEMMA 2.1. Assume n>2. If u* is an extremal involution and v* 
an involution commuting with u*, then a projective involution v in v* must 
commute with any projectixe involution u in uë and v* is either of the first 
or third kind. 


That v in v™ must commute with « in uw* is the result at the end of 
Section 1.6. Thus o(U+)=U*. li wis in Ut, o(s) = zù, If v? = B, then 
B=6,". If 8 is in Z, then 6,78,f(v,v) =f(v(z),v0(2)) =f(z,2) 40. So 
6,/6,-=1. This shows that v and v* are either of the first or third kind. 


2.1. Extremal involutions commuting with involutions of the first 
kind. Assume n> 3. Let u* be an extremal involution and let v* 54 u* be 
an involution of the first kind commuting with w*. Let v be the p-involution 
in c* with pss [v/2] and with eigenspaces V+ and V-. We then have 
E= P, ÈP: P:P, where the subspaces P; are orthogonal and non- 
isotropic or Q-dimensional. As dimU*+=-1 one of P,=U+*N V* or 
P,==U*M V- contains only the 0 vector. As w*s40*, usv, and U` V. 
So U`- == P; @ Ps, where dim P, > 0 and dimP,>0. Thus F is decomposed 
into the direct sum of three orthogonal nonisotropic subspaces Ut, P, and Pa. 


818 JOHN H. WALTER. 


As dim E > 8, at least one of the P; is of dimension greater than 1. 
Let z be a nonisotropic vector in P; where dimP;>1. Let w be the 1- 
involution with subspaces Wt—aK and W-==(2K)1; w is in Un(K,f) by 
Section 1.6. As W* is in P, it is left invariant by u and v. Then W-=(W*)l 
is left. invariant by u and v, and, consequently, u and v commute with w. 
That is, w is in ¢(u,v); so any r in c(c(u,v)) must commute with w, as w 
is a 1-involution. Then r(z) = 78, and this must hold for every nonisotropic 
vector z in P;. Consequently by Lemma 1.5, r(x) = 8; with 8; in Z. 

Furthermore, r must commute with u and commute or anticommute with 
v, as u and v are in c(u,v). However, r cannot anticommute with v, for 
then would r(P,) =P, whereas dim P, 4 dim Pa. So r must leave all P; 
invariant. Consequently if dimP,—1 and v is in Px, r(x) = zès But 
r? (xv) == ve for all x in Ẹ with e in C. Therefore 8,” == 58,7. As e can have 
but two square roots in Z and hence in K, ðs = + 8; and ès is in Z. Set 
ðs = ôs Then as òp is in Z, r(æ) = zô, for all « in Py where ê, = = ô; 
If dim P} > 1, the above argument for P; shows r(s) = zê, for æ in Py and 
again p= + ô. There are thus two choices in sign for r(x) when v is in 
the two nonzero subspaces P,~P;. There are thus but four possibilities 
for r, each of which is a representative of 1* u*, v*, or u*v*. Therefore 
v(u*, y*) = 4, 


2.2. Extremal involutions commuting with involutions of the third 
kind. Assume n>2, .Let u* be an extremal involution. Let v* be an 
involution of the third kind and let v be in v*. Then v? = 8 is in Cua, where 
8 = p? and p is notin Z. With regard to v, form the group U,(K,,f,) acting 
on the space #, where K, is the centralizer of » in K (cf. Section 1.8). The 
center of Z, of K, is Z(x). As v, is linear, the form f, is not alternating 
(cf. Section 1.8). Then u is represented in Un(K,,f1) by its restriction u, 
to #,; and in U,(K;, fı), uw, is a 1-involution with eigenspaces Ut == Ut N E, 
and U,-—-U- #,. For the remainder of this section, we assume merely 
that u, is of the first kind in U,(K;,f,). This generalization is needed in 
Part IIT. 


The K,-subspaces U,* and U, are orthogonal and nonisotropie (with 
respect to f,), at least one of which, say U,*, is of K,-dimension greater than 
lasm>2. Let s be a nonisotropic vector in U,* and w, be the 1-involution 
of U,(K;,f1) with subspaces Wit == cK, and Wy, = («K,)l. Then w com- 
mutes with u, and its extension w to E is a 1-involution of U,(K,f) com- 
_muting with u and v. Consequently w is in c(u,v) and r in e(e(u,v)) must 
commute with it. ° 
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Let @ he the clement of K chosen in Section 1.8. so that 6“ =—4@, 
Then r or 7 =h, r commutes with v’=p lv. Since hgw = why, 7” as well 
as r commutes with w. Then the restriction +, of r or +” to E, commutes with 
w;. Therefore 7,(W,*) = W, and r(e) = 28, If r commutes with v’, 
then clearly 7, is a projective involution of U, (Ki, fi) such that r,” = « where 
e=? If + anticommutes with v’, then r, is a projective semilinear involution 
relative to the automorphism 6* of K, and r? = 8°. But @ was chosen in 
Section 1.8 so that @?==a@ is in Z So r,*?—e% is in Z and (@*)?=-1, In 
both cases, r, satisfies the hypothesis of Lemma 1.5. Consequently 7, (7) == 28 
with 6 in Æ, for all æ in U,*. Furthermore, since 6“ is not an Inner auto- 
morphism of K, rı cannot be semilinear with respect to 6*. Consequently r, 
is a projective involution in U,(K,,f,) and 8 is in Z(z). As n =e, P =e, 
where e is in Z But then by Section 1.10, we have that 8 is in Z or 8 = dou 
with 6, in Z. 

If din WU, > 1, the same argument shows that r(a) = <ë with 8 in 
Z(p) fer x in Uy. Again (8-)*?= 8"; so == +8. If dim WU, —1, then 
as m Section 2.1, 7.(0,-) = Uy, and r(x) = 28, for v in U,. But 6 == 8"; 
so ôs == + 8 and is in Z(z). This implies that 8, is independent of x in Ur; 
so we set 6,== 8. 

As r, is in U,(X,,f,) and U,* and Uy are nonisotropic, 678 —1. If 8 
is in Z, then 6?==8/, The extension of 7, to E is + and is seen to be in 1” 
or w* according as ô == or & = -—ô. If == p, by looking at vo'r, we 
similarly conclude that 897 == 8,’ and that the extension of vitr, to E is vr 
and is in 1* oru“. So ris in v* or u*v*, This yields 


Tirkonum 2.1. If the dimension of E is greater than 8, and u* is an 
extremal involution in PU (K, f), vus = 4. 


2.8. Nonextremal involutions of the first kind. 


THEOREM 2.2. If the dimension n of E is grealer than 4 and not 6, 
then vus > 4 for nonextremal involutions of the first kind in PU,(K,f). Uf 
n = 6, vus > 4 for all 2-involutions u*; and if, furthermore, E is not commen- 
surable, vye > 4 for all 3-involutions. 


First take n > 4 and n546. Let u* be a p-involution of PU, (K,f) with 
1<pS[n/2] and let u be the p-involution of U,(K,f) contained in u*. 
We shall exhibit an involution o*u" commuting with u* such that 
v(u*,v") > 4. Let P, be a 1-dimensional nonisotropic subspace of the eigen- 
space U* of u and P, a 2-dimensional nonisotropic subspace of the eigenspace 
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U- of u. Set Vt-==P, O Ps, V= (¥*)4, Poa Ut Fa, and Pa = UNA Ve. 
Then dim P, = p—1>0 and dim Pı =n—-p—?2. Since pS [n/2] and 
n= 5, dim P, > 0. So P,, Pa Pa, and P, are orthogonal nonisotropie sub- 
spaces whose direct sum is Æ. Let v be the 3-involution with positive and 
negative eigenspaces V+ and V-, respectively; then clearly vw commutes with u. 

Let rp t= 1,2,8,4, be the involution of U,(K,f) with eigenspace 
Rt =P, Each of u,v, and uv has a positive eigenspace which contains two 
subspaces P;; so 7;* is not one of 1*, u*, v*, or uřv*. Now if t is in c(u,v), 
t must commute with v as 2546. If ¢ should anticommute with u, then 
would ¢(P,) = P, which is impossible as dim P, 4 dim Pa. So ¢ commutes 
with u and v; hence ¢ leaves invariant P, t= 1,2,3,4. Consequently £ com- 
mutes with u and v; thus 7; is in c({c(u,v)), which means that vy. > 4. 

Now let n == 6 and w* be a 2-involution. As above let u be the 2-mvolu- 
tion in w*, and choose Pi, Pa, Ps, and P, to be orthogonal nonisotropic 
subspaces of the eigenspaces Ut and U- of u such that U*= P, @ Pe, 
U-= P, @ P, and dim P, == dim P, == dim P == 1. Then dim P, =ê. Let 
v be the 2-involution of U,(K,f) with eigenspaces V*= P, @ P; and 
V-=P,@P,. Clearly ww == vu. Define the involutions 7; as above. Then 
t in c(u,v) must commute with u and v as they are 2-involutions. Hence 
t(Pi) = Pa i= 1,2,3,4; that is, (Rt) = Rr and t(kr)= Rr. Therefore 
r; is in c(c(u,v)) and vy > 4. ; 

Finally take n==6 and u* to be a 3-involution. Furthermore, assume 
to be not commensurable. Then by Lemma 1.3, there exist nonisotropic 
1-dimensional subspaces P, and P, of Ut and U-, respectively, which are not 
commensurable to each other. Let P.== P4 N U* and P; =P AN U- Then 
E = P, © P: Q P OP, and the 3-involution v with subspaces V+== P, @ P; 
and V- = P, @® P, commutes with u. Since dim P, = dim P, =1 and 
dim P, == dim P, = 2, it follows that ¢ in c(u,v) either commutes with both 
u and v or anticommutes- with both of them. ‘However, in the latter case, 
t(P,) =P, in contradiction to the noncommensurability of P, and Pa. Thus, 
t leaves P, i= 1,2, 3,4, invariant, and r; is in e(c(u,v)). So in this case, 
vas > 4. This proves the theorem. | ° 


III. Involutions of the Third Kind.’ 


In this part, w* will represent an involution of the third kind and u a 
projective involution. contained in u*, Then u= y in C, and y=)? where 


1 It is not necessary to determine whether involutions of the second kind are in a. 
The argument in Part V allows us to pass over this case. 
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à is not in Z. Form the group TU,(K,,f,) acting on the space E, = U* 
as in Section 1.8. Since u is linear, f, will be hermitian in all cases. Let v 
be a projective involution of U,(K,f) which commutes or anticommutes 
with u and let v, be the projective semilinear involution of TUn(K;,/;) 
which represents v. We first distinguish four cases when v commutes with 
wand v, is in Ua( Ki, fi) in accordance as to whether v, is of the first, second, 
third, or fourth kinds. Then we treat the case where v, is semilinear with 
respect to the automorphism @* described in Section 1.8. 


We have already dealt with the case that v, is of the first kind in 
U,,(4,,71) in Section 2.2. 


Proposrrion 3.1. Let v be a prozective involution in U,(K,f) com- 
muting with u such that iis restriction v, to I, is a projective involution of 
the first kind in U,(K,,f,). If n > 8, then v(u*,v*) = 4. 


3.1. Commuting projective invelutions whose restrictions are of the 
second kind. Assume n>4. Let v, be of the second kind in Un(Ka fa). 
Then v,°= 8 in Cm B==p? with p in Z(A) and pfp =— 1, where T is the 
antiantomorphism defined in Section 1.8. Thus F, == V @ Vi, where V,* 
and F, are the totally isotropic elgenspaces of v,, and dimg, Vit == dimg, Vir 
Let v be in Ft and pick y in Vr such that fi(z, y) #0. Then the plane 
WCF, generated by s and y is nonisotropic. Set W= (W,')4+ and 
define w, to be the 2-involution of U,(4,7,) with subspaces W,* and J,-. 
Ag Wyt= «2k, Q yK v, leaves invariant W,* and consequently W,-. Thus 
w, commutes with 7, and its extension w to Æ is a 2-inyolution commuting 
with wand v. The choice of y in V, is not unique. Indeed, let y” be in 
Fin Wy and set y =y + y”. Then file, y) =f, (£, y) 540, and y and y’ 
are lmeariy independent. Let w,’ be the 2-involution of U,(K,,f,} with 
Wi -=K yK, and W, = (W,)-L as its eigenspaces. Then as above 
w, commutes with v, and its extension w’ to # commutes with u and v. 

Now let r be in e(e(a,v)). As n> 4, r commutes with both w and w. 
Jf r anticommutes with u, we form 7’ =i,7; 7’ also commutes with w and w”. 
Jn any case, the element 7, of TU,(K1,f/,) which represents r commutes with 
w, and w. Thus 7 (WtO Wy") == With Wi; that is, (z) =g, Fur- 
thermore. as 7, is linear or semilinear with respect to 0*, we have by Lemma 
1.6 that r, (x) =-28 for all « in V,*, where 8 is in K,. Furthermore, the 
possibility that 7, is semilinear relative to 6* is eliminated as 6*, not leaving 
4{A) fixed, is not an inner automorphism of K,. So r, must be linear and 
Sis in Z2(A). Similarly r, (x) —28- for all æ in V,-, where & is in Ky. 
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Now 7,?>—e in Z implies that & = (ô)? =e. Hence ô = + 8; and by 
Section 1.10, § is in Z or = 6,A, where 6) is in Z. Now 


fila, y) = fi (rı (£), ri (y)) = 88 fi (2, y) 


for « in V,* and y in V,. As we can further stipulate that f,(a,y) 0, 
we have that 878== + 1 according as ò = = ô. 

If § is in Z and ẹ = ô, then 6? —®& and 8 is in C. If 8 is in Z and 
5 ==— 6, by replacing 7, by vır, in the above argument we obtain that 
v7, (z) == xdp for v in V,* and Vy and that dn is in C. If § 6A, we 
replace 7, by wu? Or Ur, to obtain, respectively, that wiry (2) == 2dA or 
U,V 1, (x) = wdpd for x in V,* and V~, where 8A or pà is in C. In any case, 
we see that there exists an 7 in C such that yr, coincides with the restriction 


x 


of 1, u, v, or uv to E,. Hence r* is one of 1*, u*, v*, or uřv™ř. Thus we 


have shown: 


PROPOSITION 3.2. Let v be a projective involution in U,(K,f) com- 
muting with u whose restriction v, to E, is a projective involution of the 
second kind in U,(K,,f,). If n>4, v(u*,v*) = 4. 


3.2. Commuting projective involutions whose restrictions are of the 
third kind. Assume n> 2. Let v be a projective involution of U,(K,f) 
commuting with u whose restriction v, to F, is of the third kind in Un (Ka, f4). 
Then v? =£ is in C, and B= p?, where p is not in Z{(A) but is in Ky. 
Let K, be the fixed subsfield of K, by p*; then by Section 1.8, Kı = K: ® Kay, 
where y“" =— y and y? is in Z(A). As in Section 1.8, consider Æ, to be a 
vector space Æ,” over Kə Then /,*—V,*@V,-, where V,* and V, are 
the eigenspaces of v,. We form the group TU, (K2,f2) acting on E. = V,*. 
Since v, is linear in U,(K,,f,), fọ is always hermitian. 

Let K,’ be the fixed subsfield of K by (u7)*=p™. Then K =K’ @ Ky’y. 
By Section 1.8, the center of K; is Z(n). As p“ = u, A“ =A; and A is in 
Ky’. But Z(u) ~Z(A) as they are both quadratic extensions of Z and p is 
not in Z(A). Sor is not in Z(n). Hence by Section 1.8, K,’— Ky’ @ Ky, 
where x is an element of K,’ such that x? is in Z (u) and x =—-y. Noting 
that 4,6 = K, x, we shall replace 6 by y. Then we have the following relations: 


(i) K—=K,@® Kab @ Kuy © Katy. 
(ii) AM" = —A5 pt = p; dM =A; pY* = — ps. 
(iii) yx? isin Z(pz); ¥? is in ZA). 
Since v, is of the third kind in U,(K,,f:), we have by Section 1.8 that the 
center of Ke is Z(A,p). | 
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Now let ¢ be in c(u,v). Then if ¢ commutes with u, ¿ is represented in 
U,(K,,f:) by its restriction to #,. In accordance with whether £ commutes 
or anticommutes with v, t, is represented by a projective semilinear involu- 
tion ża in TU,(K2,f2) which is linear or semilinear relative to the auto- 
morphism y* of K,. Furthermore, t? =» with y in Z (u). If t anticommutes 
with u, then ¢ is represented in TU, (,,/,) by a projective semilinear involu- 
tion 4, which is relative to the automorphism y” of K,. In this case, b? ==, 
where 7, isin Z (p). Then, as pX“ == p, t in turn is represented in [Un (Ke, fe) 
by a projective semilinear involution é which is relative to the automorphism 
y* or y*y* according as ġ commutes or anticommutes with v, Finally 
to”? = Na, where N2 is in Z(A,; p). 

The extension w of a 1-involution w of Un(Ka f2) to E is a 1-involution 
in c(u,v). Consequently, a projective involution r of c(¢c(u,v)) commutes 
with was n> 2. Therefore, if r, represents r in TU, (Ke, f2), To commutes 
with wə. This means that r, leaves every 1-dimensional nonisotropic space 
of E, invariant. Furthermore, 7, is a projective semilinear involution relative 
to an involutive automorphism of K, and r ==e with e in Z(A,p). So by 
Lemma 1.5, ro{@) == «8 with § in Ke for all in Fa. Moreover, ra must be 
semilinear with respect to an inner automorphism of K». Since y*, w* and 
y*y* are not inner automorphisms, we have that r, must be linear. There- 
fore, r commutes with u and v; so 7, is the restriction of 7 to F, and « is in Z. 
Furthermore, is in Z (A, u) and 6*==e«. We now apply the result in Section 
1.10 twice. First either 8 is in Z(X) or 6==d,n with 8, in Z(A). Then 
the square of 5 or 8,, respectively, is an element in Z. This implies that 3 
is Z, 8 = ĝiu, == $À, or 8 =— ĝu with 8; in Z. Let u, and v, be the restric- 
tions of u and v to Fa. Let 7.’ be that one of Ta, Ug 4's, Voo, OF Ua Ue ia 
such that ry (s) «8; for æ in F. and some t== 1,2,3,4. Since r, is in 
Una(Kə f2), 8 is in Z, and F, is nonisotropic, we have 678 — &/8 == 1. There- 
fore, the extension 7” of 7,’ to Æ is in Cn and r is in one of the cosets 1*, u*, v” 
or u*v. This gives us the following resuit. 


Proposition 3.3. Let v be a projective involution in U,(K,f) com- 
muling with u such that its restriction v, to E, is a projective involution of 
the third kind in U,(Ky,f:). If n> 2, v(u*,v*) = 4. 


3.3. Commuting projective involutions whose restrictions are of the 
fourth kind. Let v, be of the fourth kind in U,(K,,f;). Assume n> 4. 
Then v,2=—£ with 8 in C and 8 not a square in K,. As in Section 1.9, 
extend the sfield Ky to a sfield L, by adjoining a square root p of 8. The 
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center L, is then Z(A,p). Then Æ, can be considered as a right vector space 
F, over L, by setting tp=v,(2) and f, can be extended to a nondegenerate 
hermitian sesquilinear form g, defined on F,. We then form the group 
TU y,(l4,91) acting on Fi i 

Let é be the restriction of a projective involution in U,(K,f) which 
commutes with u or the representation of a projective involution which anti- 
commutes with u, in which case ¢, is semilinear with respect to the auto- 
morphism @* of K,. If, furthermore, ¢ commutes or anticommutes with v, 
t, commutes or anticommutes, respectively, with v,. Then #, can be con- 
sidered as a projective semilinear involution in TU»(/,,9,) relative to one 
of the automorphisms 1, 6", o or 6*o where o is the automorphism of L, 
leaving K, fixed and defined by c:p—>—p. It is easily verified that o and 
é* commute; so all these automorphisms are involutive. The projective 
involutions «u, v, and wv are represented in U,»(11,91) by the homothetic 
transformations hy, hp, and hyp, respectively. 

Every 1-involution w, of Uy,(11,91,) extends to a 2-involutio® w of. 
Un(K, f) ia e(u,v). If rı in TU,,(L4, 91) represents a projective involution 
rin e(c(u,v)), then + must commute with w as n > 4 and r, must commute 
with w, So rı leaves invariant every 1-dimensional nonisotropic subspace 
of #,. Furthermore, 7, is a projective semilinear transformation relative to 
an involutive automorphism of L, and r,” == e with ein Z(A). So by Lemma 
1.5, r:(@) = 28 with 8 in L, for all 2 in F, However, r, cannot be semi- 
linear with respect to the automorphisms, @*, o, or #*o as none of these are 
inner automorphisms. Consequently, r, is linear and must be the repre- 
sentation of a projective involution r commuting with u and v. Therefore, 
e is in Z and ò is in Z(A,p). Also 8? =e. So applying the result of Section 
1.10 twice as in Section 3.2, we have that 8 == 8, 8 == 8:p, § == 6, or 8 = dsAp, 
where ô; is in Z and 8,/8;=-1. Thus 7, is the representation of a projective 
involution in 1%, u*, v, or u*v*, This yields the following. result. 


Proposition 3.4. Let v be a projective involution in U,(K,f) com- 
muling with u such that its restriction v, to E, is a projective involution of 
the fourth kind in Un(Ki fi). Tf n> 4, v(u*, v) = 4: 


Now we consider the case that v anticommutes with u. Then as in 
Section 1.8, we set v == hgv; v is a projective semilinear involution in 
rU, (K,f) which commutes with u’==’u. The restriction v, of v’ to F, 
is a projective semilinear involution in TU,„(Kı, fı) relative to the auto- 
morphism 6* of K,, and v,” == 8 with 8 in Z. First note that if v, (£) = xp 
for any v in F,, v? (2) app" =B. Therefore, we distinguish two cases: 
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Case I, where 8 = uu” for some p in K,, and Case II, where 8 is not of the 
form up?” for any p in E. 


3.4, Anticommuting projective involutions. Case I. Assume n > 2. 
Let v be a projective involution in U,(i,f) anticommuting with u such that 
v is represented by a projective semilinear involution v, in TU} (Ka fi), 
where v? = ß, and 8 = pu” is in Z with p in K,. Let K, be the fixed 
subsfield of K, by @*u*. Since » is in Hy, MŽ =A and AMA == — À; so 
K, =K: Kà. Let Z, be the center of K; then an element in Z, commutes 
not only with every element of K, but also with àA and therefore with every 
element of K,. So ZG KN Z(A) =Z. Since Z is left elementwise invar- 
iant by 0e", ZC Zo. Therefore Z == Z, In the manner of Section 1.8, 
form the group TU, (Ks, f2) acting on Es == V*. The form f. will be hermitian 
or alternating. 

Now an element ¿ of ¢(u,v) which commutes with u and v commutes 
also wish hv and so can be represented in U,,(K», f2) or Sp, (K2,f.) by the 
restriction f, of t to E.. Tf an element £ commutes with u and anticommutes 
with v, then ut will commute with both u and gy and hence ut can be 
restricted to a linear transformation in U»(Koe, f2) or Sp,(Ke, fo). Similarly, 
if ¢ anticommutes with u and commutes with v, form vt; if ¢ anticommutes 
with both u and v, form uvt. 

In the case fẹ is hermitian, for every 1-dimensional subspace of E, which 
is nonisotropic relative to the form fə there exists a 1-involution w, in 
U,(Ke,f2) which can be extended to a 1-involution w of U,(K,f) that com- 
mutes with wand v. Denote by 7” that one of r, ur, vr, or wer which commutes 
with u and v. Then as n> 2, 7 will commute with the 1-involutions w in 
c(u,v), and its restriction r, to F, will commute with the 1-involutions w. 
of U,(K»,fe). Hence by Lemma 1.5, r.(x) 28 with 8 in Z for every 
vector in Es. Furthermore 8#8==1, where H is the antiautomorphism of 
Kə corresponding to fe. As ô is in Z, 8¥-8/. So the extension 7” of r, to 
E is a homothetic transformation of # in U,(K,f). Therefore, + is in one 
of 18. u, o* or u*v” and v(u*, v*) = 4. 

In the case fa is alternating, any plane in F, generated by two non- 
orthogonal vectors will be nonisotropic. So if æ is any vector in Es. pick 
two linearly independent vectors y and y’ not in (7K) and call WV and W the 
nonisotropic planes generated by x and y, and x and y’, respectively. Then the 
2-involutions w. and w: with W and W’ as their respective positive eigenspaces 
can be extended to 2-involutions w and w in c(u,v). If + is the projective 
involuticn chosen inthe previous paragraph, r’ commutes with both w and w’ 
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when n > 4 while w and w are 2-involutions. Then the restriction r, of 71’ 
to E, commutes with w, and wy; so n(WAW)—=WoOW’. That is, 
r,(2) = 28, for each z in Ep. Then by Lemma 1.5, r.(@) 26 with 5 in 
Z for all v in E, As it was argued in the above paragraph, r is in one of 
1*, u*, o*, or uv". 


Provosivion 3.5. Let v be a projectwe involution of U,(K,f) anti- 
commuting with u such that v is represented by a projective semilinear 
involution v, of TU,(K,,f1), where v? =B and B= pp”. If n>? when f, 
is herimitian and n> 4 when fa is alternating, v(u*,v*) = 4. 


3.5. Anticommuting projective involutions. Case II. Assume n > 4. 
Now consider the case that v anticommutes with u and is represented by a 
projective semilinear involution v, acting on F, such that v,? == 8, where £ is 
not of the form pz” for u in K,. We then adjoin a square root p of B to K, 
forming a sfield Lı == K,(p) and form the group TU»(Jn, 91) acting on the 
space F, as in Section 1.9. Now p satisfies the relation p == pp” for all h 
in K,. In particular if ¢ is in Z,, the center of Z,, then 6” — p'ep = ¢. 
‘On the other hand, ¢(é+ pn) = (€+ py)¢ for all é and y in K,. This 
implies that pé — & = p(nd— dy). So d must commute with é and y; hence 
Z,C Z(A). This implies that Z, =Z. 

Again an element ¢ in U,(K,f) which commutes with u and v. commutes 
with hv and hence can be restricted to a projective involution ¢, in U,(K,, fi) 
which commutes with v, Hence ¢, can be considered to be in Um(Ih, 91). 
If ¢ in c(w,v) anticommutes with one or both of u, v, or wv, then one of ut, 
vt, or uvt will commute with both u and v. 

Now let w, be an 1-involution of Um(Li, 91). Then w, can be extended 
to a 2-involution w in U,(K,f) which commutes with u and v. Since n > 4, 
rin c(c(u,v)) must commute with w. Denote by 7’ that one of r, ur, vr, or 
uvr which commutes with u and v. Then 7” commutes with w and is repre- 
sented by a linear projective involution ry of TU», (Ja, g1) commuting with w. 
Hence 7,’ leaves invariant every 1-dimensional nonisotropic subspace of F. 
Therefore, by Lemma 1.5 r,’ (x) a8, with 8 in Z for all v in F,. Again as 
in Section 38.4, this implies that 88==1 and thus that r’ is in 1*. Hence r 
is in one of 1*, u*, v*, or u*v*. This yields the following result. 


Provosition 3.6. Let v be a projective involution of U,(K,f) anti- 
commuting with u such that v is represented by a projective semilinear 
involution v,'of Un(K,,f1), where v,? = B and B is not a the form pp® for p 
in Kı If n> 4, v(u*, v*) = 4. 
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Now Propositions 3.1 through 3.6 yield the following theorem. 


Tizorem 3.1. If the dimension of E is greater than 4, and if u” 1s 
an involution of the third kind in PU,(K,f), then vue = 4. 


IV. Involutions of the Fourth Kind. 


In this part, w* will represent an involution of the fourth kind jin 
PU,(K,f). We shall assume n>4. Pick a representative u in u“; then 
u?” =y in On, where y is not a square in K. As in Section 1.9, form the 
sfield E= K (p), where p?==y. The center of L is Z(p). We consider & 
to be a right vector space F over L by setting vp = w(x), and we form the 
group TU»(L,g). Let o be the automorphism of L leaving K fixed such 
that p’=-—-p. Then an element of U,(K,f) which commutes or anti- 
commutes with u can be considered to be an element of TU,(K,f) which is, 
respectively, linear or semilinear relative to the automorphism v. 

We shall designate by v a projective involution commuting or anti- 
commuting with u. We distinguish various cases and in each show that 
y(u", v) = 4, 


4,1, Projective involutions of the first kind in Um(L, g). Let v be a 
projective involution of the first kind in Um(L, g). Then v? == 8 with £ in C, 
B = p°, where u is in Z(p) and p'p==1. As in Section 1.6, F == Vt @ Fr, 
where V* and V- are the orthogonal nonisotropic eigenspaces. Since m > 2, 
one of V* and V-, say V*, must be of -dimension greater than 1. Let v be 
a nonisotropie vector in V* and w the 1-involution of Um(L,g) with ck as 
its 1-dimensional subspace W+. Since W+ C F* and v is in U,,(D, g), v leaves 
invariant IV+ and W-== (Wt)+. Consequently, w commutes with v, and thus, 
w isin e{u,v). Let r be in c(e(u,v)). Then as an element of TU,(L, g), 
r is linear or semilinear with respect to the automorphism e. Furthermore, 
r must commute with w as m > 2; hence r(x) = 28, with §, in L for each 
nonisotropie vector ~v in V*. So by Lemma 1.5, r(z) = 28 with 8 in L for 
«in V*. Also, r must be semilinear with respect to an inner automorphism 
of L. But o does not leave fixed the center Z(p) of L and, therefore, is not 
an inner automorphism of L. So r is linear and 8 is in Z(p). Also 7? =e 
with e in Z; so 8®==«. It then follows from Section 1.10 that 8 is in Z or 
ò = 8p with ĝo in Z. 

If dimz V- > 1, it follows in a similar manner that r(x) = 28 with & 
in L for x in V-; and as r*=-e, we have (8)? = 8 =e SoS—+8. If 
dim, V = 1, then’ r(r) = rå, for æ in V- Again, ôs? == 8"; so òr = + é. 
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So 8, is in Z(p) and hence is independent of x in V~. Set 6,=-8. Since g 
is sesquilinear with respect to the antiautomorphism J extended to L, and V* 
is nonisotropic, we have that &8== 1. Thus if ô is in Z, 8 is in C. Ii d== dp, 
So o = 1 as p” == p; so 8) is in C. In any case 7 considered an element of 
U,,(K,f) is in one of the cosets 1*, u*, v*, or u*v*. So we have proved the 
following result. 


Proposition 4.1. Letv be a projectwe involution of the first kind in 
Om(L,g). If n> 4, v(u*,v*) =4. 


4,2. Projective involutions of the second kind in U,,(Z, g). Let v be 
a projective involution of the second kind in U,,(L,g). Then v? = £8 with 
B in C, B=yp? with p in Z(p), and p4»=-—1. As in Section 1.7, 
F == V+ @ V-, where V+ and V- are totally isotropic subspaces of L-dimension 
m/2. | 

Let x be an arbitrary vector in V+ and pick y in V- such that g (£, Yẹ +0. 
Then Wt—al @ yf is nonisotropic and the 2-involution w in Um(L,g) 
with W+ and W-=—(W*) as its eigenspaces commutes with v. Also 
W- == W-M Vte WN V-, where W-M V+ and W-N V- are totally isotropic 
subspaces of L-dimension m/2— 1. Since m > 2, these subspaces are not zero; 
so there exists a vector bin W- N V~. Set y’=y-+b; then g(a, y’) =g (2, y) 
0. Let w be the 2-involution of Um(L,g) with W“ ==¢gL yL and 
W’- == (W’)1 as its eigenspaces. Both w and w’ can be considered to be in 
c(u,v) when considered as transformations of U,,(K,f). 

If n=48, we can conclude that r in c(c(u,v)) commutes with w and w. 
We shall show that this is still true when n=8. Then 


dimz Wen y= = dimz We n Vt=1. 


We first assume that r commutes with w; then we show that r commutes 
with w’. Indeed, if r anticommutes with w, then r(x) is not in 
Wt Nn Vt = Wt Nn W and so is in Wtn V-—yL as r must also commute or 
anticommute with v. Thus r(z) yd with ọ in L. But also r(x) is in 
W- and so is orthogonal to æ. This is a contradiction as g(a, y) 40; hence 
r commutes with w’ in this case. 

A similar argument shows that if r commutes with w’, r commutes with 
=w. So there remains to consider only the case that r anticommutes with w 
and w’. We shall exclude this case by showing that there exists a third 
involution w” in ¢(w,v) with which r commutes. Then the argument of the 
previous paragraph ‘will yield an obvious contradiction. 
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Inasmuch as b is orthogonal to z, y, and y’, we have that b is in 
W-0 WA V-. It then follows that r(x) = by, where y is in L. We replace 
by by b so that (z) == 6b. Because a and r(w) are in Vt and V-, respectively, 
r anticommutes with v. Thus it follows that there exists a vector a in 
Vt N W- such that r(a) =y. Set z= +a; then r(z) =y. Also if e= 17, 
r(y) =e and r(b) = te. 

Of course, it may result that z and r(z) are orthogonal. However, we 
shall now show that there exists a vector zg ==x + a with ¢ in L such that 
g(24, 7(26)) 40. Ite is the automorphism related to r, then (zg) = yo” + 0. 
Setting E= g(x,y) +9, we have 


(4. 1) g (20,7 (26) ) = Ep7 -H p fc. 
If g(zẹ,r(zọ¢)) =0 for all ġ in L, we have 

(4.2) pl == — pT Ve, 
Setting @==1in (4.2), we obtain &’et=_--—-£" and 
(4.3) p = ETET = oT 


Thus L must be commutative as J is an antiautomorphism. Then it 
follows from (4.3) that J= r. There are two possibilities for r: either 
r==lorr=o. In cither case, J is the identity on K. Consequently Us (XK, f) 
is the orthogonal group O.(K,f). Then by Section 1.9, p==i== Y—1 and 
w==—i. ThusJ=o. But 8 is in C; so BiB =f? ==1. It is easily seen 


that if 8 = 1, then p/p=-1. If B=——1, then p= + 4; and again p4p—1. 
However, the condition that v is a projective involution of the second kind 
in U,(L,g) requires that wu = — 1. Thus we can conclude that there 


exists an element ¢ in L such that g(z4,r(z¢)) £0. 

Clearly then the subspace W”* == 29L @ r(zo)L is nonisotropic. So the 
4-involution w” of U.(K,f) with W’* as its positive eigenspace is in c(t, v). 
Clearly r(W’*) = W^; so r must commute with w”. Therefore, w” is the 
involution which we seek. 

Consequently when n > 4, r(W+ N W>) = Wt W^; that is, r(z) = 28, 
for all «in V+. Then by Lemma 1.6, r(a) == 28 with 8 in L for all x in V*. 
Furthermore, r cannot be semilinear relative to o as ø is not an inner auto- 
morphism of L. Therefore, r is linear and 8 is in Z(p). Furthermore, & == e 
is in Z, where e=1", So by Section 1.10, 8 is in Z or 8=8op, where 8, is 
in Z. A similar argument shows that r(z) =x with & in Z(p) for all z 
in V~. We then have 8 == + å. 


If è is in Z and &==8, r is the homothetic mapping hs; and as F is 


14 
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nonisotropic, &è == 1. Thus r* = 1* in this case. If 8 is in Z and & == :— 8, 
then vr is the homothetic mapping hpa So in this case r*==v*, If § == 8op 
and S°==6, then similarly r*==w*. Finally, if 8=dop and & ==—6, then 


r” == 4*y*, Thus we have proved: 


Proposition 4.2. Let v be a projective involution of the second kind 
n U,»(L,9). If n> 4, v(u*, v") = 4. 


4.3. Projective involutions of the third kind in U,.(£, g). Letv be a 
projective involution of the third kind in Um(L, g). Then v?== 8, B= pf, 
where p is in L but not in Z(p). As in Section 1.8, let L, be the fixed 
subsfield of L by p* and let 6 be an element of L such that @4#° ==-—0 and 
6° isin Z(p). Then L = L, @L,6. The center of L, is Z(p,p). F can be 
considered as a right vector space #* over Lı, and F*=V*@V~. Set 
F= V+, and take the form g, as in Section 1.8. Then form the group 
LU »(L1, 91) acting on the space F. As v is linear, g, is hermitian. , 

If ¢ is a projective involution of U,,(£,g) which commutes with v, then 
by Section 1.8, ¢ can be restricted to a projective involution t, of Un (Za, 91). 
Conversely, if ¢, is a projective involution of U,,(2,,91:), t can be extended 
to a projective involution ¢ of U,,(L,g). If ¢ anticommutes with v, then 7% 
is represented by a projective semilinear involution ¢, of TU»(Z1,9,) which 
is semilinear relative to the automorphism @* of Ly. 


The situation is not quite so simple if ¢ is a projective semilinear 
mvolution of TUm(L, g) relative to the automorphism o. If we can show that 
po = u, then by Section 1.8 we can restrict ¢ to a semilinear projective involu- 
tion ¢, of TU» (24, g1) which is semilinear with respect to the automorphism o. 
Indeed, as we shall see, this is true if é is in c(e(u,v)) and t commutes with v. 
Furthermore, if ¢ is such a projective semilinear involution in c(c(u,v)) 
which anticommutes with v, then f = — pu; but then we show that ¢ has a 
restriction ¢, to F, which is a projective semilinear involution of TU, (L,, g1) 
relative to the automorphism o of L. 


Therefore, let ¢ be a projective semilinear involution of TU»(Z, 9) 
relative to the automorphism o of L which is in c(c(u,v)). Let x be a vector 
of F, which is nonisotropic with respect to the form g;. Set W,* == gL, and 
Wy = (W,"*)+, and let w, be the 1-involution of U,»,(Z,,9:) with W,* and 
W7 as its eigenspaces. As m > 2, a projective semilinear involution r in 
c(c(u,v)) must commute with the extension w of w, to F. In particular, 
t commutes with w. As a transformation of F, w has positive eigenspace 
W = sL, @al,0—2L. Therefore t(x)—28, with 8 in D. Set 8,—8. 
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Since 1? = « in Z, we have 887 =e. Then it is easily verified that 8*o = o(8°)* ; 
so the automorphism r ==8*¢ is an involution. Let Lo be the fixed subsfield 
of L by ~. Then Lo is of index 2 in L. Furthermore, p™ = p?¢ = p7 == — p. 
So L == Lig Bp Lop. l 

We next show that Lo==K. Let ¢ be in K; then ġ == ġı + pds, where 
@, and ġ, are in Lo But 67 ==; 80 $ — po: = p: +p This implies 
that 6,7 == ¢, and ¢.7—=—¢.. So ¢, is in K and = pġ; with ¢, in K. 
Thus d= ¢,-+ ¢sy = hı + pba and the representation of p is unique only 
if do 0 and Lo = K. 

But then the restriction of m to Lo== K coincides with the restriction 
of 8&* to Lo. But also r is the identity on Lo; so 6 commutes with every 
element of K. Also $ will commute with every element of Kp; so ô is in Z (p). 
Now i(v(z)) = t(t)p? = gòu" and v(t(w)) = v(x) = Tsu. So if $ com- 
mutes with v, uf =p and the method of Section 1.8 applies and we can 
restrict £ to F;. 

1f £ anticommutes with v, then a =—-—p. Therefore, p*o—op* and o 
leaves L, invariant. Furthermore, ¢ also anticommutes with fpa; so ¢ 
commutes with v = pw and consequently can be restricted to a semilinear 
projective involution of TU, (Lı, 91) acting on F relative to the automorphism 
got Ly: 

So in general, a projective semilinear involution r in c(c(w,v)) can be 
restricted to or is represented by a projective semilinear invoiution 7, in 
TU a(l gi) which is linear or semilinear with respect to the involutive 
automorphism 6* or o of £,. Since the choice of a nonisotropic vector v in 
F, was arbitrary, 7, must commute with every 1-involution in Um(Jn, 91). 
Hence r, leaves invariant every 1-dimensional nonisotropic subspace of F. 
Since 7,“==e with « in Z (p, p), Lemma 1.5 yields that r(x) == 28 with ê in L, 
for all æ in F,. Furthermore, 7, must be semilinear with respect to an inner 
automorphism of L,. However, neither 6* nor o is an inner automorphism. 
Consequently, 7, must be linear; 8 is in Z(p, p); and è =e with e in Z. 
Then, as it was argued in Section 3.3, r is in one of 1*, u*, v*, or u*v. 
This yields the following result. 


Provosivion 4.3. Let v be a projective involution of the third kind 
in U,(L,9). If w> 4, v(a*,v*) = 4. 


4,4, Projective involutions of the fourth kind in U,,(L,g). Let v be 
a projective involution of the fourth kind in U,(Z,g). Then v?==£8 in C, 
and 8 is not a square in L. We adjoin a square root p’ of B to L forming 
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the sfield M == L(p') == K(p,p’). The center of L is Z(p,p’). As in Section 
1.9, the space F can be considered as a right vector space G over M of 
dimension g==m/2==n/4. The form g canbe extended to a nondegenerate _ 
hermitian sesquilinear form h defined on G relative to the extension of the 
antimorphism J to M. We then form the group TU,(M,h). An element in 
U,(K,f) which commutes with u and v can be considered to be in Ua(M, h) 
and conversely. An element in U,(K,f) which anticommutes with u and 
commutes with v, or which commutes with u and anticommutes with v, or 
which anticommutes with both u and v can be considered to be in TU, (M, h) 
relative to the automorphisms s, o’, or oo’, respectively, where o:p—>— p, 
o: p —>p, d: pP —>— p, o':p—>p, and o and.o’ leave K fixed. 

Now let w be a 1-involution in U,(M,h); w can be considered as a 
4-involution in U,(K,f) which commutes with both u and v. If r'is in 
c(c(u,v)) then r commutes or anticommutes with w. If n> 8, we can 
conclude immediately that r commutes with w. Let n=8 and assume r 
anticommutes with w; then 7, as an element of TU,(J/,h), is such that 
r(x) ==y, where z is in W+, the positive eigenspace of w, and where y.is in 
W-, the negative eigenspace of w. The vector y is orthogonal to x and is 
nonisotropic as h(y,y)—h(a,2) 340. Also +? =e with e in Z, só 
r{y) == 7? (£) ==a2e. By Lemma 1.4, for every element ¢ of M, there exists 
an element y=¢, @-+1, or ¢—1 such that zy = {x -+ yy is nonisotropic; 
and + commutes or anticommutes with the 1-involution wy in U,(M,h) with 
zyM as its positive eigenspace. In the first case r(zy)= zy. This yields 
y + ape = roy + ydy where r= 1,0,0, or oo’ is the automorphism of M 
associated with 7. Due to the linear independence of x and y, we obtain first 
that dy = y and then that y™ =e", which is in Z. If r anticommutes with’ 
wy, then r(zy) is orthogonal to zy. Hence h(2y,7(2y)) == éte + yÉ = 0 
where é= h(x, s) =h(y,y) 40. This yields yf =— &p7&"e. 

Now by the proper choice of œ, we shall obtain contradictions to two of 
the equations of the above paragraph and ‘thus conclude that r commutes 
with w. We first note that 754GF(3); otherwise 8 = + 1 and y= +1. 
This is impossible inasmuch as neither 8 nor y can be equal to 1 without 
u and v being of the first kind in U,(K,f) while if 8 = y==— 1, then v 
would be of the first kind in Um(L, g). So we choose w,540,+1 in Z 


and take $ =p +p +w. Then p==p-+o’-+w where w0 and is in Z. 
Computation shows that 


(4.4) pty = (o? + pp + p’7p’) + (wp + op) 
+ (wp’ + wp’) + (p%p" + pp) 
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where the terms have been collected to give the components of y7y according 
to the direct decomposition M = K @ Kp ® Kp’ © Kopp’. Now ifr is to com- 
mute with wy, then yy must be in Z. Hence the last three components in 
(4.4) vanish. As w5£0, p7 ==—p and p’?==—p’. But then (p™p’ + p’Tp) 0. 
Thus y7y is not in Z and + cannot commute with wy. 

If r anticommutes with wy, we have shown that y =—éy7&*e. Since 
y is in Z(p,p’), éE =y. Also p= p = py and p” = p = pB. So 
we now have 


(t5) py? + p BT + o === ț (pe H pe -+ oe). 


The antiautomorphism J when restricted to Z is either the identity automor- 
phism or an automorphism of order 2. Let Z be the fixed subfield of Z by J; 


then either Z =Z, or Z= Z., -+ Zox where x ==—yx. In the first case, 
o’==«. Furthermore o7==o as w is in K; so from (4.5), e==— 1. In the 
second case, o = 0, -+H oX where w and w are in Zo Now (4.5) vields 
e= = 1. Also from (4.5), we have that py"? = — p7e and p' 8t = — pe. So 
if z= 1 or r= ao’, then By = + e; this is impossible as y is a square in 
L while B is not. If r==o or t=, then B= —y= +e But e= +1; 


so one of 8 or y equals 1, which is a square in K, contrary to the choice 
of wand v. This means that r cannot anticommute with wy, which is in 
c(u.v). As we have also shown that r cannot commute with wy, the assump- 
tion that r anticommutes with w yields a contradiction. 


This means that r commutes with every 1-involution in U,(Af,h) and 
hence leaves every 1-dimensional nonisotropic subspace of G invariant. Then 
by Lemma 1.5, r(x) — zù with 6 in M for all v in @. If r is linear, then 8 
is In (p,p). If r is semilinear with respect to an automorphism r ==, g’. 
or vo’ of AL, then v, to be an inner automorphism, must leave Z (p, p’) element- 
wise invariant, which it does not. Hence 6 is in Z(p,p’) and & ==e in Z. 
Again applying the result of Section 1.10 twice, we obtain that 6 = 8), 6 == 8,p, 
ò = ap, or ò = Sapp’ with ê in Z. As ris a homothetic mapping in U, (M, R), 
it follows that 678 == 1 and hence that 6,/8,;—-1. Then one of r, ur, vr, or uvr 
is a homothetic transformation Ay in Ua( M, h), where y is in C. So hy can 
be considered in Cna and r is in one of the cosets 1*, u*, v*, or u*v*, There- 
fore, we have the following result. 


PROPOSITION 4.4. Let v be a projective involution of the fourth kind 
n Umnll, g). If n>4, v(u*ă, v*) = 4. 


Now we treat the case that v considered as a projective involution of 
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U,(K,f) anticommutes with u. Then v considered as an element of 
TUm(L,g) is a projective semilinear involution relative to the automorphism 
g of L. If v?==ß where 8 is in C and if there exists a vector v in F such 
that v(x) ap, then v? (£) == zupu. We therefore distinguish the two cases: 
B is of the form py? with p in L (Case I) and 8 is not of the form py? with 
pin L (Case II). 


4.5. Projective semilinear involutions in K'U,,(L,g). Case I. Let 
v be a projective semilinear involution in TUm(L,g) relative to the auto- 
morphism g of L such that v? = 8 and B= ppf with p in L. Then as in 
Section 1.8, form the subsfield L, of L consisting of the elements of Z left 
fixed by the automorphism o’ = (pt)*o. L == L, @ L0, where 6 is an arbi- 
trary element of Z such that 6° ==—-0. In particular, we pick 8 = p. By 
the argument in Section 1.8, it follows that the center Z, of L, is contained 
in Z(p) Q Ly. But also Z C 4;, and as p is not in Ly, it follows that Z, = Z. 

Now F when considered as a L,-vector space decomposes into the’ direct 
sum V+@V~- of the eigenspaces of v. Set F, = V* and form the group 
TU m(L, gı) acting on F, as in Section 1.8. An element ¢ which commutes 
with both u and v can be restricted to be in U m(la,91) Or Stm(Li, 91), and 
conversely. If ¢ anticommutes with u and commutes with v, then vf com- 
mutes with both u and v and so can be restricted to #,. Similarly in the 
other cases ut or uvt can be restricted to P. 

In ease g, is herimitian, let w, be a 1-involution in Um(Li, gi). Then 
the extension w of w, to # is then a 2-involution in c(u,v). Then if r is 
in c(c(u,v)) and 7” is that one of r, ur, vr, or wor which commutes with u and 
v, r and 7” commute with w. The restriction 7, of 7” to F, commutes with wy. 
Thus it follows that r, leaves invariant every 1-dimensional subspace of F.. 

In case g, is alternating, let 2 be a vector of F. Then v lies in a 
maximal totally isotropic subspace v; and, corressponding to V, there exists 
a complementary totally isotropic subspace V’ (cf. Dieudonné [4; p. 6]). 
Now it is clear that we can apply the argument in Section 4.2 to conclude 
that 7,(@) = Tåg. 

Consequently, by Lemma 1.5 or Lemma 1.6, we can conclude that 
r(v) == 28 with ô in Z for all v in F,. Furthermore, as F, is nonisotropic 
relative to gı, 878 == 1, where T is the antiautomorphism of L, corresponding 
to gı» Since 8 is in Z, 8? 8; so § is in C and the extension 7’ of r, to E 
is in Oa. Thus 7 is in one of 1*, u*, v*, or u*v". 


Proposition 4.5. Let v be a projective semilinear involution in 
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TU m(L,g) relative to the automorphism o of L such that v? = B and B is of 
the form pp? with pin L. If n> 4, then v(u*,v*) = 4. 


4,6. Projective semilinear involutions in WU,,(L,g). Case II. Let 
v be a projective semilinear involution of TU,,(L,g) relative to the auto- 
morphism ø of L such that v? = 8, where 8 is not of the form 8 = pp? with 
win L. Then, as in Section 1.9, adjoin a square root p’ of 6 to L forming 
the sfield Af == L(p’) = K(p,p’). IE ¢ is in L, the relation dp’ = p’¢° holds; 
in particular pp’==—p’p. Let Zw be the center of M. Then clearly 
ZCZyCZ(p) as Z(p) is the center of L. Furthermore, p is not in Zx; 
and since [Z(p):Z] == 2, Zu =Z. 

Now form the M-space G by setting vp’==v(a) and extend the anti-. 
automorphism J to M by setting p” == pt. Then, as in Section 1.9, extend - 
the form g to a hermitian sesquilinear form A defined on G and form the 
group TU,(M, h), where q= m/2 =n/4. An element t of U,(K,f) which 
commutes with both u and v can be considered to be in Ug(M, h) and con- 
versely. In the other cases, wt, vt, or uvt will commute with both u and v; 
and so one of them can be considered to be in U,(M,h). 

A 1-involution w, in U,(M,h) can then be extended to a 4-involution w 
in U,(K,f) which commutes with u and v. Then r in c(c{u,v)) commutes 
or anticommutes with w. If n > 8, it follows immediately that r must com- 
mute with w. If n==8, the argument of Section 4.4 shows that r must 
commute with w.8 Let 7” be that one of r, ur, vr, or uvr which commutes 
with both u and v. Then 7” commutes with w and its restriction r, to G 
is a linear projective involution commuting with w,. That is, 7, commutes 
with every l-involution of U,(J/,h) and so must leave invariant every 
i-dimensional nonisotropic subspace of G. Then by Lemma 1.5, rı (x) = 28 
with 8 in Z for every vector « of G. Since 7, is in U,(M,h), 8=-1 and 
the extension 7” of r, to E is a homothetic mapping of Æ. Thus 7’ is in 1*, 
and r is in one of 1*, u”, v*, or u*v*, 


8 The argument of Section 4.4 should be altered at two points. First, it should be 
remarked that + can be taken to be the identity automorphism, for we can replace r by 
that one of r, ur, or, or uvr which commutes with u and v. The extension of this 
transformation to U (M, hk) is linear. Second, we should remark that it is possible to 
choose < + 1 by replacing, if necessary, £ by ata = h(wa,wa) where a = p + p or 
a= l +p +p. Then take ¢ = ¢ so that Y =¢ or E+1. Hence y <0 and W=y. 
If ye = e, it follows that y? == + l as Je= 1]. But we can assume that y? 1 by a 
replacement of ¢ by avg if necessary. So e= e" = yt = — l, If ye, then 
yW = y = — pile == — ye. So again e = — 1. Now choose ġ = p. Clearly ¥ x — l; 
so yi = fy&". This means that p’ == gt". Similarly p” == &’t' and {pp}! = fpp' tt. 
This implies that (ppt)? = pp” = (p’p)” and thus that pp’ = p'p, which is a contra- 
diction. 
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Proposition 4.6. Let v be a projective semilinear involutton in 
TU,(L, 9) relative to the automorphism o of L such that v? == B, where B 
is not of the form B = pp? with pin L. IF n> 4, then v(u*,v*) = 4, 


Propositions 4.1 through 4.6 yield the following Theorem. 


THEOREM 4.1. If the dimension n of E is greater than 4 and af u” 
is an involution of the fourth kind in PU (K, f), then vys = 4. 


V. Characterization of Extremal Involutions. 


We now characterize the extremal involutions of PU,(K,f) when n> +4 
-principally by the group-theoretical invariant we.. When n==6 and & is 
commensurable, we use other methods. 


5.1. Extremal involutions. 


THEOREM 5.1. If the dimension n of E is greater than 4 and E*is not 
commensurable when n==6, then wy«==8 for extremal mvolutions u*™ of 


PU, (K, f). 


Let u be the 1-involution in w*. Let v* and w* be the distinct involu- 
tions of &* commuting with u* such that v*w* == w*v* x4 u*, v* s4u*, and 
w* ~u*, Let v and w be in v* and w*, respectively. By Lemma 2.1, it 
follows that every projective involution in c(u,v,w) and c(c(u,v,w)) is of 
the first or third’ kind and commutes with u. By Theorems 2.1 and 2:2, 
we have that v* or w* is an extremal involution if it is of the first kind. 


Any element t in U,(K,f) which commutes with u can be restricted to 
a transformation tọ of U~, the (n—-1)-dimensional eigenspace of u. As U~ 
is nonisotropic, the form f can be restricted to a nondegenerate hermitian 
sesquilinear form fọ on U-. The group of restrictions to U- of elements of 
U,,(K,f) is then the group U,.,(K,f,) acting on U-. The sets c(u, v, w) 
and c(e(u,v,w)) reduce to the sets c(v,Wo) and c(c(v,Wo)) of projective 
involutions of Un (K, fo). As elements of U,.(K,fo), vo and We are, the 
same kind of involutions that v and w are. When »n-——1 > 4, it follows from 
Theorems 2.1 and 3.1 that c(c(vo,w»)) contains representatives from only 
the four cosets 1*, vo", wo*, and vp*wo* of PUna(K, fo). 

A closer investigation shows that this is even true when n— 1 == 4. 
Indeed, this follows from Theorem 2.1 if v)* or w,” is an extremal involution. 
If v,* and v**are of the third kind, then v* == 8 and v == 8, where B = p° 
and » is not in Z. By- Section 1.8, Æ, considered as a-right vector space 
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over K. the centralizer of » in K, is the direct sum of the A-subspaces V+ and 
F, where v(e) == zŒ ap for x in Vt or V- respectively. Similarly V~, con- 
sidered as a K -space, is the direct sum Fo @ Vo, where v(t) = + wp for 
win Vo? or Fo, respectively. Asin Section 1.8, we form the group Un( Ka, fi) 
acting on the subspace H, =— V* and U,_,(4,,f1") acting on Vot. The form 
fi is the restriction of f, to E, == Vot since 


L=UAV BTN Vt=UN VDE. 


if w commutes with v, then by Lemma 2.1, w restricted to F, must commute 
with the restriction wu, of u to Æ, as u, isa 1-involution in U,(K,,f,). Further- 
more, then w is of the first or third kinds in U,(4,,f,). So it follows that 
wy is of the first or third kinds in Un (Kı, fi’). Hence by Propositions 3. 1 
and 3.8, ¢(¢(%, Wo) ) again contains projective involutions from only four 
corets. 

Finally if w anticommutes with v, it is represented by a projective 
semiligear involution w’ in TU, (Ky, fı) relative to an automorphism 6* of K., 
where 0 is an element of K such that 94° == — 0. Then as w’ commutes with 
u, W(U N Ei) =U+N E; so w(t) =a for some v in U*NH,. This 
means that w? == y, where y= M”. 

As in Sections 1.8 and 3.4, #,, when considered as a right vector space 
over K», the fixed subsfield of K, by 6*A*, is the direct sum of the eigenspaces 
W+ and W- of w^. Since w commutes with u, and U+ N E is a K,-subspace, 
it follows that U+ NL, = UN Wt @UtNW-. If « is in Ut W+, certainly 
f(e, c) 40. But then, if fa is the sesquilinear form defined on W* and 
derived from f, in the manner of Sections 1.8 and 3.4, f} is but a scalar 
multiple of the form f restricted to Wt. So f.(#,%)~0. This means that 
fa is not an alternating form. Hence the form f; derived from f, as in 
Sections 1.8 and 3.4 is also not alternating inasmuch as fz’ is the restriction 
of fa to Wt U~. Then by Proposition 8.5 in this last ease the projective 
involutions of c(c(%o, Wo) ) come from only the cosets 1*, v9™, wo", and vo*w,*. 

Let +* be an involution of ¢(e(u*,v*,w*)). Then r in r* can be 
chosen so that its restriction to U~ is one of 1o, Vo, Wo, OY Vowa. Denote by 1” 
that one of 1, v, w, or vw whose restriction to U- coincides with that of +. 
Then r” = 7? == in Ca. Furthermore e= 06? where 6 is in Z’, the center of 
K’, a subsfield of K of index 1 or 2 according as r is of the first or third kind. 
Let ®t and R- be the K’-subspaces of r and #’* and R^ he the K’-subspaces 
of r’. Then since + and 7” coincide on U-, we have U- A R= U- N R and 
U7 Ro =U-N R. Furthermore . 


U= UN E aN R = UN R GOUNA R. 


838 JOHN H. WALTER. 


One of these summands may be zero. Indeed, if r and 2” are of the 
a kind, then Ut==U+N Rt or U+=UtO E and also Ut==U*+n R+ or 
== U+ N R’-. Therefore for z in Ut, r(x) = + 28 and 1 (£) = +28. Thus 
li are but two possibilities for r(æ) when æ is in Ut:r(a) == (s) or 
r() == — t (z). 

If r and 7 are of the third kind, then dimg U+M R= = 1. Since r is in 
c(c(u,v,w)) while 7’ is in c(u,v,w), r and 7” must commute or anticommute. 
As they coincide in U~, they commute. Therefore, Ut N Rt is equal to Ut R”, 
or U+ N R’-, and U+ N R- is equal to U+ N R^ or U* N R+, respectively. That 
is, for æ in Ut=U NR QUN R, r(x) = (x) or r(e) =— r(x). 
Consequently 16%, vo*, wo*, and Vow” are the restrictions of at most 8 
involutions in e(e(u*,v*,w*)). Since o(u*,v*,w*) = 8, we have proven 
the Theorem 5.1. l 

We shall denote by J* the set of involutions of &* for which oys = 8. 

ð 

5.2. Involutions of the second kind. We assume that n > 4. elt can 
be shown that the involutions of the second kind are not in J* providing 
na >6. To treat the case n= 6, we consider the set K* of involutions of 
PU,(K,f) each of which is not conjugate to the product of itself with two 
other distinct commuting involutions with which it commutes and to which 
if is conjugate. 


THEOREM 5.2. Let the dimension of E be greater than 4. Then the 
set K* contains the extremal involutions of PU,(K,f) but not the wmvolu- 
tions of the second kind. 


Let u”, v*, wë be distinct commuting and conjugate extremal involu- 
tions. Then by Section 1.6, u*v*w* is a 3-involution and hence not conjugate 
to an extremal involution. 

Let u* be an involution of the second kind in PU,(K,f). Pick u to be 
an involution of U,(K,f) in u* with totally isotropic eigenspaces Ut and U- 
of dimension m = n/2. Dieudonné [2; p. 7] has shown that if U,* and Uy 
‘are any two maximal totally isotropic subspaces whose sum U @ Up =F, 
then there exists an element ¢ of U,(K,f) mapping U+ onto U,* and U~ 
onto Us. The proof of Dieudonné is stated for the symplectic groups but 
applies in this case as well. ‘Thus if'w?— y, where y == A", we define u, such 
that uo(a) = = rà according as œ is in Uot or Ug. Then «u and ug are 
conjugate in U,(K,f). Since every involution wu,“ of the second kind in 
PU,(K,f) contains an involution wu, as defined above, u* is conjugate to the 
involution uo”. 
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Now pick a basis Z, 8a, © *,%m for U* and Ems Tmi * `, %n Tor U~ 
such that f(2;,2;) 0 except when j — i= + m, in which case f(a, %;) = 1. 
Let Py = 2,K, P= tK, Pi = 2K O°: @ tk, Po = Emak, Ps Fink 
and Pe = 3m K @::'@uzK. As m=3, all subspaces P; are not zero. 
Let 

V+ = P, O P: @ Pe, V= P: OP; BPs, 


W+ = P, @ P; @ P, W= Po O Ps Q Po 


Then V+, V-, Wt, and W- are all totally isotropic since the summands P; in 
the decomposition of these spaces are all orthogonal. Let v and w be the 
projective involutions of the second kind in U,(K,f) whose eigenspaces are 
V= and W*, respectively, and which are conjugate to u. Then u, v, and w 
all commute and u? = v? == w? = 8. Thus wu == uvw is a projective involution 
of the second kind as u, == 6°. Hence to”, v*, and w* are conjugate to u*. 
Since u”, v*, and w* commute, Theorem 5.2 is proved. 

5.3. Involutions of the third kind. Let now u* be an involution of 
the third kind in PU,(K,f) and assume that n > 4. We shall show that 
wys >> 8. Let u be a representative of u*. Then u?—y with y in C and 
y=", where à is not in Z. As in Section 1.8, let K, be the fixed subsfield 
of K by A*. Then K = K: ® K,6, where @ is an element of K which anti- 
commutes with A. Then # can be considered as a K,-space H*, and 
E* == U* ® U-, where U* and U~ are the positive and negative eigenspaces 
of u. Set #,—U* and form the group TU,(Kj,,f,) acting on Æ. 

If d* is a set of involutions in PU„ (Kı, fı), let c*(3*) denote those 
involutions of PU,(K,,f,) which commute with every involution of 3*. 
If v,* and w,* are distinct commuting involutions in PU,(K,,f,), denote 
the order of c*(c*(v,*,w,*)) by v*(o.*, w.*). 

By Theorem 2.2, Section 2.3, there exist two voo of the first 
kind in PU,(K,,f:), which we here denote by v,* and w,* such that 
v(v,*,w,*) > 4. So we can find an involution 7,* of the first kind (which 
is one of the r;* of Section 2.3) in c*(c*(v,*,w,*)) which is not one of 
1*, v,*, w,” or v,*w,*. The restriction of u to #, is a homothetic mapping hy 
in the center C,* of Un(Ki,f:). Let vy, w and r,’ be the p-involutions 
(p <= [n/2]) contained in v,*, w,*, and 7,*, respectively; set v, = hv,’ and 
w, = hyw. We still have v, in v,* and w, in w,*; so r,” is in c*(c*(0,*, w,*)). 

We can extend r, to an involution r of U,(K,f) by setting r(76) = 1,(x)6 
for v in #,—U*. This defines r(x) on U- == U*6 and consequently on # as 
H* == U+ @®U-. Similarly, we can extend v, and w, to projective involutions 
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v and w in U,(K,f). But now v?==w?=y; so v and w are projective 
involutions of the third kind in U,(K,f). Therefore, by Theorem 3.3, v and 
w are in &. 

Since fy, vı and w, all commute, their extensions u, v, and w must all 
commute. So form c(c(u,v,w)). We shall show that r is in c(c(u,v,w)). 
It will then follow that o(u*,v*,w*) > 8, as the restriction r, of r to Æ, does 
not coincide with the restriction of any of the elements of 1*, u*, v*, w*, w*v*, 
vřw*ž, w*u*, and u*v*w*, which are in the cosets 1*, v,*, w,* and v,*w,* 
of PU, (K,, fi). 

It ¢ is a projective involution in ¢(u,v,w) which commutes with u, then 
the restriction é of £ to F, will be a projective involution in ¢(%,w:). 
By Section 2.3, ir, =n. Let æ be in U* so that 76 is in U~. Then 
t(r (a0) ) = t (rı (£) )0 = r (t (£) )0 = r(t(70)). Since E = U* @ U-, t com- 
mutes with r. If ¢ is a projective involution in c(u,v, w) which anticommutes 
with u, then set -= het. Thus ¥” will commute with u and commute or 
anticommute with v and w. The restriction ż, of #’ to #, will then commute 
or anticommute with v, and w;,. But the subspaces P; were chosen in Section 
2.3 so that no transformation .could anticommute with v, or w, So é, 
commutes with v, and w, and hence leaves the eigenspaces of r, invariant. 
Thus t,7,=—7,t, Again let « be in U* so that xð is in U-~. Then 
t’ (4 (a) ) == t, (71 (@) )0 =r (1, (2) 6 == r(t (26) ). This means that 7’ com- 
mutes with r and so ¢ commutes with 7. Thus ris in c(c(u,v,w)) and 
w(u*,v*,w*) > 8. 


THEOREM 5.3. If the dimension of I is greater than 4 and if u* is an 
involution of the third kind in PU,(K,f), wus > 8., 


5.4. Involutions of the fourth kind. We assume that n> 4 and F is 
not commensurable when n==6. We can show that J* contains no involu- 
tions of the fourth kind when n> 12. However, the following argument 
yields a more general result. 

Theorems 5.1, 5.2, and 5.3 imply that J*M #* contains only the 
extremal involutions and possibly the involutions of the fourth kind. We 
denote by W(u*) a maximal set of mutually commuting involutions of 
JN K* containing u*. By Lemma 2.1, every involution of Mt(u*) is 
extremal or none is. By Section 1.6, every maximal set M(u*) of extremal 
involutions contains n elements. Furthermore ‘the product of any two or. 
three such involutions is a 2- or 8-involution. Consequently these products 
are not in &* by virtue of Theorem 2.2. We therefore define %* to be the 
subset of J*M A* consisting of the elements u* such that the sets Mt(u*) 
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always possess n elements and such that the product of any two or three 
involutions in a set Mt(u*) is not in &*. Our principal result is the 
following theorem. 


Turorem 5.4. If the dimension n of E is greater than 4 and E 1s not 
commensurable when n == 6, then the set £* is the set of extremal involutions. 


In view of the preceding remarks, it shall suffice to show that if u* is an 
involution of the fourth kind and Ni(u*) contains n elements, then there exists 
a product of 2 or 8 involutions of Mt(u*) in &*. Let w* == U,*, Us, - +, Un" 
be the elements of t(u*) and u; be representatives for uw", t= 1,2,- ca. 
Then wyejs= + ui, and uj?==y, where yi is not a square in K. Set 
(ua)? = yyy = + yy; First consider that there is a pair t and 7, +547, such 
that yy is not a square in Z. Then wu; is a projective involution of the third 
or fourth kinds and is consequently in & by Theorems 3.1 and 4. 1. 

On the other hand, suppose yy == Ai? with Ay in Z for all t and 7, where 
1-49. *Jf then there exists a projective involution ur, k > 2, which commutes 
with Uitto, then v;uet, is of the fourth kind as Ayo?y, cannot be a square in K. 
Finally suppose that all ux, k > 2, anticommute with Utin Since n > 4, 
there exist two Up, say vs and u, which commute with one, say t, and anti- 
commute with the other. But then u, commutes with Uau., and by the 
previous argument w,u3;u, is in à. ,This proves the theorem. 


5.5. E commensurable and n = 6. Designate by mye the maximum of 
the numbers of involutions in the sets N(u*) of mutually commuting and 
conjugate involutions containing w™. 


THEOREM 5.5. If E is commensurable and n==6, then mye==6 for 
exlremal tavolutions w* wn PU,CK,f) and mus > 6 for nonextremal involu- 
tions u* of the first kind. 


Because Æ is commensurable, all extremal involutions are conjugate to 
each other. By Section 1.6, the maximum number of such involutions in a 
set of mutually commuting involutions is 6. Therefore 7,-—6 if u* is 
extremal. 

Similarly, all 2-involutions [8-involutions] of PU, (K,f) are conjugate. 
Dieudonné [5; p. 5] has shown that there exist 15 2-involutions [20 3-involu- 
tions] in a maximal set of commuting 2-involutions [3-involutions] of GL,(K). 
The same result is true for U„(K,f) by the same argument. These 2-involu- 
tions [3-involutions] come from 15 [10] distinct cosets as there is but one 
[two] involutions,in a coset which is a 2-involution [8-involution] of 
PU,A(K,f). Thus ry > 6 when u* is a 2-involution [3-involution]. 
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THEOREM 5.6. When the dimension n of E is 6 and E is commensur- 
able, then the set of extremal involutions in PU,(K,f) can be characterized . 
as the set of involutions u* for which 


(a) Wye mez 6. 


(b) The product of u* with any two other involutions from any set 
N(u*) of mutually commuting involutions conjugate to u* is never conjugate 
to u*. . 


(c) Any product of k distinct involutions from Rt{u*) is conjugate to 
any other product of k distinct involutions from N(u*). 


(d) The product of all the involutions in It(u*) is 1*. 


(e) For any three involutions v,*, vo*, and v” in N(u*), wV”, v2*, vs*) 
= ĝ, 


We first mention that extremal mvolutions u* satisfy the above con- 
ditions. Indeed, Theorem 5.5 guarantees (a) is satisfied. Theorem 5.2 
justifies (b). From Section 1.6, we see that any product of k distinct 
extremal involutions is a p- or (n— p)-involution, and from Section 1.5 all 
such involutions are conjugate. The justification for (d) is in Section 1.6. 
Finally, in the proof of Theorem 5.1, we established (e); the assumption 
that Æ be not commensurable was used there only to exclude 3-involutions 
from the set J* from which we chose the involutions v* and w* commuting 
with u*. 

Theorem 5.5 states that the 2- and 3-involutions of PU,(K,f) do not 
satisfy (a). Theorem 5.2 states that the involutions of the second kind in 
PU,.(X,f) do not satisfy (b). So we must only consider the cases where u* 
is an involution of the third or fourth kind. We show that not all the 
conditions of Theorem 5.6 are satisfied. 

We assume that u* satisfies (a), (b), (c), and (d). Thus since mu» = 6, 
we can pick a set Jt(u*) of 6 mutually commuting involutions conjugate to u*, 
one of which is wu*. Let u,* = u*, u,*,- - -,u—s* be the elements of N (u*). 
Pick representatives u; in w,*. By (d), we have that wyowgttgusto = hy in Cy. 
This means that u, commutes with togt,tstt, and thus commutes with one 
Up t> 1, say uy. It then follows that #,—w,u, is a projective involution of 
the first kind. Consequently by (c), Wz = Uzu, and wz = Use are in cosets 
w,* and w,*, respectively, which are conjugate to w,* when considered as 
elements of PU,(K,f). Since w,*w,*w,* = 1*, it is possible to choose the ' 
representatives w; and u; so that w t= 1,2,83, are involutions of U,(K,f) 
and WWW == Í. | 
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We shall show that the involutions w; are 2-involutions. Indeed, as they 
come from conjugate cosets, they are all either 1-involutions, 2-involutions or 
8-involutions. However, we have that w, = wows. 

In the case that the involutions w; are 1-involutions or 3-involutions, 
WW; is easily verified to be a 2-involution while w,==w.w;. So it follows 
that w; are all 2-involutions. Then by (e) w,;*u,;* is a 2-involution for any 
two distinct involutions w”, w;*. Thus uu; is a projective involution of the 
first kind in U,(K,f) which is in the coset of a 2-involution; that is, uzu,; 
have a 2-dimension eigenspace. As n==6, no element ¢ in U,(K,f) anti- 
commutes with wu; This means that all the projective involutions u; com- 
mute; for, should we; == — tjt then would u;(ue,) == — (Uitti. 

Let now u* be an involution of the third kind, and form the group 
rU.(K: fi) acting on the K,-subspace of E defined in Section 1.8. Since 
ut, 1 > 1, is in the coset of a 2-involution of PU,(K,f), u; is represented in 
U.(Kı, fı) by a projective involution u,;’ of the first kind with a 2-dimensional 
eigenspace U; of K, and 4-dimensional eigenspace Uy. As there are five 
such involutions u’, we can find two, say us and u, such that Ut N U;* is 
i-dimensional. It then follows that none of the spaces U,* N U;* are zero. 
Hence by the argument of Section 5.3, w(u”, Uz”, u3) > 8. Thus u* does 
not fulfill condition (e). . 

Now assume that u” is of the fourth kind in PU,(K,f). As in Section 
1.9, form the group TU;(L,g) acting on the L-vector space F. In U,(K,f) 
the projective involutions uy, have distinct 2- and 4-dimensional eigenspaces. 
Considered as elements u/ of U, (L, g}, they are 1-involutions as the D-dimen- 
sion of a subspace is half its K-dimension. Furthermore, wu and uj always 
represent distinct cosets u;* and u;* from PU,(L, g); for, otherwise, their 
elgenspaces would coincide as subspaces of F. This would mean that the 
elgenspaces of wu, and uju, would coincide as subspaces of Æ. Then we 
would have u,*u,* == u,;*u,*; that is, w/*u,;*—1*, which is contradiction 
to (c). 

This implies that u’,*,w’s*,- --,w’s* form a set of distinct mutually 
commuting extremal involutions in PU,(Z,g). Since the maximum number 
of such involutions is 3 by Section 1.6, we have a contradiction. This 
establishes Theorem 5. 6. 
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ON THE LOCAL EMBEDDING PROBLEMS IN THE DIFFERENTIAL 
GEOMETRY OF SURFACES.” 


By AUREL WINTNER. 


Let D be an open, simply connected domain in a (w?,w*)-plane. For 
the purposes at hand, it can always be assumed that D is sufficiently small, 
in the sense of being a sufficiently small neighborhood of a given point, say 
of (ut, u”) = (0,0). If the elements giu = gi (ut, u°) of a binary, symmetric 
matrix (gi) of non-vanishing determinant are given on D as functions of 
class C?, then 
(1) Gin (ut, u” )dutdut 

9 
will be called a C*-melric (on D). Then, since gi* = (giz)? and the first 
and second derivatives of gi,(ut,u*) exist and are continuous, (1) has a 
continuous curvature K == K (wt, w”). Suppose that, for some reason, the 
curvature JC turns out to be of class Ct (rather than just continuous) on D. 
Then the C*-metrie (1) will be called a regular C?-metrie (on D). 

It was shown in [12] that, whereas certain theorems in differential 
geometry are false for C?-metrics, they become true for regular C?-metrics. 
The purpose of this note is to show that the notion of a regular C*-metric 
(or of the corresponding notion of a regular C”-metric, where n = 1) leads to 
improved formulations of certain solved, and to corresponding sharp formu- 
Jations of certain unsolved, problems in the theory of local embeddings. 

Tt will be assumed throughout that the metric (1), instead of bheing just 
of non-vanishing determinant, is positive definite, that is, 


(2) det gi, > 0 and gu > 0. 


Let S be a surface of class C° in an (a, y,z)-space and Jet S be a “small,” 
simply connected, open piece of a surface (“small” in the same sense in 
which the domain D was defined to be “small”). Then S has a one-to-one 
parametrization, 


(3) ok Se (ata): AS (092 | 
which is a -parametrization (so that (w,w?) varies over a D on which 
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the vector function XY is of class C? and has, with respect to ut and u’, a 
(3 by 2) Jacobian matrix of rank 2 or, what is the same thing, the first 
fundamental form 


(4) | AX (ut, u’) |? == gin (w, u”) dutduk 


is of non-vanishing determinant on D). Only such parametrizations (3) of 
the C%-surface will be used as satisfy these conditions. Corresponding defi- 
nitions and conventions will be used in connection with (*-surfaces S for 
any n. 

The considerations will center about the following fact: 


(i) If (8) is a C*-surface, then its first fundamental form (4), instead 
of being just a C®-metric, is a regular C?-matric. 


The truth of this fact (1) becomes clear if the theorema egregium is read. 
in the direction opposite to that emphasized by Gauss (cf. [12], p. 686). 

If a metric (1), rather than a surface S, is given, then by an embedding 
of (1) is meant any surface (3) satisfying (4) (provided that there exists 
such a surface). Clearly, (1) can be interpreted as follows: In order that 
a metric admits some C*-embedding, it is necessary that the metric be a 
regular C?-metric. It is natural to ask whether this necessary condition is 
sufficient as well, at least if the given metric has no parabolic points, that is, 
if the curvature K(u+,u?) of the given regular C?-metric is either positive 
throughout or negative throughout. It turns out that this converse of (1) 
is false, even if 


(5) K (w, wu’) 540 on D. 


The failure of the converse of (i) would be less surprising if it were not 
claimed even under the assumption (5). In fact, if K(u*,u?) changes sign 
on D, then the Monge-Ampére equation, on which the problem of embedding 
depends, is in a state of transition from the elliptic ( > 0) to the hyperbolic 
(K <0) type of a partial differential equation of second order, and there 
are no general existence theorems in such a situation of the Tricomi type 
(except in the analytic case of Cauchy-Kowalewski). A corresponding remark 
holds if the metric (1), given on D, fails to satisfy (5) but is either non- 
hyperbolic (K = 0) or non-elliptic (K = 0), without being parabolic (K =0). 

What is true in the case (5) is the following partial converse of (i): 


(i) Every regular C?-metric (1) which is of non-vanishing curvature 
(that is, which is either hyperbolic, 


(6) Kw ye) <0, 
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or ellaplic, 
(7) K(ul,u’) > 9, 


on D) possesses C?-embeddings S (locally; that is, embeddings of Do, if Do 
is a sufficiently small neighborhood of any given point of D). 

What is not true is a certain full converse (i) in the case (5), since the 
situation as follows: 


(iii) Under the assumptions of (ii) on the metric (1), a C*-embedding 
S, the existence of which is assured by (ii), can fail to be a C%-embedding 
not only in the hyperbolic case but also in the elliptic case. 


It will remain undecided whether a complete converse of (1) in the case 
(5) is false in the following sense also: 


(iii?) Under the assumptions of (ii) on the metric (1), must there 
exist some C3-embedding S in the hyperbolic case and/or in the elliptic case? 


Actually, the answer to the questions (iii ?) does not seem to be known 
even if (1) is not restricted by the assumption (5). But if (5) is omitted, 
then nothing is known, except in the analytic case. In fact, even the following 
question (representing the weakest form of anything like (ii) when (6) is 
not assumed) is unanswered: 


(ii?) Does every C*-metric possess some C°-embedding or, at least, 
some C?-embedding ? 


It is understood that (1) is called a C’*-metric if the three functions 
Jir (ui, u?) possess continuous partial derivatives of arbitrarily high order 
(then the same is true of K (w, u?) ; so that every “ C” -metrice ” is a “regular 
C@-metric”). The trouble is that there is not available an existence theorem 
(not even with suitable, rather than with arbitrary, Cauchy data) for a 
system of partial differential equations which has the same form as a 
Cauchy-Kowalewski system but in which the coefficient functions, instead of 
being analytic. are just of class C”. As a matter of fact, such an existence 
theorem seems to be doubtful even in case of linear Cauchy-Kowalewski sys- 
tems with coefficient functions of class C@. 

In the analytic case, the answer to the analogue of question (ii ?) is 
known. In fact, every analytic metric (1) possesses analytic embeddings. 
This follows from the Cauchy-Kowalewski theorem, since the latter can be 
applied to the problem of embedding so as to avoid any reference to 
assumption (5). 


In the elliptic case of question (iii ?), there is an affirmative answer 


848 AUREL WINTNER. 


under a “restriction of comparison.” This is the content of the following 
criterion (iv): 


(iv) If an elliptic, regular C?-metrie possesses a C*-embedding, then 
all of its C?-embeddings (which, by (ii), exist) are C®-embeddings. 


It is clear from the case K ==— 1 of an analytic metric that (iv) becomes 
false if its assumption (7) is replaced by (6). The following question will 
remain, unanswered : 


(ivbis ?) Does (iv) remain true if its C* is reduced to C? ? 


In (iv ?) below, the regularity of a C*-metric is meant in the sense of. 
the existence of a continuous curvature K =K (u1, v?) for the C*-metric (1), 
when K is defined in the sense of Weyl [9], pp. 42-44; cf. the comments 
preceding (8) below. 


(iv) suggests a question concerning an elliptic analogue of (ii). But 
this question remains undecided: 


(iv?) Must every elliptic, regular C'-metric possess an embedding 
which is a surface S of class C? ? 


A positive answer to this question (iv ?) would be important, since if 
the answer were in the negative, it would follow that, for local reasons, Weyl’s 
embedding problem in the large cannot be solved with that generality with 
which he has stated it originally (cf. [6], p. 485 and p. 487, and the footnote 
in [12], p. 685). 

Corresponding to the two cases, (6) and (7), of (ii), there is a hyperbolic 
counterpart of (ivbis ?). Since no potential-theoretical re-enforcements can 
be forthcoming in this hyperbolic case, it appears that the answer to this 
counterpart of (ivbis ?) is in the negative (a counterexample, if any, seems 
to be harder in the elliptic case). 

The following pair of problems is of quite another character. 


(+ ?),(—?) Let K be a C'-embedding of a metric (1) on D which is 
an analytic metric or, for that matter, just a regular Ct-metric (so that (1) 
defines a continuous curvature). Must then S be a convex surface or a saddle 
surface over D according as the curvature of (1) satisfies (7) or (6)? 


It is understood, that convexity and saddle character of C'-surfaces are 
defined in terms of the tangent plane (which, locally, supports S in the first 
case but not in'the second). If S is a C?-surface, then it has a (continuous) 
second fundamental form, and so the questions are trivial. But if S is of 
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class C> without being of class C?, then (7) or (6) cannot be expressed in 
terms of a second functional form, since the latter fails to exist. 

It will be clear from the proofs that both (ii) and (iii) remain true if 
C? and C? are replaced by C” and C"**, respectively, where n= 2. <A corre- 
sponding remark holds, of course, in (i), where n = 1, whereas the truth of 
the analogues of (11) and (iii) will remain undecided if »—1. It is under- 
stood that by a regular C”-metric is meant a C”-metric possessing a curvature 
A (wu?) which is a function of class C+. 

The general concept and the name of a regular C?-metric are due to 
H. Weyl and H. Cartan, respectively ; for references, ef. [2]. For metrics (1) 
which are given in an isothermic form (that is, in a form in which 


(8) J = Joo and gie==0 


hold), the concept of a regular C’-metric is contained already in a paper of 
Lichtenstein [8], pp. 87-88 and 96-100 (in fact, ef. the relation to which 
formula (15) in [12] reduces in the isothermic case). This is the more 
interesting since, as it turned out in the meantime, there is no loss of 
generality in assuming (8). In fact, it was shown in [2] that, after a suit- 
able (w,u*)-transformation (which is of class C? and of non-vanishing 
Jacobian), every regular C'-metric (1) becomes a regular C*-metric satis- 
fying (8). i 


Proof of (it). Consider Darboux’s differential equation (cf. [1], pp. 240- 
241) for an unknown function z==z(u,v) of class C°? of the embedding 
problem, where, if (1) is the given metric (to be embedded), 


(9) t = u}, vw, 

Let p,- - -,¢ denote the partial derivatives 2,,° > -,2yc. Darboux’s differential 
equation for z==z(u,v) is a Monge-Ampére equation, 

(10) g? (vl —s*) + ar -+ 2bs+ ct -+ d= 0, 


in which the coefficients g= det gi > 0, a, b, c, d do not contain z, are 
polynomials in p, g, contain the independent variables u, v only in terms of 
the (given) functions 


(11) Jir (Uy U), Gir n (W V}, Jie e(U, v), K (u,v), 


and are polynomials in the latter. It is also well-known that the bicharac- 
teristic type of (10) is hyperbolic or elliptic according as the metric (1) is 
hyperbohe or elliptic. In view of (5), this means that the partial differential 
equation (10) is of hyperbolic or of elliptic type according as 


(12—) (Cit) <0, (12+) K (u,v) > 0. 
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Since (ii) assumes that (1) is a regular C?-metric, all functions (11) 
are of class C* in (u,v). Hence, it is possible to apply to (10) Theorem (V), 
p. 849, of [4] on hyperbolic Monge-Ampére equations in the case (12—) 
and Theorem (§), pp. 316-317, of [5].on general (not necessarily Monge- 
Ampère) elliptic equations in the case (12+-) (in which case, instead of the 
C*-character of the functions (11), their C’-character, where à is a Hélder 
‘index satisfying 0 <A <1, would suffice; cf. (§), loc. cit.). Thus, the pair 
of existence theorems, just quoted, leads to the following result: 

If (1) isa regular C?-metric on a (u, v)-domain D, where (u, v) = (u', u°), 
then, corresponding to every non-parabolic point (uo, Vo) of D, there exists a 
neighborhood D, of (uovo) on which Darboux’s equation (10) posesses 
solutions z==2(u,v) of class C°. In addition, since such a C?-solution 
z= z(u,v) belongs to every sufficiently smooth choice of Cauchy initial data 
in the hyperbolic case and of Dirichlet boundary data in’ the elliptic case 
(cf. loc. cit.), these initial or boundary data can be chosen so “small” that, 
if the corresponding C*-solution z(u,v) is subjected to the first Béltrami 
operator V of the given metric (1), then the resulting function Vz(w, v) 
(which clearly is a function of class C? on D, and, since (1) is positive 
definite, attains non-negative values only) will satisfy the inequality 


(3) as * V2(u,v) <1 
at every point (u, v) of D, (if the neighborhood D, of (uo, vo) is small enough). 


The existence of a surface S having the properties claimed by (ii) now 
follows, by Darboux’s procedure (cf. the first italicized statement in [1], 
p. 241), from the eixstence of anne HORS: z==2(u,v) of class C? satisfying 
both (10) and (18) on Do. 

It should be noted that, in view of that device in Darboux’s procedure 
which is expressed by the italicized statement in [1], p. 240, recourse must 
be had to a certain lemma on “euclidean” mappings. The lemma in question 
is, however, contained in the statements (I*), (II*) of [12], p. 681. 


Remark. Owing to the freedom in choosing the (smooth) Dirichlet data 
in the case K > 0 above, the C-solutions z = z(u,v) of (10) can be chosen 
so as to satisfy, besides (13), other inequalities also (on Dy, if Dy is small 
enough). Since such an inequality is H? +4 K, where H =H (u,v) denotes 
the mean curvature of a surface S, to be supplied by (ii), and K = K (u,v) 
is the Gaussian curvature, hence a function given along with (1), it follows 
that, under the assumptions of (ii), the C?-embedding S can be chosen so 
as to be free of umbilical points. . 


Gt 
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Proof of (iii). Let (1) be given by (du)? + (edv)*, where (w, v) = (w, u”) 
and c= const. Then the curvature K (w', u*) is — c, hence K==—1 if e=1. 
Since K <0, the Monge-Ampére equation (10) belonging to this analytic 
metric (1) is of hyperbolic type, i.e. it has distinct real bicharacteristics, and 
possesses therefore solutions z(u,v) which are of class C” without being of 
class C™!, where n= 2 can be chosen arbitrarily (for details, cf. a corre- 
sponding construction in [5], pp. 329-330). 

Thus (iii) is clear in the hyperbolic case (K <0). An example proving 
(iii) in the elliptic case is less straightforward. Such an example (K > 0) 
was given in [6], p. 486. 


Remark. Tt would be desirable to decide whether such an example 
(K > 0) is possible also when it is required to be free of umbilical points (in 
fact, a perusal of the example given in [6], p. 486, shows that the condition 
Tl? 54K is violated at the crucial point of the surface obtained there). 


Poof of (iv). The following concepts will be needed: 

Two metrics, say (1) and 
(11) i (u vdu? + 20 (u, vdu de +- G (u, v) do’, 
are C™-isomelric (for a fixed m > 0) if there exists a local transformation 7’, 
(15) u = u (u, u"), v == v (w, u’), 


in which the functions u, v are of class C} in (ut, u”), have a non-vanishing 
Jacobian, and are such that (1) and (14) become identical by virtue of (15) 
(or, equivalently, of its inverse, T7). Thus, if (14) is a regular C"-metric 
for a fixed n > 0 (that is, if the coefficients of (14) are functions of class O” 
and il, in addition, (14) possesses a curvature K = K (u,v) which is a func- 
tion of class ("-"), then (14) is C***-isometric to a regular C™-metric (1) 
satisfying (8). This was proved for n > 1 in [12] and for the (more intricate) 
ease n==1 in [2]. The necessity of dealing with the concept of C”-iso- 
metry was pointed out in [11]; cf. also [10]. The answer to the question 
raised in | 11] was answered by Hartman [3] in the affirmative. Tt is readily 
seen that Tfartman’s result contains the following fact: 


Lena, feery C'tsometry T of two regular C"-meltrics is a C"- 
isomelry (n> 0 is arbitrarily fixed). 


If Ct and n > 0 in this Lemma are reduced to C? and n > 1, respectively, 
then a simple proof results from [10]; cf. [12], pp. 681-682. This reduced 
formulation would Suffice in the applications of the Lemma below. 
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If the C”-isometry (15) belongs to (1) and to the case 
(16) E = gn, F = gis, G = Goo 


of (14), let T be called a C”-autometry (of (1) or, since T can be replaced 
by 7-7, of (14)). Clearly, the lemma contains the following corollary: 


COROLLARY. very C'-autometry T of a regular C"-metric is a Q- 
autometry (n > 0 is arbitrarily fixed). 


Consider two embeddings, say S and S*, of one and the same metric (1). 
If one of these two surfaces, say S*, is of class C™ for a fixed m > 1, then 
its first fundamental form (1) is a regular C”-1-metric. Since S and S* have 
the same first fundamental form, it follows from the corollary that the 
correspondence, induced between S and S* by their autometry, is represented 
by a C-transformation (15) of non-vanishing Jacobian. Hence (iv) follows 
from the theorem italicized at the end of p. 612 in [7], if use is made of 
the Lemma above. ° 
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ON INDEFINITE BINARY RIEMANNIAN METRICS.* 


By AUREL WLNTNER. 


1. The following considerations were suggested by a theorem which, 
in the nomenclature used in [14], can be formulated as follows: 


Gx) If a binary, definite C"-metric 
(1) gin (ut, Ww?) dutdu" (giz == Jas) 


is a regular C*-metric, then il is isometric to a C®-metric having the conformal 
normal form 


(2) A(u, v) (du? + dv?) (A+ 0) 
(and (2) ix, of course, a regular C"-melric). ` 


Ifere and in the sequel, all assertions are of a local nature, that is, the 
(u',w*)- or (u, v)-domain is meant to be sufficiently small (in the sense 
specified at the beginning of [14]). 

(in) was proved for n> 1 in [13], where the limiting case n= 1 was 
left undecided. It was proved in [2] that (in) can be extended to this 
limiting case (which is more intricate than are the cases n == 2,3, -). 

In view of the comments made in [13], pp. 686-687, the case n= 2 of 
(i,) contains a justification of a tacit assumption made by H. Hopf in 
connection with his elegant formulation of the Codazzi equations (ef. [6], 
p. 240, formula (4), and p. 284, line 5). 

In order to deal with parametrizations of a surface in terms of its lines 
of curvature and, when the Gaussian curvature is negative, of its asymptotic 
lines, there is needed an analogue of (i,) for the case in which the given 
metric (1) is indefinite; so that what formally corresponds to the normal 
form (2) is l 
(3) 2A (u, v) dudv (A 50) 


(in this connection, ef. [11], pp. 204-205). It will be shown in Sections 7-12 
that both parametrization problems, just mentioned, can actually be dealt 
with on the basis of the following theorem: 


(iin) Lf a binary, indefinite C"-metric (1) is a regular C"-metric, then 
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it is isometric to a C"-metric having the “non-euchdean conformal” normal 
form (3) (and (3) is, of course, a regular C"-metric). 


(i,) deals with a problem in partial differential equations of elliptic 
type. Correspondingly, the proof of (i,) depended on potential-theoretical 
arguments. : No such analytic reinforcement can be forthcoming for the 
problem in (ii,), since the underlying partial differential equation becomes 
of hyperbolic type. Thus it is quite unexpected that the counterpart (1i,) | 
of (i,) turns out to be true. 

What is more, the example given in [4] seemed to indicate that in 
the applications to theory of surfaces, mentioned above, two degrees of differ- 
entiability must be sacrificed before the normal form of the parametrization 
can in general be reached. That actually only one degree is lost, will turn 
out to be a consequence of (iin) and of the fact that, in the applications in 
question, the regularity assumption of (ii,) happens to be satisfied; cf. the 
Appendix to [13]. 

Corresponding to the restriction n > 1 on (i,) in [13], the no of (iin) 
will be given under the restriction n > 1. The limiting index n = 1, dealt 
with in the case of (in) in [2], leads in the case of (ii„} to the same technical 
complications as in the case of (in); complications which undoubtedly can be 
overcome along the lines of considerations carried out in [2] in the elliptic 
case and in [5], pp. 357-361, in a similar but hyperbolic (Chebyshev para- 
metrizations). 


2. The proof of (iin) will be given for n==2. The proof will be such 
as to make clear its validity for every higher n-value. 

Let D be a simply connected, open (u',u*)-domain; it can be assumed 
to be a sufficiently small neighborhood of the point (ut, u?) = (0,0). The 
assumptions of (iiz) are that, on D, the coefficients of (1) are functions of 
class C?; that det gi < 0; finally, that the curvature K == K(ut,wu?) of (1) 
is a function of class C* (rather than just of class O"? == C?*, i.e., just con- 
tinuous ; in fact, the regularity of the C?-metric (1) means, by definition, this 
increase in the degree of differentiability of K). 

For the present, only the C*-character of (1) will be used (so that 
K (ut, u?) can, for the present, be just continuous). Then, since det g (ut, u?) 
<0 on D, it is clear that the condition 


(4) gix (ut, u?) dutdu" = 0 
can be split info a system of the form 


(5) du*/du?—f(ut,ut), du? /dut = g (ut, u?) 
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in which f and g are real-valued functions of class C”. Hence (5) has a pair 
of (local) first integrals, say 


(6) ufu’, u?) = const., v (ut, u?) = Const., 


where the two functions u,v of (u, u?) can be chosen to be of class C? and 
of non-vanishing Jacobian. Hence, if T denotes the (local) C*-transformation 
(ut, wu?) — (u,v) which results if const. and Const. in (6) are denoted by u 
and v, respectively, then 7** exists and is of class C?. Since (4) is equivalent 
to the system (5), it is clear from the definition of T that T transforms (1) 
into the normal form (8), and that 


(7) A(u,v) eC (A540) 


in (3); in fact, the transformation T (along with its inverse T-t) and the 
mertic (1) are of class C°. The parenthetical assertion of (7) follows, of 
course, from det gi, 54 0. 

Ry using the assumption that (1) is a regular C*-metric, an assumption 
which was not used thus far, it will be shown in Sections 3-5 that (7) can be 
improved to 
(8) Alu, v) eC? (A540), 


provided that the C*-transformation T is suitably chosen. Since (8) means 
that (3) is a C®-metric, this will prove (iz). In fact, the parenthetical asser- 
tion made after (3) is clear from the invariance of the scalar K (ut, u”) eC! 
under the mapping T. 


3. According to the result (7) of Section 2, the regular C?-metric (1) 
is C*-isometric to a regular Ct-metric (3). If K(u,v) denotes the curvature 
of (3), then 
(9) K (u,v) e 0° 


(by invariance; cf. the end of Section 2). But since (8) is not known, the 
classical representation of the curvature of (3), the representation supplieđ 
by the formula 


(10) (log A) ay == — KÀ, 


where ; 0 /dz (cf, e.g., [1], formula (IV) on p. 52), cannot be applied. 
What can be applied to the C1-parametrization (3) of the C?-metric (1) is 
the integrated form of (10), that is, Weyl’s definition ([10], pp. 42-44) 
of the curvature of a regular C'-metric; cf., e. g., formula (15) ‘in [13], p. 682 
(cl. also the theorem (IT) in [5]. p. 848, which deals with a more general 
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situation). In the case of the indefinite metric (3), that “integrated form” 
of the definition of K reduces to 


(11) f {(log A), dv — (log A), du} = fs — 2K dudv. 
J B 


(cf. (10) or the formula just quoted). Here J denotes any positively 
oriented, piecewise smooth Jordan curve which, along with its interior domain 
B= B(J) which occurs on the right of (11), is contained in the (u, v)-domain 
under consideration. 

Choose J to be the boundary of the rectangle B having two points (u,v), 
(u +- Au,v-+-Av) as opposite vertices. Then the line integral in (11) is- 
readily seen to reduce to 20 log à, if O¢ is defined by 


(12) Ob == (w+ Au, v + Av) — (u,v + Av) — o (u + Au, v) + $(4, v). 
Hence (11) is equivalent to the following identity in (u,v) and (Au, Av): 


7 ' uu  v+eAv . 
(13) Toga Í f — Kr dudv. 
vid v 


Since K and A are continuous, (13) implies that, as (Au, Av) —> (0,0), the 
limit relation 


(14) (DlogaA)/(Au: Av) »~— K(u, v)A(u, v) 


holds at every point (u,v) of the (u,v)-domain under consideration. 

Actually, it is clear from (7), (9), (13) and (12) that (logaA)y, exists 
and satisfies (10) (so that, in particular, Ay» == Avu exists and is continuous). 
What remains to be shown is that, if the (w,v)-parametrization is suitably 
chosen, then (10) and (9) improve (7) to (8). 


4. To this end, define a function y of (u,v) by placing 


(15) | y(ujo)— ff — Kd dud», 


where the choice of the lower limits of integration will be immaterial. It is 
seen from (7), (9) and (15) that 


(16) y (u,v) e0. 


On the other hand, it is clear from (15) that yy,—-—-Knr. It follows there- 
fore from (10). that the difference 


(17) p = logrA—y 
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satisfies the relation 
(18) uy =Ù. 


Since (18) means that ġ == (u,v) is of the form a(u) + f(v), it 
follows from (17) that 


(19) log A(u, v) = y(u, v) + a(u) + B(»). 
Hence, from (7) and (16), 
(20) a{u)yeC, BivweG. 


If (19) and (20) are compared with (7) and (16), it follows again 
(ef. the end of Section 3) that 


(21) Auv (U, V) = Avy (u,v) exists and is continuous. 


5. Since (10) is a partial differential equation of hyperbolic type, (7) 
and (21) together contain much less than (8), the assertion to be proved. 
But it will now be shown that the goal (8) can be reached by an adaptation 
of a device repeatedly used in [12]. 

Let the notation be changed in such a way that logy, loga, log 8 become 
the functions which in (19) are denoted by y, a, 8, respectively. Then (16) 
and (20) hold for the new functions also, the new functions are positive, 
and (8) goes over into 


(22) 2y(u, v)a(u) B(v) dudv, 


since (19) becomes A == yaf. 
Next, since a(u), B(v) are positive and satisfy (20), it is clear that 


(23) act a(u) du, jaf B(v)dv 


defines a C®-transformation (u, v) — (u’, v’) of non-vanishing Jacobian. Hence, 
if a function A’ of (w’,v’) be defined by placing A’(u’, v) = y(u,v) (by virtue 
of (23)), then (16) implies that 


(24) X (w, v) eC, 
whilst (23) shows that (22) is identical with 
(25) PAY (u’, vw’) du'dv’ (X > 0). 


Finally, if the primes are omitted, then (25) and (24) go over into (3) 
and (8), respectively. The proof is therefore complete. 
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6. Applications of (iin) to the classical parametrization problems of 
surfaces 
(26) S: X = X (u,v), where X = (2,y,2), 


will now be given. The following terminology will be used: 

By a surface S will be meant a sufficiently small piece of a surface, 
that is, some neighborhood of any given point of the “surface.” If § has a 
parametrization (26) in which the vector ¥ (u,v) is, for some mi, a 
function of class C” on a (sufficiently small) (u,v)-domain D, and if the 
vector product of the partial derivatives X,, X, does not vanish on D, then 
(26) will be called a C”-parametrization of 8, and S will be referred to as a 
surface of class C”™ (in symbols: SeC™). 

Note that k < m is quite possible if (26) is a C*-parametrization of an 
SeC™ (even if the best possible value of k is chosen for the given para- 
metrization (21) of SeC™). It is precisely this possibility which creates 
the issues treated below. ° 


7. The following theorem will first be proved: 


(iiim) If the Gaussian curvature is negative on an SeC™, then S 
possesses C™-1-parametrizations (26) in which the parameter lines 


(27) u = const., v == Const. 
are asymptotic lines of 8. 


The proof of (ilim) will depend on the case n == m —32 of (ii). Hence 
(iiim) will follow for m > 3, since (iin) was proved for »> 1. Correspond- 
ingly, (iii) is true if (i) is. On the other hand, (iiz) is false (in every 
sense) ; cf. [4]. This failure will be seen to be due to the fact that nothing 
like the result of the Appendix of [13] on an SeC™, where m > 2, can even — 
be formulated if m= 2. | 

It is an immediate consequence of the case n == m—1 of (in) that every 
SeC™ has an isothermic C”-parametrization ; ef. [13], pp. 686-687. In con- 
trast, the “non-euclidean isothermic” parametrization, dealt with by (iiim), 
replaces the given C™-parametrization of S by a C”-'-parametrization, and so 
one might expect that (ilim) is not of a final nature. But such is not the 
case, since the assertion of (iiim) is as sharp as it can be: 


(iii, bis) If an S possesses a C™-parametrization (26) in which the 
parameter lines (27) are asymptotic lines, then Se CO™. 


In fact, this converse, (iii, bis), of (iiim) is known to follow, for every 
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m > 1, from Codazzi’s equations (if m > 2, and from the “integrated form” 
of Codazzi’s equations if m = 2); ef. [8], p. 139. 


8. In order to prove (iii,), consider, for a fixed m>1, an SeC™ on 
which the Gaussian curvature does not vanish, and let (1) be the second 
fundamental form of § with reference to a C”-parametrization, 


(28) D: £ = A (i), 


of 8. Then it is clear that (1) is a C™-*-metric of non-vanishing det gix. 
Let m> 2. Then, according to the Appendix of [13], the C”?-metric (1) 
is a regular C”™-?-metric. In addition, this metric is indefinite if the Gaussian 
curvature of S is negative. Hence (iim-2) is applicable. 

Accordingly, the parametrization of SeC™ ean be chosen in such a way 
that the second fundamental form becomes a regular C”-?-metric having the 
normal form (3). But the parameter lines (27) are asymptotic lines of § 
precisely when the second fundamental form is of the form (8). Hence, in 
order to conclude (iiim), it is sufficient to appeal to a known general theorem, 
for which various proofs are available (cf. [13], pp. 681-682, where further 
references are given, and the finer result contained in (II) of [5], p. 348).* 


9. In what follows, the problem of those surface parametrizations (26) 
will be treated in which the parameter lines (27) are required to be lines of 
curvature. No restriction will now be placed on the sign of the Gaussian 
curvature (the latter will even be allowed to change sign on S) but umbilical 
points will, of course, be excluded from 8. 

Let (26) be a C”-parametrization of an SeC™ and let m > 1. Then 
there exist a first fundamental form 


(29) H(u,v)du? + 28 (u,v) dudv + G (u, v) dv? 
and a second fundamental form 
(30) L(u, v) du? + 2M (u, v)dudv +- N (u,v) dv’, 


* On p. 360 of the paper [5] of Dr. Hartman and myself, the passage “Hence, ... 
above.” is erroneous but can easily be rectified by correcting the first four oe as 
follows: 

“Hence dx + igdy = ew is regular. If (ix) is applied to w and R = e** in 
(u, v)-coordinates, it follows from the choice g{R) = iR log R that pe`'*w is regular. 
Since ġe tw = (dx -+ igdy), the real forms dæ, gdy are regular. Consequently, 
(vii) implies that ¢, and (¢g), exist and are continuous. Thus g > 0 and the existence 
and continuity of g, imply that ¢ is of class C'.” 

Jn line 9, p. 357, of [5], the relation y = p should be read as follows: y = pře. 
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and the coefficients of (29) and (30) are functions of class C™* and O™?, 
respectively (in terms of the given C”-parametrization (26) of 8). 
From the coefficients of (29) and (30), the “ Dupin form,” say 


(31) A (u,v) du? + 2B (u, v)dudv + C (u, v) dv’, 
can be obtained, by placing (31) equal to- 


do? —dudv du? 
E F G 

L M N 

(the factor 1/ (EG — F*)4 is attached to the determinant in (82) in order to 
make the coefficient matrix of (31) a tensor). At the point (u,v) of J, 
the Dupin form (82) is identical with the geodesic torsion in the direction 
(du, dv). The coefficients of (81)-(382) are functions of class C”-? in (u,v), 
since those of (29) and (30) are. 

The definition of the lines of curvature of a surface S shows that the 
parameter lines (27) of a parametrization (26) of S will be lines of curvature 
if and only if the coefficients of du? and dv? in (81)-(82) vanish for all (u,v). 
(Cf., e. g., r1], pp. 98-99). On the other hand, if (26) is any parametrization 
of § (so that A=0 and B==0 are not assumed), then, since the quadratic 
form (29) is positive definite, the quadratic form (32) is indefinite at all 
those points (u,v) at which the proportions 


(33) L:M:N=H#H:F:G 


1 


a (GF 








do not hold. But (33) is equivalent to the definition of an umbilical point 
(u,v) (provided that a “flat” point (u,v), a point at which all three coeffi- 
cients of (80) vanish, is considered to be an umbilical point). Hence it is 
clear that if an © is free of umbilical points, then (iin) supplies conditions 
which assure the existence of certain parametrizations in which the parameter 
lines are lines of curvature. What is missing in this plan is the result which, 
in the application of (iin) to the problem of asymptotic parametrizations 
(Section 8), was supplied by the Appendix of [13]. But this will be settled 
in Sections 11-12. 


10. What follows in this manner is the following counterpart (iVm) 
of (iiim): 


(ivn) If there are no umbilical points on an SeC™, then S possesses 
C™1_narametrizations (26) in which the parameter lines (27) are lines of 
curvature of S. i 
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Since the proof of (ivm) depends on the case n==m—2 of (iin), the 
situation with regard to the m-values which are allowed in (ivm) is exactly 
the same as specified in the comments which follow the wording of (Him) 
in Section 7 above. 

The proof of (ivm) proceeds as follows: Tf an SeC™, where m > 1, is 
free of umbilical points, then, in terms of a C™-parametriazation of S, the 
Dupin form of S is an indefinite C"-?-metric (Section 9). It will be shown 
in Sections 11-12 that, if > 2, then this C™-*-metric is a regular C™-?-metric. 
Hence it is clear from Section 9 that (iv,,) follows from the case n == m — 2 
of (iin) in the same way as (iiim) did. 


il. Let an Se C™, where m > 2, be free of umbilical points. Then (32) 
is a C™*.metric of non-vanishing determinant (in terms of any C™-para- 
metrization of S) and has therefore a curvature which, if m > 3, is a function 
of class C”-* (in terms of parameters (u,v) which supply a C”-parametriza- 
tion of S). The fact announced in the last paragraph of Section 10 is that 
this function of class C™* happens to be of class O”, if m > 2. This is 
what will now be verified. 

The explicit calculations (which, although they have their geometrical 
meaning, cannot be avoided) can be simplified by using an isothermic para- 
metrization of S; that is, a parametrization (26) in which (29) reduces to 


(34) F (u, v) (du? + dv?) (G= B, F =0). 


This assumption involves no loss in the degree of differentiability since, 
according to [13], p. 687, every SeC™ has a C”-parametrization (26) satis- 
fying G= FE and F==0. Then the Dupin form (82) simplifies to 


(35) MU du? +- (N — L) dudu — M dv?. 


The standard representations of the mean and Gaussian curvature, H == H (u, v) 
and K = K (u,%), of 8 reduce to 


(36) H=4(L+N)/2, (37)  K=(LN—M)/E? 


(cf., e.g., [1], p. 104, where H is the present — 2H). Finally, as observed 
by H. Hopf [6], p. 240, the Codazzi equations can be written in the form 
of an inhomogencous Cauchy-Riemann system, as follows: 


(8). Wyte re. ANA 


As in the Appendix of [13], suppose first that m = 4. Then the assertion 
is that, if points (w;v) satisfying (33) are excluded, the (indefinite) C*-metrie 


16 
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(35) has a curvature which is a function of class C> in (u,v). This is what 
will be verified in Section 12. The verification will be such as to make it 
clear that the proof applies not only for m==4 but also for m==5,6,-- - 
and, if Weyl’s “integrated form” for the curvature of a regular. C*-metric 
is applied (cf. [10], pp. 42-44), for m = 3 also (cf. the corresponding situa- 
tion in the Appendix of [13]). 


12. First, since (26) is a C*-parametrization, 
(39) E (u, v) eC (E > 0) 


holds for the first fundamental form, whereas the coefficients of (30), and 
therefore those of (35), are functions of class C?. According to (36)-(37), 


(40) (u,v) © 0%, (41) K(u,v) eC? 


Next, if (31) is any C?-metric, then the explicit form of the prepresenta- 
tion of its curvature (cf., e.g., [1], p. 51) shows that the principal part of 
the curvature, that is, the part in which only the contributions of the second 
derivatives of the coefficients of (381) are retained, is 


(41) (Ap Bo (Ol Bs. 


On the other hand, if (31) is identified with (35) and if only the contribution 
is retained which, in the preceding sense, corresponds to the “ principal part” 
by virtue of (39), then (41) can be reduced to 


(42) (My—3(N —L)u)o + (—Mu— 3 (N — L)o)u 


Accordingly, the curvature of (35) will be proved to be of class C* if it 
is ascertained that the function (42) is of class C. But (88) shows. that 
(42) differs from 


(43) (Hy) y— (Ho)u == yy — H ou = 0 
only in “non-principal” terms (cf. (89)); so that the proof is complete. 


13. If not only the “principal part,” but all terms, of the curvature 
of a C®-metric (31) are taken into account, then the details of the calculation 
lead, via (36)-(37) and (88), to the result that the curvature of the case 
(85) of (81) is > 
(44) | (H*? — K)-?0(H, K)/0(u, v) 
to a trivial factor. The denominator of (44) does not vanish, since (86)-(37) 


and (34) imply that H? > K fails to hold only in the excluded case (33). 
Clearly, (40)-(41) and (39) imply that (44) is a function of class C?. 
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The result (44) can be verified to be equivalent to a classical formula 
of Weingarten, used by Lie; cf. [1], pp. 234-235. But since Weingarten’s 
proof assumes that the parametrization is in terms of lines of curvature, it 
leads to a considerable loss in the necessary degree of differentiability. This 
is the reason why a direct proof had to be given above. 


remark. Tt is clear that if S has no umbilical points (i.e., if the 
denominator of (44) does not vanish), then (44) can be a function of class 
C»-* not only if (26) is a C™-parametrization (in which case HeC™? and 
Ke0”). In fact, it is sufficient that (26) be a C™ -parametrization and 
that the functions M, K, which are then of class C™-*, be such that their 
Jacobian 


(45) 0(H, K)/0(u,») 


happens to be a function of class C”-7. Hence, the assumptions of (ivm) 
can be generalized so as to involve just the latter conditions. 
e 


14. As an application of (ivm), parametrizations in terms of the par- 
ticular parameters 


(46) tia XN. v* =X: X, where X = (2,y,2), 


will now be dealt with. Here N =N (u,v) is the unit vector of the oriented 
normal to §; so that N (u,v) e C”, if (26) is of class C™. The parameters 
(w*,v*) on 5, defined by (46), are intrinsic from the point of view of 
euclidean geometry, if the indeterminancy of a translation or a rotation of 
S in the (#, y,z)-space is disregarded. 

The replacement of arbitrary parameters (u,v) by the intrinsic para- 
meters (w*,v*) first occurs in a note of Weingarten on minimal surfaces [9] 
(not listed in [1], p. 541). In what follows, Weingarten’s somewhat unsym- 
metric formulae will be replaced by a more straightforward result, and its 
deduction will be such as to make clear the nature of the conditions to be 
imposed on 8. 

It turns out that it is necessary to make the following two assumptions: 
S is free of umbilical points (i.e., 


(47) H’ K 


on S) and § does not have a certain “special” position in the X-space, where 
X = (x,y,z); cf. (55) below. Note that, whereas (47) is an invariant 
assumption, the assumption made after (47) refers to the choice of the origin 
and of the direction’ of the coordinate axes x,y,z. Such a choice will always 
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be possible, since S is supposed to be a sufficiently small piece of a surface. 
(It may be mentioned that the assumptions thus imposed on the position 
of the surface in the X-space, assumptions expressed by (55) below, correspond 
to what, in connection with the “median surface” of two surfaces, is a 
“general position” of the latter; cf. [7], p. 757.) 

Finally, (ivm) will be needed in order to specify the conditions under 
which the classical equations defining lines of curvature, that is, the equations 


(48) Natta, Nee, 


(Rodrigues; cf., e.g, [1], pp. 97-98) are valid with a specified degree of © 
differentiability. In (48), the scalars a—a(u,v), B= B(u,v) denote the 
principal curvatures of 8; so that 


(49) H—=3(a+f), Ka. 


15. It will be concluded from (iv,,) that, if an SeC” satisfies the 
conditions mentioned in Section 14, then S possesses a C™1-parametrization 


(50) X == £(u*, v*) 


in terms of the “euclidean” parameters (46) of Weingarten. Incidentally, 
Weingarten used v* == | X |, instead of the v* = | X |? of (46); cf. [9] and 
the rediscovery of (46) in [8] (and, concerning certain results of [8], the 
comments in [3], pp. 128-129). 

First, since SeC™, it follows from (ivm) and (47) that S possesses a 
CC" _narametrization (26) in which (48) is valid. Next, since the normal 
N is attached to SeC™ in a parametrization-invariant manner, 


(51) N (u, v) e Qm-1 
(even though only 
(52) X (u, v) £ (m-1 


holds; from (52) alone, only N (u,v) eC”, rather than (51), would follow). 
It is clear from (51), (52) and (46) that both functions 


(53) u* =u (u,v), vë == v” (u, v) 


are of class C™-}. Hence, if the Jacobian of (53) does not vanish, then the 
substitution (53) has an inverse of class C™*, On the other hand, (50) 
results if the inverse of (53) is substituted into ¥ (u,v). It follows therefore 
from (52) that the C™-character of (50) will be proved if it is ascertained 
that the Jacobian of (53) does not vanish. 
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In view of (46) and (48), the Jacobian matrix of (53) is 
* gy E ee ee 
(54) tg th -( g As B ? 
v ays Vy 2X : GF 2X j Xy 


since the scalar products N-X,, N'X, vanish identically (V is normal to 
(26)). But (49) and (47) imply that 2548. Hence the determinant of 
(54) does not vanish if 


(55) ¥:X¥,40, X-X,540. 


The pair of conditions (55) is the assumption indicated after (47). 
Clearly, (55) will be satisfied at every point of any given S if the origin 
and the direction of the coordinate axes v, y,z in the X-space are chosen in a 
“non-special”” manner (provided that S consists of a sufficiently small neigh- 
borhood of any given point of a surface). 


16, A parametrization (26) closely related to (50) is 
(56) S: X =X (a, ß), 


where a, 8 are the principal curvatures. (56) is substantially equivalent to 
the parametrization 


(57) S: X= X(H;K), 

provided that umbilical points are excluded from S (i.e., that the sign of 
equality never holds in the inequality 

(58) H?— K = 0, 


an inequality which, in view of (49), is always true). In fact, (49) shows 
that the transition from (56) to (57) is analytic and has therefore an analytic 
inverse (locally) provided that the Jacobian of (49) does not vanish. But 
the latter proviso is equivalent to a ££, i.e., to 


(59) PAK, (hence H? > K), 
since a== 8 is equivalent to 

(59,) P= K. 

On the other hand, the situation with regard to (57) is as follows: 


Suppose that SeC™, where m > 2, and let (26) be a C”-parametrization 
of S. Then 


(60) H == H (u,v), K==K(u,v) are of class 0”? (m > 2). 
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Hence, an § e C™ possesses'a C”-*-parametrization (57) whenever the Jacobian 
(45) does not vanish. In fact, the substitution (60) then possesses an inverse, 
(H, K) ~> (u,v), which is of class C™-*, and (26) is identical with (57) by 
virtue of this substitution. 

It seems to be peculiar that only 


(61) §(H, K)/0(u,v) £0, 


rather than (61) and (59), was used in this deduction. The explanation is 
that (59,) cannot hold unless 


(619) 0(H, K)/8(u,v) =0. 


17. Let a point (u,v) of an SeC® be called a W-point if, in some (but 
then, of course, in every) C%-parametrization (26) of S, the Jacobian (45) 
vanishes at that point. By covariance, the same must then hold if (26) is 
any C*-parametrization (for instance, any C*-parametrization) of SeC*. It 
is also clear that an SeC* is what in a customary sense of the word is a 
W-surface (Weingarten) if and only if every point of S is a W-point. 

Every umbilical point of an S¢eC* is a W-point. In fact, a comparison 
of (58) with (59,) shows that, if (u,v) is an umbilical point, then the func- 
tion H?— K acquires a (local, not necessarily isolated) minimum and has, 
therefore, a stationary value. But then the gradient of H?—-K vanishes. 
This means that the vector (2H,—1) is a solution of two homogeneous, 
linear equations having the determinant (45), which proves that (61,) is 
satisfied. 

The converse of this deduction is not possible, i.e., a W-point need not 
be a stationary point of the function H?—-K. In fact, the latter is known 
to be stationary at every point of (that is, constant on) an SeC® only if § 
isa plane, a sphere or a circular cylinder, whereas (45) will vanish identically 
on every surface of revolution. ) 
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ON THE GALOIS THEORY OF DIFFERENTIAL FIELDS.* 


By E. R. Korcurx.! 


Introduction. 


1. Summary. In a preceding paper [7] there was presented a Galois 
theory, for a certain kind of differential field extension called strongly normal. 
The Galois group of a strongly normal extension is endowed with a structure 
very much like that of a group variety, as studied by Weil [14]. In the 
present paper the study of such Galois groups is renewed for the purpose of 
clarifying their connection with group varieties on the one hand and with 
strongly normal extensions on the other. 

Consider a differential field ¥ of characteristic 0 with algebraically closed 
field of constants @, and a strongly normal extension $ of f ; suppose given 
a universal extension ¥* of $, and denote the field of constants of F= by @*. 
For reasons of convenience we use the term “Galois group of 9 over #” 
for the group of all (ipso facto strong) isomorphisms of 9 over #, and not 
for its subgroup consisting of all automorphisms of $ over F. The field @*, 
being algebraically closed and of finite transcendence degree over 6, may 
be used as a universal domain for algebraic geometry (Weil [13], ch. I, §1); 
it is the group varieties of this algebraic geometry, defined over @ and slightly » 
generalized to permit group varieties which are reducible (i.e. which have 
more than one component), which we consider. By an “algebraic group” 
we mean either a Galois group or a group variety as above. | 

Chapter I is primarily a study of “ rational ” homomorphisms of algebraic 
groups into algebraic groups; these seem to be the homomorphisms appro- 
priate to the consideration of algebraic groups. Rational homomorphisms of 
group varities into group varieties, without restriction to fields of character- 
istic 0, were considered by Weil [14] (who omitted the adjective “rational ”). 

Specializing the concept of rational homomorphism we obtain that of 
birational isomorphism. In Chapter II it is shown that every Galois group 
is birationally isomorphic to a group variety, and conversely that every 
irreducible group variety is birationally isomorphic to a Galois group; this ` 


* Received June 29, 1955. 

1 Some of the results in this paper were obtained in connection with a contract 
with the National Science Foundation, and some while the author was a Guggenheim 
fellow. 
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answers a question raised in [7], p. 759. The first of these results has already 
been proved by Matsumura [8] for irreducible Galois groups (the extension 
to reducible Galois groups is fairly trivial); the present proof, although 
shorter, makes use of a special theorem due to Weil and refined by Rosenlicht 
(see Chapter II, §1 below), whereas Matsumura’s proof has the merit of 
being more self-contained. The proof of the second of these results makes 
use of the fact that the vector space of derivations of the field of rational 
functions on an irreducible group variety has a base consisting of mvariant 
derivations (see Chapter II, §2 below); this fact, which is central in the 
proof, was pointed out to me in this connection by Chevalley. Whether or 
not the result can be extended to reducible group varieties remains open. 
Chapter II also contains certain consequences of these two results. 

In Chapter III the concept of a rational homomorphism of the Galois 
group G of & over F into a group variety G is generalized to obtain that of 
a rational crossed homomorphism, or a cocycle of dimension 1, or a 1-cocycle, 
of Œ into G. This leads, in much the usual way, to the set H*(G,G) of 
cohomology classes of dimension 1 of © into G. Since G is not assumed to 
be commutative, H*(®,G@) is not in general a group. It is proved that 
IP (©, G) is trivial provided either G is a full matric group or # is alge- 
braically closed ; also, if G is commutative (so that H*(@, G) is a group) then 
every element of H+(@, G) has finite order. Using the first of these results, 
it is shown that the strongly normal extension & of Ẹ is a Picard-Vessiot 
extension if and only if its Galois group © is birationally isomorphic to an 
algebraic group of matrices; this answers another question raised in [7], p. 
739. Similarly, the last of these results is used to give a short proof of the 
characterization given in [7] of all strongly normal extensions of transcen- 
dence degree 1. 


2. Assumptions and notation. Throughout this paper ¥ denotes a 
differential field of characteristic 0 with derivation operators ô, ` > -,8,, and 
algebraically closed field of constants @, and $ denotes a strongly normal 
extension of F. We fix a universal extension #* of & and denote the field 
of constants of #* by @*; except when the contrary is explicitly stated, all 
differential fields considered are differential subfields of ¥*, so that every 
isomorphism of a differential field has image in #*. 

Because & is strongly normal over #, every isomorphism o of $% over 
J is strong; denoting the field of constants of &<oB>S by B(c) (instead 
of by o as in [7]), we can express this fact by writing 


* Gody = 9l (c)> = (08) <8 (c)>. 
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As in [7], we identify each such o with the unique automorphism of §<@*»> 
over $<@*>S which extends ø; the set of all isomorphisms of & over # is 
thereby identified with the group of all automorphisms of &<@*> over 
F<6*>. We call this group the Galois group of & over F and denote it 
by Œ (instead of by @* as in [7]); we recall that © is algebraic in the sense 
defined in [7]. The group of all automorphisms of 4 over F is a subgroup 
of ©. If o,,- - -,op,¢@G we denote by @(01,- - +, op) the field of constants of 
% <o,%,- ` +, 0%), that is, the compositum of the p fields @(e,),- - +, (0p). 
It is easy to see that (0%) = @(c) and (or, o) = (0,7) = B(or,r) for 
all o, re @. 


Chapter I. Rational homomorphisms. 


1. Varieties. The field @* is an algebraically closed extension of & 
of infinite transcendence degree, and therefore may be used as a universal 
domain for algebraic geometry. We find it convenient to deviate from Weil’s 
terminology, in order to permit varieties which are not irreducible. Specifi- 
cally, we adopt the following terminology, which is sufficient for our purpose: ” 
we call irreducible variety what Weil calls abstract variety; we call variety 
any finite union of irreducible subvarieties of some irreducible variety (in 
Weil’s terminology, a bunch of subvarieties of an abstract variety), or the 
union of a disjoint finite set of such. Every irreducible variety of dimension 
> 0 which we consider, except those for which the contrary is explicitly 
stated, is assumed to have @ as a field of definition. Similarly, when we 
speak of a specialization of a point it is always to be understood, except when 
the contrary is stated, that the specialization is over @. We find it con- 
venient sometimes to call a subset of a variety algebraic to indicate that the 
subset is a subvariety. What we mean by the components of a variety is clear. 

Let V and W be varieties, and denote the components of V by Vi,---, Va. 


* An intrinsic definition of abstract algebraic variety, encompassing the case of 
reducible varieties, has been given by Serre [12]. The present definition, which involves 
an imbedding in some irreducible variety, is adopted here in the interest of brevity. 
This is, of course, merely a difference of procedure and not of substance. However, in 
the discussion below of rational mappings, the definition adopted for what it means 
for a rational mapping to be defined at a particular point is weaker than the definition 
that naturally arises in developing farther the ideas of Serre. Specifically, the present 
definition leads to a notion of isomorphism of varieties such that two components of a 
variety can have different higher intersection properties from the corresponding com- 
ponents of an isomorphic variety; on the other hand, because tthe definition here is 
weaker, Proposition 1 below is stronger. Of course, when dealing with varieties for 
which the components are disjoint (which by Proposition 1 is the case for group 
varieties) this difference in the two definitions disappears. ` 


ON THE GALOIS THEORY OF DIFFERENTIAL FIELDS. 871 


By a rational mapping of V into W we mean any sequence f = (fu: >- fn) 
where, for each t, f; is a rational mapping of V, into some component of W 
(that is, fı is what is called by Weil [14]-a function defined on V, with 
values in a component of W) ; by a field of definition of f we mean a common 
field of definition of f,,---,f,. All rational mappings except those for 
which the contrary is stated, are assumed to have @ as a field of definition. 
We say the rational mapping f is defined at a point se V if, for every point 
te V of which s is a specialization, there exists an index 2 such that te V; 
and f; is defined at ¢, and for all such indices + the value f,(¢) is the same. 
If f is defined at s then there exists an 2 such that f; is defined at s, and the 
point fi(s) is independent of the choice of 1; we call this point the value of f 
at s and denote it by f(s). This definition insures that if s’ is a specializa- 
tion of se V and f is defined at s’, then f is defined at s and (s’,f(s’)) is a 
specialization of (s,f(s)). If @ is a mapping (in the set-theoretic sense) 
of a subset of V into W, then we permit ourselves to say that œ is rational 
if there exists a rational mapping f of V into W such that f is defined at 
precisely those points se V at which ¢ is defined and f(s) = ¢(s) at all such 
points s; in other words, we identify each rational mapping of V into W 
with a mapping, which we call rational. 

By a bwegular birational mapping of V onto W we mean a one-to-one 
mapping f of V onto W such that f and f* are both rational and everywhere 
defined. 

By a group variety we mean any variety G with a group structure such 
that (when the group composition is written multiplicatively) the mapping 
(s,s) > ss’ of GX G into G and the mapping s—>s* of G into G are 
rational. Using an argument which is familiar in several special cases and 
analogous situations ([5], §2, Th., p. 10; Weil [14], § 4, Prop. 9, pp. 39-40; 
Chevalley [3], Ch. I, §8, Th. 2, p. 86; [7], Ch. II, Th. 1, p. 788), it is easy 
to prove the following result. 


PROPOSITION 1. Precisely one component of any group variety G con- 
tains the unity element; this component G° is a normal subgroup of finite 
index, and the cosets of G relatwe to G° are the components of G. 


Thus, the components of Œ are disjoint and all have the same dimension, 
which we call the dimension of G and denote by dim G. 


` 
Prorosition 2. If § is a subgroup of the group variety G consisting 
solely of points rational over @, and H is the smatlest subvariety of G con- 
taining Ņ, then FL is a subgroup of A. 
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Proof. For any se, sH is the smallest subvariety of G containing 
sh, so that sH ==H; therefore bH =H. For every teH which is 
rational over é, Ht is the smallest subvariety of. Œ containing ht, and 
hi C HH =H, so that Ht C H; this inclusion obviously continues to hold 
without the restriction that ¢ be rational over @, so that HH CH. Finally, 
H+ is the smallest subvariety of G containing }-==-§, so that H = H. 
Therefore H is a group. 


PROPOSITION 3. If g is a subgroup of the group variety G such that 
G—q is contained in a subvariety of G all the components of which are of 
lower dimension than G, then gq == G. 


Proof. If g were different from G, a coset sg of G relative to g would 
be contained in G—g and therefore in a subvariety of G all the components of 
which have dimension < dim G, and we obviously may suppose s rational over 
6; therefore g would be contained in such a variety, so that G = g U(G@—gq) 
would, too, contradiction. e 

The proofs of Propositions 2 and 3 are the same as those of the analogous 
propositions on algebraic groups of strong isomorphisms of a differential field 
(see [7], Ch. II, Props. 14, 15, p. 789, for the case of algebraic groups of 
automorphisms). 


2. Rational homomorphisms of group varieties. Consider two group 
varieties G and H, and a rational mapping f of Œ into H such that 
f(st) —f(s)f(t) whenever s and ¢ are points of G such that f is defined 
at s, t, and st (or what amounts to the same thing, whenever s and ¢ are 
independent generic points of components of G). We call such a rational 
mapping a rational homomorphism of G into H. 


PROPOSITION 4. A necessary and sufficient condition that f be a rational 
homomorphism of the group variety G into the group variety H is that f be a 
homomorphism of the group G into the group H having the two properties: 
1) for all seG, @(f(s)) C @(s); 2) for all s, s’eG with 3 a specialization 
of s, f(s’) is a specialization of f(s). 


Proof. Let f be a rational homomorphism of G into H, and let s’ be 
any point of G. Choose independent generic points s, ¢ of components of G 
such that s is a specialization of s; there exists a specialization t of ¢ such 
that ¢ is rational over @ and f is defined at ¥ and st. Then f is defined 
at st’, and f(s) =f(st’)f(V’)7+. This makes it clear that f is defined at 9’, 
that is, f is defined at every point of G. Thus, f is a homomorphism (in the 
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group theoretic sense) of the group G into the group H, and f obviously has 
the two required properties. 

Conversely, let f be any homomorphism of the group @ into the group H 
having these two properties. Letting s,,---,8, be independent generic 
points of the n components of G, we see from 1) that there exists a rational 
mapping g of G into H such that g(s) =f(s:) (1&1 h); we then see 
from 2) that g(s) f(s) for every generic point of every component of G, 
so that g(st) =g(s)g(t) whenever s and ¢ are independent generic points 
of components of G; in other words, g is a rational homomorphism of G 
into H. Therefore g is everywhere defined and, by 2), g(s) = f(s) for 
every se G. 


PROPOSITION 5. Let f be a rational homomorphism of a group variety 
G into a group variety H. If N is any algebraic set in H then f*(N) 1s an 
algebraic set in G. If M is an algebraic subgroup of G then f(M) is an 
algebraic subgroup of H. 


Proof. Let A be the smallest algebraic set in G@ containing fF (N),. 
let Ay be any component of A, and let s be a generic point of Ay. If f(s) 
were not a point of N there would exist a proper algebraic subset A, of Áo 
such that every specialization s’ of s with s’¢A, has the property that 
f(s’) EN, that is f*(N) would be contained in the algebraic set obtained 
from A on replacing the component A, by A, so that A would not be the 
smallest alegbraic set in G containing f*(N). Therefore f(s) eN, so that 
f(A.) C N, whence f(A) CN. Thus f?(N) =A, which is algebraic. 

Let B be the smallest algebraic set in H containing f (J); obviously B 
is also the smallest algebraic set in H containing f(W), where W is the 
group of all points of M which are rational over @, so that by Proposition 2 
B is an algebraic group. Let s,,- -+,s, be generic points of all the com- 
ponents of M, and let B; be the irreducible algebraic set in H with generic 
point f(s;). Clearly B==B,U -:-UB,. For each 7 there exists a proper 
algebraic subset C; of B, such that every specialization t? of f(s;) with t/ g0; 
has the property that ¢/==f(s/) for some specialization s/ of s; Thus, 
B—f(M) is contained in an algebraic set every component of which is a 


proper subset of a component of B. It follows from Proposition 3 that 
f(A) =B. 


COROLLARY. The kernel and the image of a rational homomorphism 
are algebraic. 


We call a rational homomorphism of a group variety G into a group 
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variety H a biralional isomorphism of G onto H provided the kernel is trivial, 
the image is H, and the inverse is a rational homomorphism of H into G. 
It follows from Proposition 4 that f is a birational isomorphism of G onto H 
if and only if f is an isomorphism of the group G onto the group H such 
that: 1) @(s)—#@(f(s)) for every seG@; 2) for all s s’ in G, s’ is a 
specialization of s if and only if f(s’) is a specialization of f(s). 


3. Rational homomorphisms in general. Henceforth we use the term 
“algebraic group” to mean either a Galois group (of a strongly normal 
extension of a differential field with field of constants @), or else a group 
variety. We generalize to arbitrary algebraic groups the notion of rational 
homomorphism previously defined for group varieties. 

By a rational homomorphism of an algebraic group G into an algebraic 
group H we mean any homomorphism f of the group G into the group H 
having the two properties that whenever seG then @(f(s)) C @(s), and 
whenever s, S'e G and s’ is a specialization of s then f(s’) is a specialization 
of f(s). If in addition the kernel of f is trivial and the image of f is H, 
so that f is an isomorphism of the group G onto the group H, and if f” 
is a rational homomorphism of H into G, then we say that f is a birational 
isomorphism of G onto H. In other words, a birational isomorphism of G 
onto H is an isomorphism f of the group @ onto the group H such that 
G(f(s)) = @(s) (seG) and s’ is a specialization of s if and only if f(s’) 
is a specialization f(s) (s, eG). 


Heample 1. Let &% be a differential field between F and 4 which is 
‘strongly normal over F, and denote the Galois group of H over F by H. We 
know ([7], Ch. III, Th. 4, p. 797) that the algebraic subgroup G (Y) of ©. 
corresponding to the intermediate differential field 9% is normal, and that 
the mapping r which to each oe & corresponds the restriction of o to & is 
a homomorphism, with kernel G(9) and image §%, of the group @ into the 
group §. For every oe, the field of constants of Mér(c) Hy = HoH 
is obviously contained in the field of constants of &<o&%>, that is, 
Glr(o))C (e). Also, if ('a)asg is a specialization of (o@)geg over & 
then (r(o')ä)as w= (o'@)a g is a specialization of (r(a)d)asg == (o@) aca 
over #, that is, if o’ is a specialization of øo then r(o’) is a specialization of 
r(e). Therefore r is a rational homomorphism of © into §. 


Example 2. If $ isa Picard-Vessiot extension of F then ([5] and [6]), 
&% has a fundamental system of generators, that is, a finite number of elements 
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my" © sm linearly independent over constants such that & = F <m, * -, 70> 
and such that for every oe © there exists an invertible matrix of constants 


C (o) — (ciy(o) ) isisn, 183Sn 
for which 


n 
oy 2 clon (137%). 
z1 


The mapping c:o->c(c) (oe ©) is an isomorphism of © onto an algebraic 
subgroup of the group variety GL(n) of all invertible square matrices of 
degree n with coordinates in @*. It is not difficult to see that c is a birational 
isomorphism. . 


It is obvious that if f is a rational homomorphism of an algebraic 
group G into an algebraic group H and g is a rational homomorphism of H 
into an algebraic group J, then gof is a rational homomorphism of G into J. 


PROPOSITION 6. Let f and F be rational homomorphisms of an algebraic 
group G into group varieties H and H’ respectwely. If f and F have the 
same kernel and have respectwe images H and H’, then the isomorphism o 
of H onto H’ such that pof =F is birational. 


Proof. Letting s be any element of G we see that for a generic 
specialization s’ of s, f(s) =f(s’) if and only if fF (s)==f (s); this means 
that an isomorphism of @(s) leaves invariant each element of @(f(s)) if 
aud only if it leaves invariant each element of 4@(f’(s)), so that 
&(f(s)) = 8 (F (s)); thus (t) = @(¢(t)) for every teH. Now, if s is 
a generic point of a component of G then f(s) is a generic point of a com- 
ponent of H, and every generic point of a component of H is of this form; 
similarly for H’. If # is a generic specialization of t= f(s), then there 
exists a generic specialization s’ of s such that t == f(s’), and obviously F(s’) 
is a generic specialization of f(s). Therefore there exists a rational mapping 
g of H into H’ such that g(¢) == 4(¢) for every generic point ¢ of a com- 
ponent of H. If ¢, ¢ are independent generic points of components of. H 
then we may write t= f(s), Y= f(s), where s, s’ are independent generic 
elements of components of G, so that g(t’) =g(f(s)f(s’)) =g(f(ss’)) 
=e (f(s) ) =F (s) = f(s) f(s’) =A (t) (€) = 9(t)g(v). Therefore g 
is a rational homomorphism of H into H’. It follows that gof is a rational 
homomorphism of G into H’ coinciding with f at every generic point of 
every component of G and therefore at every point whatever, that is gof=f. 
Therefore ¢ = g; so that is a rational homomorphism of H into H. 
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Reversing the roles of f and f we see that ġ™ is rational too, so that ¢ is 
birational. 


COROLLARY. If f is a rational homomorphism of a group variety G into 
a group variety H such that the kernel of f is trivial and the image of f is H, 
then f is a birational isomorphism of G onto H. 


Proof. In the proposition set H’ == G, f = the identity mapping of G. 


Proposition 7. Let G be an algebraic group, G, a normal algebraic 
subgroup of G of finite index, and K any normal algebraic subgroup of G. 
Then every rational homomorphism f, of G, with kernel Gi N EK and image 
a group variety can be eatended to a rational homomorphism f of G wiih 
kernel K and image a group variety. 


Proof. We extend f, in two stages; first to a rational homomorphism 
of G,K with kernel K and the same image as fı, and then to a rational 
homomorphism of G. G,K is the union of its cosets relative to G,; these are 
finite in number and each is an algebraic set, so that GK is a normal algebraic 
subgroup of G. Every element s of GK is.of the form s= Sa, where s€ G 
and ae K, and fı(so) clearly depends only on s and not on the particular 
choice of so and a. Therefore we may define a mapping g of G,K into the 
image H, of fı by the formula g(s)t) =f,(8.). The computation g (s9'a’syt) 
© = 9 (SoSo ` SoA Sot) == fi (SoSo) = f1 (S0) f1 (S80) = g (s00) gg (soa) shows that g 
is a homomorphism of G,K with image H,, and clearly g has kernel K. 
Now every coset of G,K relative to G, contains an element of K, and there- 
fore an element ae K such that 6 (a)= @. Therefore every element se G,K 
can be written in the form s == saa with soe G, ae K, and 8 (a) = @, so that 
G(g(s)) = B(f(s.)) C (so) = (sa) = (s); furthermore, if 7 is a 
specialization of s then s’ belongs to the same coset as s, so that s’ == S04, 
where so'e Gi; obviously sọ is a specialization of so, so that f,(s’) is a 
specialization of f;(s)), whence g(s’) is a specialization of g(s). Thus, the 
homomorphism g is rational. 

Let sı,* *',Sy be a complete set of representatives of the cosets of G 
relative to G,K; we assume without loss of generality that @(s;)—# 
(1757) and s, is the unity element of G. For each index i the mapping 
¢@; of GK defined by ¢;(s) = s,s3;7 is clearly a birational isomorphism of 
G,K onto G,K. For each pair of indices i,7 there is an index k(ij) and an 
element s(i,7) ¢G,K such that sis; == s(4,7)8x4,;). Let H2,- - +, H, be varieties 
biregularly birationally equivalent to H, such that H,,H2,---,H, are dis- 
joint, and let h; be a biregular birational mapping of H, into H; (lSisr), 
where h, is the identity mapping of H.. 
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Since g and g°¢; are rational homomorphisms of G,K with the same 
kernel K and image H,, there exists by Proposition 6 a birational isomor- 
phism y; of H, onto H, such that yog—god, Furthermore, the mapping 
p; Of H, defined by p(t) =t- g(s(î,j)) is a biregular birational mapping 
of H, onto H.. Also, the law of composition, which we denote by p, of the 
group variety H, is an everywhere defined rational mapping of H, X H, into 
H,. Consequently the mapping 

pij = hnc, © pig ° pa © (hr? X (i? hy) ) 
is an everywhere defined rational mapping of HiX H; into the variety 
H= H,U.: : -U H, and it is easy to see that p =p. There is a unique 
everywhere defined rational law of composition » on H which extends every 
pij; Since p extends p, we may write p(t, t) = tt for t,t eH. 

Let f be the mapping of G into H defined by f(ss;) ==hi(g(s)) (se GLK, 
1<isSr). Clearly f has image H, extends fı, and because 

F (Ssi: ssi) == f(s S887 - sasi) = f (si(s’) S(t, f) Sra ) 

== huan (9 Cs)g (pils) )g (8(4 7) )) 

= (hran © pig p° (hi X (y0 hs) )) (halg (5) ), hilg (s))) 

= ha(g (s) Jhi (g (8) ) = f (ssi) f (8's), 
f is a homomorphism of the group G. Therefore H, with the law of com- 
position », is a group. To prove that H is a group variety it remains to 
show that t—>¢* (teH) is an everywhere defined rational mapping of H 
into H. Now, the mappings A; and p; of H defined by A,(¢) —f(s;)¢ and 
pi(t) = tf (s) are everywhere defined rational mappings of H into H 
mapping H; into H,, and the mapping v of H, defined by v(t) =f is an 
everywhere defined rational mapping of H, into H; but the mapping t—t 
(teH) obviously coincides with A;ovop; on H; and therefore is rational and 
everywhere defined. 

Finally, if se GK then 


4 (F (ssi) ) = 8 (hi(g(s))) = 8 (g (s)) C B(s) = 6 (ss), 
and if s’s; is a specialization of ss; then s’ is a specialization of s, g(s’) is 
a specialization of g(s), and f(s’s:)=hi(g(s’)) is a specialization of 
f(ss;) =hi(g(s)), so that f is rational. 


COROLLARY. A birational isomorphism of the component of the identity 
&° of the Galois group © onto a group variety can always be extended to a 
biralional isomorphism of © onto a group variety. 


Proof. In the proposition set G—©, G,==@°, and K =the group 
consisting of the identity automorphism. 


17 
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Chapter II. Birational isomorphisms between Galois groups 


and group varieties. 


1. Galois groups onto group varieties. In this section we shall prove 
the following theorem. 


THEOREM 1. The Galois group © of the strongly normal extension $ 
of the differential field F of characteristic 0 with algebraically closed field 
of constants @ is always birationally isomorphic to a group variety defined 
over &@. 


Proof. By the corollary to Proposition 7 of Chapter I, we may assume 
that @ is irreducible. To prove the theorem under this added hypothesis, 
we use a theorem due to Weil ([14], Th. 15, p. 54), and later refined by 
Rosenlicht ({11], Th. 4, p. 511). To state this theorem we need the 
following definition due to Weil ([14], p. 51): If W is any irreducible 
variety, a normal law of composition on W is a rational mapping of W X W 
into W which, if we denote the law of composition multiplicatively, has the 
two properties that 1) @(s,st) = @(t, st) = @(t,s) for independent generic 
points s and ¢ of W, and 2) (st)u s(tu) for independent generic points s, £, 
and u of WW. Weil’s theorem is: If W is an irreducible variety with a normal 
law of composition, then there exists a birational correspondence T between 
W and a group variety G which transforms the normal law of composition 
on W into the group composition on G (T, G, and the group composition on 
G not necessarily defined over @). MRosenlicht’s contribution is to add: If 
the points of W which are rational over @ form a dense (Zariski topology) 
subset of W (which is true in the present case because @ is algebraically 
closed), then we may take G and T so that T, G, and the group composition 
on G are defined over g. 

Let o, + be generic elements of © which are independent ([7], pp. 777- 
778) ; then ov is also a generic element of ©. Let y;,-- +, y, be constants 
such that @(c) = (yu Yr). Each y; can be expressed as the quotient 
of two polynomials over & in a finite number of elements om,’ © -,on, where 
each yje & ; fixing two such polynomials, for each generic element p of @ 
let c;(p) be the element obtained on replacing each on; by pn; in the quotient 
of the two polynomials. Then c;(o) =y, and for each generic element p of 
©, 6 (p) = b (c (p), © *,Cr(p)). Also, writing c(p) = (c (p);' “+, ¢r(p)), 
we see that cfo) is a generic point of a certain variety W in r-dimensional 
affine space, that (¢(o),¢(7)) is a generic point of W X W, and that c(or) is 
a generic point of W with @fc(o-)) = (or) C (e,r) = (cle), e(7)). 
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Therefore there exists a rational mapping of W X W into W which maps . 
(c(«),¢(r)) onto c(er). It is now a simple matter to see that this rational 
mapping is a normal law of composition on W. Therefore, by the Weil- 
Rosenlicht result just mentioned, there exists a group variety G, and a 
birational mapping g’ between W and G, such that g’(c(or)) = g’(e(o))9’(e(7)) 
whenever e, r are independent generic elements of @. If for each generic 
element o of © we define g(o) = g’(c(o)) then g is a one-to-one mapping 
of the set of generic elements of © onto the set of generic points of G, such 
that @(0)== @(g(o)) for every generic element o of ©, and such that 
g(or) = g(o)g(r} for all pairs o,r of independent generic elements of ©; 
it is easy to see, moreover, that if o, t, g’, r’ are generic elements of © then 
(o’, 7’) is a specialization of (o,r) if and only if (g(o’),g(7’)) is a specializa- 
tion of (g(o),g(7)). Every generic element g of © thus has the property 
that g(o-)g(r)-? has the same value for all choices of generic element r of © 
such that o, 7 are independent. It is now a simple matter to prove that 
every €lement o of © has this property. Indeed, if ce @ and if 7, 7’ are 
generic elements of @ such that o,7 are independent and o,7’ are independent, 
we may find a generic element 7” of Œ such that o,7,7” are independent and 


o,7’,7 are independent; obviously then or”, 7”-+7 are independent generic 


th IF 


points of © as are r”, 7-17, so that 


Pod 


gor) g(r) === glor” ; T”-r)g (x , r-r) l 
= gor") g (1r) (g(r) g (17r) ) > = g (or) g (7) 4, 


and similarly g(or’)g(7’)-* = g(or”)g(7”)-1, whence g(or)g(r)"* = g(or’)g(7’)7. 

This being established, we may define a mapping f of Œ into G by the 
formula f(e) =g(er)g(r)" (ce @), where r represents any generic element 
of © such that o,r are independent. If o,o’c¢@ we may choose a generic 
element r such that each of the three pairs o,r and o’,7 and o,o’r is indepen- 
dent, so that 


flao") = g(ao'r)g(r)* = glo: o'r) g(o’r)*- glo") g(r) = Ho) f(o") 


and f is a homomorphism of the group © into the group G. If v is any 
element of the kernel of f and 7 is a generic element of G such that v,7 are 
independent, so that vr is generic on @, then g(vr) =f (vr) —f(r) g(r), 
whence yr =r and v is the identity; thus, the kernel of f is trivial. For any 
oe @ we may find a generic element r of G such that @ (@(c), 6(f(c))) 
and @(r) are linearly disjoint over @, whence in particular o,r are indepen- 
dent; for such r we have 


B(F(c), 9(7)) a B(glor) g(r), g(r) = l (g(07), g(r)) = 4 (or, 7) = (0, 7), 
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whence it easily follows that @(f(c)) = (0). Again, if o and o’ are any 
element of @ and we choose generic elements r and 7’ of ® such that each 
pair o, 7 and o’,7’ is independent then ([7], Ch. II, Props. 6, 8, pp. 777, 778) 
o’ is a specialization of o if and only if (r'o, r’) is a specialization of (70,7) ; 
this takes place if and only if (g(r’0’), g(r’)) is a specialization of (g(re), g(7)), 
that is, if and only if (f(r)f(o’),f(@’)) is a specialization of (f(r)f(o), f(7)), 
which in turn occurs if and only if f (o) is a specialization of f(e). To prove 
that f is a birational isomorphism of G onto G it remains to show that G 
is the image of f. Now, the image contains f(r), where r is a generic element 
of Œ, and f(r) is a generic element of G; therefore the smallest subvariety 
of G conaining the image is G itself. It follows (with the help of [7], Ch. IJ, 
Prop. 9, p. 779) that the complement of the image in G is contained in a 
proper subvariety of G, so that (Ch. I, Prop. 3) the image of f is G. 


2. Irreducible group variety onto Galois group. We now oe the 
following partial converse to Theorem 1. 


THEOREM 2. Every irreducible group variety defined over the alge- 
brawcally closed field B of characteristic 0 ts birationally isomorphic to the 
Galois group of a strongly normal extension of a differential field with field 
of constants g. 


Proof. Let G be an irreducible group variety defined over @, and set 
r== dim G. The field X,” of all rational functions on G (not necessarily 
defined over @) is a finitely generated field extension of transcendence degree 
r of its subfield of. all constant functions on G, which subfield we identify 
with @* by identifying each constant function with its value. The subfield 
A, of H,* consisting of all rational functions on G for which @ is a field 
of definition, is a finitely generated field extension of transcendence degree 
rof @. MH, and @* are linearly disjoint over @ (so that their intersection 
is 4), and their compositum is 3 ,*. 

For each point se G there exists a unique automorphism ps of the field 
Ht with the following property: if fe X,” and te G then psf is defined at t 
if and only if f is defined at ts and, when this is the case, (psf) (t) =f (is). 
The computation 


((psps')f) (1) = (ps (paf) ) (E) == (perf) (ts) = f (tss) = (pss f) (t) 
shows that 
(1) l pss = psps ($3,9 EG). 
Also, if psf =f for every fe Mo", that is if f(ts) =f (t) for all fe X” and 
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a generic point ¢ of G such that t,s are independent (over €), then obviously 
s is the unity element of G, that is 


(2) “p,==identity automorphism” implies “s= unity element of G.” 


If seG, and if ¢ denotes any point of G (in particular, any generic 
point of G such that s, are independent over @), then @(t,ts) = @(t,s) 
== %(ts,s). It follows that 


(3) Ho (pedo) = Ho (6 (s) ) = (peo) (4 (s))- 


Also if s'e G and we take ¢ generic with s,¢ independent and s’,¢ independent 
then s’ is a specialization of s over @ if and only if s’ is a specialization of s 
over (i), which occurs if and only if (f(¢s’))seg¢, is a specialization of 
of (f(ts))sege, over O(t), that is, ((psf) (4) )regy, is a specialization of 
((esf) (4) rege, over £ (t); it follows that 

(4) s’ is a specialization of s over @ if and only if 


(psf rege, is a specialization of (psf)seg¢, over Ho. 


The set of all derivations of 9,* over @* is a vector space over Y,” 
of dimension 7. It is known (for example, see Nakano [9]) that this space 


has a base D,,- - -,D, composed of derivations each of which maps 9, into 
itself and is “right-invariant” in the sense that 
(5) ps ° Di == D; ° ps (se@,1SsiSr). 


An element of Y,” annihilated by D,,- - +, D, is annihilated by every deriva- 
tion of &,* over @*, and therefore belongs to @*. 
Now let (wij) ssisr, osj<o. be a family of indeterminates, and let 


E == Q ( (tis) rise, osio), H = Bo ( (tis) isisr osjo) 3 


the fields @* ( (2tij) ssisr, osjo) and o" ( (wij) rizr, osjo) may then be denoted by 
€(6*) and #(@*), respectively. For each seG@ the automorphism ps of 
HA over @*, can be extended to a unique automorphism (which we also 
denote by ps) of H(8*) over €(@*). For each i the invariant derivation 
D; of X,” over @* can be extended to a unique derivation (which we also 
denote by D:) of #(@*) over @* with the property that Ditti = Uto Ui ja 
and Dui ;== 0 whenever 7’ 547 (0 j <0). For the extended automorphisms 
and derivations (1), (2), (5) continue to hold, and (8), (4) yield 


(6) H (pst) =H (8 (8) ) = (pH) (8 (8s) ) (se @) 
s’ is a specialization of s over @ if and only if 


(7) 


(ps'%) aegis a specialization of (ps%)geg¢ over X. 
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Furthermore, if @ is any element of #(@*), then a may be written as a 
rational fraction with coefficients in 9 * in the indeterminate ui, and if a 
contains Uy effectively but for every V > 1 fails to contain wy effective then 
it is clear that ux. is effectively present in D,a, so that D,a540; thus the 
only elements of #(@*) annihilated by every D; are the elements of @*: 


(8) Diz =0(1 S151) if and only if ae @*. 


We now make 4(@*) into a differential field (not necessarily con- 
tained in the universal extension #* of & introduced in Section 1 of Chapter 
I) with derivation operators 81, * ‘ôm by defining 


(9) 81% = >) Ui Dig, s.¢—=0(2SkSm) 


for every ac H(6*). It is clear that @, €, H, 6” all are differential sub- 
fields of &(@*), so that 9¢(@*) may now be written as ®<@*>; further- 
more, if we denote uj by u; then uy == hu (1 SiS7,0Sj5 <0), so that 
we may write E = @<t,° - -,u,> and H—E<H,». à 

If as Y< 81y contains ux effectively but for every l’ > l fails to contain 
upy effectively, then d,¢— È, Upda contains ug effectively, so that 8a £0. 
Therefore if 8;a—0 then ae &,*,and from the equation } toD: =0 and 
the fact that uio’ - *,Uro are linearly independent over H,” we conclude 
that Dix —=0 (1S&i&r). It follows from (8) that the field of constants 
of the differential field Y< 6*5 is @*; @* is therefore also the field of 
constants of €¢@*>, and @ is the field of constants of & and of €. 

Before proceeding farther, we rid ourselves of the awkward circum- 
stance that #<@*> is not in general a differential subfield of #*. In the 
first place, H == €<H > = B lUi + +, Ur, Hod, so that X is a finitely gen- 
erated differential field extension of @; since #* is a universal extension 
of @ (see [7], Ch. I, § 5, p. 768), there exists an isomorphism over @ of Y 
onto a differential subfield Y’ of F*. Secondly, a family of elements of Y 
linearly independent over @ is also linearly independent over @* (see [7], 
Ch. I, §4, Prop. 3 and remark following, pp. 766-767), so that & and @* 
are linearly disjoint over @; it follows that the isomorphism over @ of & 
onto W’ can be extended to a unique isomorphism over @* of H<6*> onto 
H’<LB*>. By virtue of this isomorphism we identify #<@*> with #’<@*, 
so that henceforth all our differential fields are differential subfields of #*. 

By (5) and (9) we know that psia = dipa (se G, 1 S15 m, as YLE), 
so that each ps is an automorphism of #<@*> as a. differential field (not 
merely as a field). This proves ([%], Ch. II, §3, Prop. 4, p. 775) that each 
ps, identified with its restriction to X, is a strong isomorphism of & over €. 
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It follows from (6) that if ¢ is a generic point of G then the transcendence 
degree of Mp9 over Y equals r, which in turn equals the transcendence 
degree of & over E. Consequently ([7], Ch. H, §2, Prop. 2, p, 778) pz is 
an isolated isomorphism of Æ over €. Since E is obviously relatively alge- 
braically closed in &, it follows. ([7], Ch. II, §2, Prop. 3, p. 774) that every 
isomorphism of Y over € is a specialization of p, and therefore ({7], Ch. IT, 
§ 4, Prop. 5, p. 776) is strong. Thus & is a strongly normal extension of €; 
we denote its Galois group by §. 

By (1), the mapping f:s—>p, (seG@) is a homomorphism of G into 9. 
By (2) the kernel of f is trivial. By (6) and [7], Ch. I, §4, Cor. 5 to Prop. 
3, p. 768, 

l (ps) = £ (8) (se G), 


and by (7), pẹ is a specialization of ps if and only if s’ is a specialization of s 
(over 6). Therefore f is a rational homomorphism of G into §. Since the 
Galois group § is by Theorem 1 birationally isomorphic with a group variety, 
it follows from the corollary to Proposition 5 in Chapter I that the image of f 
is an algebraic subgroup of §. Since the image contains a generic point f(t) 
of ©, it follows that the image of f is § itself. Again making use of the 
fact that § is birationally isomorphic with a group variety, we conclude 
from the corollary to Proposition 6 in Chapter I that f is a birational iso- 
morphism of G onto §. 


3. Applications. It follows from’ Theorem 1 that many propositions 
about group varieties can be generalized by permitting each group variety 
in the statement of a given proposition to be any algebraic group (that is, 
either a Galois group or a group variety). For example (as we have already 
had occasion to observe in Section 2): 


Proposition 1. Proposition 5 of Chapter I and tts corollary, and 
Proposition 6 of Chapter I and its corollary can be generalized to arbitrary 
algebraic groups. | 

Another example: 

PROPOSITION 2. If ot’ +,0,€@6 and tf (o, + +, 0n’) is a specializa- 
tion of (o1,° + *,0n),.then (Wilo + -,0n’))icr is a Specialization of 


(Wilor: + yon) ict, where (WiCX1,: + +,Xn))ier ts any family of words 
in n wndeterminates Xi, © °, Xn | 


This is an immediated consequence of the fact that the same proposition 
holds for group varieties. 
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On the other hand some propositions on group varieties can not be 
indiscriminately generalized in this way because such a generalization may 
depend on Theorem 2, which we have proved only for irreducible group 
varieties. For example, we have not the right to assert the generalization 
of Proposition 7 of Chapter I, or of its corollary. 

It is perhaps of interest to observe that’ not only can we prove results 
on Galois groups by appealing to previously proved analogous results on 
. group varieties, but also we can work in the opposite direction. For example, 
we can prove that, roughly speaking, a factor group of a group variety is 
itself a group variety. More precisely: 


Proposition 3. If G is a group variety and K is a normal algebraic 
subgroup of G then, there exists a rational homomorphism of G with kernel 
K and image a group variety. 


This result is contained (except for the rather trivial extension here to 
group varieties which are not necessarily irreducible) in much stronger gesults 
of Nakano [10]; the novelty here lies in the fact that the result on group 
varieties is obtained as a consequence of theorems on algebraic differential 
equations. The proof runs as follows. By Proposition 1 of Chapter I, the 
result holds for a group variety G and kernel K provided it holds for the 
group variety G° (=the component of the unity of G) and kernel G°N K, 
that is, we may assume that G is irreducible. Making this assumption, we 
know from Theorem 2 that @ is birationally isomorphic with a Galois group, 
say f is a birational isomorphism of G onto ©; f(K) is a normal algebraic 
subgroup of @ and therefore is the Galois group G@(&) of $ over a differ- 
ential field Y intermediate to F and $ and strongly normal over F. There- 
fore (see Example 1 of Chapter I, §4) the mapping 7, which to each oc & 
corresponds the restriction of o to 9, is a rational homomorphism of © with 
kernel © (X) and image the Galois group © of Y over F. By Theorem 1, 
there exists a birational isomorhpism A of § onto a group variety H. It is 
now immediate that the composite mapping horof is a rational homo- 
morphism of G with kernel K and image H. 

Similarly, we can prove the following result. 


Proposition 4. If a rational homomorphism of an algebraic group G 
has kernel K and mage H, then dim G = dim K + dim H. 


This too is contained in results of Nakano [10]. Our proof uses the 
fact that the dimension of the Galois group of a strongly normal differential 
field extension equals the transcendence degree of the extension. We omit 
the details, which are rather obvious. 
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Finally, we generalize to arbitrary connected group varieties (but only 
in the case of field characteristic 0, of course) a theorem on algebraic matric 
groups (Chevalley [3], Ch. II, §4, Th. 1, part 2), p. 84, or Chevalley and 
Kolchin [4], $1, Th. 2). 


Proposition 5. The notation being as in §2, of Was a subset of an 
irreducible group variety G then a necessary and sufficient condition for W 
to be an algebraic subgroup of G is that there exist a finite subset S, of the 
field H, of rational functions on G which are defined over @, such that W 
is the set of all points se G for which psa = a for every acd. 


Indeed, we saw in the proof of Theorem 2 that Y — E<. is a strongly 
normal extension of €== <U,’ ` `°, Ur, and s—>p; (seG@) is a birational 
isomorphism f of G onto the Galois group § of & over €. W is an algebraic 
subgroup of G if and only if f(W) is an algebraic subgroup of §, that is, 
is the Galois group of & over a differential field E, intermediate to € and #; 
now every intermediate differential field is a finitely generated differential 
field éxtension, and it is easy to see that €,=-€<a,,- - -,a,> for some finite 
set S of elements &, ` + *,&p which belong to Y.. Therefore f(W) is the 
Galois group of & over €, if and only if W is the set of all elements seG 
such that p.%,= a (10S p). 


Chapter III. One-dimensional cohomology. 


l. Definition of H1(G,G). The universal extension ¥* of $ is, like 
its field of constants 6“, an algebraically closed field extension of @ of infinite 
transcendence degree and therefore may be used, like @*,as a universal domain 
for algebraic geometry. Furthermore, since @*C #*, every variety V in the 
algebraic geometry based on @* as universal domain determines in an obvious 
way a variety Vi in the algebraic geometry based on #* as universal domain, 
such that a point of Vt belongs to V if and only if the point is rational 
over @*. It is obvious that if V is a group variety in the algebraic geometry 
based on @* then Vt is a group variety in the algebraic geometry based on #*. 

Now, a mapping f of the Galois group G of -& over F into a group 
variety G may also be regarded as a mapping of © into Gt; since @(f{c)) 
consists of constants for any oe &, the condition “ @(f(c)) C @(c)” is equi- 
valent to “&(f(o)) C G(oG),” for any o,oc’e@ the condition “f(o’) is a 
specialization of f(e) over @” is equivalent to the condition “f(o’) is a 
specialization of f(e) over &§ ” and the condition “f (oo) —f(c)f(o’)” may, 
if we wish, be written in the form “f(co’) =f(c):of(o’).”-+ Therefore the 
following definition generalizes the notion of rational homomorphism of @ 
into G: 
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By a rational crossed homomorphism, ox a cocycle of dimension 1, or a 
l-cocycle, of the Galois group © into the group variety G we mean any 
mapping f of © into Gt such that & (f(c)) C Y (o9) for all oe G, such that 
“a is a specialization of o” implies “f(o’) is a specialization of f(c) over 
4” for all o,o’e ©, and such that f(e) —f(c)-of(o’) for all c, d'e ©. 

As remarked above, every rational homomorphism of © into G is a 
rational crossed homomorphism of © into G. : Also, if æ is any point of Gt 
which is rational over &, then it is evident that the mapping o— a 0a 
(se@) is a rational crossed homomorphism of © into G; such a rational 
crossed homomorphism is said to be trivial, or to be a coboundary of dimension 
1 or a 1-coboundary of © into G. 

We denote the set of all 1-cocyles of © into G by Z'(G, G), and the set 
of all 1-coboundaries by B!(©6, G), so that B'(G,G)C Z'*(G,G). The 
mapping which to each element of © corresponds the unity element 1 of. G 
is obviously a 1-coboundary (because 1*ol ==1 for every oe G); we denote 
it by 1. In general, as we have made no assumption of commutativity for G, 
Z(G, G@) and B'(®,G) are not groups under the law of composition 
(f,g)— fg, where (fg) (oc) =f(e)g(e), because fg need not be an element 
of Z (©, G). l 

If fe Z(G, G), and if «e GÏ is rational over &, then the mapping g 
of Œ defined by g (c) == atf (o)oa is obviously an element of Z1 (6, G), which 
we call cohomologous to f. The relation “g is cohomologous to f” is an 
equivalence on Z(G, G). An equivalence class with respect to this equivalence 
we call a cohomology class of dimension 1 or a 1-cohomology class of © into 
G; we denote the set of all these by H1(@,G). B*(G,G) itself is a -1- 
cohomology class; when we think of this class as an element of H'(@, G) 
we frequently permit ourselves to denote it by 1, and we also permit ourselves 
to write H*(®©,G@G) =1 when we wish to assert that B1(G,G) is the only 
1-cohomology class of Œ into G. 

Of course, if G is commutative then Z7'(G,G) and B’(G,G) are com- 
mutative groups, and H'(®,G) is the factor group Z: (©, G)/B'(G, G); 
we then call it the first cohomology group of & into G. 


= 2. Determination of H'(G,G) in some general cases. The compu- 

tation of H'(G,G@) in various cases below is facilitated by the observation 

that two l-cocycles f and g of © into G are equal provided f(e) = g({e) for 

all ce & which are automorphisms of § over #); this follows from [7]. 
Ch. II, Cor. 2 to Prop. 9, p. 783. 

Our results on H1(®,G@) are summarized in the following theorem. 

We recall that Œ is the Galois group of the strongly normal extension & 


) 
l 
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of the differential field F of characteristic 0 with algebraically closed field 
of constants @. G denotes any group variety defined over @. We denote 
the group of all invertible square matrices of degree with constant coordi- 
nates by GL(n); GL(n) is an irreducible group variety of dimension n’. | 


THEorEM 1. 1) A°(©,GZ(n)) =1. 
2) If F is algebraically closed then H(G, G) =1. 


3) If G is commutatwe then every element of the group 
H'(G, G) is of finite order. 


Proof of 1). Let feZ*(G,GL(n)), and let r be a generic element of 
the component of the identity G° of ©. Since 9 (f(r)) C Y (r$), there must 
exist a finite number of elements ré: + -,7&)e¢79 which are algebraically 
independent over $, and a finite number of elements ty: © +, nger% which 
are linearly independent over 9 (ré, - * rép), such that 


OOC BB (rén + arén) rn 


Therefore there exist matrices A; = Å; (Xn 0X 1S] 5S q, square and 
of degree n, with coordinates which are polynomials over % in indeter- 
minates X, © *, Æp and there exists a nonzero polynomial 

B=B(X,: + <, Xp) £ 8 [Xn + +, Xp], 
such that 


(1) f(r) = 2 Boe ari) Aab: 


This equation continues to hold, of course, if + is replaced by any generic 
element of @°. We assume without loss of generality that B does not have a 
factor of degree > 0 which divides every coordinate of every Á; and we 
assume, too, that one of the coefficients in B is 1. For any ce &° which is 
an automorphism of H, or is a generic element of G°. On the other hand, 
f(r) = f (e'o) == f (o) . of (or). Therefore by (1) 


q4 
2 (7nj) B (T$, = ite rép) "A; (TÉ, P Tp) 
q i 
= f (ø) 2 (rj) Bo (ré, Pang tEy) Ajo (TE: 1t Ty Tp), 


where Bo is obtained from B hy replacing each coefficient by its image under 


g, and similarly for Ajo. Because ry,’ © +, thg are linearly independent over 
B (ré + rép), it follows that 
B (Té, 173 rép) A; (TÉ: vette) 


= f (o) Bo (TÉ, ` "s thy) Ajo (7b, ° " "s Tp)» L Jap 
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Because 7&,,: - +, rp are algebraically independent over %, it follows that 
BoAj—=f(o) - BAjo, 1SjSp. 


Because no factor of B of degree > 0 divides every coordinate of every Aj, 
it follows that Bo is a multiple of B by an element of %, and because a 
coefficient in B is 1 we conclude that Be == B, so that 


(2) A= f (2) Ajo, 1Sj5P. 


Now, it is a consequence of (1) that if Y,,---,¥, are additional indeter- 
minates then 


q 
det (2 FA; (Xa. i *,Xp)) = 0. 
j= 


Therefore there exist element @,,° © +, dy, 61," © °,6¢e such that if we form 
the matrix «== X b;A;(a@.,° © +,@)) then det«>540; obviously the coordinates 
of g are elements of &. However, 


oA;(d,° i `, Gp) = Å je (0t, i ', Tlp) == Ajo (ay, ° i `, üp). ‘ 


Therefore by (2) we have a ==f(e)oa. Thus, if we let g be the 1-cocycle 
cohomologous to f defined by the equation g({o’) =a “f(o’)o’a for all o’ & ©, 
then g{oc) ==1 for every oe ©°. 

If o and o” belong to the same coset of ® relative to ©°, then 
glo”) =g (o +0" 0") = g(0’)o’g (0 10”) = g(o’), so that g is constant on 
each coset. Since every coset contains an automorphism of $, g(o’) is always 
rational over $; but, for any ce ®°, we have g(c’) =g (o0) =g (o)og (o) 
=od (g), so that g(o’), is always rational over the relative algebraic closure 
F? of F in ¥. Of course, if oi,’ - -,o, form a complete set of representatives 
of the cosets of Œ relative to @°, then the restrictions of oj,’ © >°, on to F° are 
precisely the elements of the Galois group of F° over 4. Now, if T1,---, Ts 
are indeterminates, then det(S Tig(o:)) is a polynomial in ¥°(7,,- - -, 7x], 
and is different from 0 (because, for example, at (1,0,---,0) it has the 
value det(g(o,))). Therefore (Bourbaki [1], Ch. V, §10, Th. 4, p. 157) 
there exists an element ae ° such that det(S)(oi)g(oi)) 40. Writing 
B= > (oi) 9(o1), we have for any o'e G, 

d'B = E (o’out)o’g (oi) = E (o'oa) ý (0!) +g (o'er) = g (0°) 7B. 
Letting y== 87a we therefore obtain y“*o’y == aB B -o'a = ag(o’)o’a7t 
==f(o’) for every o'e ©, so that fe B(G, GL(n)). 


Proof of 2). Since ¥ is algebraically closed © is irreducible. Let 
fez (©, G), and let + be a generic element of ©. Letting »,,: - -,a be 
elements of § such that § == F (y,° * -,92), we see that | 


& (7h) =F (q, T "5 Nna TH * * Thn) 3 
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also, (m:,°' *;n) and (Th, *', Thn) are independent over # (because the 
transcendence degree of F(m1,' °°, 4a; Th" © aTh) over F equals that of 
F (hs °°; 9n) over F plus that of F (rh, © `, Thn) over F). 

Let f;(r) denote a representative in affine space of the abstract point f(r). 
Because f(r) is rational over & (7%) there exist rational fractions Ry,- --, Ria, 
in 2% indeterminates, with coefficients in F and denominators different from 
0 at CHE Na T * taTie s such that 


fi(7) oT (Bin (15° " "5 Yn TL * "3 Thn)" i +, Ria, (qos " "5 Any TH1y° * "s Thn) ) 


For any ¢e® which is an automorphism of &, the corresponding represen- 
tative of of (o*r) is obviously given by 


ofi(o™*r) g (Rulem, T Ta Onm TNL °° > Tn); feng Ria, lon, t a On, TH1; °° * Tn) 
Since # is algebraically closed, there exists an affine point (01,: > <, bn) which 
is a specialization in the sense of algebraic geometry of (7m,° - `, Thn) over F, 
with each be and with the denominator of each Ry different from 0 at 
(m1, ° y "snm 01° * *, On) ; application of the automorphism o to Rij(m,° © 3am 
bı, *°,6,) shows that the denominator of each Ry is different from 0 at 
(on © ‘> 09, 01," © +, On). Since (m''n) and (Thu * tph) are inde- 
pendent over F, (qu * ‘59m, 01," © *,0n) is a specialization of (mu © +n, 
TN ' ‘,>T,) over F, that is, (b,,- - -,b,). is a specialization of (rh, °°, Thn) 
over &. Therefore if we set : 


gi (Ra (m,: ` "3 Nm Di’ : re ise i s Bia, (h i “Say Dig” " Dak) 


then (gi,09:) is a specialization of (fi(r),of(o%r)) over & for every i. 
Accordingly, the affine points g; are representatives of an abstract point g 
which is rational over 4, and (g,og) is a specialization of (f(r), of (otr) ) 
over $. But r=a-o'r, so that f(r) = f(o)of(o%r), and f(e) is rational 
over $. Therefore g==f(o)og for all ee © which are automorphisms of &, 
hence for all ce @; that is, fe Bt(G, G). 


Proof of 3). Let F’ be the algebraic closure of F. F’ is a normal 
algebraic extension of ¥, and #’M $ is the relative algebraic closure F° of 
F in 9. Therefore every automorphism r of F’ over F° can be extended to 
a unique automorphism (which we also denote by +) of the compositum 
F'<G> = YF’ over Y (the group of automorphisms of F’ over F° thereby 
becoming identified with the group of automorphisms of &<#’5 over G); 
also ([7], Ch. III, §3, Th. 5, p. 799) &<F’S is a strongly normal extension 
of F’, and every isomorphism o of $ over F° can be extended to a unique 
isomorphism (which we also denote by e) of &<#’> over F’ (the component 
of identity G° of G thereby becoming identified with the Galois group of 
&<F’> over F’). Since every element of 8<#’> can be expressed as the 
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quotient of two elements of the form Ð yip: (Wie 9, pie F’), and since when 
o is an automorphism 


or (Sidi) = 0 X pirhi = È (oyi) rpi = 7 È (oi) pi = T0 (Yahi), 
we see that or= ro. It follows that if æ, '',@p are the conjugates of 
ae&<F’> over & then o@,---,0%, are the conjugates of oa over $ 
(where o is any element of G° which is an automorphism of &). 

Now let fe Z(G, G). Since &° can be identified with the Galois group 
of &<#’> over F’, since (for ce ©) BF (f(o)) CUC#F (a (GKFY)), 
and since (for o,c’e@°) “o’ is a specialization of o (as isomorphism of 
&<F'S)” implies “o’ is a specialization of o (as isomorphisms of &)” which 
implies “f(o’) is a specialization of f(s) over &” which (because $< @*> 
and &<#’> are linearly disjoint over & ) in turn implies “f(o’) is a specializa- 
tion of f(a) over &<#’y,” we see that the restriction of f to G° may be 
considered as a rational crossed homomorphism of the Galois group of B<F's 
over #’ into G. By 2) above, therefore, there exists an ae G! rational over 
&<F'>, such that f(c) =@ca for every of & which is an automorphism 
of &. Denoting the conjugates of a over & by a,: + -+,a, we see by the 
above (since f(e) is rational over §) that f(o) = «ou (LS1S hA), 
Since G is by assumption commutative, we theerfore have (f(e)! = feof, 
where B==a,° + -æ is rational over 9. Therefore the 1-cocycle g cohomol- 
ogous to f*, defined by g(c) = 8 (f (0) )"sf> (ce G), has the value 1 at every 
element of ©°. It follows, as in the proof of 1) above, that g is constant 
on each coset and that g(c) is rational over #° for every ce ©. Consequently, 
letting o1,* © +,o, denote a complete set of representatives of the cosets of 
© relative to G°, and setting y = g (c1) `- -g(ox), we find that 


oy = I] 09 (03) = II g (0) "9 (003) = (g (0) )*y 


for every oe, so that (f(o))*=—B"yo(y%8") for every oc ® and 
feb (GG): 


3. Applications. Theorem 1 of Chapter IT asserts that there exists a 
birational isomorphism of the Galois group © onto a group variety G. Now 
such a birational isomorphism, or more generally any rational homomorphism 
f of © into G, is a 1-cocycle of © into G. If we can prove that f is a 
1-coboundary then there exists a point « of G (or, more precisely, of Gt) 
which is rational over 4 such that f(s) = atog, that is, such that oa = af (o) 
for every ge Œ. In the case in which f is actually an isomorphism, we see 
that « is invariant under o only when o is the identity isomorphism, so that 
4 — <a>. More generally, if f is a homomorphism with finite kernel then 
% is a normal algebraic extension of ¥<a> with Galois group isomorphic to 
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the kernel of f. These remarks are the -basis of the use of Theorem 1 in 
the proofs of the following two theorems. 


THEOREM 2. A necessary and sufficient condition that the strongly 
normal extension & of F be a Picard-Vessiot extension is that its Galois 
group & be birationally isomorphic to an algebraic group of matrices. 


Proof. If & is a Picard-Vessiot extension of ¥ then, as we have already 
observed (Chapter I, §3, Example 2), @ is birationally isomorphic to an 
algebraic matric group. Conversely, let f be a birational isomorphism of © 
onto an algebraic subgroup of GL(n). By Theorem 1, there exists an 
invertible square matrix & = (4;)1:<isn,1s/sn With coordinates aye% such that 
oa==af(o) for every of G, and $ = F <a». Therefore if y,’ ° +, form 
a maximal subset of the set of elements a; linearly independent over @ (and 
therefore over every field of constants) then for each oe @ there exists an 
invertible matrix (¢;(c) )ssisp, 1¢fep With constant coordinates cy(o), such that 
on; =eDisisply(o)n, (I1SS755p). It is now clear that if 6,,:--+,6, are 
arbitrary operators of the form 8,%- - -6,,¢= then the determinant 


Wor op (13° © © >p) == det (Bins) sisp, 15;sp 
has the property that 


oW ag," ` *anp) = det (cy (0) )- Wor 0,(ms" "ts %p)> 
so that the ratio of any two nonzero determinants of this type is invariant 


under @ and hence is an element, of ¥. Thus ([6], §3, p. 599) & is a 
Picard-Vessiot extension of F. 


COROLLARY. If $ is a Picard-Vessiot extension of F and MH is any 
differential field between F and Y which is a strongly normal extension? 
of F then Y is a Picard-Vessiot extension of F. 


Proof. Since % is Picard-Vessiot over F there exists a birational iso- 
morphism f of Œ onto an algebraic matric group G. The Galois group G(X) 
of & over X is a normal algebraic subgroup of Œ, therefore K = f(G(%)) 
is a normal algebraic subgroup of G. Now it is known (Chevalley and Kolchin 
[4], §1, Th. 3) that there exists a matric representation g of G with kernel 
K ; furthermore, although it is not specifically stated in [4], the proof there 
(§4) provides such a g which is a rational homomorphism of G. If we 
denote the image of g by H then (Chapter I, corollary to Proposition 5) 
H is an algebraic matric group. Clearly gof is a rational homomorphism 
of © with kernel G(X) and image H. Now (Chapter I, $3, Example 1) 
the mapping r of ©, which to each se @ corresponds the restriction of o 


* Or even ([7], Ch. III, §3, Th. 4, p. 797) a weakly normal extension. 


892 E. R. KOLCHIN 


to 9, is a rational homomorphism of © with kernel G(X) and image the 
Galois group § of 9 over F. Therefore (Chapter II, §3, Proposition 1) 
there exists a birational isomorphism of § onto M so that, by the present 
theorem, & is a Picard-Vessiot extension of &. 


THEOREM 3. If the strongly normal extension & of J is of trans- 
cendence degree 1 and if F is relatively algebraically closed in Y then there 
exists an element ae & such that either a is primitive over F and $ = F <a), 
or a is exponential over F and $ = F<ay, or a is weierstrassian over F 
and & is an abelian algebraic extension of F<a> of finite degree. In the 
last case, tf F ts algebraically closed then the weverstrassian element a may 
be chosen so that & = F <a. 


This theorem is not new, being the main substance of Th. 7 of [7], 
Ch. III, p. 809. We include it here to show how it can be derived as a rather 
easy consequence of Theorem 1, and Theorem 1 of Chapter II; this makes it 
possible to avoid the long, tedious, and intricate computations of the*proof 
in [7], pp. 809-828. 


Proof. It follows from the hypothesis that the Galois group © has 
dimension 1 and is irreducible; by Theorem 1 of Chapter TI there exists a 
birational isomorphism c of Œ onto a group variety G defined over @, which 
must also be of dimension 1 and irreducible. It is known (see Weil [14], 
$ V, No. 38, pp. 68-69) that every such group variety is birationally iso- 
morphic to (and therefore we may assume equal to) either the additive 
group of the field @* of all constants or the multiplicative group of @*, or 
else a group variety which is a complete curve of genus 1 in projective space. 
In the last case we may always assume (for example, see Chevalley [2], Ch. 
Il, §3) that the curve has an equation of the form X)X2? = P(X, X1), where 
P is a homogenous polynomial in @[Xo,X,]| of degree 3 without multiple 
factor ; applying a suitable transformation (Xo, X1, X2) > (Xo, aXo + bX; 6X3) 
if necessary, we lose no generality in supposing that 


P(Xo, X) = 4X1 — gX o X — GA 0°, 
where g}, 9ga£ B. We may take the law of composition so that the group 
unity is (0:0:1), which is the sole point at infinity on the curve, and such 
that the product (1:y:€) of two points (1:4:8) and (1:a:b) with a-~a 
is given by 
3) Qe Pao) B= bY, 
(4) E= —27(B + b) + 2°13(a — a) (B — b) —4°(a— 2) 9(8 — 8). 
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Consider the first case. By Theorem 1, there exists an element ae & 
such that c(o) =o«—a for every oe &. Since c(c) 0 only when o is 
the identity, only the identity in Œ leaves a invariant, so that $ = f <a). 
Applying the derivation operator & to both sides of the equation og = a + e(o) 
we obtain 8,0 == &a (oe ©), so that dac F (1 Sim), and « is primitive 
over f. 

Next consider the second case. By Theorem 1, there exists a nonzero 
element «e & such that c(c¢) =a tua for every oe G. Since c(o) = 1 only 
when ø is the identity, only the identity in @ leaves g invariant, so that 
Y =FK<a>. From the equation og =ac(o) we find that oda = (8)c(c), 
whence o(a 18,0) =a a (oe G), so that atiae F (11m), and g is 
exponential over F. 

Consider finally the third case. By Theorem 1, there exists a point 
(1:a:8) on the curve Gi, with «,8e9%, and there exists an integer n > 0 
(n= 1 if F is algebraically closed), such that e(o)” = (1: 4:8)? (1:0¢:08) 
for ewery ce G. Not every element of & has order n, so that e(o)” fails to 
be the identity for some oe Œ; therefore (1:«: 8) is not an invariant of the 
whole group @, hence is not rational over ¢. Since F is relatively alge- 
braically closed in & and & is of transcendence degree 1 over F, $ is an 
algebraic extension of #<a, 8> which clearly must be of finite degree, normal, 
and indeed abelian; if # is algebraically closed, so that n—1, then 
G = F <a, By. For any oe @ which is not of order n (in particular, for a 
generic element of ©) we may write c(o)"==(1:a:0b), where a, b are 
constants. Then og and of are given by the second members of (3) and 
(4), respectively. Making use of the fact that 


(5) B? = 40° — goa — gs, 


these may be rewritten to obtain 


(6) oa = 4> (a — a)? daa? + (4a? — 9») — (goa + 293) — 2bB], 
(7) oB = E (a — a)’ [(4a* + 12a? — 3ga — goa —4g3)b 
+ ((— 12a? + gja — 4a? + 8ga + 49,)8). 
From (5) we find 288:8 = (12a? — g»). Therefore application of 8; to 
(6) yields | 
oå = 41 (a — a)? ( (84a + 4a? — g.)8;a — 2b)8;8 
— 27 (a— a)*(4aa? + (4a? — g.)a — gat — 2gs — 2bB)8,a 
= fi (u — a)*((8aa + 4a? — g2) 8 —- b(12a? — g.)) B80 
—21(a—a)-*((4aa? + (4a — g.)a— ga — 295) 
: — 26 (40° — gza — q) ) B18). 
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The last member equals £-"8;0 multiplied by the second member of (7). 
Therefore cô = (o8)878,a, that is o(B3ie)—B Sia (coeG), so that 
BisaceF (l1Sism). It follows that ¥<a,B)—F#K<a>, and also (with 
the help of (5) that (4e*— g — g)> (8a)? is the square of an element 
of F (1Si=m), that is, that æ is weierstrassian over #. 
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ENGEL RINGS AND A RESULT OF HERSTEIN AND KAPLANSKY.* 


By M. P. DRAZIN. 


1. Introduction. It is known that if, in an associative ring R, some 
power of every element is central, then the commutator ideal R, of R (i.e. the 
two-sided ideal of R generated by all the commutators [a, b] — ab — ba with a, 
b in R) is nil; more precisely, if to each element y of R corresponds a positive 
integer n==n(y) such that [«, y"] == 0 for all x in R, then to each element c 
of R, corresponds a positive integer j such that c= 0. ‘Special cases of this 
were established by Jacobson, Hua and others, after which Kaplansky [15] 
showed'in the general case that R, at any rate lies in the Jacobson radical; 
that J’, is actually nil was finally proved by Herstein [9]. It will be con- 
venient to call a given ring È commutator-nil whenever its commutator 
ideal R, is nil. 

Consider now another class of rings. For any v, y in R, define a sequence 
of elements e(z, y) of R inductively by the rules 


eo(t,y)—=2, ex (2, y) = [er (7,9) y] (k =1,2,; +); 
equivalently, in binomial notation, 


k 


e(a, y) = 2, (— 1) C fyiay* (k = 0, l, > ). 


* 


jz0 

If to each pair s, y there corresponds an integer k= k(x, y) such that 
e(z, y) = 0, then we call R an Engel ring. The present paper grew from 
an investigation of the properties of the commutator ideals of arbitrary 
Engel rings. The relevance of the above-mentioned result of Herstein and 
Kaplansky soon appeared; indeed, it became clear that the two kinds of rings 
can profitably be regarded as special cases of another type, the K-rings, 
where we say that a given ring # is a K-ring if, to each pair of elements 2, 
y of R, there correspond positive integers k == k(x, y) and n==n(xz,y) such 
that e(z, y”) =0. The rings studied by Herstein and Kaplansky are 
obtained on imposing the restrictions that k==1 for all z,y and that n be 
independent of z, while of course the Engel rings are just those K-rings 
with n==1 for all zg, y. 


* Received June 9, 1955. 
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Two of our principal results (both generalizing Herstein’s) are that a 
given K-ring must always be commutator-nil whenever its index functions k, 
n are both functions of y alone, and whenever k 1 for all z, y. Since every 
nil ring is a K-ring (and indeed falls in all of the special classes of K-rings 
we have mentioned), to prove without further hypothesis that R, is more 
than merely nil would imply a non-trivial statement about the commutator- 
ideal of an arbitrary nil ring. We establish no such statement here, being 
instead more concerned in our later results with extending the commutator- 
nil property (or even slightly weaker properties) to wider classes of rings. 
For example, we prove that the commutator ideal of an arbitrary K-ring is 
always contained in the Jacobson radical. 

For the proofs of the facts, we need two auxiliary results ahout the 
structure of (the semi-simple part of) an arbitrary A-ring. These are 
derived in a more general context in Section 2. We define, for each positive 
integer m, a class of rings called m-rings. These classes form an expanding 
sequence, i.e., if l,m are any given integers satisfying 1=/= m, them every 
l-ring is an m-ring. Every K-ring is a 1-ring (and hence an m-ring for 
all m); also every algebraic ring of bounded index, and every ring with 
minimal condition on its left (or right) ideals is an m-ring for some m. 

Four successively narrower classes of rings have now been mentioned: the 
m-rings (m arbitrary), the l-rings, the K-rings and the Engel rings. 
Having discussed the first and widest class in Section 2 we proceed step by 
step from the general to the particular, examining the other three classes in 
turn in Sections 8, 4 and 5. In Section 3 we consider the 1-rings (which 
include, besides the K-rings, all strongly regular rings and another class of 
rings investigated recently by Herstein [10] and others), restating the 
specialization m = 1 of the results of Section 2, and proving also one other 
result. Our theorems on K-rings as such are proved in Section 4. In Section 
5 we press our investigation a little further for the Engel rings, showing 
that certain of these’ satisfy conditions stronger than the commutator-nil 
property. 

In our final section we consider those rings in which, for each pair of 
elements x, y, there are integers k, m, n such that e,(2™,y") =-0. These 
include all the K-rings as the special case m==1, and we show that many of 
our results for K-rings can be extended to this more general class. 

Throughout, Æ will denote an associative ring, not necessarily with a 
unit element, admitting a commutative ring F of operators (i.e. endomor- 
phisms « of the additive group of R, subject to a(zy) = (ax)y==x(ay) for 
all «,yeR); we may suppose without loss of generality that F contains the 
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identity operator. The case of a “ring without operators” is included in this 
scheme on taking F to be just the ring of integers (or an appropriate quotient 
ring). When we refer to subrings (etc.) of R these should always be under- 
stood as sub-F’-rings (etc.), i.e. as being mapped into themselves by every 
operator in F. 


2. Two theorems about m-rings. Given any ring & over F and any 
positive integer m, we shall say that R is an m-ring whenever the following 
statement is true: to each choice of z, y in & there correspond «= a(s, y) 
in F, a=a(a,y) in R and integers k—k(2z,y), L=l(z, 4y), n=n(z,y) 
such that 


isis, ele, (ac? + ra -— st, y”) = 0. 


Every algebraic ring of bounded index, and every ring with minimal condition 
on its left or right ideals, is of this type for some m (even with k = 0, l= m, 
n==1). We establish now two results about the structure of the semi-simple 
parts of arbitrary m-rings, interpreting semi-simplicity in the sense of Koethe 
for Theorem 2.1, and in the sense of Jacobson for Theorem 2. 2. 


THEOREM 2.1. Let R be a gwen m-ring without non-zero nil two-sided 
ideals, Then every mlpotent element z of R satisfies z™ —0. 


Proof. The main step of the proof is to show that if a given element s 
of R satisfies s™*! -= 0, then z” generates a nil two-sided ideal (and must 
consequently vanish). 

We show first that, for any be &, bz™ is nilpotent. We have, for any 
«eF, any aek and any positive integers k, l, n with l= m, 


penton’ -l ga —— wv, (ba™)”) l 
== pm~l (ag + mirig — at) (bx) nE goes as. r” (ba) nk . 
but R is an m-ring, so this, and consequently (ba™)"*#1, vanishes for some 
choice of k,n. l 
We can now deduce that z” generates a nil two-sided ideal. The typical 
element of this ideal has the form d== Ba" -+ ba™+-a™c, where BeF and 


b,ce R. Using the fact that ba™- a” = «™-a™c = 0, we see that, for each 
positive integer 7, 


j-1 j 
a izo 


+ 


pat g 
= pam D foam) t (bam) ii- 4- (bam)i + am S (com) He (bam) t, 
E20 q=1 
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Also, by what we have already proved, there are positive integers p, g such 
that (bx)? = (cx™)1—= 0, whence it follows that de7 = 90. 

We have now shown that «”*1==0 implies 2” = 0. Let z be an ea 
nilpotent element of R, and let r be the smallest positive integer for which 
arm —-(), Then, if r> m, we should have (2'-+)™+t == gr-m-tgrm — 0, whence, 
on taking «= 27", it would follow that (2”')*”-==0, contrary to our choice 
of r. Consequently r= m, i.e. 2” ==0 as required. 

We cannot, even for the 1-rings, hope to replace the hypothesis of no 
nil ideals in Theorem 2.1 by the weaker one of no nilpotent ideals; for Baer 
[3; 540-543] has constructed a non-zero nil ring having no non-zero nil- 
. potent ideals. Indeed, by Nagata [18] there exist nil rings (and a fortiori 
l-rings and m-rings), having no non-zero nilpotent ideals, whose nilpotent 
elements are of unbounded index. 

We have stated Theorem 2.1 in a way which avoids explicit reference 
to the Koethe radical (i.e. the union of all two-sided nil ideals of R). An 
equivalent statement is the following: If K is any given m-ring, with Koethe 
radical W, say, then, given any ze F, the existence of an integer s with zse N 
implies z™"eN (in particular, R/N has no non-zero nilpotent elements it 
m= 1). If J denotes the Jacobson radical of R, then an analogous state- 
` ment holds with N replaced by J (since R/J has no non-zero nil ideals). 


There being regrettably few problems which yield to attacks based on 
the rather weak structure theory associated with the Koethe radical, we next 
prove another auxiliary theorem for use when the Jacobson theory is appro- 
priate. This generalizes a result of Arens and Kaplansky [2; Theorem 3.1]; 
to describe their result in our terminology, they considered only m-rings in 
which k= 0 for all a, y. 


THEOREM 2.2. Let R be any given primitive m-ring over F. Then R 
is isomorphic to the complete ring Ma(D) of qX q matrices over D, where 
gam and D is a suitable dwision ring over F. 


Proof. R, being primitive, is isomorphic to a dense ring M of linear 
transformations of a vector space V over some division ring D; we shall 
denote the result of operating on ve V with se M by vz, i.e. regard M as 
operating on V from the right... We have only to show that F cannot 
contain m 4-1 elements Vo, V:,* * °,Um independent with respect to D. 

In the contrary case, since M is dense, we could choose æ, y in M so that 


2 This is dictated by our having used the expression aw"! + æa —— æ! rather than 
ot + as'™ — œ when defining m-rings (so as to ensure that every strongly regular 
ring is self-evidently a l-ring). 
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Unt = Vay (h == 0,1,- + -,m—1), Pmt = 0, 
vry = 0 (h= 0,1, m — 1), UmY = Vm. 
Then, for any «e F, any ae R and any kZ 0, 1SlS m, n=], 
Voth tep (arhi + shia — wl, yt) = Umarlar + ea — at, y") 
== vni (ar 4 ehta — al) (y) 
cigs) Vm wet? (ayn* of. ay" ) ——= Yan V0 i a 0) —. Ummy == —- Vm £ 0 
(by the D-independence of Vo, Vı,* * +, Um), contrary to the m-ring hypothesis, 


Remark. The briefest examination of the proof of Theorem 2.1 shows 
that the full force of the m-ring hypothesis is not needed, but only its 
consequence that, for any b, aw in R, x10 implies bz” nilpotent. This 
will always be the case whenever, for each choice of b, s m &, a positive 
integer s exists such that (bz”)* is in the two-sided ideal generated by x”*; 
and this is in turn entailed (on taking y-=bax™) by the hypothesis that, 
for each choice of a, y in R, an integer 1 = t(x, y) exists such that s”yt is in 
the two-sided ideal generated by yw and w”** (which condition is still satisfied 
by every m-ring, with t(x, y) =k(2,y)n(2,y)). These trivial comments are 
relevant to certain generalizations of Theorem 2.2 which will be déscribed 
in detail elsewhere [6]. 


3. Remarks on the case m = 1. To say that È is a 1-ring means that, 
to each choice of v, y in K, there correspond a in F, a in R and integers k, n 
such that e(a” -+ ea — g, y") =0. It is not hard to see that, by replacing 
k and n respectively by 


max {k (a, y), k(a(x, y) + rale, y) 2, y)} 
and 


nf ynfal, y) + eale y) — r y), 


and by modifying @ appropriately, we may always take «= 0 in a l-ring. 
Applying Theorem 2.1 to R/N with m == 1, we have at once 


Tugorem 3.1. In any l-ring, every nilpotent element generates a nil 
two-sided ideal. . 


Analogously, it is easy to see that, in any commutator-nil ring, every 
nilpotent element generates a nil two-sided ideal. However, not every 1-ring 
is commutator-nil (consider for example any non-commutative division ring) ; 
and one can also verify without difficulty (e.g. from Theorem 3.3 below) 
that not every commutator-nil ring is a 1-ring. 
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Next, for any ring R, with Jacobson radical J, R/J is semi-simple in 
Jacobson’s sense, so that Æ/J is isomorphic to a subdirect sum of primitive 
rings, each of which is a homomorphic image of #/J and hence of R. Conse- 
quently, by Theorem 2.2 and the homomorphism-invariance of the 1-ring 
property, we have 


THEOREM 3.2. If R is any 1-ring, with Jacobson radical J, then R/J 
is a subdirect sum of division rings. 


This may be regarded as a generalization of a familiar property of strongly 
regular rings (which have J = 0); it also generalizes an argument of Herstein 
(10; Theorem 5]. . 

Our final result in this section is included chiefly for the sake of its 
connexion with the existence of annihilators of ideals in rings with minimal 
condition on left (or right) ideals (cf. [5]). Of course every K-ring is a 
l-ring (with « = 0, a= 0), and clearly every idempotent element of a K-ring 
is central; for if y? =y then, for any m,n, ° 


ea (8, Y”) = e3 (x, y) = y? — dyay® + 3y ry — yT = tY — YT, 


so that zy — yr == ezam (m, y") (J n= 1,2, >). We show (cf. Herstein 
[10; Lemma 4]) that this result in fact holds for all 1-rings: 


THEOREM 3.3. In any 1-ring, every idempotent element is central. 


Proof. Let R be a given i-ring and y any idempotent in R; we must 
show that, for any given be R, by = yb. 

Define «== by—yby, so that yz =0 and zy=—2, whence z?=0 and 
consequently (since Æ is a l-ring) integers k, n exist satisfying 


k 
0 = er (—2, y") = — e(r, y) =— È (—1) Cf yay) = — ay’ = — 2, 
, j=0 


i.e. yby= by; and a similar argument shows that yby = yb, as required. 

The above proof requires only that y*==y, together either with ya == 0 
and wy =v, or with sy ==0 and yz = x, implies x0. This holds in any 
ring R admitting a positive integral-valued function t(æ,y) such that, for 
all «,ye R, (a) zy? is in the two-sided’ ideal generated by yx and 77, and 
(b) ytz is in the two-sided ideal generated by zy and e°; here (a) is just 
the specialization m ==1 of the condition mentioned at the end of Section 2, 
while (b) (obtainable from (a) by writing all products in reverse order) 
is also satisfied by every 1-ring. 

It is easy to deduce from Theorems 3.1 and 3.3 (by observing that 
every element of R/N is a linear combination of “principal idempotent 
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elements”) that every i-ring which is also an algebraic algebra over an 
algebraically closed field must be commutator-nil; however, for the special 
ease of K-rings, this result is included in Theorem 4.5 below. 


4. The K-ring theorems. The proof of our first main result is ele- 
mentary, and self-contained apart from appeals to Theorem 3.1 and to the 
result of Herstein mentioned in the Introduction. 


Lemma 4.1. Let k be a ring in which, to each element y, there 
correspond positive integers k==k(y), n==n(y) such that e,(z,y") = 0 for 
all x in R; suppose also that R has characteristic either (i) zero, or (ii) a 
prime. Then R is commutator-nil. 


Proof. (i) We need only consider rings without non-zero nilpotent 
elements. For suppose the result were known for these, and let N denote 
the union of all two-sided nil ideals of R. Then (as is well known and easy 
to see.) X is itself a two-sided nil ideal of R, and R/N has no non-zero two- 
sided nil ideals. Also Æ/N inherits the Engel hypothesis on Æ and, by 
Theorem 3. 1, is consequently even a ring without non-zero nilpotent elements ; 
we observe further that (since N is nil) R/N has zero characteristic. Hence, 
if the result were known for rings of zero characteristic without nilpotent 
elements, then R/N would be commutative, i.e. R, would be nil. 

Thus we may assume without loss of generality that Æ itself has no 
non-zero nilpotent elements. Given y,n(y), we may suppose also that 
h= k(y) has been chosen as small as possible subject to h=21; we shall 
show that h—=1. In analogy with Leibniz’s formula in differential calculus 
we have, for any non-negative integer 7 and any a,b,ceR, 


es(ab, c) = È Over(a, )¢5.4(b, 0); 


in particular, for any ve BR, 


2h-Z 
Cora (T, Y”) = 2 Cee (2, Y”) Con-2-i(Z, Y") = Ora er (a, y”). 


Now, if A > 1, then 2h -—-2 = h and so the expression on the left here vanishes, 
whence (since Æ is of zero characteristic and contains no non-zero nilpotent 
elements) it would follow that e,_,(z,y") = 0 for all z in R, contrary to our 
choice of h. Hence in fact h = 1, i.e. we have [z, y"™] ==0 for all z, y in R; 
the result now follows from Herstein [9]. 


(ii) Suppose that, for some prime p, pẹ ==0. Since the binomial coeffi- 
cients Cj" (j==1,- < +, p"—1;r=-1,2,-- -) are all divisible by p, we have, 
for all z,ze È and every positive integer r, 
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gF 
epr (T, 2) = 2. (—1)iC p ziez -i — ea -4 (—1)?'2? "a == [e,z] 
g- 


(on considering separately the cases p—2, p342). Also, by our hypothesis 
on È, ep (x, y”) =0 whenever p" = k(y); thus, taking z= y", we see that, 
for all sufficiently large r (the criterion of sufficiency being independent of z), 
[a, ye" |] = 0 for all sve R. The result now follows from Herstein’s as before. 
We have next to remove the restrictions (i) and (ii) from Lemma 4.1. 
This is of course immediate when F is a field, and will now be done in the 
general case by an argument communicated to the writer by A. 8. Amitsur; 
he naturally proved his result in the special form immediately applicable to 
our present purpose, but his argument seems interesting enough to deserve 
formal statement in somewhat more general terms. Calling an arbitrary 
subset Q of a ring nil whenever every element of Q is nilpotent, we have 


Lemma 4.2. Let R be any given set of rings, in each member R. of 
which is given also a subset Q(R); suppose further that, given any Re be 
and any homomorphism 6 of R, R is such that ROe R and Q(R)9 < QR). 
Then, if also Q(R) is nil for all those Re R having characteristic either (i) 
zero or (ii) a prime, Q(R) must in fact be nil for every Re B. 


Proof. Let & be an arbitrary member of fè, and c any element of Q (R); 
we have to prove c nilpotent. | 

Let A denote the subset of & consisting of all elements of finite non-zero 
additive order (i.e. the “torsion subgroup” of the additive group of F). 
Clearly A is a two-sided ideal of k, and so R/A exists; also R/A has zero 
characteristic and is of course a homomorphic image of R. Hence, by (i), 
Q(#/A) is nil, and so, by our hypothesis 9(2)6= Q(R6), some power ct 
of c lies in A; in other words we can find positive integers t, r so that rct — 0. 
Let s==s(c) denote the smallest positive integer annihilating a power of c, 
say sc? == 0; we have then only to show that s =1. 

In the contrary case, we could find a prime p dividing s, say s= pt 
where l=t<s. Since pl is a two-sided ideal of R, (ii) tells us that 
Q(B/(pR)) is nil; thus, on using once more our hypothesis Q(2)6=Q(R8), - 
we see that some power of c hes in pR, say cë = pd, where deR. But then 


teitt == picid = scid = 0, 


where ¿< s is a positive integer, contrary to our choice of s; the result 
follows from this. 

Now, by Lemma 4.1, on taking Q(#) = R, all the conditions of Lemma 
_ 4,2 are satisfied’ by the set R of all rings over each of which are defined 
functions k =k(y), n= n(y) such that e,(z,y") —0 for all z,y. Thus we 
have proved 
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THEOREM 4.1. If R is any ring m which, to each element y, there 
correspond positive integers k==k(y), n=n(y) such that e,(x,y") =0 for 
all 2, then R is commutator-nil. 


It will appear in Theorem 6.2 below that a similar result holds when 
it is given that erte) (£, y"®) =0 for all a, y. , 

The proving of Theorem 4.1 has been something of a cooperative piece 
of work. As already stated, the argument of Lemma 4.2 is due to Amitsur, 
while the proof of Lemma 4.1 owes much to some (unpublished) work of 
P. M. Cohn and K. W. Gruenberg; the writer is glad to acknowledge his 
debt to these three. Cohn and Gruenberg considered only Engel rings Ff 
with k(z,y) independent of z; Gruenberg had proved Theorem 3.2 for these 
rings, and this enabled them to prove R, & J by reduction to the division 
ring case. Gruenberg himself settled the subcase of prime characteristic by 
an argument, suggested by [12; p. 102], of which our proof of Lemma 4.1 
(ii) is only a trivial extension; and Cohn, without having Theorem 3.1 to 
argue from, dealt with the subcase of zero characteristic by an argument rather 
similar to that used in the second part of our proof of Lemma 4.1 (i). For 
division rings these two subcases exhaust the possibilities, so that no bridging 
argument along the lines of Lemma 4.2 was called for. Our Theorem 4.1 
improves on Cohn and Gruenberg’s result in two directions, and its proof 
appeals to Jacobson’s structure theory only indirectly (through Herstein) ; 
we extend their result in a different way in Theorem 4.4 below. 

Two published results, both included in Theorem 4.1, should also be 
mentioned. The case of Engel rings with k independent of both 2 and y 
was settled by Amitsur [1]; indeed; he showed that in such a ring R the 
left (or right) ideal generated by any given element of R, is nil of bounded 
index (this was stated in his paper only for algebras over infinite fields, but 
he has pointed out in a letter that this restriction is inessential). His work 
in turn superseded a result of Jennings [14; Theorem 1], who showed that 
R, is nil whenever a fixed positive integer A exists such that the repeated 
commutator [[- - -[[a1,22],a3],- ©], 2a] =0 for all choices of 2,,- - -, an 
in È. 

Theorem 4.1 does not fully answer the question whether every K-ring 
is commutator-nil; and the writer knows no counter-example to this proposi- 
tion. Before discussing how the proof of Theorem 4.1 might be extended to 
deal with arbitrary K-rings (i.e. to allow k,n to depend also on x), we first 
note a slight generalization of Herstein’s result: * 

* Added in preof. Shortly after the present paper was submitted Herstein himself 
published a proof of the same generalization in the Canadian Journal of Mathematics, 
vol. 7 (1955), pp. 411-412. 
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THEOREM 4.2. If in a given ring R there corresponds to each pair of 
elements x, y a positive integer n= n(2,y) en that zy" ==-y"x, then R is 
commutator-nil. 


Proof. We observe that, since a[a,b] = [«a, b], ad[a, b] = d[«a, b] for 
any admissible operator « and any a, b, d in R, the ideal R, does not depend 
on the given set of operators on Æ; thus we may regard R as a ring without 
operators. We reduce the problem to Herstein’s ay showing that R is locally 
of the type he considered. 

Let c be any element of R, i.e. any sum of terms of the forms 
(ai, bil, dilay bil, [ai bilfi dilan bilfi Let the a; bia di, fi involved in such 
an expression for c be enumerated as %,---,2; (order being irrelevant), 
and let X denote the ring they generate. Then c is in the commutator ideal 
of X, and so it will be enough to prove that X is commutator-nil. 

Take any ye R. By the hypothesis on R, [xp ym) ] = 0 (i= 1,*--, 2), 
and so, if we define n(y)=n(m,y)-- -n(t,y), then [a y"] =0 
(i—1,:-°+,t). Since the a, generate X, it follows that [x, y"™] =0 for all 
zeX, yeR. In particular, for each ye X, y™ lies in the centre of X; 
hence, by Herstein’s result [9], X is commutator-nil as required. 

Unfortunately it does not seem possible, even when we are given that k 
is independent of both v and y, to remove: the restriction n ==n(y) in 
Theorem 4.1 by the above sort of argument. ‘However, using Theorem 4. 2 
and the argument of Lemma 4.1 (ii), we can at once deduce 


THEOREM 4.3. Every K-ring of prime characteristic 1s commutator-nal. 


To prove that all K-rings are commutator-nil (i.e. to remove the restric- 
tions k==k(y), n==n(y) from Theorem 4.1) ‘it would, in virtue of Lemma 
4.2 and Theorem 4.3, be enough to consider only rings of zero characteristic, 
i.e. to remove the restrictions k= k(y), n—n(y) from Lemma 4.1 (i). 
And we can of course still use Theorem 3.1 to reduce further to rings with- 
out non-zero nilpotent elements (for which one would have to prove commu- 
tativity). In other words, the K-rings of zero characteristic without non-zero 
nilpotent elements are critical for the whole question whether all (and, if not, 
which) K-rings are commutator-nil; it would’ be particularly interesting to 
know the answer for the subclass of Engel rings. 

The results of this section have so far applied only to certain special 
kinds of K-ring. We now establish a. property common to all K-rings: 


THEOREM 4 4. Boery K-ring is commutative modulo tts Jacobson radical. 


Proof. By Theorem 3.2, we may confine ourselves to showing that, if a 
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given division ring D is also a K-ring, then it is commutative; and, by 
Theorem 4.3, we may suppose that D has zero characteristic. By Theorem 
4.2, it will be enough to prove that, if k(s, y), n(z,y) are the given index 
functions of D as a K-ring, then [z,y*@”] =— 0 for all z,yeD. Suppose by 
way of contradiction that D contained x, y such that [2,y"*”]340. On 
writing y(*v) =z this becomes [s,z] 540, while we know that ez 2,4) (#, 2): 
== 0, so there is a positive integer j} (S k(x, y)—1) such that e;(2,2) £0, 
€j1(2,2) ==0. Since 7 is positive, b == e;,(2, z) exists, and, writing c = e,(z, 2), 
we have c = [b,z| 540, [e,z] =0. Since c40, c? exists and commutes with 
z (since c does) ; hence, defining d = — c'b, we find [z, d] —c*[z,—b] —1. 
Writing f = zd, we then have [z,f] 2-40. 

We shall obtain our contradiction by showing that the relation [z, f] 
==2>54() cannot hold between elements z, f of a division K-ring D having 
zero characteristic. We note that 


[z, fa] = {(f +1) — fez (q= 1,2, ” es 


for the case g==1 of this merely states that [z, f] =z, while, if the relation 
-holds for a given q, then 


[z, fo" | = f2l@, fF] + Le PF = fle, f] + OF + 1)9— i ef 
= foe f] + (fF + 1)4— 79} (2, f] + fe) 
er Pad Oi a ae Lf Ye, 
It then follows, by another trivial induction, that 
a(z, fe) = {(f + 1)¢—fa}te (i= 0,1,° > + 5q=1,2,- °°), 
and indeed, since [z,f -+ A] = [z,f] =z, that 
SAPs) ae Ua Ad = (fap 
(h,t==0,1,- + <; q= 1,2, 0). 


Since D is a K-ring, we can find positive integers k= k(z, f), n=n(z, f) 
such that ex(z, f”) = 0, whence (since z5<0) we deduce (f -- 1)" =f". But 
this implies 


Fh)" — fr =0 (A==1,2,- + +); 
for we have just proved the case 4-1, while the result for given h entails 
(Cf hp 1)" yem (Fh + 1) (f+) 
= er (2, (f-+h)") = ex(z, f") 0. 
Now the n equatións (f -+ h)"—f*—0 (h=1,2,: - -,n), regarded as homo- 
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geneous linear relations between the n quantities Co”, Cif, ' eoa 
have (Vandermonde) determinant A==1!2!---n!; we conclude that 
AC,” == AC,"f Ega e Alnari oan 0, 


which (since D has characteristic zero) gives our sought-for contradiction. 
Thus in fact [z, y"@”] = 0 for all x, y, and the result follows. 

In the Engel case the above proof reduces almost to triviality (and 
is in particular independent of Herstein’s result and of characteristic con- 
siderations). From well-known properties of the Jacobson radical, we have 
immediately 


THEOREM 4.5. Every x-regular K-ring is commutator-nil. Hvery K- 
ring with minimal condition on tts left (or right) ideals has nilpotent 
commutator ideal. 


5. Engel rings. The results of Section 4 can be extended either in 
the direction of proving something stronger than the commutator-nil property 
for suitably selected special K-rings, or by showing that the commutator-nil 
property (or commutativity modulo J) in fact holds under hypotheses less 
stringent than those made above. We shall obtain a few such extensions in 
this section and the next. 

In view of the result of Jennings quoted shortly before Theorem ° 
4.2 above, perhaps the most conspicuous problem under the first heading 
is to determine for which K-rings R an integer k exists such that 
[E - + Uf, %2],23],--+],¢,]==0 for all choices of zı, +, in R (eon- 
versely, of course the existence of such an k implies that R is a K-ring, and 
indeed an Engel ring with k==h-—1 independent of v and y). Let [F] 
denote the Lie ring associated with F, i.e. having the same additive group 
as R, but with the multiplication [z,y]. Then our problem may be restated 
as follows: when is the K-ring condition on Æ equivalent to the nilpotence 
of [R] (as a Lie ring)? 

It is known that every finite-dimensional Engel algebra A has [F] 
nilpotent. Also, even in the wider class of arbitrary Lie rings L (i.e. not only 
those which come from associative rings in the way just described), it is 
known that the Engel condition e,(z, y) = 0, with index function k == k (x,y), 
implies the nilpotence of £ whenever either (1) Z is soluble and finitely 
generated, or (2) L is soluble and of zero characteristic and k(x, y) is inde- 
pendent of both x and y, or (3) L satisfies the maximal condition on (Lie) 
subrings and &(z,y) is independent of z. These three results are respectively 
due to Gruenberg [8; Theorem 1’], Higgins [11; Theorem 1] and Zorn [19]; 


ENGEL RINGS AND A RESULT OF HERSTEIN AND KAPLANSKY. 907 


Higgins also showed [Theorem 4] that zero characteristic and the Engel 
condition with k(z,y) <4 together always ensure solubility. We now ask 
how far these provisos may be dispensed with when L is the Lie ring [F] 
of some associative ring B. 

We certainly cannot hope to prove that every associative Engel ring & 
has [R] nilpotent: for Cohn [4] has constructed, for each prime p, 
an associative ring of characteristic p in which é),:(2,y) vanishes iden- 
tically but which contains an infinite sequence of elements z; such that 
[E [zuat] n -],aj;] 540° (7 =2,3,-- +). However, we do at any rate 
have 


THEOREM 5.1. Let R be any gwen associative Engel ring, with indes 
function k(x,y) independent of both x and y, and suppose further that R 
has zero characteristic and satisfies the minimal or maximal condition on 
left (or right) ideals; then the Lie ring [R] is nilpotent. 


Proof. Every nil two-sided ideal of any associative ring with minimal 
or maximal condition on left (or right) ideals is nilpotent; this is well 
known in the minimal case, and was proved by Levitzki [17] for the maximal 
case. Hence, by Theorem 4.1, R, is nilpotent, and so the Lie ring [E] is 
clearly soluble. The nilpotence of [E] now follows from Higgins’ result (2). 

We could, if we wished, strengthen the conclusion of Theorem 5.1 by 
asserting that R is even of finite class, i.e. that the lower central series 
R = Ro Z Rh, Z Re Z + e as defined by Jennings [13] terminates in zero; 
this follows from Jennings’ Theorem 6.5. Also, by Gruenberg’s result (1) 
and [7%; Theorem 2], we see that every finitely generated associative Engel 
ring & with Æ, nilpotent has finite class. Now, if a given Engel ring R either 
has k =k(y) or has prime characteristic or is -regular, then we already know 
that R, is nil; hence, if Æ also satisfies the maximal condition on left (or 
right) ideals, then Æ, must be nilpotent, and our previous remark shows that 
k must have finite class locally. Again, by Theorem 4.5, every Engel ring 
with minimal condition on left (or right) ideals has finite class locally. 

Having pointed out the most obvious consequences for Engel rings of 
our theorems of Section 4, we now round off this section with an account of 
some related results of Gruenberg (which have not previously appeared in 
print). Given any Lie ring L, any subset X of L and any non-negative integer 
r, let Xe denote the set of all repeated commutators [[- - [£o z1]; °°], 2] 
with every a;eX. 


THEOREM 5.2. Let R be any finitely generated Engel ring, and X any 
given set of generators of R (as an ussociative ring). Then, if the Lie sub- 
ring [X] generated by X in [R] is soluble, R must have finite class. 
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Proof. We may clearly suppose that X is itself a finite set. Then [X] 
is a finitely generated soluble Lie subring of an Engel ring, and is accordingly 
nilpotent by (8; Theorem 1’|: in particular, we can find a non-negative 
integer 4 such that Xn contains only the zero element of K. I t=0 or 1 
then of course R, = 0, while for 1222 [7; Theorem 2] gives 


Ru- S Sw +8)? (j==1,2,° °°), 


where Sq) denotes the two-sided ideal of A generated by Xim. Hence it is 
enough to prove that, for any 12, Saji Si for sufficiently large 7; by 
an obvious induction, we need only show that, for each positive integer r, 
there is a positive integer ¢ such that Sint SS Sonus. 

To prove this, we observe first that, in any Engel ring, every central 
commutator [a,b] is nilpotent. Indeed, if [[a, b], ba] ==0, then we easily 
verify that e;(a, ba) = [a,b ]ia (j=1,2,-- +), whence [a, b] og — 0, and 
similarly [b,a@]*25 —0; letting & = max{k(a, ba),k(b,ab)}, we at once 
conclude that ° 


a, b] == [a, b]*a-b — (—1)* [b,a]"b- a= 0. 


Now define R* = R/S im) and, for any subset T of R, let T* denote the 
image of T under the natural homomorphism of # onto R*. Since X generates 
R, clearly (Xin) * = (X*) (7) lies in the centre of R*, and so, by applying 
the remark of the previous paragraph to the Engel ring R*, every element 
of (X*) is nilpotent and central in R*; consequently the ideal generated 
in R* by the finite set (X*),,) is nilpotent, i.e. Sin is nilpotent modulo 
S (rst), aS required. 

Theorem 5.2 generalizes Jennings’ result [14; Theorem 3] that, if a 
given finitely generated ring R has [R] nilpotent, then FR is of finite class. 
It also leads at once to | 


THEOREM 5.3. If, in a gwen associative ring R, every finite subset X 
generates a nilpotent Ine ring [X], then every finitely generated associative 
subring of R has finite class. 


To see this, we have only to apply Theorem 5.2 to the finitely generated 
subrings of R (noticing that the hypothesis of local Lie nilpotence always 
implies the Engel condition). 


THEOREM 5.4. If an Engel ring R has tts index function k(2,y) 
independent of both x and y, then R is locally of finite class. 


Proof. After Theorem 5.2, we have only to show that the Lie ring [X] 
generated by any given finite subset XY of R is soluble. 
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By Theorem 4.1, we know that R, is nil, while also, by our hypothesis 
on R, R, satisfies a polynomial identity e,(«,y) ==0 for some fixed k; hence, 
by Kaplansky [16; Theorem 5], Æ, is locally nilpotent (in the associative 
sense). Since X is finite we know, by [8; Theorem 2’], that the derived ring 
[X]? of [X] is finitely generated as a Lie ring, say by the finite set I’. 
Then Y, being a finite subset of the locally nilpotent ring &,, generates a 
nilpotent associative subring of #,; and, since this subring of course contains 
[X]*, clearly the Lie ring [X] is soluble, as required. 

We remark that the example of Baer [3] already mentioned in Section 2 
shows that not every Engel ring with zero characteristic and k==k(y) is 
locally of finite class. It remains open whether every Engel ring & with zero 
characteristic and k(z,y) independent of both x and y has [FR] nilpotent 
(or, equivalently, soluble). 


6. Weak K-rings. To extend our K-ring theorems of Section 4 to more 
general types of ring, we turn first to generalizations within the class of 
m-rings; since every division ring is an m-ring for all m, we exclude some 
of them by requiring in the defining property that g == 0, a= 0, i.e. we con- 
fine attention to those m-rings (m —1,2,- - -) to each choice of x,y in which 
there correspond integers k,l n such that 1Sl<2m, o2-'e,(— gl y”) ==0. 
We shall in fact consider only the case l= m, but it turns out that we can 
usefully generalize this specialization of the m-rings by allowing m to depend 
on x,y: formally, we call a given ring R a weak K-ring whenever, to each 
choice of x,y in R, there correspond positive integers k == h(a, y), m == m(z, y) 
and n= n(x, y) such that 


ex (u™, y”) = 0. 
Obviously every K-ring is a weak K-ring. We note also that certain weak 


K-rings which do not at first sight seem to be K-rings nevertheless turn out 
to be on closer inspection: 


THEOREM 6.1. Let R be a weak K-ring of characteristic zero, whose 
index functions k(x, y), m(x,y), n(x, y) are either (a) all independent of x, 
or (b) all independent of y. Then R is a K-ring with respectively either 
(a) enan) (8, YEDE) — 0 or (b) erpa (x, ywana) — 0 for all x,y; 
in particular, by Theorem 4.1, R is commutator-nil. 


Proof. (a) Take any y in R (fixed throughout), and write for brevity 
k(x, y) = k, m (x,y) =m, n(x, y) =n, yY" = % 
so that, for any w,ueR, er( (æ -+ hu)™,z)=0 (h==0,1,- + -,m—1). Since 
19 
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R has characteristic zero we deduce by the familiar “linearization argument ý 
(cf. for example Higgins [11]) that 
ep (xu? + usu"? +: -+ uriy, z) =Q. 


Tf R has a unit element 1, then, on taking u= 1 in this, we obtain 
ey (mz, z) = 0, i.e. ep(z,z) = 0, whence it is easy to see that ¢,(«,2") == 0; 
we have to show that this conclusion holds maependentiy of the presence 
of a unit. 

Now clearly [2 wt = ggg"? +: o rtg, z] = [s z™], and so, taking : 
u == z, we have 


Cki ( [z, zm |, z) PE ek- ( [ggm -+ MET -+ gly. z], z) 
— ep (ez? + ee ies Me 4- amiy, z) PEN (): 
Also we can easily verify (by induction) that, for any be R, 


f m m 
ofh) = Beati e(b, ajamiy (Jam 1,2, e); 
44> 7 


in particular, e¢;(b,2") vanishes whenever e;(b,z) does. Hence, taking 
j= k —1, b= [a,2"], we find e, (x, 2") = e,.1([2, 2], 2”) = 0, as required. 


_ (b) Take any y in R (fixed throughout), and write now 
k(y, £) =k, m(y, x) =m, n(y, x) =n, y” =z, 
so that, for any z, us R, e(z, (x-+hu)”) =0 (h—0,1,--°-,kn—1). 
Linearizing once more and singling out the terms linear in v, we find 
k-1 
S, Cx-i-1 ( [e(z u”), ru" -He + o p aurae], u) = 0. 
4=0 


On putting w==z in this, each summand with 1540 clearly reduces to 0; 
hence the summand corresponding to 10 must also vanish under the sub- 
stitution u= =z, i.e. we have 


O = er (69 (%, 2"), ez"? ++ + ++ 2% 14], 2") 
= epa ([2, 02" + +4 ete], 2) = eral [2",@], 2”) 
somite en EO front ( (£, 2” |, 2”) ii (2 (x, qr). 


as required. 


Theorem 6.1 (b), together with Lemma 4.2 and Theorem 4. 3, arable: 
us to make the following addition to our collection of K-ring results: 


_ THEOREM 6.2. Every y K-ring whose index functions k,n depend only 
on x is commutator-nil. 
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To show that every weak K-ring with k, m, n depending only on x (or 
only on y) is commutator-nil, it would, by Lemma 4.2, be enough to deal 
with the cases of zero and prime characteristic. Theorem 6.1 settles the first 
case, While in the second case the argument of Lemma 4.1 (ii) shows that 
we may take k= 1; thus it would even suffice to prove that every ring with 
prime characteristic and [a"”"@), y"*)] — 0 is necessarily commutator-nil. But 
the writer has not yet been able to settle this critical case. 

Our next two results extend Theorem 2.2, and the main part of the 
argument of Theorem 4.4, to all weak K-rings. 


THEOREM 6.3. Every primitwe weak K-ring is a division ring. 


Proof. This is trivial (and still along essentially the same lines as that 
of Theorem 2.2). We may take our ring to be a dense set M of (right) 
linear transformations of a vector space V over a division ring D, and have 
only to show that V cannot contain two D-independent elements vo, 1. 
Now, $f such vo, v, existed, we could, since M is dense on V, find v, y in M 
such that vot = V,, Vız = V, Voy = 0, vy =v; -but then, for any k, m,n, 


Volk (2", y”) an Voxmytn ae vy == V A: 0 
(since vo v, are D-independent), which is impossible if M is a weak K-ring. 
THEOREM 6.4. If a dwision ring D has the weak K-property, i.e. if 
there correspond to each pair x, y of elements of D integers k(x, y), m(a,y), 
n(z,y) such that ex (2,4) (ce, you) = 0, then in fact [reen yn] — 0 


for all a, y, i.e. we may always replace (x,y) by 1 while keeping m(z, y) 
and n(x, y) as given. | 


Proof. Since D is a division ring, it has characteristic either a prime 
or zero; we consider these two cases separately. 


If D has prime characteristic p, then, given any 2, y eD, and writing | 
(for this half of the proof only) m(z,y) =m, n(#,y) =n, we can find a 
positive integer *==1(a,y) such that p” = k(2,y) ; then, by the argument of 
Lemma 4.1 (ii), we have 

Le, (y*)P"] i epr (2, y") = (). 
If t0, then «™ exists, and 
0 = om gm, (y*)P"| as (yr) —a-™ (yt) a 
sss (y")" — (ayn gm) 2" wee (y™ — armyngm) Prt 


hence, since D is a division ring, 
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Q x= yh m MYRE sees grit ao", n] 
2 


ie. [grn yrn] == 0. | l 

Suppose on the other hand that D has zero characteristic. . If v, y existed 
in D with [a™@), yr@n] 540, then, writing y"@” ==z, we could (as in the 
proof of Theorem 4.4) find a positive integer j such that c == e,(a™@), z) 540, 
[c2] 0; on writing d = — cte; (2), z), it would follow from this that 
[2,d]=1. Again, writing zd == f, we proceed:to deduce a contradiction from 
[z,f]=-2540. We now start from the relations 


[25, fe] = {(f + s)! — fa}zs | (q,5==1,2,° i J 


which can be verified by induction on q as before (though the case q = 1 1s 
no longer vacuous) ; it follows at once that 


e4(28, (F + hs)2) = { (f + (h +1)s)*— (f + hs) tz 
(hi,i=0,1,° -*39,8==1,2,: 2°). 


Since D is a K-ring, e,(z”,f") 0 for suitable positive integers k, m, n, 
and so 


(f + hm)" — ft = 0 l (h = 1,2, 7 ‘,n), 
whence, with A==1!2!---n! as before, 
ACam” dan AC ”m™ 1f ee lah We teeny AC, "mf" Stes 0, 


our desired contradiction. 

In view of Theorems 6.3 and 6.4, to prove every weak K-ring commu- 
tative modulo its Jacobson radical, it would suffice to show that every division 
ring D subject to [a™@, yam] =—0 (for all z,ye D) is commutative. This 
is yet another unsolved problem; indeed, it is not even known whether com- 
mutativity holds when D has prime characteristic and m,n are either (a) 
both independent of x, or equivalently (b) both independent of y (which 
would at any rate imply that every weak K-ring R with m,n satisfying (a) 
or (b) has R/J commutative). However, by Theorem 4.2, we can at least 
assert 


THEOREM 6.5. Let R be any ring over which are defined integral-valued 
functions k(z,y), m(a,y) such that ex¢2,4) (2%, y) =0 for all z,yeR. 
Then R is commutatwe modulo its Jacobson radical. 


TRINITY COLLEGE, CAMBRIDGE. 
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A CHARACTERIZATION OF PLANE CONTINUOUS CURVES 
WHICH ARE FILLED UP BY CONTINUOUS COLLEC. 
TIONS OF CONTINUOUS CURVES.* 


By MARY-ELIZABETH Hamsrrom. 


1. Introduction and notation. Let M denote a compact continuous 
curve in the plane. The purpose of this paper is to establish necessary and 
sufficient conditions on M that it should be the sum of the elements of a 
continuous collection G of mutually exclusive nondegenerate continuous curves. 
It is well known that if such a collection does fill up M then G is a con- 
tinuous curve with respect to its elements and it is proved in [5] that G 
is an are or a simple closed curve. Theorem 3 of [3] states that there is a 
continuous collection of ares which fills up M and is an are with respect to 
its elements if and only if M is a closed disc (a simple closed curve plus its 
interior) and Theorem II of [1] states that there is a continuous collection 
of simple closed curves filling up M if and only if M is an annulus. (In this 
connection, see also [2].) 

This paper will be restricted to the consideration of points in the plane, 
E. Throughout this paper the letter AZ will be used to denote a compact 
continuous curve in E, B(M) will denote the boundary of M and U (M) 
will denote the collection of all boundaries of complementary domains of Af. 
The notation T(M) will denote the collection of all nondegenerate subcon- 
tinua « of M such that v is maximal with respect to the property of being a 
continuum which is the limiting set of an infinite sequence of distinct elements 
of U(M). The notation §(M) will denote the collection consisting of the 
elements of U (Af) + T(M) and all points? of B(M) — [U* (Af) + T* (AI) ]. 


Definition 1. If S is an upper semicontinuous collection of continua 
in the plane and if §, with respect to its elements, is an are with endelements 
a and b then an are A which is a non-endelement of S is said to be a K-are 
or K-curve of S provided there exist two simple closed curves, J, and Ja, 


* Received May 12, 1954; revised June 23,1955. Presented to the Society, December 
30, 1953, , 
1If K is a collection of point sets, K* will denote the sum of the elements of K. 
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with mutually exclusive interiors, Z, and J., such that J,-J, is an are which 
contains and is separated by h, J,:J.-S*==h, I, does not intersect any 
element of the interval? ah of elements of S and I, does not intersect any 
element of the interval hb. If h is a or b then h is a K-curve provided there 
is a simple closed curve containing h but intersecting no other element of 8. 
A simple closed curve which is an element of § is said to be a K-curve of 8 
provided it either separates two points of S* in Æ or is an endelement of JS. 
A point which is an element of S is said to.be a K-curve of S provided it is 
not the sequential limiting set of any sequence of simple closed curves in 8. 


Definition 2. If V is a closed subcollection of arcs of S then if n is 
a natural number V will denote the collection of all elements g of V such 
that if e is a positive number‘and U is an open subcollection of S containing 
g then U contains an element of V which has a subare the distance between 
whose endpoints is less than e but whose diameter is not less than 1/n. 


Definition 3. A collection S of mutually exclusive point sets is said to 
be imbedded in a collection W of mutually exclusive point sets provided that 
each element of S is a subset of some element of W and each element of W 
contains one and only one element of S. (These definitions were used in [6].) 


2. Statement of the principal theorem, some examples and some 
properties of M. 


THEOREM 2. The compact plane continuous curve M is the sum of the 
elements of a continuous collection of mutually exclusive nondegenerate con- 
tinuous curves which is an are with respect to its elements if and only if 
every boundary of a complementary domain of M is-a simple closed curve 
and there is an upper semicontinuous collection S such that (1) S is an 
arc with respect to its elements, (2) B(M) is a subset of S*, (3) every non- 
endelement of S ts either an element of T (AL), a point of M-— B(M), a point 
of B(M) — [U*(M) + T* (M1) | or a point or pair of points of some element 
of U(M), (4) each endelement of S is a nondegenerate continuous curve 
which does not separate M and is a continuum of condensation? of M, 
(5) each non-endelement of S which is an element of T(M) is an are or 


“If H is an upper semicontinuous collection of point sets which is an are with 
respect to its elements and w and y are elements of H then the interval æy of elements 
of H is the collection consisting of æ, y, and all elements of H between æ and y. The 
segment wy is the interval ay minus the elements æ and y. . 

3 A nondegenerate subcontinuum K of M is a continuum of condensation of M 
provided each point of K is a limit point of M — K. ) 
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simple closed curve which is a K-curve of S and does not intersect any 
element of U(M) in more than one point and (6) if H is a closed sub- 
collection of arcs which are elements of S then for no natural number n 
is it true that H™ =H. 


Theorem 2 gives a condition on the boundary of M. Example 4 below, 
although fairly elementary, shows that condition (4) in the statement of 
Theorem 2 permits the boundary of AZ to have some rather complicated 
components and so long as these components can be made subsets of the 
endelements of S the conditions (1) through (6) can be satisfied. This 
prevents the formulation of a less complicated characterization. 

Suppose V is an upper semicontinuous collection of mutually exclusive 
arcs, simple closed curves and points which fills up a compact plane con- 
tinuum and is an are with respect to its elements. In [6] (Theorem 2) 
I proved that there exists (in the plane) a continuous collection W of simple 
closed curves such that V is imbedded in W if and only if (1) each element 
of V is a K-curve of V, (2) if H is a closed subcollection of arcs of V then 
for no natural number n is it true that H™— H and (8) of each pair of 
simple closed curves which are elements of V one is interior to the other. 
This theorem will be applied in a certain way to the elements of S in order 
to show that the conditions of the statement of Theorem 2 are sufficient. 


Example 1. Suppose M consists of two concentric circles C, and C, 
plus the points between them. Let t, and t be mutually exclusive arcs lying 
in A—(C,+C,). Let P, and Q, and P, and Q, be pairs of diametrically 
opposite points of C, and C, respectively. Let sı and są be mutually exclusive 
ares each lying except for its endpoints in M—(C,+0C.,+1,+7.) where 
one endpoint of s; is Pa the other a point of ti (1,2). Let s be an are 
lying except for its endpoints Q, and Q, in M — (C: + C2 + h + tz -+ 8, + 80). 
Then if § is the collection consisting of t,, ta, the points of s,;-+s.-+s not 
in t, -+t and the pairs of points which are the endpoints of the chords 
of C; perpendicular to the diameter P:Q; (i == 1,2), the conditions (1) through 
(G) of Theorem 2 are satisfied. If C, is interior to C, then the collection - 
G may consist of (1) 7, and t» (2) a simple closed curve g, having 
Ca + 8: +t, -+s in its exterior and ¢,-+-s,—P, in its interior and such 
that gi:C,=9,'8:==P;, (8) a simple closed curve ga having git i+ s 
in its exterior and C+ $: -+ t, +s—Q, in its interior and such that 
g2' Cı = Qı, (4) a simple closed curve g, having g:-+s-—Q in its exterior 
and t + s2 + @,—Q, in its interior and such that g,’ Ca = Qa, (5) a simple 
closed curve g, having g,;-+C.o—P, in its exterior and tæ- s: — P, in its 





PLANE CONTINUOUS CURVES. 917 


interior and such that g4’ Ca = Pa, (6) appropriate simple closed curves each 
lying interior to g, or gs, each having t, or t, in its interior and each having 
only one point in common with sı or Sa (7) appropriate arcs each either 
lying exterior to both g, and gz and, having for endpoints the endpoints of a 
chord of C, perpendicular to P,Q, or lying interior to gs and exterior to g4 
and having for endpoints the endpoints of a chord of C, perpendicular to PQs, 
and (8) appropriate simple closed curves lying interior to g, and exterior to 
gs and having only one point in common with s. 

In the more general cases the construction of G will be patterned after 
the above construction, which is a natural way to proceed. 


Example 2. Let W be a simple closed curve J plus its interior J, let 
K denote a contracting sequence of mutually exclusive closed dises such that 
K= is a subset of I which is dense in J and, let M denote M’ minus the sum 
of the interiors of the elements of K. Clearly there is no collection satisfying 
the conditions (1) through (6) in the statement of Theorem 2. 


Example 3. Let t be an are lying in the interior J of a closed dise M’, 
let @ be a contracting sequence of mutually exclusive closed discs such that t 
is the limiting set of « and a«¥ lies in J—# and let M denote W’ minus the 
sum of the interiors of the elements of « If we choose ¢ as one of the 
elements of T(M) it is seen that in this case a collection S satisfying con- 
ditions (1) through (6) does exist. 


Example 4. Let J be a simple closed curve lying in the interior of a 
closed disc W and let /,, J2, and Ja be mutually exterior simple closed curves 
each lying in the interior of M’, each having one and only one point in 
common with J and each having its interior lying in the exterior of J. Let 
Af denote AM’ minus the sum of the interiors of J, Ji, Ja, and Ja. It is seen 
that if J; +-J.+J/;,-+J is an endelement of § then a collection satisfying the 
conditions of Theorem 2 does exist. There is a continuous collection of 
continuous curves filling up M, one endelement of which is J +-J,+-J2-+-ds, 
the other endelement is the outer boundary of M and the non-endelements are 
simple closed curves whose interiors contain J +-J,+Jd.+Jd3. 


bh 


Example 5. It has been suggested by a referee that condition (6) of 
Theorem 2 can be omitted. The author even announced at the April, 1955 
meeting of the Society in Brooklyn, N.Y. that if V is an upper semicon- 
tinuous collection of ares and points such that (1) V is an arc with respect 
to its elements and fills up a compact plane continuum and‘ (2) each non- 
degenerate element of V is a K-curve of V and a continuum of condensation 
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of V* then if H is a closed subcollection of arcs of V then for no natural 
number n is it true that H™ == H. If this were a true statement condition 
(6) would follow immediately from conditions (1) through (5) and the 
above mentioned Theorem 2 of [6]. cis the following example shows 
that this statement is not true. 

Let T be a Cantor set in the interval (0, 1) of the XY axis. If z is a 
point of (0, 1) let Tẹ be a vertical straight line interval from the point 
(x,0) to the point (#,1). Let L,I - - be the components (which are seg- 
ments) of (0,1) —T, let zı, £a' -° and 2,2- be the right and left 
hand endpoints of these segments and let Yi, Yg > + be their midpoints. For 
each j let Sz, be an are which is the sum of Tap Tp, and the straight line 
interval from the point (y;,1) to the point (2;,0). Let H be the collection 
consisting of S,, for each j and Ts for each g in T — 3a; For each j let G; 
be an upper semicontinuous collection which is an arc with respect to its 
elements such that (1) each non-endelement of G; is a point, (2) the end- 
elements of G; are Sa, and Ta, (8) each point of Sa, — Tz, is a limit point 
of G;*—-S,, but no point of 7',,— a, is such a limit point and (4) every 
point of G,;* lies on or between the lines y—=0 and y==1-+-1/2 and on or 
- between the lines z = z; and x == g; The collection consisting of the elements 
of 3G, and H is an upper semicontinuous collection V of arcs and points, 
it is an are with respect to its elements and each of its nondegenerate elements 
is a K-curve of V and a continuum of condensation of V*, However, 
HO w= H. 

If J is a simple closed curve whose interior contains V* and appropriate 
intervals of points of G; are replaced by appropriate closed discs whose interiors 
are subsequently removed from the interior of J, we obtain an example of a 
continuous curve satisfying all the conditions of Theorem 2 except (6). A 
study of the construction of V in the above paragraph should convince the 
reader that this second example can be easily obtained. 

Before proceeding to the proof of Theorem 2 I shall establish some 
lemmas. In what follows, the letter @ will denote a continuous collection of 
nondegenerate continuous curves which fills up M and is an are with respect 
to its elements. 


Lemma 1. Every complementary domain of M is bounded by a simple 
closed curve and no two such boundaries have more than one point in common. 


Proof. It follows easily that M has no cut point. Theorem 54, Chapter | 
IV of [8] statds that if K is the boundary of'a complementary domain D of 
a compact continuum N and A is a cut point of K then A is a cut point of N. 
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Consequently, no boundary of a complementary domain of M has a cut point 
and since M is locally connected every such boundary curve is a simple closed - 
curve. Clearly no two such boundary curves have more than one point in 
common. 


COROLLARY. If the non-endelement g of G intersects the element J of 
U(M), (the collection of all boundary simple closed curves of M), then g-J 
does not contain an are. 


Proof. This corollary is a rather easy consequencé of the fact that the 
elements of G and the closures. of the components of M — g are locally con- 
nected. A detailed proof may be found in Lemma 1 of [4]. 


Lemma 2. Hach non-endelement of G is either an arc or a simple closed 
curve. 


Proof. Let g bea non-endelement of G and let U be an arc of elements 
of G ene of whose endelements is g. The continuous collection U fills up 
the continuous curve U*, hence, by Lemma 1, every boundary of a comple- 
mentary domain of U* is a simple closed curve. But since g is a limit element 
of G—JU, g is a subset of such a boundary simple closed curve and is thus 
either an are or a simple closed curve. 


The following theorem follows directly from Theorem 8 of [4] but 
since I use the result quite frequently I shall prove it here in a modified 
form. It shows how the elements of G are related to each other and to the 
boundary simple closed curves of M. 


THEOREM 1. Let J be an element of U(M) that is not a subset of 
either endelement of G and let K be the collection of all elements of G 
which intersect J. Then (1) each non-endelement of K is an arc g such 
that g-J is the sum of the endpoints of g, (2) no non-endelement of K 
intersects any element of U(M) other than J, (8) each endelement h of K 
either ts an endelement of G and h-J is connected or is a simple closed curve 
which is a non-endelement of G, does not intersect three elements of U (AZ) 
and has only one point in common with J. 


Proof. The collection K is clearly an are with respect to its elements. 
If the common part of J and the endelement h of K separates J then h 
separates two elements of K in M and consequently in-K*. This is impos- 
sible, so -J is connected and if » is a non-endelement of G (and hence is 
an arc or a simple closed curve) it follows from the corollary to Lemma 1 
that A-J is degenerate. 
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If g is a non-endelement of K, g-J separates J and is therefore nut 
connected and, by the corollary to Lemma 1, g-J is totally disconnected. ` By 
Lemma 2, g is an are on a simple closed curve. If g-J contains three points 
or if g is a simple closed curve, M —g is the sum of three mutually separated 
point sets, which is not true. Hence g is an are and it follows from the 
continuity of the collection G that the two points of g-J are the endpoints 
of g. ) 

Suppose the above mentioned non-endelement g of K intersects an 
element J’ of U(M) different from J. Let K’ denote the collection of all 
elements of G which intersect J’. (By the corollary to Lemma 1, K’ is a 
nondegenerate collection.) Since g belongs to both K and K’ and is a non- 
endelement of K there is an element g’ of G which is a non-endelement of 
both K and K’. Since J and J’ can not both contain the endpoints of g’ a 
contradiction follows. | 

If an are k lies in and separates M then k contains two points of some 
element of U(M). For, if not, then if M —k is the sum of the two mttually 
separated point sets V, and V, every element of U (M) lies either in V, +k 
or V.+k. Consequently #—k is the sum of two mutually separated point 
sets U, and U, where U; (i= 1,2) is F; plus the sum of the complementary 
domains of M whose boundaries lie in V; + k: Since no are separates Æ this 
is impossible. . 

Consequently, if the endelement h of K is an arc and a non-endelement 
of G, h contain two points of an element J’ of U (M) and is a non-endelement 
of the collection of elements of G which intersect J’. But no such non- 
endelement intersects two boundary simple closed curves. ‘Therefore A is a 
simple closed curve. 

If the endelement h of K is a non-endelement of G (therefore a simple 
closed curve) and intersects three elements, J, Jı, and J, of U(M), two 
of these elements—say J, and J,—have the property that J;—-J,-h and 
Ja—Ja'h lie in the same complementary domain of h. Since G@ is a con- 
tinuous collection, some arc which is a non-endelement of G intersects both 
J, and J2, which we have seen to be impossible. . This completes the proof 
of Theorem 1. 

It is to be noted that the interior of each simple closed curve which is 
a non-endelement of G contains an endelement of G. Thus the collection of 
non-endelements does not contain three mutually exterior simple closed curves. 
Also, if h and h’ are non-endelements of Gand are also the endelements of 
the collection -K considered above, then the:interiors of h, h’ and J are not 
mutually exclusive. If this is so then each element of G.—K is either in 
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the interior of h or in the interior of W and the non-endelements of K are 
exterior to both h and A’. However, the outer boundary of M is not interior 
to h or W and is not J.. Hence a non-endelement of K intersects both J and 
the outer boundary of M, which Theorem 1 has shown to be impossible. 
Hence the interiors of h, h’ and J are not mutually exclusive. In particular, 
if J is not the outer boundary of M then one of h and h’ is interior to the 
other. 


Lema 3. If the limiting set K of a sequence œ of distinct elements 
of U(M) is a nondegenerate continuum then K is a subset of some element 
of G.* 


Proof. Since M is locally connected and no two of its boundary simple 
closed curves have more than one point in. common, every sequential limiting 
set of a, subsequence of a is degenerate. Let @ denote the collection of all 
elements of G which intersect K. Let J be an element of œ lying in G’* but 
inters€cting neither endelement of G and let V denote the collection of non- 
endelements of the collection of all elements of G intersecting J. The set 
V* is open in M, but since no element of V intersects any element of U (M) 
other than J, V* does not intersect any element of U(M) other than J. 
Since K intersects V* and is the limiting set of « this is impossible. Hence 
K is a subset of some element of G. 


S 


Lemma 4. If the element J of U(M) does not intersect either end- 
element of G then J does not contain three limit points of B(M)—J 
(where B(M) denotes the boundary of. M).5 


Proof. Let H denote the collection of all elements of G which intersect 
J. It follows from the corollary to Lemma 1 that H is not degenerate. The 
sum, V, of the non-endelements of H is an open subset of M and it follows 
from Theorem 1 that V does not intersect any element of U(M) different 
from J. Hence V does not intersect B(M)—J. Thus, if J contains limit 
points of B(Af)—-J these points lie in the endelements of H. But by 
Theorem 1, the sum of the endelements of H has only two points in common 
with J. Thus Lemma 4 is proved. 


Lemma 5. If a non-endelement u of G contains an element of T(M), 
u is a simple closed curve. (See the definition of T(M) in Section 1.) 


Proof. It follows from Lemma 2 that u is either an are or a simple 


‘This also follows from Theorem 9 of [4]. 
5 This is a slight extension of Lemma 2 of [4]. 
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closed curve. If w is an are the argument in the fourth paragraph of the 
proof of Theorem 1 proves that there is a boundary simple closed curve J 
of M such that u-J is not connected. Thus, by Theorem 1, u is a non-end- 
element of the collection H of all elements of G which intersect J. But by 
Theorem 1 again, V, the sum of the non-endelements of H, does not inter- 
sect any element of U (M) other than J, which, since u contains the limiting 
set of an infinite sequence of distinct elements of U (M), is impossible. 
Therefore wis a simple closed curve. 

It is to be noted that it follows from Lemma 3 that every element of 
T(J) is a subset of some element of G. 


LEMMA 6. If K, and K are continua such that (1) Kı -+ K: ts a subset 
of B(M) (the boundary of M) and does not intersect either endelment of G, 
(2) the common part of Kı and K, 1s either a point or an element of T (IM) 
and (3) each of Kı and K; contains an element of U(AL) and ts thé sum of 
some elements of S(M), then Kı: K, does not contain a limit pont of 
B(AL) — (Kı + K3). 


Proof. Suppose a point P of K,- K. is a limit point of B(M)—(K, + Ke) 
and let g denote the element of G which contains P. If P is a point of an 
element ¢ of T(M) then £ is a subset of g, by Lemma 3. In any case, since 
U*(M) is a dense subset of B(M), P is a limit point of the common part 
of B(M)— (K,-+-K.) and U*(M). Also, one of the two components of 
M — g—say L—has the property that P is a limit point of the common 
part of B(M) — (Kı +- K), L and U*(M). Thus there is a sequence 
J,,/.,° + - such that P is a limit point of 3J; and for each 1, J; belongs to 
U (AL) and intersects the common part of L and B(M) — (Kı + K.). 

Suppose one of the continua K, and K,—say K,—intersects L. There 
is a natural number n and a continuum U of elements of G such that every 
element of U is an arc which intersects J, (and thus is a non-endelement of 
the collection of all elements of G which intersect J,) and U* separates 
some point of K,-L from K,-K, in L. It follows from the hypothesis to 
this lemma that some element of U (M) intersects K,-U*, which, since U* 
also intersects J, is, by Theorem 1, impossible. 

Therefore both K, and K, are subsets of g plus the other component, N, 
of M—- g. There is an element J of U (M) lying in K, and a subecontinuum 
U of elements of G such that every element of U is an are which intersects 
J and U* separates some point of Ka: N from K,:K.in Ñ. But K, contains 
an element of: U (47) which intersects U*—which, again by Theorem 1, is 
impossible. Thus the supposition that K,- K> contains a limit point of 
B(M)—(K,-+ K.) leads to a contradiction. 
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COROLLARY 1. If K is a continuum which is a subset of B(M) such 
that (1) the common part of K and an endelement h of G is either degenerate 
or an element of T(M), (2) K contains an element of U(M) which is not a 
subset of h and (3) K is the sum of some elements of S(M) then h does 
not contain a limit point of B(M) — (K 4-h). 


Proof. Since M—h has only one component, the argument used in © 
the proof of Lemma 6 can be used to prove that the assumption that h 
contains a limit point of B(AZ) —(K-+A) leads to a contradiction. 


COROLLARY 2. If two elements of U(AL) intersect h then at least one 
of them lies in h (where h ts an endelement of G). 


Proof. If J is an element of U (M) which intersects but is not contained 
in A, then h is an endelement of the (nondegenerate) collection of all elements 
of G which intersect J. But no non-endelement of this collection intersects 
any element of U(M) other than J. Therefore, if an element J’ of U (M) 
other fhan J intersects h, J’ is a subset of h. 


Lemma 7%. The collection T of all elements of G which contain elements 
of T(M) is nowhere dense in G. 


Proof. Let V be an open subcollection of G. If an element v of V 
contains an element of T(M) then V* contains a boundary simple closed 
curve J of M. It follows from Theorem 1 and Lemma 5 that no non-end- 
element of the collection of all elements of V which intersect J contains any 
element of T(M). The collection of all such'non-endelements is an open 
subcollection of G. Thus every open subcollection of G contains an open 
subcollection of G which lies in G-—-T and therefore 7 is nowhere dense 
in G. 

It is to be noted that it is possible for an element of G to contain 
more than one element of T(M). 


3. Definition of a collection and proof that the conditions (1) through 
(6) of the statement of Theorem 2 are necessary. Let h and W denote the 
endelements of G, If an element J of U (M) intersects h or h’—say h—then 
J -h is connected, since h is an endelement of the collection H ‘of all elements 
of G which intersect J. If an element ¢ of T(M) does not lie in (and 
consequently, by Lemma 3, does not intersect) h -+ h’, it follows from Lemmas 
3 and 5 that ¢ is a subset of a simple closed curve which is an element of G. 
Thus, by Theorem 1, if ¢ intersects an element J of U (Jl), tJ is degenerate. 

If J is an element of U(M) then (1) if J does not intersect h -+ h 
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then J does not contain three limit points of B(M) —J, (2) if J intersects 
one of h and h’—say h—but not the other, /—h-J does not contain two 
limit points of B(AL) —J, and (8) if J intersects both h and W, J-—J-(h + h’) 
does not contain any limit point of B(Al)—J. Statement (1) follows from 
Lemma 4 and (2) and (8) follow from obvious modifications of the proof 
of Lemma 4. 

If the element J of U (M) intersects both A and W let Py and Qy denote 
the continua h:J and h’:/. If J intersects one of h and h’—say h—but not 
the other, let Py denote the continuum A'J and if J-——h:J contains a limit 
point of B(AL) —J (we have seen above that there are not two such points) 
denote it by Qz; otherwise let Qy denote any point of /—h-J. If J does 
not intersect h-+-h’ and contains two limit points of B(M) —-J denote them 
by Py and Qj; if J contains only one limit point of B(M) —J denote it by 
P; and let Q; denote any point of J—P,; if J contains no limit point of 
B(M) —J, let Py and Q; denote any two points of J. 

In any case, if J is not a subset of h+h’, J—(P;+Q,7) dees not 
contain any limit points of B(M) —J and, as was seen in the first paragraph 
of this section, if J intersects an element t of 7 (AM), t-J is a subset of Py 
or Qj. There is clearly an upper semicontinuous collection Hy of mutually 
exclusive point sets which fills up J, is an are with respect to its elements 
and is such that its endelements are Py and Q; and each of its non-endelements 
is a pair of points separated in J by Py -+ Qy. 

Let S’ be the collection consisting of (1) h and W, (2) every element 
of T(M) which does not intersect h +h’, (3) every element of Hy which 
does not lie in h+h’-+7*(M),. for all elements J of U(M) and (4) the 
points of B(M)—[h+h’+U0*(M) +T*(M)]). It follows from the con- 
struction of 8’ and the continuity of the collection G that 8’ is an upper 
semicontinuous collection. 


Lemma 8. The collection 8’ contains no subcollection which is a simple 
closed curve with respect to its Slements. | 


Proof. Suppose K is a subcollection of .8’ which is a simple closed curve 
with respect to its elements. Jt follows from Lemma 6 and its corollaries 
that neither A nor W is an element of K. Let J be an element of U(M) 
which lies in K* and let H be the collection of all elements of @ which 
intersect J. The points Py and Q; do not lie in the same endelement of H, 
since neither endelement of H has two points in common with J. But, by 
Theorem 1, the sum of the non-endelements of H does not intersect any 
element of U(M) other than J and hence does not intersect K*— J, since 
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U*(M) is dense in B(AL) and therefore in 8’*. Therefore, since Py and Qu 
lie in different endelements of H the collection Hy of all elements of S” lying © 
in J separates two elements of K in K, these two elements of K lying in 
different components. of M—H*. Since Hy is an are with respect to its 
elements, this is impossible. Hence the supposition that a subcollection K 
of 8’ is a simple closed curve with respect to its elements leads to a 
contradiction. 

It now follows from the lemmas, particularly Lemma 4 and Lemma 6 
and its corollaries, that 8’ contains no subcollection that is a triod with 
respect to its elements, that every component of S’ is, with respect to its 
elements, either an arc or a point and that if the nondegenerate component 
K of & contains a limit element of S’—K, that limit element is an end- 
element of K. 

Let .W be the collection whose elements are the elements of © and the 
points of J2-—8’*. Clearly W is an upper semicontinuous collection filling 
up Af,“each nondegenerate cyclic element of W (the elements of W regarded 
as points) is homeomorphic to a two-sphere, every arc ¢ of elements of W 
has a non-endelement which is a limit element of W -—t and no ordinary 
element or cyclic element of W separates W into three mutually separated 
subeollections. From the construction of W it is seen that every separating 
element of W is a simple closed curve and consequently an element of T (Al). 
Moreover, if (1) z is an arc of elements of 8’, considered as a subcollection 
of W, (2) s is an element of z, (3) z lies in a two-sphere of elements of W, 
and (4) s is a separating element of W then s is an endelement of z. 

In a paper of R. L. Moore and J. R. Kline (see [7%]) it is proved that, 
in the plane, in order for a closed, compact point set K to be a subset of an 
arc it is necessary and sufficient that every component of K should be a point 
or an are ¢ and no point of t, except, possibly, for the endpoints of t, is a 
limit point of K— t. This theorem clearly holds on a two-sphere and it is 
seen from the construction of the collection W and the remarks of the above 
paragraph that in W, 8’ satishes the conditions required of K in the Moore- 
Kline Theorem so that this theorem can be applied to the space of elements 
of IV. Let S be an upper semicontinuous subcollection of W such that S 
contains © and S, with respect to its elements, is an arc with endelements 
h and k’. The collection S is the collection required by Theorem 2. 

It follows directly from the construction of S that S satisfies conditions 
(1). (2), and (8). Condition (4) follows from the fact that h and h’ are 
the endelements of the continuous collection G and condition (5) follows from 
Lemmas 3 and 5,.Theorem 1 and the corollary to Lemma 1. That is, if the 
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non-endelement ¢ of § is an element of 7 (AL), it is, by Lemma 3, a subset 
of a non-endelement of G and hence is an are or a simple closed curve. It 
follows from Lemma 5 that ¢ is a subset of a simple closed curve which is 
an element of G. From this and the continuity of G@ it follows that ¢ is a 
K-eurve of §. The other requirements of (5) follow from Theorem 1 and 
the corollary to Lemma 1. 

A special case of a theorem of J. H. eee ({9], Theorem 2) states 
that if # is a continuous collection of arcs fillmg up a compact metric space 
then there is a subcollection B’ of # such that Æ’ is dense in # and Ẹ is equi- 
continuous! at each element of Æ. An argument suggested by that outlined 
in [9] yields a similar result in the case where Æ is a continuous collection of 
ares aud simple closed curves. Since each closed subcollection of arcs of § 
is imbedded in a continuous subcollection of arcs and simple closed curves 
of G then it follows from Roberts’ result that if H is such a closed sub- 
collection then for no natural number n is it true that H@ == H. 

4. Proof that the conditions are sufficient. Suppose that M is a com- 
pact plane continuous curve and that S is an upper semicontinuous collection 
of subsets of M such that M and S satisfy the conditions required of them 
in the statement of Theorem 2. Since the subcollection of S consisting of 
the elements of T(M) is a nowhere dense subcollection it is seen that M is 
the closure of a domain. 

Let h and h’ denote the endelements of ©. It follows from conditions 
(1) to (3) that if h + k intersects an element of T(M) then h + h’ contains 
that element and if one of A and h’—say h—intersects an element J of U (M) 
then J-h is connected. Let T denote the collection of elements of T (M) 
which lie in AJ—(h-+h’). From the remarks of the above paragraph it 
follows that T is a subcollection of S whose closure is totally disconnected in 8. 
It also follows from conditions (1), (2), (8), and (5) that if an element 
t of T intersects an element J of U (M) then ¢t-/ is degenerate. 

Ii H; denotes the collection of all elements of S which intersect the 
element J of U(Al) and J is not a subset of h +h’ then Hy, is an are with 
respect to its elements. Let k and k’ denote the endelements of Hy. Clearly 
k-J and k’-J are connected. Each of k and k is either h or hh’, an element 


* The collection # of mutually exclusive ares and simple closed curves is said to be 
equicontinuous at an element h of H provided that for any e> 0 and any point p of h 
there exists a ô > 0 such that if @ and y are points of the same element h’ of P and 
are each within ô of p then there is an are in W containing 2 + y and of diameter less 
than e. 


he 
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of T or a point of J. ` Each non-endelement of Hy is a pair of points of J 
which separates J -k from J-k’ in dJ. 

Let K denote a two-sphere. Ther Xs a continuous transformation f 
carrying M onto K such that for each rein ot K, f° (s) is either (1) h or 
h’, (2) an element of S—-(7-+h-+h’), (8) a point of 7* or (4) a point 
of M—[h+h’+U*(M)]. (I.e. We “sew” up the boundary simple closed 
curves of M.) Let f(T) denote the collection of all point sets f(t) where t 
is an element of T; let f(S) denote the collection of all point sets f(S) 
where s is an element of S. 

Clearly the collection f(S) is an upper semicontinuous collection of 
atriodie continuous curves and is an arc with respect to its elements. From 
the definition of K-curve for a simple closed curve and property (5) of the 
statement of Theorem 2 it follows that on K, if interiors be taken with 
respect to one of the endelements of f(S), the elements of f(8) which are 


‘ simple closed curves have the property that of any two of them one is interior 


to the pther. Therefore, from property (6) and a very slight modification * of 
the proof of the above mentioned Theorem 2 of [6], (see the second paragraph 
following the statement of Theorem 2), it follows that there is a continuous 
collection W filling up K such that f(S) is imbedded in W, the endelements 
of W are the endelements of f(S) and the non-endelements of W are simple 
closed curves. If G denotes the collection of all continua f-*(w) where w is 
an element of W, G is the collection required by Theorem 2, since, by con- 
dition (4) and the construction of f, G is continuous and each of its elements 
is a nondegenerate continuous curve. This completes the proof of Theorem 2. 


5. Collections which are simple closed curves with respect to their 
elements. 


THEOREM 3. The compact plane continuous curve M is the sum of the 
elements of a continuous collection of nondegenerate continuous curves which 
is a simple closed curve with respect to its elements if and only if M is an 
annulus. 


Proof. The condition is obviously sufficient. To prove that it is neces- 
sary let Œ denote a continuous collection of nondegenerate continuous curves 
which fills up J and is a simple closed curve with respect to its elements 
and let g be an element of G. It follows from an argument in the proof of 
Lemma ® that g is either an arc or a simple closed curve and it follows from 


” Theorem 2 of [6] is proved for point sets in the plane, but the proof is easily 
carried over to the,two-sphere. 
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the fact that g separates G locally but does not spate the continuous 
curve Jf that g is an arc. From Theorem 3 of [3] (stated in the first 
paragraph of this paper) it follows that G* is the sum of two closed discs 
(simple closed curves plus their interiors) whose common part is the sum 
of two mutually exclusive ares. Thus M is an annulus. 


GOUCHER COLLEGE. 
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COMMUTATOR SUBGROUPS OF FREE GROUPS.* 1 


By Maurice AUSLANDER and R. C. LYNDON. 


—v 


Let F be a non-abelian free group, E a non-trivial normal subgroup of F, 
and G = F/R. Then F and R are free groups of ranks at least two. Let.[ 2, 2] 
be the commutator subgroup of R, and let F, = F/[R, R] and Ro = R/[R, R]. 
Then Ro is a free abelian group of rank at least two. Moreover, the inner 
automorphisms of # induce a natural operation of G on Ro which we denote 
by g` To. : 


THEOREM 1. The operation of G on R, is effective ; that is, only the 
unit element of G leaves all elements of Ro fixed. 
4 


Proof. We may suppose G41. Let g1 in G generate a cyclic group 
G’, and let F” be the inverse image of G’ under the canonical map of F 
onto G. Then G’ — F/R, and the operation of G’ on R, agrees with that 
of G on Ry. We must show that g, and hence that G’, does not operate 
trivially on Ro. . 

Since G’ = F/R where F” is a free group, the cup product reduction 
theorem [2, Theorem 10.1] asserts that for any @G’-module A 


(1) HS (@’,A) = EAC, Hom(Ry, A)), 
where the operation of G’ on Hom (Ra A) is defined by 
(g0) (r0) =g: L8(g* +10) J, Pe Hom({Ro, A), roe Ro. 


We take A to be isomorphic with the cyclic group @ == Zn, n= 0, with @ 
operating trivially on A. Suppose that G” operates trivially on E, as well. 
Then all operations in (1) are trivial. Since G” is cyclic, H*(G’, A) is eyclic 
or trivial [2, 16.2]. On the other hand H*(G’,Hom(R,,A)) is isomorphic 
to Hom (Zna, Hom (Ro, Zn)) and hence to Hom (Z, ® Ro, Zna) where Z,@ Ry 
denotes the tensor product of Z, and Ro. ‘Since Rk, is a free abelian group 
of rank at least two, Z, @ R, is a direct product of at least two copies of Zp. 


* Received February 25, 1955; revised May 16, 1955. 

* Part of the work presented in this paper was done while the first named author 
was at the University of Chicago. Substantial simplification of the proofs, and a 
strengthening of Theorem 3, are due to R. L. Taylor. 
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But Z 541. Therefore, Hom (Z„® Ro, Zn) is neither cyclic nor trivial. 
This contradicts (1). Therefore G” does not operate trivially on Ap. 
For the following corollaries, we asume that kA F. 


COROLLARY 1.1. [R,R] is a proper subgroup of [F,R]. 


Proof. Let feF, feR. If [f,r] —frf7r were in [R, R] for all r in R, 
then, setting g==fR in G, we should have g` To= fT for all r= rR, R] 
in Rẹ This contradicts Theorem 1. 


COROLLARY 1.2. [R,R] is a proper subgtoup of [F, F]. 
COROLLARY 1.3. The center C, of Fo ts a proper subgroup of Ro. 


Proof. We first show that C, C Ro. Suppose fp is in Cy. Then 
foto = Tofo for all +) in Ry. This implies that the image g = fof of fa in G 
operates trivially on Ry. By Theorem 1, this implies that g=1. Hence 
fo is in Ry. 

Suppose that Ce = Ro. Then foro = fofo for all fo in Fe and ry m Lp. 
Hence all g in G operate trivially on Ry. By Theorem 1, this is possible 
only if G==1, which contradicts the hypothesis that R54 F. 


COROLLARY 1.4. The center Co of Fy consists precisely of those elements 
of Ry that are left fixed under the operation of G. 


THEOREM.2. The center Cy of Fo ts trivial if and only if G ts infinite. 


Proof. Let G be of finite order n, with elements gı =f,R,- © ©, ga = fnR. 
Suppose Co—1. For any r in R, and corresponding m=—r[R#,R] in Ro, 


the element HI gi’ To is fixed under G, hence in Cy. Therefore [{ gi-ro=—1. 


This implies that TI frf [R, R] C [F, F]. Since firfr™ == r modulo| F, F], this 
implies that 7”e[F, F], where n= 1. Since F/[F,F] is torsion free, r is 
in [F,F]. Thus Co = 1 implies R C{[F, F]. But this would imply that the 
free abelian group F/[F, F] were a homomorphie image of the finite group 
G = F/R, a contradiction. Therefore C1. 

Let G@ be infinite, with elements go= 1,91, ga °. Let ZG be the 
integer group ring of G. Its elements are of the form y = > mig; where only 
a finite number of the integers n; are not Zero. a G operate on ZG by 
left multiplication. If y were fixed under G, then git: y= y for allt. This 
implies that all -n;==no, and hence that all n; are zero. Then y=0. It 
follows that in any free G-module only the zero element is fixed under G. 
Since [cf. 1, Ch. XIV, Ex. 11] R, is a submodule of a free G-module, Re is 
without non-trivial fixed elements. Therefore, by Corollary 1.4, Co is trivial. 
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For any group G, let G= [G, G], G = [Ga G]. 


Lemma. If F is a non-abelian free group, and R a normal subgroup 
such that Fa C R and F; C Ra, then F =R. 


Proof. From F C Ra it follows that F/R C Co. If RAF, then 
R.F, by Corollary 1.2, whence Ca 1, and, by Theorem 2, m = F/R is 
finite. Thus, in any case, G is finite. 

The commutator operation determines a homomorphism 


K: F/F, 8 F/F —> F/F}. 


This induces a homomorphism u: 4 8 Ry —> Ro; explicitly, (g © ro) = 9 ` To — fo. 
Since Ģ is finite, CQ Hy is a torsion group. But R, is a free abelian group. 
It follows that w==0. This means that Rọ C Cy. By Corollary 1.8, this 
implies. that BR == F'. 


THEOREM 8. If S and R are normal subgroups of a non-abelian free 
group, and [8,8] C [R, R], then SC RB. 


Proof. Let == RE. We may suppose that F is a non-abelian free group. 
We have 


F, = [F, F] = [ RS, RS] = [ k, R] [R, 8S] [9,8] C Ra(RN 8), 
F; = [F F] C [R(RN 8), RS] C RR, RLS, 8] = Ro. 
The lemma now gives R= F, whence S C R. 
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P. Hartman and A. Wintner, “Asymptotic integrations of linear differ- . 


ential equations,” this JOURNAL, vol. Y7 (1955), pp. 45-86 and 404. 


On page 47, formula (zii); read řaą— ho in place of ha in the 
exponent of ż. 


On page 60, line 13, read (13) in placo of (12). 


On’ page 62, formula (67), and on page’ 72, formula (119),, read e(a) 
in place of the factor («(7) -+e(a)—-1) in the exponent of t. 


On page 63, formula (70), read > instead of < (twice); in place of 
the two lines following (70), read “In this case, y (£) is unique.”.’ 

On page 64, line 11, read [6] in place of [5]. 

On page 64, third line of Section 12, read y — ety in place of y— ett, 


On page 66, formula (80), read (b(g)-—k) in place of the factor 
(b(q)—h). a 
On page 67, at the end of formula (87), read +k, in place of — ko. 


On page 68, formula (91), read (e(a) —e(j)) in — of the factor: 


(e(a) -—1) in the exponent of t. 

On page 69, in the first line of formats (97), read & >} in place of 
k<b. | 
On. page 83, formula (171), read 1 in place of — 1. 

On page 83, formulae (172) and (174), read (1—/f’/16f*) in place 
of (1+4//16/9). T 

4 
On page 84, formula (175), read (1—-a) in place of (14-a). 
On -page 84, formula (177), read (fi(t) —- a(t)) in place of (P) + a(¢)). 


On page 84, beginning of formula (182), read (f-42")’ in place of G2); 
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